Approximation algorithms for feasible cut and multicut problems

Bo Yu and Joseph Cheriyan^{∗†}

Abstract

Let G = (V, E) be an undirected graph with a capacity function u : E→ℜ_+ and let S_1, S_2, . . . , S_k be k commodities, where each S_i consists of a pair of nodes. A set X of nodes is called feasible if it contains no S_i, and a cut (X, X) is called feasible if X is feasible. Several optimization problems on feasible cuts are shown to be NPhard. A 2-approximation algorithm for the minimum-capacity feasible v^∗-cut problem is presented. The multicut problem is to find a set of edges F ⊆ E of minimum capacity such that no connected component of G \ F contains a commodity S_i. It is shown that an α−approximation algorithm for the minimum-ratio feasible cut problem gives a 2α(1 + ln T )-approximation algorithm for the multicut problem, where T denotes the cardinality of ⋃ i S_i. A new approximation guarantee of O(t log T ) for the minimum capacity-to-demand ratio Steiner cut problem is presented; here each commodity S_i is a set of two or more nodes and t denotes the maximum cardinality of a commodity S_i.

Key words. feasible cut, multicut, flow, set covering problem, NP-hard problem, approximation algorithm

AMS(MOS) subject classifications. 90C27, 68Q25, 05C85, 90C35, 90B10

�Department of Combinatorics & Optimization, University of Waterloo, Waterloo, Ontario, Canada N2L 3G1. Supported in part by NSERC grant no. OGP0138432 (NSERC code OGPIN 007).

yA preliminary version of this paper has appeared in: \Approximation algorithms for feasible cut and multicut problems", Proc. Algorithms — ESA’95, 3rd Annual European Symposium, P. Spirakis (Ed.), LNCS 979, Springer, New York, (1995), pp. 394{408. 1

1 Introduction

Polynomial-time approximation algorithms for solving various NP-hard problems on graphs involving cuts and multicuts have recently attracted a great deal of research. For example, Dahlhaus et al introduce and study the multiterminal cut problem [DJPSY 94], Leighton and Rao study the sparsest cut problem [LR 88], and Garg et al study the multicut problem [GVY 93]; see also [KRAR 90, KPRT 94]. There are both practical and theoretical reasons behind this increased research interest. Practical applications include minimizing communication costs in parallel computers, partitioning files among the nodes of a network, deleting the minimum number of edges to get a bipartite graph, VLSI design, etc., see [DJPSY 94, LR 88, GVY 93]. Theoretical motivations include obtaining the best approximation guarantees possible, designing and analyzing simple general-purpose algorithms such as the greedy heuristic, and applying techniques from combinatorial optimization such as linear programming relaxations and duality theory.

Let G = (V, E) be an undirected graph, and let every edge e ∈ E have a nonnegative capacity u(e). In addition, there are k commodities S_1, . . . , S_k associated with G, where each commodity S_i is a set of nodes. In Section 2, each S_i is a pair of nodes, so we refer to each commodity as a demand edge. We call a cut (X, X) feasible if no demand edge has both its end nodes in X; possibly, every demand edge has both end nodes in X. The minimumcapacity feasible v^∗-cut problem is to find a feasible cut (X, X) such that X contains a given node v^∗ and the cut has minimum capacity u(X, X). The minimum node cover problem is the special case of the minimum-capacity feasible v^∗-cut problem in which every edge of E(G) is incident to v^∗, i.e., G is the “star” of node v^∗; see Theorem 2.1. The minimum node cover problem is NP-hard, and despite extensive research, the best approximation guarantee known, assuming that |V | → ∞, is 2. In Section 2, we give a 2-approximation algorithm for the minimum-capacity feasible v^∗-cut problem, see Theorem 2.4. Our algorithm is based on solving the dual of a linear programming (LP) relaxation. The dual LP is a singlecommodity flow problem, and for the special case when there is exactly one demand edge, this flow problem corresponds to the so-called sharing problem, see [Br 79]. Brown [Br 79] and Gallo et al [GGT 89] give combinatorial algorithms for the sharing problem. This gives combinatorial algorithms for solving our dual LP when there is one demand edge.

Another interesting problem on feasible cuts is to find a minimum-ratio feasible cut, see Section 2. Theorem 2.1 shows that this problem too is NP-hard. An approximation algorithm for it may be used as a subroutine in approximately solving the multicut problem, a key NP-hard problem that is being intensively studied, see [GVY 93, GVY 94, KPRT 94, BTV 95]. In particular, we show that an α-approximation algorithm for the minimum-ratio feasible cut problem gives an O(α log |V |)-approximation algorithm for the multicut problem, see Theorem 3.1. Our work here gives a simple, general scheme for analyzing greedy heuristics for multicut problems. Our scheme may be used to replace ad hoc arguments used previously, see e.g., [KRAR 90, Lemma 3.1] and [KPRT 94, Theorem 2.8].

