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Abstract

In his pioneering 1941 papers, Kolmogorov derived that thexrgy spectrum follows a uni-
versial form within a range of wavenumbers removed from bl¢hforcing and dissipation and
depending only on the wavenumber and the rate of dissipatAmalysis of the spectral ki-
netic energy budget can help explain the dynamics of theggrsgectrum. Each term in this
budget, representing nonlinear transfer, external fgrcmd viscous dissipation, have been ex-
tensively studied in the idealised triply periodic casethis thesis we apply these ideas to the
study of convective boundary layer turbulence for both ttyeasthd moist cases. To this end, the
large-eddy simulation technique is employed to numesiéategrate the anelastic Navier-Stokes
equations. Each term in the spectral budget is computed gpehdience on surface heating and
water vapour flux, grid resolution, and domain size is ingagéd. It is found that the buoyancy
term acts as a relatively large-scale forcing, i.e. horialstales of the boundary layer thickness.
Energy at large-scales is then transfered to small scaldshyonlinear term where it is then re-
moved through dissipation. This down-scale energy tramsf®nsistent with three-dimensional
turbulence theory. It is also found however that the fordirgn, while peaked at large-scales,
actually extends all the way to the small scales. Also, despcreases in resolution, the trans-
fer spectrum exhibited no range of constant spectral flusth Bbthese results indicate that the
convective boundary layer setup differs from the assumptigsed in deriving the -5/3 inertial
range scaling. Indeed, the kinetic energy spectrum itselhdt exhibit an exact -5/3 scaling in
the present study. Instead the spectrum was found to folstatower power law closer to -4/3,
likely as a result of the broad spectrum of buoyancy flux.
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Chapter 1

Introduction and Background

“When | meet God, | am going to ask him two
guestions: Why relativity? And why turbulence? |
really believe he will have an answer for the first.”

— Werner Heisenberg

The atmosphere is divided up into a number of different Iayéne troposphere occupying
the bottom 10-15 km, then the stratosphere ranging fromQLa%, followed by the mesosphere,
thermosphere, and exosphere which have approximate r&afeg@3 km, 80-500 km, 500-10000
km respectively [3]. We will only be concerned with a lower subset of the troguse occu-
pying a region between the ground and 2-3 km where convelstuadary layers form. In the
atmosphere, a convective boundary layer develops wherilbeaiominates shear. Typically the
air is stably stratified in the morning, i.e. the potentiahfeerature increases with height. The
Sun rises and begins to heat the ground, which causes Hesieidense, air near the surface to
rise and mix with the overlying colder, denser air. It is gsety this mixing that expands the
boundary layer thickness through the process known asiemieat. The boundary layer will
continue to expand until surface heating is turned off,wken the Sun sets, at which point the
boundary layer will collapse’[L, 66]. This evolution is shown graphically in Figufiel

As shown in Figurel..1, the convective boundary layer is typically divided intafoegions:
the surface layer, mixing layer, entrainment zone, and thieles layer §6]. The first of these
regions, the surface layer, occupies only a few meters legtwree surface and the mixing layer.
Here there is a fairly rapid temperature adjustment betwieemotter surface potential temper-
ature (from the heating via the Sun) and the cooler potetagraperature found in the mixing
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Figure 1.1: A typical dry convective boundary layer evadatihrough the day followingi].



layer. The mixing layer, usually extending from just abole surface up to 0.5-2 km, is char-
acterized by strong thermal plumes and eddies ranging éugzo the mixing layer thickness.

Because of the large amount of mixing that occurs within ly®r, the potential temperature
is much more homogeneous and on average constant. Abovetimg hayer the atmosphere

Is again stably stratified and hence is referred to as théeskayer which extends through the
rest of the troposphere. The interface between the mixiyey land the stable layer is called the
entrainment zone and it is here where overlying air is puldntrained) into the mixing layer

causing the continual growth of the mixing layer depif][

In trying to model this convective boundary layer, we neeceguation that advances the
three velocitiesy, v, andw) and additional equations for the pressure, temperatacedansity,
which are the relevant quantities in a dry atmospheric satmr. The velocities are described
the Navier-Stokes equations. Additional equations okstaintinuity, and energy, link the three
variable of pressure, temperature, and density with moamentMoisture will be represented
by the mixing ratio (ratio of the density of total water to dry) and follows a similar equation
as temperature along with terms to account for changes . stdeally this set of equations
would be solved such that all scales are resolved fully, vewas is well known for three di-
mensional fluid simulations, this would require computadioresources in excess of what is
currently available. Thus we will employ a numerical teciug called Large-eddy Simulation
(LES) that resolves the large-scale energy containingesddihile only parameterizing the effect
of the unresolved small scales on the larger scales.

This thesis is structured as follows. The equations of nmptimackground on large eddy
simulation, and additional topics on how the momentum fllatesparameterized at the surface,
how cloud formation is handled, and an overview of turbuéetiheory, are covered in the chapter
Introduction and Background. In the Methodology chaptempnavide details on the code used
as well as the dry and moist model setups. In the Results eham present our findings in
computing the spectral kinetic energy budget for both diy rmmist convective boundary layers,
which for the dry experiments have been submitted for pahbo in the Journal of Turbulence
[67]. Finally we summarize our results in the Conclusions caapt

1.1 Equations of Motion

1.1.1 Boussinesqg Approximation

Consider the incompressible Navier-Stokes equatiogs [
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Let us decompose the density into the a constant backgraatedand a perturbation and simi-
larly decompose pressure into a basic state dependent gint laeid a perturbation, i.e. lpt=
po-+p’ andp = po(z) + p’. Substituting this into the momentum equation, dividingtigh bypo,
and making the assumption that the background flow is in Istdtiz balance, i.@p/0z = pog,
results in BY):

p’ . Oy ou;
1+ 2 & 3y Ll au
( +po>(0t u]an) Po 0 pog 02

If we assumed’/pp < 1 then(1+p’/po) ~ 1. The buoyancy term however is very important
in causing vertical accelerations and so is retained. lrati®/e incompressible equations we
implicitly assumed1/p)Dp/Dt is small which thus replaces the continuity equatiof |

Dp/Dt—i—pg—:i =0,

with

oui

— =0.

0%
This assumption is valid when the flow speeds are much lesstiigeMach number, and when

the vertical variation in density is not too largé9]. In the atmosphere this is appropriate for
heights less than 10 km. Finally we prescribe a temperatyraten [29):

or O _ T
ot = lox;  ox2

Thus we arrive at the complete set of equations for the Boasgiapproximatiorf:
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which assumes a linear equation of state.

1.1.2 Anelastic Approximation

The Boussinesq approximation outlined above is actuallyrglefication of the anelastic ap-
proximation, which adds some compressibility in the vattand thus relaxes some of the height
restriction that exists in the Boussinesq approximatiahiara more accurate approximation for
atmospheric flows4, 70, 20]. The derivation for the anelastic momentum equation fe#lo
that of the Boussinesqg approximation where we again asglfpe < 1. Important differences
may exist however in the continuity equation. Let us therigeer a scale analysis with a ver-
tically dependent reference density. Writing out the aauity equation with the = po(z) + p’
substitution and with horizontal and vertical derivative#ten out explicitly [9):

op’ ou ov ow op’ op ap’ apo
Eero(ax ay)+po az+(“&+va_y>+ W W =0. (1.1)

Now defineLy to be a horizontal length scale abg to be vertical length scale. Also define

1 ap0| 1

L:
p|paz

which is about 10 km in the atmospher&]. Comparing each term in the above continuity
equation {.1) with po%? tells us pé]:

9’ /
A P«
pOE pO



Here we have assumed an advective time staleW /L,. From [/] an additional condition on
the flow is that

2| 2
n“L
> <1,
C

wheren is the dominant frequency of the flow ands the speed of sound (in air for the atmo-
sphere). Again assuming that the advective time scale isseptative oh~1, then this reduces
to the Mach number conditionT:

W2
= <1,
C

which in the case of convective boundary layers is clearigfiad asW ~ 1 m/s whilec ~ 340
m/s [7]. Continuing as before:

ap’ op’
Uax TVay Ly o . L
H ~ P 1 provided = <1,
P05 LH Po
ap’ '
W_
0z P
W ~ _0 < 1,
Po 9z
d
wo v
po% Lo

It is clear from this last term that in situations wherg/L, ~ 1 the vertical dependence of
the density will become important§]. In these situations we then write the momentum and

continuity equationX.1) as pd):

ou oy,  1op ¢ U

( ot Ui an) Po 0X; * pogé's+vasz’ (1.2)
5 .
a_xi(poul) =0

The Boussinesq energy equation is not valid over signifidapths of the atmosphere. Instead,
atmospheric scientists often use a different quantityedathe potential temperature which we
define as§(]:



e:T(%)cFE. (1.3)

In words we might say that the potential temperature is thgpFature a parcel of fluid would
have if adiabatically (i.e. no heat exchange with its sunchngs) brought to a reference pressure.
If we take the logarithm of X.3) and use the ideal gas law—= pRT, we get [/(]:

10g(8) = \—];Iog(p) ~log(p), (1.4)

wherey = cp/cy. Calculating the differential of 1(4) (we assume here that these differentials are
representative of the perturbations of their respectimetions) and finding the derivative w.r.t.
z, we get [/0]:

1, 1p p 1p p d gpo 1 dpo
—f=-"-"=~-"—-" and ——logfyp=->""—-———. 1.5
B YP P VYPo Po dz 9%~ “ype  po dz (1.5)

We can re-write the momentum equation ih.2j [70],

ou  du @ p. papo P
i Jaxl a_>q(5> p—oa% ag5u3+VW-
Now using (.5 [7(],
ou du 8 p. papo gp o 02u
a +u ]axj - &(&) p_%EéB yp06I3+e 96I3+Va 2
0 p p d o’ 0%u
— aX|(p0)+p0d (|0960)6I3+e 95|3+Va 2
_o.p, p,1de @ oy
a—xi(& +&(9_E)6'3+9 933 +V3 o

Consider the first/ two terms on the rhs of the above equation. eMpectp’ /po to be small,
however,—d/9x;(p /po) may be quite large g3 is a perturbation and may have large derivatives
despite being small in magnitude itself. Tki¥/6p)d6y/dzis small as we do not expect the

7



potential temperature to change by a large amount over &a&keheight of a couple km. For
example typical values & would be around 300 K and might change by at most 10 K over 2000
m which would give this term a magnitude of aroune 80~*. Compare this to the buoyancy
term which might have magnitudes around O(13n/#n fact while the density may change by
around 20% over 2 km, the temperature will only change byrad?. Therefore with this in
mind we retain the dependence ipo(z) while approximatingp as a constant)g. Thus we

may neglect the second term from the equations and we arfoheteft with [70, 20):
ou Ay o p. @ 02u;
R f—_— = — — — —_— h —~—Ha. 1
ot +u]axj ax| (p0)+ 096I3+Vaxj2 ( 6)

Itis common to rewrite the pressure in terms of the Exneryoadhic pressure) functior ), 20],

p . R
m=(—)°%.
(poo)
From this we see that'D, 2():
0Tt R p.R_110p
CpO— =CpB(—(—)% "——
PPox P (Cp(pOO pooaxi>
_B(i)ﬂ%
Poo Poo” 0%
_TRplop
P poX
1l0p .
= 0ox’ where we have used the ideal gas law pRT.
|

Substituting inp = po + p/, =Ty + 17, and® = Oy + &/, into the above equation we get the
approximation 70, 20):

/

p
= = c,OprT.
Po p=0

Putting this into 1.6 we arrive at the momentum equation written in terms of paaétempera-
ture and the pressure Exner function,[20]:



i A / 2
%-ﬁ-ui g”' cpeogrlf 0 g5|3+vg “;. (1.7)
Above we derived the anelastic Navier-Stokes momentumtemuaHere we look at the
corresponding equation for scalar advection, for exampig@obtential temperature. We clearly
need such an equation since potential temperature appeesabove momentum equation and
we need to know how it is advected and changed by the flow. Qkpgon the complexity of
our model we could include such scalars as liquid water pieielemperaturd®, and total water
mixing ratio g, however for the purpose of simplicity we only derive thelac&quation for
potential temperature as the scalar equations have thefsameegardless. We begin with the

conservation of heat energy (first law of thermodynamics) {]:

