
Assignment 3: Due Mar. 14, 2019

The purpose of the first few exercises on this assignment is to construct the Grigorchuk group.

(1) Let G be a graph. We say that f is an automorphism of G if f is a bijective map from the set of vertices of G
to itself, such that f(x) and f(y) are adjacent vertices if and only if x and y are bijective vertices. Show that the
collection of automorphisms of G forms a group Aut(G) under composition.

(2) We let T denote the graph whose set of vertices is the collection of finite words over the alphabet {0, 1} and in which
there is an edge between w and v if and only if either w = v0 or w = v1 or v = w0 or v = w1. In other words, the
longer word is obtained from the shorter word by appending a letter on the right. This is an infinite tree whose root
is the empty word. We identify T with its set of vertices {0, 1}∗. Recursively construct four maps a, b, c, d : T → T
as follows. We define a(ε) = b(ε) = c(ε) = d(ε) = ε (where ε is the empty word) and if we have defined the maps on
all words of length ≤ n, and w is a word of length n, we define

a(0w) = 1w, a(1w) = 0w, b(0w) = 0a(w), b(1w) = 1c(w), c(0w) = 0a(w), c(1w) = 1d(w), d(0w) = 0w, d(1w) = 1b(w).

Show that a, b, c, d all give automorphisms of T and a2 = b2 = c2 = d2 = id. We let Γ denote the subgroup of
Aut(T ) generated by a, b, c, d.

(3) Show that every non-identity element of Γ is expressible in one of the four forms ax1ax2a · · · axna, ax1ax2a · · ·xn,
x1ax2 · · · axna, x1ax2 · · · axn with x1, . . . , xn ∈ {b, c, d}. Hint: show that b, c, d commute and generate a group of
order 4 with bc = cb = d, bd = db = c, cd = dc = b.

(4) Show that if T is as above then we have an injective group homomorphism φ : Aut(T )×Aut(T )→ Aut(T ), defined
by φ(f, g)(ε) = ε and word a word w of length ≥ 0 we have φ(f, g)(0w) = 0f(w) and φ(f, g)(1w) = 1g(w), and that
we have b = φ(a, c), c = φ(a, d), and d = φ(id, b). Show that the image of φ is all automorphisms of T that send the
vertex 0 to 0 and the vertex 1 to 1.

(5) Let H denote the set of g ∈ Γ such that g(0) = 0 and g(1) = 1. Show that H is a proper index-two subgroup of Γ
and show b, c, d, aba, aca, ada are all in H and use question 3 to show that they generate H, arguing that you need
to have an even number of copies of a to be in H. Next show that φ−1(H) ⊆ Γ×Γ, by showing that φ−1(b) = (a, c),
φ−1(aba) = (c, a), φ−1(c) = (a, d), φ−1(aca) = (d, a), φ−1(d) = (id, b), φ−1(ada) = (b, id).

(6) Use the preceding question to show that Γ is infinite. Hint: Show that if π1 : Γ× Γ→ Γ is projection onto the first
coordinate then show that π1(ψ−1(H)) = Γ. If Γ is finite and H has index two, how is that possible?

(7) Show that every element of Γ has finite order. (Hint: This is tricky—I’ll give a sketch and leave it to you to work out
the details). Use question 3, and argue by induction on the length of a word in a, b, c, d doing words of length 1 and 2 as
the base cases. Now if a word is of the form ax1ax2a · · · axna, then this is just awa−1 with w of shorter length. If it is
of the form x1ax2 · · · axn, then use the fact that bc = d, cd = b, db = c and write this as x1(ax2 · · · ax′n)x−11 and use the
induction hypothesis. The other two cases are a bit trickier, but they are both handled in the same way, so I’ll show
you how to do one and you can do the other. If you have w = ax1ax2a · · ·xn, then let’s first look at when n is even.
Write w = (ax1a)x2(ax3a)x4 · · · (axn−1a)xn. Then each axia and xj is in H so we can apply the homomorphism
φ−1 : H → Γ × Γ and we get φ−1(w) = φ−1(ax1a)φ−1(x2)φ−1(ax3a)φ−1(x4) · · ·φ−1(axn−1a)φ−1(xn). Show this
is of the form (w′, w′′) with w′, w′′ of length ≤ n and use the induction hypothesis. What about when n is odd?
Then w = ax1ax2a · · ·xn, so w2 = ax1ax2a · · ·xnax1ax2a · · ·xn, and as before we compute ψ−1(w2) as before and
we get that it is of the form (w′, w′′) with w′ and w′′ of length 2n. This doesn’t seem to get us much, but remember
φ−1(d) = (id, b) and φ−1(ada) = (b, id). That means we can apply the induction hypothesis if when we break up
w2 = (ax1a)(x2)a · · ·xn(x1)(ax2a) · · · (xn), if any of the xi = d then w′ and w′′ have length < 2n (why?). Otherwise,
it looks like we’re stuck, but think about this: we just need to show w′ and w′′ are torsion, and so we can assume
that they are of the remaining forms since otherwise we can use the induction hypothesis. So let’s look at w′ and
assume that it is of the form we are considering If some xi is c then w′ has a d in its representation—think about
it! Show it either reduces to something of shorter length, or it is torsion, or it is already in the reduced form and in
the last case we can apply ψ−1 to w′ and apply the induction hypothesis since now we’ll get a shorter length. That
means that every xi = b but you showed in the base case that ab is torsion!)

