
445 Assignment 2: Due October 15, 2015, in class

Exercise 1. Let F be a field of positive characteristic p > 0. Suppose that p||G|. Show that x =
∑
g∈G g is in the centre of

F [G] and x2 = 0. Conclude that I := F [G]x is a two-sided ideal of F [G] with I2 = (0).

Exercise 2. Let G be a finite group. Show that G has at most (|G|+ 3k)/4 conjugacy classes, where k = |G/G′|. For which
dihedral groups does equality hold? For which symmetric groups does equality hold? (Feel free to use the fact that An is
simple for n ≥ 5.)

Exercise 3. Let G be a finite group and let ρ : G → GL(V ) be a d-dimensional representation. Show that if ρ is injective
then the trace of ρ(g) has modulus at most d, with equality only if g is central.

Exercise 4. Let Ci be the cyclic group of order i. Show that C[C4] ∼= C[C2 × C2] but show that Q[C4] 6∼= Q[C2 × C2].

Exercise 5. Find two non-abelian groups G,H such that G 6∼= H but C[G] ∼= C[H].

Exercise 6. Let φ : G → GLd(F ) be a representation of G. Show that φ extends to an F -algebra homomorphism (not
necessarily onto) from F [G] to Md(F ).

Exercise 7. Use the preceding exercise and the example of the 2-dimensional representation of S3 from class to find an
explicit isomorphism from C[S3] to C2×M2(C). (The maps to C2 come from the trivial representation and the 1-dimensional
representation that sends g to sgn(g) for g ∈ S3.)

Exercise 8. Show that the tensor product representation ρ1 ⊗ ρ2 of two representations ρi : G → GL(Vi) over a field F is
indeed a group homomorphism from G to GL(V1 ⊗F V2).

Exercise 9. Show that if M is a left R-module and is equal to a direct sum of simple submodules then so is every quotient
of M .

Exercise 10. Show that if M , Mα, α ∈ I, and N1 and N are finitely generated R-modules and N1
∼= N then HomR(M,N) ∼=

HomR(M,N1) as abelian groups and similarly if the M and N1, N are interchanged. Show that

HomR(
⊕
α∈I

Mα,M) ∼=
∏
α∈I

Hom(Mα,M)

and
HomR(M,

⊕
α∈I

Mα) ∼=
⊕
α∈I

Hom(M,Mα),

as abelian groups.

1