DT Dp
pcpﬁ —aT — Dt =0,

wherecp, is the specific heat. We note that the dimensiongcgif ~ J/kgKelvinand so the

quantity [pcpT| ~ J/m? is the thermal energy per unit mass. Also the coefficient efrttal

expansiong, is given by [/]:

1 dp
a= _B(a_)lfh
1p
- B(?)pv
1 o
=T using ideal gas law
We are then left with:
DT Dp
Peopr ~ o ~

We want an equation for potential temperat@renot temperaturd, and so we plug in our
previously defined potential temperature to get the foltayji’ 0]:



D6 p R R p,2-11Dp Dp
Pe Dt(po) p +pCpeCp(po) i po Dt Dt =0
D6 1Dp  po,r. Dp
pcpﬁ‘l‘PeRBﬁ (F) Copp =0

D6 ©6Dp ©6Dp
Peont " Thr Tt

>,

Port — ™

Now by introducingp = po+p’ andd = ©¢+ 6’ as before and dividing byo we can approximate
the above equation as:

0o’ 0o’

There are two terms left to add to this equation: subsidendeadiative cooling. Subsidence
occurs when cooler, denser air from above sinks. As this ér@ppdiabatic warming occurs.
All this sinking air results in high pressures and divergivigds and appears as linear advection
term in the potential temperature equatiéi][

0o’ 0o’

Radiative cooling occurs when the atmosphere loses haattirermal radiation. This is added
to the potential temperature equation @s]{

00

P -Q. (1.10)
Combining (.8), (1.9), and (.10:
at  ox  ox ° Coz

10



1.2 Large-eddy Simulation

We would ideally solve the anelastic Navier-Stokes equatiosing direct numerical simula-
tion (DNS), which means using sufficient resolution to reedll scales of motion down to the
molecular dissipation scaléf)], limited computational resources prevents this methoohfbe-
ing a viable option for all but the most restrictive domaires. For example, in the atmosphere
molecular viscosity acts at scales of O(1) mm which on everodast 5x 5 x 2 km domain
would require 5 million points in both horizontal direct®and 2 million points in the vertical!
Currently on the fastest supercomputers, simulationsafrat 4096-8192, i.e. [34, 17], have
been performed meaning that DNS of even a relatively smeatl@eof the atmosphere will be
impossible for some time. In fact we can illuminate the peoibbleven more explicitly by consid-
ering the number of grid points that would be required tolkesa fluid flow in terms of Reynolds
number. A reasonable criteria for sufficient resolutiolyig) ~ 1, wherekmax = T/AX is the
maximum wavenumber anglis the dissipation length scalef]. For a domain size df,

m L

1o N~ — = N~ -Ré,
AX ™

1
T
where we have useql= (13/£)Y/* ande ~ U3/L (¢ is the rate of dissipation of kinetic energy)
[42, 11]. Given the high Reynolds numbers found in atmospheric flols gives us a prohibitive
increase in the number of grid points needed for DNS. An adtiéve is to perform a large-eddy
simulation (LES), in which large-scale turbulent eddies msolved but small scales eddies are
parameterizeds, 3]. An overview of LES is presented in the following pages.

The central idea of LES is to separate the flow variables iesolved and unresolved parts
through the action of a spatial filter. Specifically, we define= u; + uf where () indicates a
filtered field and ) is a residual field", sometimes called a sub-grid field. The filtering is

defined by p6):
G0 = [[[ 8x=xux)ax

whereG is a spatial filter. If we take the Fourier transform of thesfitd velocities; and use the
convolution theorem we gebf):

A

Gi (k) = G(K)Gi (K).

10ften the residual fields will be represented with a primetion, i.e.u’, however we are already using primes
to denote perturbations about a basic state

11
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Figure 1.2: Total velocity, filtered velocity, sub-grid welty, and filtered sub-grid velocity for
(a) Gaussian filter and (b) sharp filter followingd].

As can be seen, the filt& essentially removes the effects of the residual motions fiee total
field. In choosing a filter we require th&(0) = 1 and thatG be symmetric about = 0 [56].
The most common choices of filter function are]

Sharp: G(k) = H (k. — |k|) wherek; = g,

An important property of the sharp cut-off filter is that thiéefied residual motions are zero, i.e.
u" = 0. This is not true of all filters as is shown ih.2. Applying the sharp filter to the anelastic
Navier-Stokes equations results in:

a—u_i+ii( Uitj) = —Cp® a_rr+g Oi +vﬂ
3t " podx pouUiUj) = —Cp Oaxi @Og i3 asza
0 _
e
00 1 0 —  O0Fg 00’
E+&0—><j(pou]e>_a—>q6'3 WSaZ'

Now, we define $6]:

12



lTij = Uiy; —U_|J] and Vej :G—Uj—ﬂﬁj.

Because we are modelling the atmosphere within the mesosrade, with grid sizes O(10 m)
much larger than the dissipation range where moleculangldh dominates, we do not need to
include the viscosity term. Instead all effects smallentbar grid size will be modelled. The
updated filtered equations then become:

oG oG o & _  13(potij)
at i 0xj Cpeoa)(i + 6096|3+ Po  OX; 7
9(Poli)
- 1.11
) i o 0, (1.11)
00  _ 30 1 0(poye;)  OFp, 06’
T Ve Tpe o ax R g

It is clear that the above equations are not closed. Insteathust modef;; and%j in terms of
the filtered fieldss, v, w, and®’. The most popular and simplest choice is to use an eddy-sityco
model [42, 56].

Kma_G_’

'Fij =—-2KnSj; and %j = Prax’
J

wherePr is the Prandtl number artdl,, is the eddy viscosity and where different choice¥Kgf
define different LES eddy-viscosity models.

1.2.1 Smagorinsky-Lilly model

One of the simplest models for the eddy-viscosity is the Smagky-Lilly model [44, 64, 45]:

/. RIi

_ 2 A
Km - (C'Sl ) 1 Pr,
where the resolved rate of strain tens®y, is defined by $6]:

106 o,
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The calculation of the Richardson number, Ri, is given4sj:

. N2 9 00’
Ri=— wh N2 =
[ 2 where 0, 02"

and<’ is defined asqA):

s =25;S;.

With this model for the sub-grid fluxes; andyij, our equations are now closed and a solution
can be found in terms of the filtered variables. In particularexplicit choice of filter G is
required in the above equations and so we say that this Blmly conceptually appliec].

1.2.2 Turbulent Kinetic Energy model

In the turbulent kinetic energy (TKE) model ], 55, 3], the sub-grid fluxes are parameterized
by solving a prognostic equation for the unresolved TKE olhiself is parameterized using the
resolved velocities. As a result the TKE model is often meféito as a B order closure model.
Here we choosel[/, 21, 55]

Km=cmlv/e and Kp=chl\/e (1.12)

wheree = 1/2ulul is the TKE [L7, 21], i.e. the kinetic energy of the unresolved turbulence.
Notice that this gives the correct dimensionskgy. To close the system we need to formulate
an equation foe. To do this let us first recall the total field momentum equatad the filtered
momentum equation:

o 1 0 ot g . 02U
ou; o5, 92 M 1.1
at +— Po O] ~—(Ppoliuj) = Cp@Oa % Ooe 5|3+V0Xj27 (1.13)
and,
o 10 o o aZJi 1 .9(poui L} r)

Now subtracting1.13— 1.14and then multiplying by results in P1, 3]:
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0 1 1 _ d g o2l
§<§ ) = &u{a—xj(po(uiuj—uiuJ uur)) ch)axi(n”ur) OU[G”ES. +vu,ra =
0 _ _ ) g o o1 . oau?
= ool g (POLGY + ) — o () + S8+ (v i) —vg L
10 1 0 ou; 0 g
—&a—xj(poujéu{u{)—i—a (2u§u’ur)—u§ur71—c,oeax| (T[’ru{)-l—éu{e’réig
d, 9T au?
o] (Va—xjéui ) a
1 a 1. a ol r I’au_I a ror g ro/r
&a—xl(po JE)‘l‘a—)(](EUJUIUI) UjUiTj—Cpea—Xi(T[, U|>+6Uie 6|
d, 9T _ _ au?
ox; (v ax; 2 iU'>—Va—XJ ;
de 19 o 08 _grd | g auf 2
%~ o 3%, —(pouje) + aXi(uie—cpen’ ui+va—xj)—u]uIa eu,G i3 —va—] .
The following approximations are then madg [
aur2 e3/2
Voxg 1
We— c,OT'Ul = 2nge
I
resulting in
de 190 0 de e, 00  O—rmr e3/2
3~ " pgdx; POUIS) F 5 (g AV ) T+ gU B -G

We can actually recover the Smagorinsky model by settinditbethree terms to zero. Then
substituting in E]:
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— S— 8
uful = —2KnS; and u{e’r:—Kha—xi,

gives,

g8 2
6&66—03'— == O

ou;
2KnSi— — K
mSj 6Xj h
Then using our definitions for the eddy viscosity coefficeefitl2we get []:

Ve(emlS? —cpIN2 — cgg) =0.

One root is f]:

_ Cmygzig SN

e=M9(1-2 )

— C_m(|s)2(1_ &Ri)
Cm

Using 1.12again we arrive at the Smagorinsky moddt

Km:(cs|)2|S| (1—%), where %:Przcam, and Cs= (Cny /Cam)l/z‘

h

Plugging incy = 0.1 andce = 0.3 (corresponding to Br = 1/3) givesCs = 0.24 which is very
close to the theoretical value @f ~ 0.21 for convection dominated flows and our choice of
Cs=0.23.

1.3 The Law of the Wall and Monin-Obukhov Theory

1.3.1 The Law of the Wall for Unstratified Boundary Layers

Previously we neglected molecular viscosity as not impaital, 39). This is appropriate away
from the boundary. However, this does not make sense neautfece, where viscous stress
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becomes important. For example consider the mean momerguatien (regular momentum
equation with no buoyancy and written in terms of pressure):

a_lJ_'+Ja_LT' -
ot ' lax;  podx = 0x;’

10p Or;
p+_u

where

Tij :ug—:—u{u’j. (1.15)
Clearly the total stress;;, is the sum of the viscous stregB;0x;, and the Reynolds stresuéu’j
[11, 39). Near the boundary the total stress is approximately efguiile viscous stress (where
the Reynolds stress goes to zero), while away from the boyla total stress is approximately
equal to the Reynolds stress (where the viscous stressusadso be approximately zero), as
shown in Figurel.3[11, 39.

We want to determine how the velocity should scale as we meag &rom the wall. To do
this we assume that the velocity is only a functiorupp, v, 19, andz (where we assume that the
total stress near the wall is a constag)t In terms of dimensions:

2
[U]N%, [D]N%, [V]NL?, [ro]N%, [ ~L.

which from the Buckingham Pi theorem gives:

0z
u p
f :
== )
p
This is usually written in terms of &iction velocity defined asu, = /To/p [11, 39. Now

referring to equationl.15and Figure 1.3 we can conclude that near the wall the total stress is
approximately equal to the viscous stress [39):
4 T
udz = o,

which using no-slip boundary conditions gives a solutianufaear the boundary as linear (after
dividing by p to get a solution in terms af, andv) [11, 39):
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Reynolds Vi
N Stress
0 m——— \—//

Figure 1.3: Total stress decomposed into Reynolds streksiaoous stress as one approaches
a boundary. Near the boundary the viscous stress becomestanpwhile the Reynolds stress
disappears. Figure following{]

U,Z

\Y

Further from the boundary we might expect that the velocigdgent no longer depends on
directly. Thus again from dimensional arguments:

du L M
[d_Z N?v [p]Ngv [ ]Nﬁv [Z]N

which gives [L1, 39):
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where we have added the dimensionless constantalled the von Karman constanitd. Thus
the velocity should scale linearly close to the boundaris(thgion is often referred to as the
viscous sublayer) and logarithmically further away (knoasthe log-layer). In the case of
atmospheric boundary layers itis common to include a sanfagghness parameter that modifies
the above solution to include effects from non-smooth bauied. In this case we retain the log-
layer solution, but require that at a heiglgtthe mean velocity equals 0. This achieved by
writing [11, 39

U, ,Z
= —In(— 1.16
U= n(zo), (1.16)
wherez, is the roughness parameter and above this roughness higisplution follows as a
log-layer.

