
445 Assignment 3: Due October 29, 2015, in class

Exercise 1. Let ρ : G→ GL(V ) be an irreducible representation and φ : G→ C∗ = GL(C) be a 1-dimensional representation.
Show that φ⊗ ρ is an irreducible representation of G of the same degree as ρ and its character at g is just χρ(g)φ(g).

Exercise 2. Compute the character table for A4.

Exercise 3. Compute the character table for the dihedral group of size 14.

Exercise 4. Suppose that a, b are integers and tan(2πa/b) is rational (and defined). What values can it take?

Exercise 5. Let G be a group of order pq with p and q primes with p < q. Give the possible isomorphism types of C[G].
Your answer will depend upon whether or not p divides q − 1.

Exercise 6. Let E be a finite Galois extension of Q and suppose that α ∈ E is an algebraic integer, all of whose Galois
conjugates have modulus < 1. Then show that α = 0.

Exercise 7. Let G be a group of order pam with m relatively prime to p. Then a subgroup of order pa is called a Sylow
p-subgroup of G. Lots of you have seen a proof that such subgroups exist, so let’s do a weird proof you’ve probably never seen
before with the following steps.

(i) Show that GLn(Fp) has size (pn − 1)(pn − p) · · · (pn − pn−1). (Hint: invertible matrices have linearly independent
rows. Pick your rows one by one.)

(ii) Show that the set of upper triangular matrices in GLn(Fp) with ones along the diagonal forms a Sylow p-subgroup
of GLn(Fp).

(iii) Show that every finite group is a subgroup of GLn(Fp) for some n.
(iv) Show that if G has a Sylow p-subgroup and H is a subgroup of G then H has a Sylow p-subgroup. Then use the

preceding steps to get the result. (Hint for the last step: Let P be a Sylow p-subgroup of G. Put an equivalence
relation (double cosets) on G via x ∼ y if x = hyp for some h ∈ H and some p ∈ P . Show that this is an equivalence
relation. Show that the equivalence class containing x has size |H| · |P |/|H ∩ xPx1|. Now show if pa is the largest
power of p that divides a, then pa always divides |H| · |P |/|H ∩ xPx1| and show that there must be at least one x for
which pa exactly divides |H| · |P |/|H ∩xPx1|. Now show that for such an x, xPx−1∩H is a Sylow p-subgroup of H.

Exercise 8. (Hard, I think.) Given a finite group G, let a(G) denote the average of the degrees of its irreducible representa-

tions and let f(G) = a(G)/
√
|G|. Finally for a natural number n, let h(n) be the supremum of f(G) as G ranges over groups

of size n. Show that h(n)→ 0 as n→∞.

Exercise 9. Show that if n ≥ 5 then Sn has no irreducible complex representations of degree 2 or 3. (Hint: you will
probably want to use the fact that An is simple for n ≥ 5; also, if you don’t already know how to do so, now might be a good
time to ask me about a reason why the group of permutations of the integers does not have any injective finite-dimensional
representations.)

Exercise 10. Suppose that G is a group of odd order. Show that the trivial character is the only irreducible character that
is real-valued.

1