We also study the Steiner multicut problem, and the minimum capacity-to-demand ratio Steiner cut problem. Both problems are NP-hard. Klein et al [KPRT 94] introduced both problems. In Section 4, we give a new approximation guarantee for the latter problem that is independent of the number of commodities, k. Our approximation guarantee is O(t log T ) compared to the O(log kt log T ) guarantee of [KPRT 94], where T denotes the cardinality of ⋃ i S_i, and t denotes the maximum cardinality of a commodity S_i. When t is fixed, then our guarantee is O(log T ) versus O(log k log T ). Our analysis uses the method of Linial et al [LLR 95] and is simpler than the one in [KPRT 94].

1.1 Notation

We usually denote the graph under consideration by G = (V, E), and use n for |V (G)|. For a node v ∈ V , N(v) denotes the set of neighbors, {w : vw ∈ E}. For a set of nodes S, S denotes V \ S. We usually allow a nonnegative capacity u : E→ℜ_+ on the edges, and in some cases there is a nonnegative weight w : V →ℜ_+ on the nodes. For a set S ⊆ V or F ⊆ E, w(S) and u(F ) denote the sum of the weights of the nodes in S and the sum of the capacities of the edges in F , respectively. For S ⊆ V , δ(S) denotes the set of edges that have exactly one end in S. If ∅ ≠ S ≠ V , then δ(S) is called a cut and is also denoted by (S, S); and u(δ(S)) = u(S, S) is called the capacity of the cut.

2 Feasible cut problems

In this section, we focus on the special case where each commodity has precisely two nodes. We first show that three variants of the feasible cut problem are NP-hard. Then we give a 2-approximation algorithm for the minimum-capacity feasible v^∗-cut problem. A (2 − ϵ)- approximation algorithm (ϵ an absolute constant) would be a major result, since it would give a (2 − ϵ)-approximation algorithm for the minimum node cover problem (Corollary 2.2). Finally, we study approximation algorithms for a variant that has a fractional objective function.

Let G = (V, E) be an undirected graph with a capacity function u : E→ℜ_+ and a set of commodities. In this section, each commodity is a pair of nodes, and so we call each commodity a demand edge. We use k to denote the number of commodities, and Q to

denote the set of end nodes of demand edges, i.e., Q = k⋃ 1=1 {s_i, t_i}, where s_1t_1, . . . , s_kt_k are the demand edges. Every node in Q is called a terminal node. A set of nodes is called feasible if it contains no commodity, i.e., no demand edge has both end nodes in the set; possibly, no demand edge has an end node in the set. A feasible cut (S, S) is one such that S is feasible. We study three related problems on feasible cuts:

(P1): (minimum-ratio feasible cut problem) minimize u(δ(S)) |S ∩ Q| such that S is a feasible set of nodes, ∅ ≠ S ≠ V .

(P2): Given nonnegative node weights w : V →ℜ_+, minimize u(δ(S)) − w(S) such that S is feasible, ∅ ≠ S ≠ V .

(P3): (minimum-capacity feasible v^∗-cut problem) Given a fixed node v^∗, minimize u(δ(S)) such that S is feasible and v^∗ ∈ S ≠ V .

2.1 Hardness of feasible cut problems

Theorem 2.1 Problems (P1), (P2) and (P3) are NP-hard.

Proof Problem (P1): We reduce the minimum node cover problem to (P1). Let ~G = ( ~V , ~E) be an instance of the minimum node cover problem. Clearly, ~G has a node cover of size ≤ | ~V | − 1. Assume that ~G has no isolated nodes. We construct an instance of (P1) from ~G as follows, see Figure 1:

• take two copies of ~V , say V and V^′ , and an extra node z;

• form a perfect matching between V and V^′ with each matching edge having unit capacity;

• fix a node v^′ in V^′ and add an edge between v^′ and every other node in V^′ with capacity +∞; also, add the edge v^′z with unit capacity;

• for each edge of ~G, we take the corresponding node pair of V to be a demand edge;

also, we add the demand edges zw, for each w ∈ V^′. Note that Q = {z} ∪ V ∪ V^′.

We claim that if S is an optimal solution of (P1), then V \S gives a minimum node cover of the graph ~G, and that conversely, if C is a minimum node cover of ~G, then (V \C) ⋃ V^′ is an optimal solution of (P1). First, suppose that S ⋂ V^′ = ∅. Then^{u(δ(S))}_{|S∩Q|} =^{|S|}_{|S∩Q|} = 1. Now, suppose that S ⋂ V^′ ≠ ∅. Then S ⊇ V^′ , since there is a path of infinite capacity between any two nodes of V^′ , and so u(δ(S)) |S ∩ Q| = u(δ(S)) |S| = 1 + |V \S| 2|V | − |V \S| . Note that this ratio is

V z 1 V ′

1 1 1 1 v∗

1 1 1 +∞

v′

(P 3)

V

(P 1)

Figure 1: Reducing the minimum node cover problem to problems (P1) (left) and (P3) (right). Dashed lines indicate demand edges.

minimum when |V \S| is minimum, and if |V \S| ≤ |V | − 1 = | ~V | − 1, then the ratio is less than 1. By the feasibility of S, every demand edge has at least one end in {z} ∪ (V \S), so V \S corresponds to a node cover of ~G. Hence the optimal solution S of (P1) must contain V^′ with V \S corresponding to a minimum node cover of ~G. Our claim follows easily.