1.3.2 Monin-Obukhov Similarity Theory for Stratified Bound ary Layers

Just as viscosity becomes important near the surface anffestsethe scaling of the mean
velocity, we also need to determine how to parameterizeuhface momentum fluxes near the
surface. It is common to apply Monin-Obukhov similarity ¢ing to determine the temperature
and momentum fluxes within the surface layer. These fluxepan@meterized as a function of
the dimensionless length parameter above the surfage [

z
(=1 (1.17)
whereL is the Obukhov length scales defined as [39:
o
Lo U9 (1.18)
Kgw 6’

This length parameter describes the relative importandmiofant production to turbulent ki-
netic energy as compared to shear production to turbuleetikienergy. Consider the problem
of trying to find a parameterization of the eddy visco$ity near the wall for the 1-dimensional
case. If we assume that the parameterized momentum flux imearatl only depends oun,, z,
anddu/dzthen by the Buckingham Pi theorem we can find one dimensisiglesip [L1, 39:

szJ_
u.dz

0(Q).
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Now this gives:

(k2)?di o U
@Q)2dz Q)
The |.h.s looks quite similar to the 1-dimensional eddy essty given in the Smagorinsky model
except nowCs is replaced by /@({). Thus near the boundary we parameterize the eddy viscosity
as:

Uy
®Q)

The dimensionless functiop({) must satisfyp(0) = 1. Notice that this then give§y = 0 on
the boundary surface. Determined largely from experim@nts the Kansas study of 1968) we
choose the following relationsT]:

Km = Kz

(1.19)

o) =(1+4.8() (>0,
Q) =(1-1937) Y4 z<o.
(1.20)

Putting this all together we can usée.16, (1.17), (1.18, and (.20 to find the momentum
fluxes on the lowest level above the grourid 19).

1.4 Saturation Adjustment Scheme

The LES equations abové.(1) are dry and do not include any water. The real atmospheric
boundary layer of course includes water vapor and suspdrled water (i.e. clouds), and thus
we need an additional equation that describes this totaneaintent. This is accomplished by
including the equation:

0 _ 0 10(povqj) , OFg 08/
it v STl i3 — We——o 1.21
ot~ ax po o * 0X; Ojs ~ W (1.21)

whereq; is the total mixing ratio, which is the ratio of the density ary air to water vapor
[60, 66]. This quantity is conserved|), 66] neglecting precipitation and in the above equation
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we include a possible forcing term and total mixing ratio §dbnce analogous to what was
done in the potential temperature equation. This sectisordees how water vapor is converted
to liquid water and how this change of state affects the p@titemperature.

The condensation of water vapor results in the release df (ttea opposite is true with
evaporation which causes cooling) and thus acts as an aalitiorcing term in the potential
temperature budget. To model this phenomena we use a sgapletion adjustment scheme
[60, 65]. Simply put this calculates the saturation mixing ratieeyi the current state variables,
and if the mixing ratio is above this saturation level the pemature is adjusted and the liquid
water mixing ratio is increased (at the expense of vapoumgisatio). This model will assume
that water can only be in vapour or suspended liquid watenfore. we will assume no pre-
cipitation, and that changes from vapour to liquid occutantganeously. Before presenting the
details of how this is accomplished, let us first define theartamt quantities that will be used.
The vapour, liquid, and total mixing ratios are defined@§:|

Py density of water vapour
" pg  density of dry air ’

\

pi  density of liquid water
| — — — 9

Pd density of dry air

_ pv+p_ density of liquid water and water vapour n
T pg density of dry air — A

These give the moisture content (whether as vapour or ljgaidimensionless form, i.eg/kg.
The total mixing ratio is a conserved variable since we dacoasider precipitation.

Dalton’s’ law of partial pressures says the total press@igemixture of gases is the sum of
the pressures of the individual componerits, [21]. Thereforevapour pressurés the pressure
exerted by a vapour in thermodynamic equilibrium at a givemgerature. We denotapour
pressureby e. Now imagine a thermodynamically insulted box that corgdioth liquid water
and dry air. If the temperature of the dry air is hot enouglntivater molecules on the surface
of the liquid water will become excited enough to evaporatd hecome water vapout ().
On the other hand as the temperature cools, water vapourcuegewill crash into the liquid
water as condensation. Eventually a balance will be achidare there is no net evaporation-
condensation. The vapour (now a mixture of water vapour aypéid) pressure at which this is
achieved is called theaturation vapour pressumghich is denoted bgs. The saturation mixing
ratio, which is the mass of water vapour at saturation vapaessure divided by the mass of dry
air [60, 21]:
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q_Mvs_pvs_R%T_s €s
= _Hvs_ RT _ .
M pa RHF P8
B2 For example 100% relative humidity
I:

wheree = & andey = p— e = paRaT = pa =
means that any more water vapour would result in condemsat#o[-0,

RH = 100 — 100635.

Os

We will also need the Clausius-Clapeyron equation, whicscdeed the dependenegon T

[60, 21]:

do _ Lves
dT ~ RTZ

wherel, is the latent heat of vaporization. If we assume that thentdteat of vaporization is
constant, which to a good approximation in the atmosphasg then this differential equation

becomes separable and so can be sol@ed [
Ly
e =Ae RT,
An appropriate initial condition, determined from expeeints ises(27316) = 611 Pa. This
gives the equation for saturation vapour pressure teoe [
Ly 1
es(T)=Ae RT where A=253x10" kPa
Finally, we introduce a number of important variables thedatibed the joint effects of heat and
]:

moisture. The virtual potential temperature is definedsas{?,

Ry Ry

By =0(1+(——1)ox —
A+ (5 ~Da— (g
~0(1+0.6q,—q),

where we can also define the virtual temperature as:
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TV:T<1+<%—1>qt—<%>qo,

We should point out that water vapour is actually lightemtliay air 2 [66]. Virtual potential
temperature ishe temperature that dry air must have to equal the densitynaist air at the
same pressurgsc]. Because moist air is less dense than dry air, this enshegghe virtual
potential temperature of unsaturated moist air is alwagatgr than the potential temperature of
dry air. The liquid water potential temperature is definefcak

qLv
0 =0l w1,
or the liquid water temperature:
qLv
Ti=Ted @,

The liquid water potential temperature is conserved in anglsle adiabatic process (along with
the total mixing ratio). It is the liquid water potential tperature that we use for our energy
equation:

o0 __ 08 oy

8 _ N 00/,
R

which we can see reduces to the potential temperature inyheade.

How do we use the preceding definitions to determine whendsldue. liquid water sus-
pended in the atmosphere) should form? First we note that toeixing ratio is conserved
(clearly the total amount of water, whether in liquid or vapéorm, must remain constant by
conservation of mass assuming no precipitation). Secpodhsider Figurel.4which plots the
saturation mixing ratio against temperature. Let us asdiatewe initially begin withg, = 0
which means that initiallg, = g; since the total mixing ratio is conserved. Also thlga=T ini-
tially. Let us assume then that in the coarse of integraturgequations forward in time we arrive

2This is because botB, andN,, the primary molecules in the dry atmosphere both have higteenic mass
than the water moleculd,O
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at the situation wherg, > gs as shown in the Figure by point (a). Then we are super-satlirat
and the excess water vapour will condense into liquid. Téssilts in a decrease @ followed

by a corresponding increasedn Also the temperature increases so that we return to setrat
as shown in the Figure by point (b). Because the total mixatglis conserved, the increase in
g is simply the difference between — gs. The only question then is how to actually find the
correct temperature adjustment.

0.12

—4,~9

0.1
Initially there 1s oo much waler

vapour (waler vapour above
0.08-  saturalion)

= 0.061 ]
0.04+ a 1
b ~ Temperalure increased
0.02 and some vapour 1
converted Lo liquid
870 280 290 300 310

T[K]

Figure 1.4: lllustration of phase change between vapoutigoa water as well as correspond-
ing temperature increase.

Consider the equation for liquid water temperature. We carew

_alv
T = Té CPT),
— Te(_(mgg?w),
O — T| _ Te(_ (thg_lsz)Lv)
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This equation has the forfi(T) = 0 wheref(T) equals the r.h.s. Thus we can solve Toby
using Newtons method of root-finding(d, 65].

_ f(Th)
Thir=Th— m, (1.22)

wheref’(T) equals:

(@) [‘;—‘}SchpT + (G —Gs(T))Lvep

(at—gs)Lv s
C
+Te  © 272

- (o)

f(T)=¢~ ol

Therefore,

(— (at—9s)Lv

£(T) T @t )T,

_ (at—ags)Lv dOSL T —a<(T))L ’
+Te( cpT )[w vCp +é§t_|_2%( ))Lvep

e(_ (at gg_?_) Lv )

(at—gs)Lv )

) T o1k
1+T[%ﬂwﬂt$ﬁ%ﬁnu%y

N T Ti[14 (T (1.23)

1 [T @ wm)] |

We can find an equation faxy(T) by using the definition ofys and the Clausius-Clapeyron
equation p5):

d%_(%@—@—%%)

——
dT (p—es)?
_ Lv0s B } qug
RT2 gR/T?
LvOs qu§
= — . 1.24
RT2 RyT?2 ( )

Thus 1.22 1.23 and 1.24give us an iterative method for finding the adjusted tempeeat
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1.5 Turbulence and Convective Boundary Layers

1.5.1 A Brief History of Turbulence

The study of turbulence dates back to at least the time of daiWho referred to the phe-
nomena as “Turbolenza”f] and hence cemented its modern name. Despite the lengtmef ti
that turbulence has been investigated and despite, as Weabathe long list of mathematical
and physical titans of their respective times, turbulemeeains, to use Richard Feynman’s own
words,”the most important unsolved problem of classical physicBi fact no universally ac-
cepted definition for turbulence even exists. Perhaps th& famous informal description of
turbulence comes in the form of a poem by Richardson in 1922/]:

Big whorls have little whorls,

which feed on their velocity;

And little whorls have lesser whorls,
And so on to viscosity.

A quote from G.I. Taylor on the definition of turbulence re§ds 49):

Turbulence is an irregular motion which in general makesapgearance in fluids,
gaseous or liquid, when they flow past solid surfaces or eveenweighboring
streams of the same fluid flow past or over one another.

Despite the ambiguity found in trying to define precisely whabulence is, we do know
it when we see it. A turbulent flow appears chaotic and irr@gulTurbulent flows are also
characterized as having vorticity and the formation of eddit both large and small scales. This
vorticity is generated by vortex stretching meaning thabulence is, strictly speaking, a 3-
dimensional phenomena (although many of the same ideagalsdised in turbulence research
are also used when investigating 2-dimensional flows).

One difficulty faced in the study of turbulence is that itsywanderlying equations, i.e the
Navier-Stokes equations, do not admit analytical sol&iexcept for the most trivial of cases
often accompanied by drastically simplifying assumptiokghile finding unique solutions to
linear differential equations is relatively easy, doing same for the Navier-Stokes equations,
which are nonlinear, is impossibly hard and so little tracttan be found on the analytical front.
This is one of the reason for the prominence of statisticahous in turbulence research.
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Some of the most important early work on turbulence was dgr@dourne Reynolds. His
famous flowing dye experiments investigating the transitiofluids from laminar to turbulent
are well known within the fluids community (1883)1]. It was Reynolds who first investigated
this transition and discovered the non-dimensional nurblearing his name that describes the
relative importance of the diffusive term to the nonlinedvective term in the Navier-Stokes
equations. It was also Reynolds who first decomposed theeN&tokes equations into mean
part and a fluctuating perturbation part, similar to whatoselin LES by separating the flow
field into filtered and unfiltered parts. The notion that tlelce is a random process also dates
to the late 19th century, with Reynolds and Poincare beinglie contributors.

One of the first major results of the statistical view of tudmce came from Boussinesq’s
eddy-viscosity idea and the subsequent work of Prandtl 2#51€ho introduced Prandtl’s mixing
length theory §7]. This theory, actually drawing on ideas from thermodynasnassumes that
the velocity has a linear profile. For example consider a flioing in the x-direction, where
the fluid velocity only depends on the y-direction:

u=uly) v=0 w=0.