(8) Let S = {a, b, c, d} and let f(n) = dS(n) denote the growth function. Let’s try to count f(n)—this is really tricky,
so I’m just giving an idea and I’ll let you work through this. Reserve a lot of time to think about this. Show that
every word of length ≤ n can be written in the form uv where u has length ≤ n is in the form u = ax1ax2a · · ·xm
or u = x1ax2a · · ·xma with m even and v a word of length at most ≤ 3 and length u+ length v less than or equal to
n. Let C be the number of words of length ≤ 3. Now by an earlier question, we showed that (ab)L = 1 for some L.
That means that if we have L consecutive xi = b in u then we can reduce our word, so we can assume that we never
have L consecutive b’s in our u or else we’d reduce it. So now let s be the number of d’s and let t be the number
of c’s in u. Then show that after reducing we must have s + t ≥ bm/Lc. Now write φ−1(u) = (w′, w′′). Show that
the length of w′ as an expression in our generators plus the length of w′′ is at most n− s. Now w′ and w′′ are not
necessarily in reduced form from (3), but notice that any interior c occurring in the expressions for w′ and w′′ that
is not sandwiched between two a’s can be reduced using the rules bc = cb = d, bd = db = c, bb = 1. Write w′ = u′v′

and w′′ = u′′v′′ where v′, v′′ have length at most 3 and u′, u′′ both of the form ax1ax2a · · ·xm or x1ax2a · · ·xma
with m even. Now apply φ−1(u′) and get (w′1, w

′′
1 ) and φ−1(u′′) = (w′2, w

′′
2 ) and show the sum of the lengths of w′1,
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w′′1 , w′2, w′′2 is at most the sum of the lengths of u′ and u′′ and if it has length u′ + length u′′ −r then we have at
least t− r copies of d occurring in the union of the words w′1, w

′′
1 , w

′
2, w

′′
2 . Show that when you write it of the form

uv above and reduce and apply the procedure again, you get 8 words (two from each of w′1, w
′′
1 , w

′
2, w

′′
2 and the sum

of the lengths of these 8 words after you reduce is at most n− s− t ≤ n− n/L+ 1. OK, so now you have to think a
lot! At each step we are taking words w and writing them of the form uv, we have at most C choices for C. Show
using this idea that

f(n) ≤ C16
∑

n1+n2+···+n8=n−n/L+1

f(n1)f(n2) · · · f(n8).

Use this to show that f(n) is asymptotically dominated by the exponential function 2n.
(9) Let G be a finitely generated nilpotent-by-finite torsion group and suppose that G is torsion. Show that G is finite.

(Hint: Suppose that G is infinite and fix a finite-index normal nilpotent subgroup N of G. Let X denote the set of
normal subgroups E of G such that G/E is infinite. Show using Zorn’s lemma that X has a maximal element E
and replace G by G/E and thus we may assume that every non-trivial normal subgroup of G has finite-index in G.
Now since N is nilpotent it has a non-trivial center. Pick z 6= 1 in the centre. Let Z denote the group generated by
gzg−1 with g ∈ G. Show that Z is a normal subgroup of G that is finite. Why are you done?

(10) Use Gromov’s theorem to conclude that Γ has super-polynomial growth. So it is an infinite finitely generated torsion
group whose growth is not polynomially bounded and not exponential.