Problem (P2): We reduce the maximum independent set problem to (P2). Taking an instance G = (V, E) of the maximum independent set problem, we assign each vertex in G with unit weight and each edge in G with zero capacity. Further we have a demand edge for each edge in G. Then for any feasible set S in the instance of (P2), the objective function u(δ(S))−w(S) equals −|S|. Therefore, by the feasibility condition, S is a maximum independent set of G if and only if S is an optimal solution of the instance of (P2).

Problem (P3): We reduce the minimum node cover problem to (P3). Given an instance G = (V, E) of the minimum node cover problem, we construct an instance G^′ = (V^′, E^′) of (P3) as follows, see Figure 1: (i) V^′ = V ⋃ {v^∗}, E^′ = {v^∗v|v ∈ V } and each edge has unit capacity. (ii) Each edge in G gives a demand edge in G^′. Then for any feasible set S with v^∗ ∈ S we have u(δ(S)) = |V \S|, and V \S is a node cover in G by the feasibility of S. Hence (S, S) is a minimum-capacity feasible v^∗-cut in G^′ if and only if S is a minimum node cover in G. 2

From the above proof, we get two easy corollaries. The construction for Corollary 2.3 is a variant of the construction for problem (P1) in Theorem 2.1.

Corollary 2.2 An α-approximation algorithm for problem (P3) (minimum-capacity feasible v^∗-cut) gives an α-approximation algorithm for the minimum node cover problem.

Corollary 2.3 The maximum-capacity feasible cut problem (find a feasible cut (S, S) of maximum capacity) is NP-hard. An α-approximation algorithm gives an α-approximation algorithm for the maximum independent set problem.

2.2 Algorithms for the minimum-capacity feasible v^�-cut problem

We focus on problem (P3): given a fixed node v^∗, find a feasible cut (S, S) of minimum capacity with v^∗ ∈ S. In some special cases, the optimal solution can be found by network flow techniques (see Proposition 2.5). For the general problem, we present a 2-approximation algorithm.

Problem (P3) can be formulated as an integer program; relaxing the integrality constraints gives a linear program. There is a nonnegative length variable l_e for every edge e. Each node v is assigned with a potential d_v such that the potential difference across each edge is no more than the length of that edge. Furthermore, for each demand edge, the sum of the potentials of its two end nodes is at least one. The following LP expresses this. We constrain the special node v^∗ to have zero potential.

(LP 1)

Z_{LP} = minimize ∑ e u_el_e subject to d_w ≤ l_{vw} + d_v , for every edge vw d_v ≤ l_{vw} + d_w , for every edge vw d_s + d_t ≥ 1, for every demand edge st d_v∗ = 0 l_e ≥ 0, for every edge e.

Theorem 2.4 Given an instance of (P3), there is a polynomial algorithm to find a feasible set S with v^∗ ∈ S such that Z_{LP} ≤ u(δ(S^{opt})) ≤ u(δ(S)) ≤ 2Z_{LP} , where S^{opt} denotes the optimal set.

We present two proofs of Theorem 2.4. The first proof was discovered earlier by R. Ravi [R 95], improving on our approximation guarantee of (4 ln 2) in a preliminary version of this paper. The second proof was discovered independently by us. Our proof applies the standard construction for proving the max-flow min-cut theorem to (LP1) and its dual.

Proof (R. Ravi) Let l, d be the optimal solution of (LP1). Let dist_l(v, w) denote the length of a shortest v-w path with respect to l. Starting at v^∗, we grow a shortest paths tree with respect to l, but stop just before a node at distance ≥ 1/2 is added. More precisely, let

S = {w|dist_l(w, v^∗) ≤ ϕ}, where we take ϕ = 1/2 if there is no vertex w at distance 1/2 from v^∗, otherwise we take ϕ = 1/(2 + ϵ) (ϵ is a small positive number). The set S is feasible since every demand edge st has either d_s ≥ 1/2 or d_t ≥ 1/2, and so every demand edge has at least one end in V \ S. Let v_0 = v^∗, v_1, v_2, . . . , v_p, p = |S| − 1, be the order in which the nodes of S are added to the shortest paths tree. Denote dist_l(v_i, v^∗) by d_i, i = 0, 1, 2, . . . , p and let d_{p+1} = ϕ. Let S_i = {v_0, v_1, . . . , v_i}, for i = 0, 1, 2, . . . , p, and let y(S_i) = d_{i+1} − d_i; so y(S_p) = ϕ − dist_l(v_p, v^∗). Let E^′ = ⋃_p i=0 δ(S_i). Then Z_{LP} = ∑ e∈E u_el_e ≥ ∑ e∈E′ u_e ∑ e∈δ(Si) i:0≤i≤p y(S_i)