Now consider a small distance away we can approximate(ye- |) velocity through use of a
Taylor expansion9):

du 12d%u
[ — — —)~l-———=—7.
Therefore in general we may approximatex | (du;dx;) which then gives:

—UU & 12(

%)2
0X; '

It should be noted that this mixing length idea is far fronorigus - Prandtl himself having
doubts about it being anything more than a rough approxonatiNonetheless this idea has
remained important, for example in the eddy viscosity of LES

Much of the statistical theory and tools well known to tudnde researchers, such as sta-
tistical correlations and power spectra, originates with work of G.l. Taylor in the 1930’s.
Taylors’ hypothesisd9, 25, 74], which says that the velocity measured at a fixed point witni
eddy remains unchanged at a later time except for the effésting advected by the mean flow,
i.e. u(x,t) = u(x—Ut,t) whereU is the mean flow speed. Thus it is often said that the turbu-
lence within the passing eddy is frozen. This hypothesiteiarty only valid if the turbulence is
relatively weak within the eddy as compared to the backgioatocity.
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Perhaps the most important discovery in the field of turbzgemt least from the point of
view of the work presented in this thesis, comes from the Raossathematician Andrei N.
Kolmogorov and his 1941 papersd, 36] and his 1962 papef[/]. In these papers Kolmogorov
found the form of the kinetic energy spectrum and hence fabhedlistribution of energy as a
function of eddy size. We will return to Kolmogorov theorythre subsequent pages and explain
it in more detail.

The 1960’s ushered in great opportunities for researchrlvuteance with the advent of bet-
ter experimental techniques, and perhaps most importamitly the introduction of the digital
computer. For example as early as 1963, Lorenz was perfgrorirde simulations of weather
using digital computers. In particular Lorenz noted thesgerity his system exhibited to initial
conditions, often referred to as the butterfly effec]]

Despite the great successes of the statistical approaie, thmains no universal turbulence
theory. Instead we have different theories for differentfigpes, i.e. boundary layer theory/l].
The problem arises because no closed set of equations sS@tlethe statistical quantities like
the mean and variance of a flow exist. This is the problem cfuste. It is a great irony that we
have equations for the velocitiag, which are random, and yet have no equations for statistical
quantities like the meany, which are well behaved!

1.5.2 The Energy Spectrum

The previous discussion has been somewhat informal; weihtreeluced some of the big ideas
of turbulence theory while at the same time avoiding muchefformal definitions and equa-
tions. Let us now present the idea of the energy spectrumhanchéaning of isotropy in a more
rigorous light.

A fluid is said to be isotropic if the mean properties of the floave reflectional symmetry
and are invariant under rotations within the frame of refece[11]. Likewise a fluid is homoge-
neous if its properties atiavariant under translatiori11]. One simple and intuitive way to test
whether a fluid is isotropic, is to look at a scatter plot conmgatheu, v, andw velocities (see
Figure 1.5. For isotropic fluids the velocities should correlate petifeas there is no preferred
direction. This would show up in a scatter plot as dots evdidiributed around their centre in a
circular pattern. For anisotropic flows, the velocities @b correlate perfectly and so no evenly
distributed circular pattern will be observed.

Another related way to think about isotropic turbulencehi®tigh the velocity correlation
tensor defined as.[]:

Qij (F) = (U (X)uj(X+T7)), (1.25)

28



20 > 0O
_27 _2,
I T e S R S
u u

Figure 1.5: Scatter plots of velocitiesandw and velocitiesu andv. Clearly there exists more
anisotropy in the vertical than there does in the horizofitaé data was taken from a convective
boundary simulation.

where the angled brackets indicate an average. Whef for isotropic flows, we would expect
that the following holds:

<U1U1> = <U2U2> = <U3U3> = U2,

and,

(uzu2) = (uguz) = (upug) = 0.

For non-zerd” the above velocity correlation is often referred to as a pwoit correlation. In
this case we would expect that for larg#, the velocity correlations will go to zero. On the
other hand, foff| — 0, we get the one-point correlations shown above. If we lddkevelocity
correlation tensor in the x-direction, based on the aboeasdwe might get something like

[13, 74

Qui(ré) =U?f(r) and Qu(ré)=U?qg(r),

wheref (r) andg(r) are shown in Figurel.6and are called the longitudinal and lateral velocity
correlation functions respectivelyi, 11, 39, 74]. These functions then tell us how well cor-

o]

related nearby velocities are along the x-axis. Two velegitvithin an eddy are likely to be
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Figure 1.6: Longitudinal (f) and Lateral (g) velocity cdaton functions.

well-correlated, while two velocities separated by a ladjstance and residing in different ed-
dies are likely to be poorly correlated. This gives us a mormél way of computing the length
scale of the largest eddies. We can definaniegral length scalas [L1]:

I:/wa(r)dr.

We can also take the Fourier transform of the velocity catreh tensor, called the spectral
tensor [L1, 74]:

@ (K) = ﬁ / Qi (Fe M, (1.26)

which then defines the velocity correlation tensors [4]:
QM) = [ @i(eak (1.27)
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Therefore the velocity correlation tensor and the spetérador form a Fourier transform pair
[11, 74]. For isotropic turbulence it can be shown tiggtmust have the formi[1]:

@j = A(k)kikj 4 B(k)dj;. (1.28)

The incompressibility condition implies []:
kigj =kj@j =0. (1.29)

Combining 1.28and 1.29gives [L1]:

ki = A(k)k’k; +B(k)kidij =0,
= A(k)k?kj +B(k)kj =0 where k?=kZ+k3+4K3,
= (A(K)K*+B(k) kj =0,

Thus@;j has the form 1, 74]:

Then,

1
é(gi = B(k)7

where we have summed ovieNow consider: [1]

-

S8 =35 [Rdk
- [ 2népak

:/ E(k)dk where E(k) = 2mk’;.
0
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But since3 @i = B(K) then,

1 R T S
Therefore .1, 74],

_Ek

W= ane

In an unbounded domain, the horizontal wavenumber spettwrartical and horizontal ki-
netic energy are defined as:

kik;

(6|J k2 )

(1.30)

2n o  r2M
=[] Jedededic Enle)= [ [ Soutekdedk, (131

where integration is over a cylinder in wavenumber spacé&reéron thek, axis with radiusky,.
We assume the spectral tensgy, has the usual isotropic form (e.g:q]):

E(k Ki
Gj = 4]_([‘(; (6” k|k2]) s (1.32)

wherek = , /kZ +kZ + k2. Substituting {.32) into (1.3]) yields:

£t [EW S = F [TER KA g,

Using kZ = k? — k2, the substitutiom = k/ky, and assuming a Kolmogorov energy spectrum
E (k) = ag?/3k—5/3, the above integrals can be reduced to:

14/3
0(52/3kh 5/3 /
VAR 1

B N2 — 1)n-14/3
B — Tqg2/3 %3 "
T e

dn.

These integrals can be numerically evaluated give a véttehorizontal ratio:
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E, 0.611861

2V 22220005714
g~ 107075 = O°

Thus we have rudimentary measure for testing whether a floghtrbe isotropic using 2-
dimensional slices of the flow. In the case of one-dimengdispeactra, this ratio would be/3

[74].

1.5.3 Kolmogorov Theory

Kolmogorov’s 1941 5, 36, 37] theory of isotropic turbulence ranks as one of the mostikign
icant advances in the study of turbulent fluids. In particukolmogorov was able to derive
the form of the kinetic energy spectrum thus giving the dstion of energy as a function
wavenumber, or eddy size. His ideas of coarse were not barvatuum - drawing instead on
earlier works for example Richardsons energy cascadeyttieoy. Before deriving this energy
spectrum, let us first examine a fundamental difference éetwnviscid flows and flows with
very low viscosity.

Consider a turbulent flow, i.e. the atmospheric convectaanolary layer. Let be a length
scale of the largest eddies. These eddies will be at mosttbleness of the boundary layer,
say~ 1000 m. Also letU be a velocity scale of the largest eddies. We might expesttthi
be ~ 1 m/s for example. Thus at the largest scales, we can definRdlipolds number as
Re=Ul/v~6x 107> 1 (wherev ~ 1.5 x 10~° for air). Becaus&Re>> 1, we might expect
that the flow would behave as an inviscid flow where viscostyet important. This turns
out to be incorrect however as we shall see. Now let us defieagth and velocity scale that
represent small scale motions. Lgte such a scale. Kolmogorov proposed that f(v,€)
wheree = 2vS§;§j [11] is the molecular dissipation rate of KE.

We can perform some simple dimensional analysis to deterthmfunction f. We know that
V] = L?/T and[g] = L?/T3. Therefore {2, 11, 74],

v3. 1
n=(7)*
Thus the effect of decreasingis to decrease to smaller scales. Regardless of how much
we decrease though, the nonlinear term will always ensure that visgdsgicomes important at
some scalg. This last statement then highlights the fundamental iffee between completely
inviscid flows and flows which may seenearlyinviscid because of very small viscosity! No
matter how small the viscosity (or equivalently how high &eynolds number) the nonlinear
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term will ensure that at some scale the viscosity will becamgortant. In the same way we
found a small length scalg, we can also use dimensional analysis to find a small time scal
and a small velocity scale Doing so gives42, 11, 74]:

\Y
€

-Nl—‘

T=(2)? = (ve)F.
Richardson proposed the theory of energy cascade. The sdbati energy goes from larger
eddies to smaller ones in a step by step cascade. If vikebbetthe wavenumber at which energy
is injected into the fluid and if we ld{y be the wavenumber where energy is dissipated from the
fluid by viscosity, then in between energy moves from sikatib largeky in a incremental way.
Aroundk; the energy is dictated by the forcing, but for> ki Kolmogorov hypothesized that
the turbulence is largely independent of the large scaleesdth the rangé& > k;, known as the
universal equilibrium range, Kolmogorov suggested thatehergy spectrum should depend on
k, kg, ande. With this assumption, he used dimensional analysis toHifid [42, 11, 74]:

Buckingham Pi theorem tells us that there is 2 = 2 dimensionless groups. Usi% as one
group we find that:

2 5. kK
E(k) =e3k3 f(—).
Q ()
Kolmogorov went further by hypothesizing that for the ranflk, ki < k < kg, f(%) = constant.
This range is known as the inertial range and we ¢&t11, 74):
E(k) = cedk . (1.33)

In addition to the above energy spectrum, we can find a simelsult for the temperature fluc-
tuations spectrum. To do so we apply dimensional analydisérsame way as before. We are
given three dimensional unit€® (temperature), meters (length), and seconds (time), and we
have six physical variabley, €t, €, k, ky kr, whereT’2 = [°T' (k) dk, andet = k(dT’/dx;)?

[5, 6]. Thus again by the Buckingham Pitheorem we expect threemsmnless groups. Two of
these dimensionless groups will k& andk/kr.

(Co)?

M= (@)Pm  fer] ==

-7 _
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=1 - _ = __-
=B a 3 y=-3
1 5 k k

This therefore gives &5/3 scaling within the inertial range for the temperature spec. We
can actually go a step further. Whém = () < 1, thenk > v. Thus we expect the temper-
ature to be smeared out by thermal diffusivity before th@ei®y is smeared out by viscosity.
Therefore we may consider an additional range, known aswisedus convective subrange”
where thermal diffusivity is strong, but where viscositystl weak. Batchelor (1959) did this
and found that for the case whate> v, the temperature fluctuation spectrum should look like

[5, 6]:

(k) =eresk 3k 7. (1.34)

1.5.4 The Kinetic Energy Budget

An equation for the kinetic energy budget can be found by iplyihg by %poﬁ?‘, and adding the
complex conjugate. The resulting equation is:

%—f(k’, 2) =T (K 2)+P(k 2)+ Bk 2) + D(K. 2, (1.35)

where
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T(k2) = —Re@sf(aixjmou—iu‘n»,

Pk 2) = %cpeopo Re(— ikl — il V1T —W%),

B(k 2) = @% Re(pow ),

D) Re(tI*ﬂaixjmoﬁj))).

The evolution ofE(k, z) is defined by four terms: the advection or nonlinear trar&fér z),
the pressure term(k, z), the buoyancy flux or heat fILB(R, z), and the SGS dissipatidn(k, z).
The pressure terfA can be rewritten using the continuity equation,

k(o) il (po7) +  (po") =0,

as:

P(k.2) = ~cp@oRe( 2 (poi 1), (1.36)

which implies that it goes to zero when integrated over thetldef the domain. From these
quantities, we can compute one-dimensional spectra irstefrthe horizontal wavenumbky =
vk2 +12 by binning ovelk andl in the usual way{7]. It is precisely this budget that we will be
examining for the atmospheric boundary layer. By examimagh term, i.e. nonlinear transfer,
forcing from buoyancy, and dissipation, we hope to gainghsinto the dynamics of the kinetic
energy spectrum.

1.5.5 A Brief History of Convective Boundary Layer Research
With the explosion in computing power between the 1960’s thiedpresent it became feasible

to numerically solve the equations of motion for an atmosigh®undary layer. These simula-
tions relevant to the present investigation were first bpergormed throughout the 1960-1970’s.
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In particular the pioneering work of D.K. Lilly44] and Deardorff [ 3, 14] that led to the de-
velopment of LES. It is LES that appears to hold the most psenm modeling engineering
and atmospheric flows, at least for the foreseeable futaréadt a lot of recent work has been
dedicated to finding improved models of the parameterizédgsiad scale fluxes, for example
dynamics models.

Lilly [ 44] extended the Smagorinsky eddy viscosity modé] fo include convection and per-
formed one of the first three-dimensional LES experimefi$ [Throughout the early 1970’s,
Deardorff used different techniques to parameterize thegsid scale (SGS) fluxes in a CBL,
including the Smagorinsky model{] and the turbulent kinetic energy (TKE) modél]. Key
differences were found between CBLs simulated with theeeS®BS models. For example, the
Smagorinsky model tended to smooth out gradients in thai@ntient zone more than the TKE
model. Deardorff [ 3] found that for flows dominated by thermal convection, a Samengky co-
efficient nealCs = 0.21 is appropriate, while for flows dominated by shear a loweaorinsky
coefficient arounds = 0.13 should be used.

The kinetic energy budget was measured in physical spacedgniyib1]. In the spectral
domain, kinetic energy spectra in the CBL have been foundte la—5/3 slope (e.g. 15, 16,

, 67]). This spectral slope is a necessary condition of isotréypibulence, and local isotropy
has been investigated by considering the spectral ratio®fddmensional vertical-to-horizontal
(transverse to longitudinal) kinetic energy, which shob&l4/3 in isotropic turbulence7[].
Deardorff [L3] found ratios that were much larger than this value as didsthesequent studies
of Mestayer p0], Moeng & Wyngaard $3], and Schmidt & Schumanr§]. It seems that the
pressure perturbations are only strong enough to encoloeglkisotropy at the smallest scales.
Indeed, the more recent wind tunnel experimeft§ have since found ratios that are very close
to the theoretical value (only slightly larger) in the snsadales.

The heat flux spectrum is an important term in the spectral gdigbt, as it corresponds to a
source of KE from buoyant production. Results from the LEBeginents of Schmidt & Schu-
mann [3] and the observational study of Kaimal et ak1] indicate that near the surface heat
is transported up by small scale turbulent motions followgd rapid transfer to larger scales
throughout the mixing layer. Significantly, heat appearsadransported within the entrainment
region predominantly by the large scale turbulent motionbraot small scales as is the case near
the surface. Similar results were seen in the wind tunnetexgents of Kiaser & Fedorovich
[37] throughout the CBL except near the surface where the exygeris showed large scale heat
transport which was attributed to surface shear effects.

Observational studies have been performed by many auteays [ 1, 31, 9, 32, 2§]), and
these findings have been very useful for validating numeresalts. Good agreement has been
found between observed and simulated KE and heat flux sp@dotraxample comparing the
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computed LES heat flux spectra of Schmidt & Schumaiij {vith the observed spectra of
Kaimal et al. B1]). Large-scale peaks in the heat flux and kinetic energytspd@ve been
seen in some studies, possibly caused by coherent stractutiee flow P8]. The LES work of
Schmidt & Schumannd3] found similar peaks, but caution that the coherent stmaedtterpreta-
tion is not universally accepted. For example, Deardorff &lig/[ 1] water tank study of CBL
did not find statistically significant peaks in the spectra&gponding to coherent structures nor
were such peaks observed in the overland aircraft measuatsmilenschow41].

Numerous comparison studies examining differences ingsithscale parameterizations
[23, 68, 24, 3(] and differences between shear and buoyancy driven fléw]shave also been
performed. In particular, Niewstadt et al9 compared four LES codes that were run with sim-
ilar domain setups but different parameterizations of the-grid scale fluxes. Despite these
differences, the LES results showed a high level of agreémdroth physical space statistics
and kinetic energy spectra. Ia(] the standard Smagorinsky-Lilly model was compared wigh th
dynamic Smagorinsky parameterization and similar inseitges were found. The robustness of
LES simulations despite differences in the SGS paramet@izis partially due to the inherent
large scale eddies that develop in convection driven teriiulows. It is also encouraging that
the LES results are reasonably insensitive to the choicé&sSd Biodel as it gives confidence in
the use of LES as a tool for studying CBL turbulence.

More recent high-resolution LES of the CBL have examinedefifects of grid resolution on
physical space statistics and kinetic energy speéfia Resolutions of up to 1024grid points
(corresponding to 5 5 x 2 m grid spacings) were employed. Within the mixing layet @ z <
0.9, wherez is the inversion height) the variances and vertical heatdhnverged (in physical
space) for resolutions of 286 However, the temperature variance increased with suiveess
resolutions within the entrainment zone. Both horizontal aertical velocities showed5/3
spectra, however a two-slope character was observed irotimohtal spectra particularly near
the surface and the boundary layer height. It was obsenadthie horizontal spectra were
shallower than-5/3 in the larger scales followed by a transition te-&/3 slope within the
smaller scales. The peak vertical velocity spectra alsfteshto higher wavenumbers agz,
decreased.
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Chapter 2

Methodology

“But I don't want to go among mad people,” said
Alice. "Oh, you can't help that,” said the cat.
"We're all mad here.”

—Lewis Carrol in Alice in Wonderland

In this chapter we present a description of the UCLA LES m¢dgthat is used to numer-
ically integrate the anelastic equatiords1(l). This code was chosen because it allowed for the
solution of both dry and moist CBL's using either Smagorinek TKE subgrid parameteriza-
tions. The code has been used in a number of related studiee@undes fairly comprehensive
documentation. In the following sections we provide dstaih how the UCLA LES model
integrates the anelastic equations and the model confignsave used.

2.1 Overview of UCLA LES Model

The anelastic LES equationd..{1]) are integrated using the UCLA LES modé].[ This model

is a finite difference code implemented on a staggéyeakawa Cgrid [2(] (see Figure2.1),
which means that all velocities are staggered half a gridtpga-grid from the thermal/pressure
points. For example, the velocities reside half a grid point above the thermal powtsle the

u velocities are half a grid point to the right of the thermairns.

The model uses fourth order centred finite differences fomertum advection. Because of
the staggering, this involves first interpolating the véles to the thermal points using the 4th
order interpolation scheme:
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7 1
Wijy1/2 = 1—2(Wj +Wjt1) — 1—2(ij1 +Wj+2),

followed by a centred difference of two consecutive velesi{now at the thermal points). For
example, computing the vertical derivativevofvould look like:

ow _ Wjr1/2—Wj-1/2
0z Az
T2 (Wj +Wjs1) = f5(Wj—1+Wji2) — F5(Wj—1 +Wj) + 15 (Wj—2+Wj41)
Az

_ Wi 2 +8Wj 1 — 8wj_1 +Wj_»
127z ’

which we can see does work out to a fourth order centred fiffferénce scheme. The velocities
are then marched forward in time using the leapfrog methiéd?, 20).

Scalar advection is achieved using the Lax-Wendroff scheme’, 20]. For example in the
case of vertical advection of potential temperature thieste looks like:

At At? At
GTH =0} —[w; (Ez)( 1= 8]_1) — W,ZE(GT_l —26]+6]_;)— G?A—Z(Wj —Wj_1)].

Because the Lax-Wendroff scheme is known to result in @mlhs at discontinuities, a MC flux
limiter [43, 2, 2(] is applied. This approach allows for second order spatsdrdtization for
most of the domain, only switching to a lower order schememgdradients become steep.

The pressure solver exploits horizontal periodicity anelsu8D discrete Fourier transforms.
Specifically, the pressure is found by the projection mefliofiwhich involves applying conti-
nuity to the momentum equation:

0 aﬁ) _ [ ] ( _ oy g0’ 0(pOT_ij)>] (2.1)

a_Xi(pOCpeoa—xi a — PoUj G—XJ + po@—o + o]

This results in a one dimensional elliptic equation for gJesrizontal wave vector,
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FEa (k=191 = 1,
wheref is the just the horizontal Fourier transform of the rhsfl), which is evaluated with a
tridiagonal solver.

Horizontal boundary conditions are periodic. Vertical bdary conditions are no-normal-
flow at the upper and lower boundaries, along with zero Neumw@mditions on the scalars.
These boundary conditions are enforced by an odd (no-nditova) or even (Neumann) ex-
tension of the grid. For example, the Neumann condition efulvelocity would look like
u(x,y, —Az/2) = u(x,y,Az/2). Because we do not specify the momentum fluxes they are thstea
determined from Monin-Obukhov similarity theory as delsed in the previous chapter. This
gives the eddy-viscosity on the bottom boundary as:

U
Km = KZ———,
@)
where the friction velocityy* is determined from théaw of the wallequation for the mean
velocity within the surface layer.[]:
U
U= —In(z).
()

This mean velocityl, is just the mean of”> + V2 at the bottom slice of the domain and the
dimensionless scaling functiong,are given by §]:

®)=(1+487) T>0,
Q) =(1-1930) ¥* <o

The domain size ik x L x H, with n x n x mgrid points. In all simulations, the temperature
flux Qs and moisture fluxQ, are constant and are imposed through the SGS model. Differen
domain sizes, temperature and moisture fluxes, subsidenéiéep, and initial conditions are
chosen for the dry and moisture cases (see subsequentsgctio

In order to compute profile statistics and spectra, whicliireg all model fields on a com-
mon grid, we use spectral interpolation in the horizonta, iFFT’s ofu andv are taken at
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Figure 2.1: Arakawa-C grid

the staggered points and then corrected by multiplicatipe (%) ande (%) respectively.
Derivatives in the transfer, dissipation, and pressuretsp@are computed from the unstaggered
fields spectrally in the horizontal and using fourth ordeitdimlifferences in the vertical. Thus
each term in the budget is calculated at order of accuracy @b@ve what is used in the under-
lying numerical model.

The UCLA LES code is written entirely in Fortran and uses thesgsage passing interface
(MPI) to accomplish a 2-dimensional parallelization. Alinsilations were run on the Shared
Hierarchical Academic Research Network (SHARCNET), pritgaon the orca cluster which
is composed of a mixture of 24-core nodes using AMD Opteron.Z5BRz and 16-core nodes
using Intel Xeon @ 2.6GHz CPU’s. Because the nodes are natated (i.e. resources were
shared with other jobs), timing results were not reliablé smwere not computed.
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Run (,H)[m] (n,m) (dxd? [m] Qs[Kms™!]
B40 (5750,1990) (14450) (40.2,40.6)  0.071
B20 (5750,1990) (288,100) (20.0,20.1)  0.071
B10 (5750,1990) (576,200) (10.0,10.0)  0.071
B5 (5750,1990) (1152,400) (5.0,5.0) 0.071
H40 (5750,1990) (144,50)  (40.2,40.6)  0.142
H20 (5750,1990) (288,100) (20.0,20.1)  0.142
H10 (5750,1990) (576,200) (10.0,10.0)  0.142
D8O (11500,1990) (144,50)  (80.4,40.6)  0.071
D40 (11500,1990) (288,100) (40.7,20.1)  0.071
D20 (11500,1990) (576,200) (20.0,10.0)  0.071

Table 2.1: Domain size, number of grid points, grid spacirgsl surface heating strength for
each numerical experiment.

2.2 Dry and Moist Convective Boundary Layer Simulations

For the dry case we consider domain sizes, resolutions, amstant surface heating strengths
shown in Table2.1. These 10 simulations are separated into three problemgewaftions: the
B* (where * is the approximate grid spacing in meters) repn¢s the base case setup, the H*
simulations represent the higher surface heat experimghiie the D* experiments indicate the
larger domain setup. The initial potential temperaturbsgilence, and radiative cooling profiles
are shown in Figure2.2. A constant® = 300 was also chosen.