= p∑ i=0 ( y(S_i) ∑ e∈δ(Si) u_e ) ≥ (^p∑ i=0 y(S_i) ) min_{0≤i≤p}u(δ(S_i)) = (ϕ) min_{0≤i≤p}u(δ(S_i)).

Therefore, min_{0≤i≤p}u(δ(S_i)) ≤^1_ϕ Z_{LP} . Hence, the capacity of one of the cuts δ(S_i), 0 ≤ i ≤ p, is at most (2 + ϵ) times the minimum capacity of a feasible v^∗-cut. 2

Proof (alternative proof of Theorem 2.4) To simplify the notation, and without loss of

generality, we assume that no demand edge is incident to v^∗. Recall that Q denotes k⋃ i=1 {s_i, t_i}, where s_it_i, i = 1, . . . , k, are the demand edges. To obtain the dual linear program of (LP1), first, rewrite (LP1) as follows. Remove the constraint d_v∗ = 0, and for every demand edge st, replace the constraint d_s + d_t ≥ 1 by the constraint (d_s − d_v∗ ) + (d_t − d_v∗ ) ≥ 1. Now, the dual is:

Z_{LP} = maximize ∑_k i=1 r_i subject to ∑ w∈N (v) f(v, w) − ∑ w∈N (v) f(w, v) = 0, for each node v ∈ V \({v^∗} ∪ Q) ∑ w∈N (v) f(q, w) − ∑ w∈N (v) f(w, q) + ∑ i:q∈{si,ti} r_i = 0, for each node q ∈ Q ∑ w∈N (v) f(v^∗, w) − ∑ w∈N (v) f(w, v^∗) − 2 k∑ i=1 r_i = 0 f(v, w) + f(w, v) ≤ u(vw), for each edge vw ∈ E f(v, w), f(w, v) ≥ 0, for each edge vw ∈ E r_i ≥ 0, i = 1, 2, . . . , k. A feasible solution to this LP is a flow f such that for each demand edge s_it_i, the net inflow to both end nodes is the same, namely r_i, and such that v^∗ has net outflow 2 ∑_k i=1 r_i. For every other node, the flow conservation condition holds, and every edge satisfies the capacity constraint. Let f and r form an optimal solution to this LP. We may assume that at most one direction of each edge vw has positive flow. Otherwise, if f(v, w) ≥ f(w, v) > 0, we can substitute f(v, w) by f(v, w) − f(w, v) and substitute f(w, v) by zero. It is easy to check that the new flow is still optimal.

We find a feasible v^∗-cut (S, S) of small capacity by constructing the node set S by first taking v^∗ in S. Then, repeatedly, for each edge vw with v ∈ S and w ∉ S, if either f(v, w) < u(vw) or f(w, v) > 0, then we include w in S. We claim that S is feasible. Otherwise, S contains both end nodes of some demand edge s_it_i. Then there exists an augmenting path from v^∗ to s_i and an augmenting path from v^∗ to t_i. Hence we can increase the net inflow r_i of t_i and s_i by a positive amount, contradicting the optimality of f. Furthermore, if v ∈ S, w ∉ S and vw ∈ E, then f(v, w) = u(vw) and f(w, v) = 0. Therefore, u(S, S) = ∑ v∈S,w∈S,vw∈E f(v, w) − ∑ w∈S,v∈S,vw∈E f(w, v) = ∑ v∈S ( ∑ w∈N (v) f(v, w) − ∑ w∈N (v) f(w, v)), by Lemma 11.1 [BM 78]

≤ 2 k∑ i=1 r_i, where the last inequality holds because the net outflow of v^∗ is 2 ∑_k i=1 r_i and the net outflow of every node in S\{v^∗} is non-positive. The cut (S, S) is a 2-approximation for the minimumcapacity feasible v^∗-cut since u(S, S) ≤ 2 ∑_k i=1 r_i = 2Z_{LP} . 2 The next result gives a polynomial algorithm for the minimum-capacity feasible v^∗-cut for several special cases. For an instance of problem (P3), let H denote the set of demand edges; the graph (V, H) is called the demand graph.

Proposition 2.5 If the number of maximal independent sets in the demand graph (V, H) is polynomial in n, and all the maximal independent sets can be found in polynomial time, then a minimum-capacity feasible v^∗-cut can be found in polynomial time.