Most simulations are run to 12000 s, with outputs every 10®&iraulations reach statistical
stationarity after approximately 4000 s, and various gtiastincluding the energy spectra and
spectral budget terms are averaged from 4000 to 12000 s.ighedt-resolution simulation (B5)
is only integrated to 7500 s with outputs at 500 s intervals.

For the moist simulations we follow a setup very similar1a][ We consider domain sizes,
resolutions, constant surface heating flux, and constaigture flux shown in Tabl@.2 Here a
constan®g = 2987 was chosen.

The subsidence, radiative cooling, and initial potengahperature and initial mixing ratio
are shown in Figur.3[27]. The primary difference between the dry and moist casekes t
inclusion of the water vapour mixing ratio (see below) as etiva scalar. This not only effects
the buoyancy, as moist air is less dense than dry air, busdt allows for the possibility of
condensation (releasing latent heat) and the formatioroofds. The moist experiments were
run up to 30000 s, except for M10 which was only run to 25000nd, &l profiles and spectra
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Figure 2.2: Initial®g, subsidence, and radiative cooling profiles. The dashedclmresponds to
experiments with a higher surface heat flux. The y-axisisin m

were computed by averaging between 21000-30000(25000).
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Run (LH)[m]  (nm) (dxd? [m] Qs[Kms™'] Q [ms™]

M80 (5750,3000) (72,38)  (80.1,81)  0.008 0.000052
M40 (5750,3000) (144,75) (40.2,40.6) 0.008 0.000052
M20 (5750,3000) (288,150) (20.0,20.1) 0.008 0.0000%2
M10 (5750,3000) (576,300) (10.0,20.1) 0.008 0.0000%2

Table 2.2: Domain size, number of grid points, grid spacirsysface heating strength, and
moisture flux for each numerical experiment.
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Figure 2.3: Top: initialBp, initial total mixing ratio, and radiative cooling profileBottom:

subsidence velocity and moisture decrease.
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Chapter 3

Results

“There’s something about this that's so black, it's
like how much more black could this be? And the
answer is none. None more black.”

— Nigel Tufnel from Spinal Tap

3.1 Dry Boundary Layer Results

3.1.1 Overview

To investigate a spectral kinetic energy budget that is @pprately stationary we run each
simulation up to statistical stationarity as determinedTfitime series of the volume mean kinetic
energy:

191

K==/ =
dJo 2

(WP + V2 +WP)) dz,

where() denotes horizontal average. The time series for expersrigfd-B5 are show in Fig-
ure3.1 The flow has reached approximate stationarity by 4000 sicétiprofiles of horizon-
tally averaged potential temperature and heat flux aregulatt Figure3.2(a,b). The results show
nearly identical potential temperature profiles, which iegpthat the equilibrium potential tem-
perature structure is independent of resolution. The heafpflofiles differ between resolutions
only in the entrainment layer and the surface layer, wheteeased resolution causes sharper
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adjustment between adjacent layers. Velocity variancélgsare shown in Figurd.2(c,d): the
vertical velocity variance is largest within the mixing &y while the horizontal variance has
peaks within the entrainment zone and the surface layeerdstingly, the horizontal variance
shows significant dependence on resolution, not just in th@i@ment and surface layers, but
also within the mixing layer, but the profiles appear to beveoging with increasing resolu-
tion. A discrepancy exists in the plots of vertical and honital velocity variances where for
increasing resolution (runs B40, B20, & B10) the variancesaase slightly while for the high-
est resolution (run B5) there is an unexpected decreases iy be caused by the fact that
the highest resolution was only averaged up to 7500 s ingig#uke full 12000 s. However,
other studies(’, 48] have also shown significant scatter rather than a monotnaiease in the
mixing layer velocity variances as resolution is increased

Overall, a high degree of convergence is seen in all the pludghe shapes of these statistics
are consistent with previous studies of dry convective blamy layers §2, 67, 30, 48]. Statis-
tics for the larger domain size and larger surface heat flpeements have similar profiles are
not shown. Potential temperature profiles from the simohetiwith higher surface heat flux are
shown in Figure3.3. The effect of increase@s on the boundary layer thickness from approxi-
mately 1100 m and 1600 m is clearly visible.

Figure 3.4 shows vertical slices of the model fields at the final time @f tighest resolu-
tion run B5. The corresponding heat flux is shown in Figare By this time the boundary
layer height has reached its equilibrium level and a baléasebeen achieved between the sur-
face heating, radiative cooling, and subsidence. Sevemgrplumes can be seen with positive
potential temperature perturbations. Additionally, pugores exhibit strong positive vertical
velocity and positive heat flux. Outside these plume coresstill within the plume structure,
there exist regions of positive temperature perturbatemms negative vertical velocity corre-
sponding to negative vertical heat flux. These regions oétiag heat flux are likely the result
of the highly turbulent mixing that the plumes generatetipalarly on their outer shell. Often
the plumes may extend the entire boundary layer depth andeney penetrate into the stable
layer resulting in sharp potential temperature changeseaplume/stable layer interfaced).

To the side of these penetrating plumes near the boundagy height, warm air is often seen
being pulled downward into the mixing layer as is most ckeaden in an animation of the po-
tential temperature perturbatiofd. Well within the mixing layer, the plumes themselves are
separated by large regions of sinking air (Fig@rg). Generally within the mixing layer these
regions correspond to cooler sinking air (positive vettiwat flux), but as we approach the en-
trainment layer there exists regions of hotter sinkingra@g@ative vertical heat flux). Finally both
horizontal velocities andv) exhibit equally sized regions of positive and negativeouiies.
No significant difference is observed betweenutendv velocities which is consistent with the
lack of background shear.
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Figure 3.1: Time series of volume mean kinetic energy foreexpents B40-B5.
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Figure 3.2: Horizontally and time averaged (a) potentiaigerature, (b) heat flux, (c) vertical
velocity variance, and (d) horizontal velocity variance éaperiments B40-B5.
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Figure 3.3: Horizontally averaged potential temperatoreekperiments H40-H10.
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s for experiment B5.
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3.1.2 Spectral Budget
Heat Flux

Of the various terms in the spectral KE budget, we considgrtfie heat flud(k, z), which plays

a key role as the source of KE in the CBL. We have shown abové¢tbaveraged physical space
statistics, i.e. the velocity variances and heat flux, maticht has been seen in numerous other
LES studies. In particular the physical space heat flux grefilpears to have almost completely
converged for run B5 which might mean that run B5 is suffidierésolved. However, an impor-
tant question is whether the spectral quantities exhibmilar convergence. Indeed, if the heat
flux spectrum has a broad and resolution-dependent cotitnibfrom intermediate and small
scales, this could have implications for the developmetlotally isotropic inertial range.

Heat flux spectra from run B5 at different vertical levels ab®wn in Figure3.6 (spectra
are labeled with wavelength = 21/k along thex axis for clarity). As expected the heat flux
near the surface is positive and peaked at large wavenumipying a small scale injection
of KE [31, 63, 33]. Moving up through the mixing layer the spectrum remainsife but the
peak shifts to larger scales, 63, 33]. This transition of the maximum heat flux from smaller
scales to larger scales as one moves up through the mixieg ieygonsistent with horizontal
slices of potential temperature and heat flux (FigBud. Near the surface, heating causes the
formation of fine filamentary structures reminiscent of tbaéycomb patterns seen in Rayleigh-
Bernard flows. Well within the mixing layer, however, largeale thermal plumes have formed
with diameters around 100-500 m which are associated wéttetiger scale heat flux. At higher
levels near the entrainment zone strong negative valuelseoh¢at flux are obtained at large
scales corresponding to the downward movement of warmbtyss#ratified air being pulled
into the mixing layer.

The peaks of positive flux transition from small scales in sheface layer to large scales
in the mixing layer. This transition occurs rapidly with neasing height, suggesting that the
surface layer occupies only the bottd»(10) m and that the large-scale thermal plumes begin
forming at height relatively close to the surface. This aceflayer however is likely not resolved
by the Smagorinsky parameterization and its detailed streaequires further fine resolution
experiments beyond the scope of the current study. Witl@miltxing layer, the location of the
peak positive flux was found to remain approximately cortstaoundA ~ 1150 m for all the
base case experiments (B40-B5) and the larger domain skpediments (D80-D20). There is,
however, a shift in the peaks to larger scales for the castaiger surface heating (runs H40,
H20, and H10). This is not surprising as the peak follows ttaesof the boundary layer depth
and the higher surface heating experiments naturallytresdeeper boundary layers. Once the
boundary layer height is reached, the peaks in positive flaxento small scales again where
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Figure 3.6: Time averaged horizontal heat flux spectra &tréifit height levels for run B5.
Spectra have been multiplied ky to preserve area on the log-linear plot.

they do not inject a significant amount of energy in the entrant layer.

While the large scale injection of kinetic energy by postiveat flux appears to remain
approximately independent of resolution and domain sizkaaty moves to large scales for the
higher surface heating, the contribution from small scadesiore sensitive; such small-scale
forcing could have implications for the existence of an fiarange removed from the forcing,
since it could signify injection of KE over a broad range oéles, possibly down to the LES
dissipation scale. In order to compare the heat spectraffefeit resolutions, we plot them
together in Figure3.8 averaged over the depth of the domain. These spectra aresteorly
broadening as resolution increases. This broadening alds for the larger domain experiments
as well as the larger surface heating experiments. On tlee b#md, the large scale contributions
appear to remain relatively independent of resolution.s€heeat flux spectra do appear to exhibit
a saw-tooth pattern in the large scales, which seems to bditattof the binning over annuli
on theky-ky plane.

We also compute the integral of the heat flux spectra as aifumot wavenumber:

k
Fa(k) = [ B(K)dK. 3.
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800 m) for runs B40-B5. Spectra have been multipliekfyo preserve area on the log-linear
plot. (b) Fg(k) within mixing layer for runs B40-B5.

which gives the contribution to the total injection rate dE Ktom heat flux from wavenumbers
less thark. The integral of the vertically averaged heat flux spectrahiswn in Figure3.9.

As the resolution increasesg(k) is seen to converge at small scales. Consider the B runs
in Figure 3.9a): the wavenumber below whidks(k) has converged with resolution (marked
out byl, I, & I11') moves further to the right as resolution increases. Fomgka, asAx is
decreased from 20 m to 10 m, there is a 6% increase in the tetamamber-integrated heat
flux. Figures3.8and3.9indicate that the heat flux spectrum, while peaked at largkeschas

a positive contribution over a broad range of scales; fing gpacings oAx ~ 5 m are required

for the total wavenumber-integrated heat flux to converge.

It is possible that the small-scale heat flux contributiooaased solely by the surface layer
where small scale convective motions are most likely to ggguen that most of the contribution
to the heat flux spectrum in the surface layer is at small s¢ate Figur&.6). To investigate this,
we plot the heat flux spectra averaged over the mixing lagerZ00— 800 m; see Figurg.10
and surface layez& 0— 100 m; see Figurd.1]). Itis clear that a rightward shift iBy to smaller
scales with increased resolution exists for both regioosidver, the shift is significantly smaller
for the mixing layer than for the surface layer. Near the atefa combination of diffusion
and small scale convective motions transports the surfaaéihto the overlying air. Thus by
increasing resolution, we are resolving these featureserand hence capturing them in the
surface layer heat flux spectra. By contrast, the mixingri&égat flux is dominated by larger
structures and is more robust to changes in resolution.
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Transfer, Dissipation, & Pressure

The remaining terms in the spectral kinetic energy budgetHe base case experiments are
plotted in Figure3.12 while the budgets for the highest resolution experimergs 10, and
D20 are shown in Figurd.13 The transfer, pressure, and dissipation spectra arecitedion
the same axis (along with the heat flux spectra discussecttiose8.2.1) in order to highlight
the relative strength, and related large and small scalarfeg of each term within a statistically
stationary CBL. Each term in the budget extends to a maximanadntal wavenumber dnax=
T/AX, and so with each successive increase in resolution thérap@e extended to smaller
scales.

The role of each term in the budget is evident from the evotugquation of the kinetic
energy spectruml(35. When the time rate of change of the spectral kinetic enisrggro (as is
approximately the case for time-averaged spectra in &statily stationary boundary layer), the
heat flux By), transfer Tx), pressureRk), and dissipationx) spectra must balance. In each plot
we see that energy is injected over a rather broad range lesstat most significantly at larger
scales, by the heat flux spectra as was previously discugseztgy is then removed from the
relatively large scale region (negative transfer specarad injected into the small scales (positive
transfer spectra). Once transferred, the energy at snabscs dissipated by the LES model
through the eddy viscosity parameterization of the SGS fiatdarge wavenumbers (negative
dissipation spectra), as expected for a downscale enesgada.

We have also included plots showing the transfer and dissipapectra at different heights
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Figure 3.12: Time averaged terms in the spectral budgetaged inz over the boundary layer
depth, for runs (a) B40, (b) B20, (c) B10, and (d) B5.
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Figure 3.13: Time averaged terms in the spectral KE budgetaged inz over the boundary
layer depth, for runs (a) B5, (b) H10, and (c) D20.

61



-7 -7

(& x10 ‘ ‘ (b) x10

G i
’\«y\ \"wvu
_|F17.5m R, /
-92.3m R
~ |F192.0m
£ _, 491.3m
740.6m \
-990.0m
—_6-1189.5m
5750 1000 , 100 10 5750 1000 , 100 10

Figure 3.14: (a) Time averaged horizontal transfer spetrdifferent levels for run B5. (b)
Time averaged horizontal dissipation spectra at diffelevels for run B5. Spectra have been
multiplied byk, to preserve area on the log-linear plot.

(Figure3.14). The transfer generally shows a cascade from large seagesdll scales consistent
with the domain averaged spectra. The dissipation spelsoasaows a similar profile to the

domain averaged plots, except that we can see that thigapestrongest within the first 500 m

where the thermal plumes are developing. As we move thrauglmixing layer the strength of

the dissipation decreases until we reach the boundary lerght at which point the dissipation

turns off. This is consistent with the fact that the eddy ety becomes zero within the stable
layer for the Smagorinsky model.

The vertically integrated pressure spectrum is approx@matero in all cases, as expected
sincew = 0 at the upper and lower boundarids36. The small deviations from O arise as a
result of the interpolation of variables to the thermal peimhich results in small errors. We have
confirmed that these small errors decrease as resolutiaorisased. The pressure perturbation
spectra at a given horizontal slice is not zero, and in fagt berather large near the surface
where strong surface heating and large verticaelocity gradients exist (not shown).

In all cases, the large-scale transfer spectra and heatgkotra are in balance, consistent
with the statistical stationarity of the averaging intérdde higher surface heat flux experiments
(Figure 3.13b) have large-scale heat flux and transfer spectra with madgs approximately
twice that of their lower surface heat flux counterpartsine Wwith the stronger forcing of these
runs. In the case of the larger domain (Fig8r&3c) the wavenumber axis extends further to the
left (larger-scales); however the heat flux and transfectspeemain approximately unchanged
from the smaller domain case, implying that the budget ignsgive to domain size. Thus
increasing the domain size does not result in the orgaoizaii larger-scale features within the
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flow in a significant way as might be expected in simulationthwirong background rotation
(e.g. [26]) or as has been seen in temperature spectra (€.4) and experiments involving
moisture (e.g.q1]).

The spectral budget at small scales is dominated by thepdissin; however, it is significant
that in all experiments there is broad overlap between théthex and dissipation spectra. This
overlap follows from the fact that, as discussed above, #et Hux spectrum is very broad
and extends to smaller scales as resolution is increasedly i®the highest resolution case
(Figure3.12d) do we begin to reduce this overlap. As a result none of tiperxents show
a resolved inertial range of intermediate wavenumbers giibroximately zero transfer. For
more insight into the existence (or not) of an inertial raimg#hese simulations, we compute the
spectral flux:

k
Mg = —/0 Tk(k/)dK.

An inertial range corresponds to a rangekafith constant spectral flux, and is a fundamental
assumption in the derivation of the Kolmogorov -5/3 speutfii1]. The spectral flux for exper-
iments B40-B5 are shown in FiguB16 No inertial range emerges as resolution is increased,;
instead, the maximum spectral flux increases and shifts &tlenscales. This increase and shift
is perhaps caused by the small-scale heat flux that devetopesalution increases and by the
fact that increased resolution results in the dissipati@ega also moving to smaller and smaller
scales. Thus the transfer spectra must make up the difierarthe budget.

The kinetic energy spectra for each experiment are shownguaré&3.15 Assuming KE
spectra of the form:

y =€k,

we can use least squares to fendndm for regions where the spectra have approximately con-
stant slope in the log-log plots (TabB1). All the experiments have KE spectra with slopes
slightly shallower than-5/3. For the base case experiments and the higher surfacadeati
periments the KE slopes appear to be closer#J3. For the larger domain experiments the
slopes appear to be slightly shallower the#/3. For the experiments with higher surface heat
flux, the spectra have a larger magnitude, in line with thengfer surface forcing. In all cases,
the spectra peak at wavenumbers related to the boundanydap¢h. In the SGS dissipation
range at largéx,, the spectra become shallower as resolution is increaseshwidicates that
the model becomes less dissipative as resolution is inededs the previous section we saw
that the heat flux spectrum injects significant energy overde wange of scales throughout all
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Figure 3.16: Spectral flux for experiments B40-B5.

Run m a A range
B40 -1.4549 -10.9464 115QA <3026
B20 -1.3503 -10.6660 1159A <1983
B10 -1.3410 -10.6494 1159\ <1307
B5 -1.4088 -11.0234 1150\ <833
H40 -1.5837 -10.5009 1159\ < 3026
H20 -1.4150 -9.9946 1150 A <1983
H10 -1.3697 -9.8427 1150 A <1307
D80 -1.3222 -10.6365 115QA <575
D40 -1.2931 -10.4577 1159\ <3382
D20 -1.2678 -10.8854 1150 A < 250
BTKE40 -1.3740 -10.9435 1159\ <3026
BTKE20 -1.3657 -10.9097 1159\ <1983

Table 3.1: Values o& andm computed by least squares assuming KE spectra have the form
y = e2ky.
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Figure 3.17: (a) Time averaged KE spectra at different @ run B5. (b) Time averaged
spectra of vertical KE at different levels for run B5.

the CBL layers. It is possible that this broad-scale foréswgesponsible for these spectra being
consistently shallower than the theoretiedd/3 power law. Surface layer effects may also be
important here. In Figurd.17we show the KE spectra and the spectrum of vertical KE atrdiffe
ent levels. For example, in computing the spectrum of variimetic energy within the mixing
layer we found that the slope more closely resemble®£3 scaling, consistent witts[/], while

the full KE spectra remain closer te4/3.

The energy spectra in Figui®15 are clearly shallower than what we would expect for
isotropic 3D turbulence. To investigate this discrepanayhier, we consider whether local
isotropy is emerging at small scales in the highest resmiutiases. In isotropic turbulence,
the ratio of one-dimensional transverse and longitudinatgy spectra (e.dky spectra of KE in
w andu) will attain a constant value neay3 when local isotropy is reached]. Because we
compute two-dimensional horizontal wavenumber spectraelier, a modification of the /8
isotropy condition is required. Defining the horizontal waumber spectra of horizontal and
vertical KE over cylindrical wavenumber shells resultsinsotropic vertical-to-horizontal ratio
of approximately (67 (see Appendix). Of course, this theoretical ratio assuane5/3 spec-
trum; isotropic turbulence with a4/3 ratio would likely have a slightly smaller ratio. We plot
this ratio for experiments B40-B5 in FiguBel8(a). At large scales this ratio is larger than 1 and
progressively moves lower as we transition to small scalésating that within the large-scales
the vertical motions are more energetic than the horizomtalact, increased resolution results
in higher ratios at large-scales, suggesting that loweluésn simulations suppress the relative
strength of the vertical KE. While the low resolution expeent B40 takes on a ratio that is
roughly a constant value near 1 over all wavenumbers (adh@udoes decrease below 1 as we
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Figure 3.18: a) Ratio of vertical to horizontal kinetic emeispectra averaged in the vertical
over whole domain, b) vertical-to-horizontal ratio of egespectra averaged in the surface layer
(z=0-—100 m)

move to smaller scales), the higher resolution experimsdm to form plateaus at successively
smaller values below 1 as resolution is increased. For tjieist resolution experiment this ratio
is approximately equal t0.65— 0.70 for A in the range 36- 160 m. Thus with increasing res-
olution, the ratio might be approachings@ from above. The finding that this ratio is generally
larger than the theoretical value for isotropic turbuleageees with previous results(, 53, 63].
Finding spectral ratios of.B7 is only a necessary condition of local isotropy, howeheise
results suggest that local isotropy, if it emerges, woutpline grid spacings: O(1) m.

In order to further investigate the effect of the surfacetingaon the energy spectra, we
compare the spectral ratios restricted within the surfagerlg = 0— 100 m). These results are
shown in Figure3.18 (b). Unlike in the domain-averaged case, the verticalddzontal ratio
does not show peaks in the large-scales indicating thaittieal energy spectra is much weaker
than the horizontal energy spectra at these scales. Thisrasrihat within the surface layer the
vertical spectra remain energetic primarily in the smad#igss and this property can also be seen
in Figure3.17. We have confirmed however that the horizontal spectra dk gearge scales.
Thus within the surface layer the horizontal and verticargy spectra differ significantly in the
large-scales. Even for the highest resolution case, tleeafvertical to horizontal KE is around
0.8, suggesting that the surface layer turbulence remairchirmore anisotropic than the mixed
layer.
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Sensitivity to SGS Parameterization

We have seen that the dissipation spectrum is shifted tol-swales as resolution is increased.
An important question then is what effect do alternativegsithscale parameterizations have
on the spectral KE budget; in particular do more sophisttgtarameterizations result in less
dissipation in the large scales and a greater shift in th& pessipation to small scales for a
given resolution? Previous studies (e.@3,[3(]) have found that both physical space statistics
and energy spectra were relatively robust to changes in@&@&rameterization. To investigate
the SGS sensitivity of the current study, we re-run some oégperiments using the TKE model
[17]. We solve the same equations as befdr& 1), except that now the eddy-viscosity is changed
to:

n
wheree s the turbulent kinetic energy and is found by solving anitmithl prognostic equation
[17]. The subgrid-scale mixing length, and the grid-scalk,, are defined as:

. 1
I = m|n(0.82\/%7,\12),|n) In= \/W,

wheree = 10712, ThusK;,/Km ranges between 1 and 3 and the SGS mixing lehgtls at
mostl,, but can be much smaller in stably stratified regions. We hisi model only for the
experiments B40 and B20 and refer to the TKE runs as BTKE40BArKE20. The resulting
spectral budget and KE spectra are shown in Figut&a,b).

A number of important conclusions can be derived from thesalts. Firstly, the dissipation
spectrum is seen to peak at smaller scales with the TKE mbdelit did with the Smagorinsky
model for a fixed resolution. In fact for the experiment BTKEthe dissipation spectrum peaks
at wavenumber close to where the highest resolution (B5)gdnresky dissipation spectrum
peaked despite being a quarter of the resolution. Nevedbekven for the TKE runs the heat
flux spectrum remains quite broad and the transfer spedtral@ts not show any region of
constant spectral flux (not shown). The decreased dissipdties however have an effect on the
KE spectra by decreasing the slope within the SGS dissipatioge. The approximately4/3
slope for the KE spectra observed in the Smagorinsky mogeas to remain unchanged when
the TKE model is used indicating that this result is robustianges in the SGS parameterization.
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Figure 3.19: a) Spectral KE budget for BTKE20. b) KE speatwaBTKE40 and BTKEZ20.
3.2 Moist Boundary Layer Results

3.2.1 Overview

The moisture experiments closely resemble the setup 4fyhich use subsidence, radiative
cooling, surface heat and moisture fluxes, and an initiaperature profile that correspond to
different atmospheric conditions from the dry experimestup. Unlike the dry case however,
the boundary layer does not reach stationarity as showngur&8.20 We thus choose to run
the moist simulations much longer (up to 30000 s instead 600&) in order to ensure a fully
developed boundary layer simulation that is not signifigaatfected by the initial conditions.
Because of the added moisture and the subsequent cloudtifonmae also include a time series
plot showing the total cloud cover in Figu8e2Q Interestingly this total cloud cover does appear
to stabilize after a few thousand seconds, despite theragsiteincrease in KE over longer times.