Proof For each maximal independent set I ⊆ V of the demand graph, we find a cut of minimum capacity separating {v^∗} from V \ I = Q \ I by solving a single maximum flow problem (the source is v^∗ and the sinks are Q \ I). The best of these cuts is the required output. 2

Corollary 2.6 If the demand graph (V, H) is one of the following, then a minimum-capacity feasible v^∗-cut can be found in polynomial time:

(a) a graph with a bounded number of edges, i.e., |H| = O(1),

(b) a clique,

(c) a complete bipartite graph,

(d) the complement of a triangulated graph,

(e) the complement of a bipartite graph, or

(f) the complement of a line graph.

See p. 302 of [GLS 88] for similar results on the maximum independent set problem. Unfortunately, problems (P1), (P2) and (P3) remain NP-hard for the special case when the demand graph is bipartite. This follows because each of these problems can be transformed into an “equivalent” problem such that no two demand edges have a node in common, i.e., the demand edges form a matching. To see this, repeatedly split a node incident with two or more demand edges into two new nodes joined by a new edge with a huge capacity.

Proposition 2.7 Problems (P1), (P2) and (P3) remain NP-hard under the restriction that the demand graph is bipartite.

Consider solving (LP1) by a combinatorial algorithm. Since the dual of (LP1) is a singlecommodity flow problem, the question arises whether the optimal flow can be found using standard techniques from network flows. If there is exactly one demand edge, then it can be seen that the optimal flow can be found by computing several s-t maximum flows. Brown [Br 79] gives an algorithm for the case of one demand edge that finds the optimal flow by computing two maximum s-t flows. In fact, Brown gives a combinatorial algorithm for a problem that is more general, the so-called sharing problem. Unfortunately, for the case of two or more demand edges, we do not know of any combinatorial algorithm. Even for the special case when every edge in G is incident to v^∗ (i.e., G is the “star” of node v^∗) and no demand edge is incident to v^∗, obtaining a combinatorial algorithm is nontrivial. In this special case, note that an optimal solution to (LP1) has d_w = l_v∗_w for each node w ∈ V \{v^∗}. Obtaining an optimal solution to (LP1) corresponds to solving an LP relaxation of the minimum-weight node cover problem; there is a combinatorial algorithm for this problem due to Nemhauser and Trotter [NT 75].

Proposition 2.8 [Br 79] In the special case when there is one demand edge, an optimal solution to the dual of (LP1) can be found by computing two maximum s-t flows.

2.3 Approximating minimum-ratio feasible cuts

We focus on finding a minimum-ratio feasible cut. It is well known that an optimization problem with a rational objective function f(x)/g(x) can be solved in polynomial time if the associated problem with objective function f(x) − λg(x), where λ is a real-valued parameter, can be solved in polynomial time [GM 84, Appendix 5]. For the minimum-ratio feasible cut problem, the associated problem can be solved by solving at most n minimumcapacity feasible v^∗-cut problems; see the first paragraph in the proof of Proposition 2.9. Consequently, we can efficiently solve the minimum-ratio feasible cut problem for the special cases in Corollary 2.6. In general, an approximation algorithm for an optimization problem with a rational objective function does not follow from an approximation algorithm for the associated problem. The main result of this subsection is an O(1)-approximation algorithm for the minimum-ratio feasible cut problem for the special case when the feasible shore B of a minimum-capacity feasible cut (B, B) has ≥ (0.5 + ϵ)|Q| of the terminals. For related work, see [HFKI 87]. Recall that Q denotes the set of end nodes of demand edges.

Proposition 2.9 Suppose that an α-approximation algorithm for the minimum-capacity feasible v^∗-cut problem is available. Let ϵ be a number such that 1 > 1/α ≥ ϵ > 0. If the instance G = (V, E), u : E→ℜ_+, s_1t_1, . . . , s_kt_k has a minimum-capacity feasible cut (B, B) such that |B∩Q| ≥ (1+ϵ− 1 α )|Q|, then there is a (1/ϵ)-approximation algorithm for the minimum-ratio feasible cut problem.

Proof Assume every cut has positive capacity and Q ≠ ∅ (i.e., there is a demand edge). Let the feasible set S^∗ achieve the optimal ratio λ^∗, i.e.,