Physical space profiles of potential temperature, velo@tyances, and heat flux are com-
puted following the dry results (Figurg.21). In addition we also compute the cloud cover
fraction, total mixing ratio, and liquid water mixing ratas shown in Figur&.22 All of these
results are consistent witl2, 1], however the addition of water vapour results in significan
differences from the purely dry experiments. Firstly, whihe profiles shown in Figurg.21
generally match the qualitative features of the dry expenits (Figure3.2) within the surface
layer and mixing layer, there does appear to be an entirelyragion between the mixing layer
and stable layer, which we call the cloud forming region.slieigion appears to occupy a rather
extended depth from around 500 m all the way up to 1800 m, adth@loud formation is most
active between 700 m and 1300 m. Despite averaging, thestseather significant variation in
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Figure 3.20: (a) Time series of volume mean kinetic energgxperiments M80-M10. (b) Time
series of total cloud cover for experiments M80-M10.

the profiles between successive resolutions. In fact, ieapgpthat the most variation between
resolutions is seen within this cloud forming region in afles except the temperature and total
mixing ratio. Based on the time series of cloud cover (Figlig€) and the plots of cloud fraction
and liquid water mixing ratio (Figur8.22), it appears that increased resolution results in more
clouds forming. This generally seems to correspond to as@d horizontal and vertical velocity
variances where clouds are present. The fact that the @tyggiace profiles have not converged
with increasing resolution in regions where clouds formas surprising because these clouds
are not even close to being resolved. For example, lookihgrontal slices of the liquid water
mixing ratio shown in Figur&.23 the clouds have a diameter at most 400 m and frequently may
be under 100 m in diameter. This means that even for the 20drsgecings, a cloud contains
at most 10- 20 grid points and frequently may contain only 5 grid poititss also evident from
the cloud cover fraction that increased resolution resoltsore clouds penetrating higher up
into the atmosphere, examples of which can be seen in thiealestices of liquid water mixing
ratio in Figure3.24

The plot of buoyancy flux versus height is shown in FiguBe21 As previously noted, the
cloud forming region between 6601500 m shows significant positive buoyancy flux. Remem-
ber that in the dry simulations (Figuge?) the heat flux became negative at the top of the mixing
layer corresponding to entrainment and then became rougityas we moved up through the
stable layer. Now with the addition of moisture we still getree negative entrainment buoyancy
flux at the top of the boundary layer, but we then get a largeease in positive buoyancy flux
above corresponding to cloud formation. This makes semae siloud formation results from

IWe no longer refer to this as heat flux as water vapour alonegsaiit in buoyancy in addition to temperature.
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Figure 3.21: Horizontally and time averaged (a) potengahperature, (b) buoyancy flux, (c)
vertical velocity variance, and (d) horizontal velocityriaace for experiments M80-M10.
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Figure 3.23: Horizontally and time averaged (a) poten&aiperature, (b) virtual potential tem-
perature, (c) total mixing ratio, and (d) liquid water migiratio for experiment M10 a= 600
m.

water vapour condensing into suspended liquid and thisgghan state from gas to liquid re-
leases latent heat which then results in increased buoysveyinderscore here that this source
of buoyancy flux is significant. In fact looking at the buoygfiax plot in Figure3.21the peak
positive buoyancy flux within the cloud forming region is yslurpassed near the ground. Thus
cloud formation can be an important source of buoyancy flormarable to the heating from
the ground, in the convective boundary layer.
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Figure 3.24: VerticalX-2) slices of (a)oy, (b) q;, taken at time 25000 s for experiment M10.

3.2.2 Spectral Budget
Buoyancy Flux

The buoyancy flux spectra is shown at different verticalleireFigure3.25 We can see that like
the dry simulations, the buoyancy flux peaks at small scalégeaurface and then rapidly moves
to large scales as we move up through the mixing layer. Atdp®t the mixing layer a transition
to negative flux corresponding to entrainment occurs. W@niile dry experiments though, the
formation of clouds results in a transition back to posibueyancy flux. This is consistent with
the physical space profiles shown in Fig@t21 In Figure3.26a) we plot the domain averaged
buoyancy flux and in Figurd.2gb) the buoyancy flux restricted to the mixing layer (20800

m) and cloud forming layer (9081200 m). Similar to the dry experiments, the domain averaged
spectra peaks at relatively large scales. The peak appeeemtin approximately unchanged
as resolution increases, consistent with the fact thaté¢la& pcales as the boundary layer depth,
however energy is injected at increasingly smaller scdless. clear that the buoyancy spectra
within the cloud layer is shifted to smaller scales than theylancy spectra restricted to the
mixing layer. This presumably corresponds to smaller eddaésociated with the cloud formation
than the eddies of the mixing layer, which scale as the bayridger depth.

Transfer, Dissipation, & Pressure
The spectral kinetic energy budgets for experiments M80Q Mhd M20, are shown in Fig-

ure3.27. These budgets have a number of similarities to their drntarparts. Firstly, we see
that there is broad overlap between all terms. In fact thexlap is probably more pronounced
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Figure 3.25: Time averaged horizontal buoyancy flux spetidifferent height levels for run
M10. Spectra have been multiplied kyto preserve area on the log-linear plot.
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Figure 3.26: (a) Time averaged buoyancy flux spectra avdrager the boundary layer depth
for runs M80-M10. (b) Time averaged buoyancy flux spectraayed over the mixing layer and
cloud forming layer for run M10. Spectra have been multigbloy k, to preserve area on the

log-linear plot.
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than what was seen the the dry runs. Secondly, the spectextmeded to smaller scales as
resolution is increased. We see that at the largest scalg®(lthan the boundary layer depth)
there is very little energy injection, transfer or dissipat Thus we could have chosen a smaller
domain and still captured the peak forcing. The dissipagjpectra is quite strong, however ap-
pears to decrease as resolution is increased. There arel@nafrexplanations for this. Firstly
the coarser runs likely suffer from more pronounced errss®aiated with the interpolations and
derivatives. This would show up strongest in the dissipetitom as it is by far the most nonlinear
of the budget terms. Secondly, the budget is not statiomauy,in fact it is quite possible that
the spectrum oflE/dt is not zero. We plot the energy spectra for experiments M8 Nnd
M20 in Figure3.28 It is interesting that the KE spectra, particularly for thevest resolution
experiment M80, does scale a$/3. Each successive experiment experiences less dissipatio
as can be seen in both Figu@&7and 3.28 As we move away from M80 to the finer grid spac-
ing experiments M40 and M20, the scaling of the KE spectraimas less clear. In fact moving
along the wavenumber axis, the slope appears to first beslealthen—5/3 and then becomes
steeper than-5/3 as we move to where the dissipation is strongest. This isumptrising since
all the budgets have such broad overlap between the trabsf@yancy, and dissipation spectra.
All of this evidence points to the need for experiments witingicantly increased resolution.
This was noted as being important for the dry experimentsjtha likely even more crucial
for the cloud experiments which can have significant for@hgcales even smaller than the dry
experiments because of latent heating from clouds.
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Figure 3.27: Time averaged terms in the spectral KE budgetaged inz over the boundary
layer depth, for runs (a) M80, (b) M40, and (c) M20.
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Chapter 4

Conclusions

“If at first you don’t succeed, try, try, again. Then
quit. No use being a damn fool about it.”

—W. C. Fields

In this thesis we have presented large-eddy simulationstbfthe dry and moist convective
boundary layer. The physical space statistics of the sitiomsiare in good agreement with other
recent high-resolution CBL studies, i.e24] 67, 27] for dry CBL and |22, 1] for moist. The
main contribution of this work is the calculation and an&yd the full spectral kinetic energy
budget, which provides insight into the shape of the hoti@lomavenumber KE spectrum. KE is
injected via heat flux, the spectrum of which is peaked ael&ugyizontal scales when integrated
over the depth of the boundary layer. At large scales, thé fh@aspectrum is balanced by
the nonlinear transfer, which transfers energy to smalescahere it is removed by the SGS
dissipation. Increasing the surface heat flux leads to @itargection of KE and therefore a
stronger cascade to small scales. The domain size of 6 knssméfitiently large to capture this
cascade; the budget terms are robust to increases in therdsize

While the convective boundary layer setup does not conforatraditional triply periodic
isotropic turbulence simulation, boundary-layer and apheric turbulence researchers have at-
tempted to explain some of the characteristics of CBL flowsguslassical turbulence theories
[50, 53, 63]. Atfirst glance, the spectral budget seems to agree wighdlssic picture of three-
dimensional turbulence with large-scale forcing and seedlle dissipation. However, this inter-
pretation is complicated somewhat by the fact that the heatsihectrum, which plays the role
of the KE forcing, is quite broad. Indeed, while the heat feipéaked at scales of around 1 km,
there is a significant injection of kinetic energy from sraaficales that emerges as the resolution
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increases. This small-scale heat flux is dominated by srddies in the surface layer. Indeed,
the integrated heat flux spectrum — i.e. the total injectaie of KE — only begins to converges
for the dry experiments with very fine grid spacingg\af=5 m. As aresult, there is a significant
degree of overlap of the heat flux and dissipation spectex eavthe highest-resolution experi-
ments. This overlap raises doubts about the possibilitynohartial range in these simulations.
Our suspicions here were confirmed by analysis of the spdiktixa Rather than a wavenumber
range of constant spectral flux, which is expected for isptrthree-dimensional turbulence, we
find that the flux is peaked at increasingly small scales aseid@ution increases.

The kinetic energy spectra for the dry experiments are sterdiy slightly shallower than
what would be expected for isotropic three-dimensiondulence, with spectral slopes closer
to -4/3 rather than -5/3. This discrepancy with the clasgloa@ory is not surprising given the
overlap between the forcing and dissipation spectra. lhsdbhat the broad heat flux spectrum is
injecting energy directly at intermediate and small sgatedding a shallower energy spectrum
than would otherwise be expected with purely large-scaleirig. Local isotropy was inves-
tigated by considering the ratio of the vertical and hortabtwo-dimensional kinetic energy
spectra, which gives a necessary condition for local igytrd his ratio is larger than the theo-
retical value of 0.57 for isotropic turbulence, but seembéaapproaching 0.57 at the smallest
scales in the highest-resolution case of the dry CBL. Asaltiggid spacings ofAx =5 m seem
to be almost sufficient to result in ratios that match the tegeal value. This provides some
evidence that higher resolution experiments might reaulegions of local small-scale isotropy
around scales of 5 m or less.

Overall, using the TKE parameterization resulted in dissgn spectra more restricted to
small scales, i.e. peak was shifted further to small scalegpared to the Smagorinsky model
for a fixed resolution. The heat flux spectra however contirtoenject energy at a broad range
of wavenumbers and the transfer spectra did not show any raincpnstant spectral flux. Both
of these results are consistent with the Smagorinsky medeilts. It is difficult to say whether
the TKE model was more computationally efficient in terms a@ving the dissipation spectra
to small scales as compared with the Smagorinsky model $iveedKE model required an
additional equation foe to be integrated and thus naturally took longer to run. Bestiming
results are not available because dedicated nodes wersetht u

The moist experiments were shown to have many similaritigs their dry counterparts.
In particular, the moist budgets showed broad overlap bertviiee forcing, transfer, and dissi-
pation. Like the dry experiments, the buoyancy spectra getakrelatively large scales for all
resolutions, but was also found to inject energy at increggismaller scales as resolution was
increased. Significant differences between the dry andtregggeriments were found however.
With the addition of water vapour, the moist runs showed aia@ant source of buoyancy flux
above the entrainment zone corresponding to the formafiatoads which release latent heat
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during condensation. This cloud cover was shown to incregiberesolution. In comparing the
buoyancy flux within the mixing layer and the cloud formingda, it was shown that buoyancy
associated with cloud formation peaks at smaller scales hbhayancy associated with surface
heating.

Despite the simple set-up, there remain a number of avepuégtfire work on this problem.
First, it would be interesting to see whether higher resotutvould yield an inertial range and
a -5/3 spectrum at very small scales. Second, this work gmplee Smagorinsky-Lilly SGS
model (and some preliminary work with the TKE model), whishguite dissipative. Another
choice of model, such as the dynamic Smagorinsky mad#] [30], might yield a wider range
of undamped scales. Finally, it would be of significant iagito run moisture experiments with
greatly increased resolution as clouds in the current studyclearly under-resolved. Further
work incorporating precipitation would also be of interest
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