λ^∗ = u(δ(S^∗)) |S^∗ ∩ Q| ≤ u(δ(S)) |S ∩ Q| , ∀S feasible, ∅ ≠ S. Here is the method for solving the minimum-ratio feasible cut problem, given an algorithm for the minimum-capacity feasible v^∗-cut problem: We “linearize” the minimum-ratio feasible cut problem to an instance of problem (P2) minimize {u(δ(S)) − λ|S ∩ Q| : S feasible, ∅ ≠ S ∩ Q}, where λ is a nonnegative parameter. The optimal value of the linearized problem is zero iff we fix λ = λ^∗; also, λ is less (greater) than λ^∗ iff the optimal value of the linearized problem is positive (negative). Note that λ^∗ ≥ û/n and λ^∗ ≤ U, where û = min_e u_e and U = ∑ e u_e. To find λ^∗, we execute a binary search over the interval [û/n, U]. Each iteration of the binary search solves the linearized problem with the current value of λ. To solve the linearized problem, we transform it to a variant of the minimum-capacity feasible v^∗-cut problem. We add a new node v^∗ and all the edges v^∗w, w ∈ Q, and fix the capacity of each new edge at λ. The goal of our variant is to find a cut (S^′, S^′) of minimum capacity such that S^′ = {v^∗} ∪ S, S is feasible and ∅ ≠ S ⋂ Q, i.e., the feasible shore S^′ should contain v^∗ as well as a terminal node of the original problem. This can be achieved as follows: for each terminal node w ∈ Q, construct an instance of the minimum capacity feasible v^∗-cut problem by “contracting” nodes v^∗ and w into a new node v^∗. The best of the |Q| feasible v^∗-cuts gives the desired cut (S^′, S^′). In terms of the v^∗-cut problem, the capacity of (S^′, S^′) is u(δ(S)) + λ|S ∩ Q|. Subtracting λ|Q|, we get the optimal value of the linearized problem.

λ1 λ∗ g(λ) α · g(λ) λ|Q| αλ|Q| objective value λ λ2

Figure 2: An illustration of the parametrized objective function g(λ), and of λ_1, λ^∗, λ_2.

The rest of the proof focuses on the solution of the linearized problem for a fixed value of the parameter λ, however, we keep the notation of the original minimum-ratio feasible cut problem, i.e., S, S^∗, S_λ denote a feasible shore without the new node v^∗. The objective function for the feasible v^∗-cut problem as a function of λ is g(λ) = min S feasible, ∅ ≠ S ∩ Q { u(δ(S)) + λ|S ∩ Q| } = u(δ(S_λ)) + λ|S_λ ∩ Q|, where S_λ denotes the optimal set when the parameter is fixed at λ. The function g(λ) is the “lower envelope” of the linear functions u(δ(S)) + λ|S ∩ Q| (∀S feasible, ∅ ≠ S ⋂ Q), each of which has positive slope, and so g(λ) is a piece-wise linear, concave function with positive slope, see Figure 2. Note that g(λ^∗) = u(δ(S^∗)) + λ^∗|S^∗ ∩ Q| = λ^∗|Q|. Let λ_1 and λ_2 denote the values of the parameter such that

λ_1|Q| = g(λ_1)/α and λ_2|Q| = α · g(λ_2);

recall that α is the approximation guarantee for the minimum-capacity feasible v^∗-cut problem. Observe that if the parameter λ does not lie in the interval [λ_1, λ_2], then the current iteration of the binary search (in the standard method for the minimum-ratio problem) gives the correct decision: if λ < λ_1, then the smallest possible objective value found by the approximation algorithm for the feasible v^∗-cut problem is g(λ), and since 1/α of this value is > λ|Q|, we decide correctly that λ^∗ > λ; the other case, λ > λ_2, is similar. On the other hand, if λ is in the interval [λ_1, λ_2], then we cannot make the correct decision. In this case, our approximation algorithm for the minimum-ratio problem terminates, and returns the current value of λ and the associated feasible set S, ∅ ≠ S ⋂ Q, as the approximately optimal solution.

We claim that under the hypothesis of the proposition λ_1 ≥ ϵλ^∗ and λ_2 ≤ λ^∗/ϵ. The proposition follows from this claim. Now, we prove the claim. For the feasible shore B of the minimum-capacity feasible cut in the hypothesis, i.e., B = S_λ for λ = 0, let β denote |B ⋂ Q|/|Q|, and note that for all λ ≥ 0, |S_λ ⋂ Q|/|Q| ≥ β. Since αλ_1|Q| = g(λ_1) = u(δ(S_{λ1})) + λ_1|S_{λ1} ∩ Q|,

(α − 1)λ_1 |Q| |S_{λ1} ∩ Q| = u(δ(S_{λ1})) |S_{λ1} ∩ Q| − λ_1 ≥ λ^∗ − λ_1.

Hence, λ_1 ≥ 1 1 + (α − 1)/β λ^∗ ≥ ϵλ^∗, since by the hypothesis β ≥ ϵ + 1 − 1 α ≥ βϵ + α − 1 α (since β ≤ 1) ≥ βϵ + (α − 1)ϵ (since ϵ ≤ 1 α ), hence 1 1 + (α − 1)/β ≥ ϵ. For λ_2 we have, λ_2|Q| α = g(λ_2) ≤ u(δ(S^∗)) + λ_2|S^∗ ∩ Q|, by definition of g(λ_2) = λ^∗|Q| + (λ_2 − λ^∗)|S^∗ ∩ Q|. Hence,

λ_2 ≤ α|S^∗ ∩ Q| |Q| − α|S^∗ ∩ Q| λ^∗ ≤ α|Q| |Q| − α|S^∗ ∩ Q| λ^∗ ≤ 1 β + (1/α) − 1 λ^∗ ≤ λ^∗ ϵ , where the last inequality follows from the hypothesis: β ≥ 1 + ϵ −^1_α . 2

3 An approximate greedy method for multicut problems

We present a greedy method for approximately solving NP-hard Steiner/simple multicut problems. In the Steiner multicut problem introduced by Klein et al [KPRT 94], the input consists of G = (V, E), u : E→ℜ_+, and k commodities S_1, S_2, . . . , S_k, where each S_i is a set of two or more nodes (|S_i| ≥ 2, i = 1, . . . , k). The problem is to find a set of edges F ⊆ E of minimum capacity such that no connected component of G\F contains a commodity S_i, i.e., F should separate each commodity S_i(1 ≤ i ≤ k) in the sense that there exist two nodes v, w in S_i such that every v-w path uses an edge of F . A node is called a terminal if it belongs to some commodity S_i. We use T to denote the number of terminals, T = | ⋃ i S_i|, and t to denote the maximum cardinality of a commodity, t = max_i |S_i|. Klein et al [KPRT 94], gave an O(log T log k log kt)-approximation algorithm for the Steiner multicut problem. In the simple multicut problem, each commodity has precisely two nodes. This problem was studied by Klein et al and Garg et al [KRAR 90], [GVY 93]; they proved approximation guarantees of O(log^3 T ) and 4 ln(T + 1), respectively.

First, we formulate a variant of the multicut problem as a set covering problem with an exponential (in n) number of sets. This follows Bertsimas and Vohra [BV 94]; however, Bertsimas and Vohra never gave a polynomial-time approximation algorithm for this formulation. We directly apply an approximate greedy heuristic to the set covering problem: each iteration of this heuristic solves a minimum-ratio feasible cut subproblem. The subproblem turns out to be NP-hard too. However, if we can find an α-approximation for the subproblem, then our iterative method finds an O(α log n)-approximation to the multicut problem.

Recall that a set S ⊆ V is feasible if it contains no commodity S_i, 1 ≤ i ≤ k. Let F denote the family of all feasible sets. The goal is to “cover” all the terminals using feasible sets. For each feasible set S chosen in the covering, all edges in δ(S) are deleted from G, i.e., the multicut corresponding to this formulation is the union of δ(S) over all S in the covering. The following integer program (SC) for the set covering formulation has a 0–1 variable x_S for each feasible set S. The optimal value of (SC) is at least half and at most twice the capacity of an optimal multicut.

(SC) minimize ∑ S∈F u(δ(S))x_S subject to ∑ S∈F :v∈S x_S ≥ 1, ∀v ∈ Q = ⋃ i S_i x_S ∈ {0, 1}, ∀S ∈ F. Recall that the greedy heuristic for solving the set covering problem repeatedly chooses a set S minimizing the ratio c_S /N^′_S , where c_S is the coefficient of S in the objective function, and N^′_S is the number of nonzero coefficients in S’s column in the current constraints matrix [Ch 79]. The greedy heuristic is guaranteed to produce a set covering with objective value ≤ (1 + ln N_{max})z, where N_{max} is the maximum over all columns of the number of nonzero coefficients and z is the optimal value (actually, z is the optimal value of the LP relaxation).

For the multicut problem, the greedy heuristic applied to (SC) gives an approximation guarantee of 2(1 + ln T ) = O(log T ); recall that T denotes | ⋃_k i=1 S_i|. Each iteration of the greedy heuristic applied to (SC) has to solve the NP-hard minimum-ratio feasible cut problem, since we have to find a feasible set S minimizing u(δ(S))/|S ∩ Q|. Our next result shows that if we can find an α-approximation to the minimum-ratio feasible cut problem, then by iterating this we can find a 2α(1 + ln T )-approximation to the multicut problem via (SC).

Theorem 3.1 Consider an approximate greedy heuristic for the set covering problem that in each iteration finds a set ~S such that c~_S N^′~_S ≤ α · min_S c_S N^′_S where c_S is the coefficient of S in the objective function, and N^′_S denotes the number of nonzero coefficients in S’s column in the current constraints matrix (after deleting rows of points already covered). Then the final set covering found by the heuristic has objective value at most α(1 + ln N_{max}) times the optimal value.

Proof The proof is similar to Chvatal’s analysis of the greedy heuristic [Ch 79]. See also Lemma 3.2.1 in [RV 93].

Consider the LP relaxation of the set covering problem and its dual

(P ) min ∑ S c_S x_S subject to ∑ S:i∈S xS ≥ 1, for each i x ≥ 0 (D) max ∑ i y_i subject to ∑ i∈S y_i ≤ c_S , for each S y ≥ 0. We show that the heuristic constructs a feasible dual solution y such that its objective value is ≥ Z_H α(1 + ln N_{max})

, where Z_H is the objective value of the set covering found by the heuristic. The theorem follows because for every feasible dual solution y, and an optimal solution x of (P), ∑ i y_i ≤ ∑ S c_S x_S ≤ Z^∗, where Z^∗ is the optimal value of the set covering problem.

Let ~S_1, ~S_2, ~S_3, . . . be the sequence in which the heuristic chooses sets, and let ~S_{f (i)} be the first set chosen by the heuristic that contains element i. For each element i, let w_i = c( ~S_{f (i)}) | ~S_{f (i)}\( ~S_1 ⋃ . . . ⋃ ~ S_{f (i)−1})|. Clearly, ∑ i w_i = Z_H .

Now we claim that for each set S, ∑ i∈S w_i ≤ c_S · α(1 + ln |S|). We prove the claim as follows. Order the elements in S in the reverse order in which they were first covered:

i_1, i_2, . . . , i_{|S|}. Consider i_l. When i_l is first covered, say by ~S_p, S has at least l uncovered elements, so |S\( ~S_1 ⋃ . . . ⋃ ~ S_{p−1})| ≥ l. Hence, by our assumption, c ~_{Sp} |~S_p\( ~S_1 ⋃ . . . ⋃ ~ S_{p−1})| ≤ α · c_S |S\( ~S_1 ⋃ . . . ⋃ ~ S_{p−1})| ≤ αc_S l ,

so w_{il} ≤ αc_S l . The claim follows since ∑ il∈S w_{il} ≤ αc_S ∑ il∈S 1 l ≤ αc_S (1 + ln |S|). To get the dual

solution y, let y_i =^{wi}_{α(1+ln |Nmax|)} . 2

The above theorem applies to another set covering formulation of a variant of the multicut problem. Instead of covering by feasible sets, we allow arbitrary node sets. We have a 0–1 variable x_S for every set S ⊆ V . The objective function is similar to the one in (SC), but the constraints are different. For each commodity S_i ⊆ V , 1 ≤ i ≤ k, we require that at least one of the sets S chosen in the covering “separates” S_i, i.e., S includes some node of S_i and does not include some other node of S_i. The optimal value of (SC^′) is at least half and at most twice the capacity of an optimal multicut.

(SC^′) minimize ∑ S⊆V u(δ(S))x_S subject to ∑ S⊆V :∅≠S∩Si≠Si x_S ≥ 1, ∀i = 1, . . . , k x_S ∈ {0, 1}, ∀S ⊆ V. Now, the greedy heuristic iteratively finds a set S minimizing^{u(S,S)}dem_{(S,S)} , where dem(S, S) denotes the number of commodities separated by (S, S). (This agrees with our notation in Sections 4 since each commodity here has unit demand.) The problem of finding a cut minimizing the capacity-to-demand ratio is NP-hard [MS 90], however, extensive research has been devoted to designing approximation algorithms. For the case of |S_i| = 2, 1 ≤ i ≤ k, there is an O(log T ) = O(log k) approximation algorithm due to Linial et al [LLR 95], see also [KRAR 90, PT 95]. For the general case, approximation guarantees of O(log kt log T ) and O(t log T ) can be achieved in polynomial time; these results are due to Klein et al [KPRT 94], and Section 4 of this paper, respectively. We obtain approximation guarantees of O(log^2 k) and O(min(t, log kt) log T log k) for the simple and Steiner multicut problems, respectively, by directly applying Theorem 3.1. However, this does not improve on the approximation guarantees of [GVY 93] and [KPRT 94], respectively.

4 A new approximation guarantee for minimum-ratio Steiner cuts

In the minimum capacity-to-demand ratio Steiner cut problem introduced by Klein et al [KPRT 94], the input consists of G = (V, E), u : E→ℜ_+, and k commodities S_1, S_2, . . . , S_k where each S_i is a set of nodes (possibly, |S_i| > 2). There is an additional input, namely, a nonnegative real-valued demand dem_i for each commodity S_i, 1 ≤ i ≤ k. We say that a cut (X, X) separates commodity S_i if ∅ ≠ X ∩ S_i ≠ S_i. The demand dem(X, X) across a cut (X, X) is the sum of the demands of the separated commodities. The minimum capacity-to-demand ratio Steiner cut problem is to find a cut that minimizes the ratio of the capacity of the cut and the demand across the cut, u(X, X)/[ ∑ (i:∅≠Si∩X≠Si) dem i]. Theorem 4.1 Given an instance of the minimum capacity-to-demand ratio Steiner cut problem, there is a (deterministic) polynomial algorithm to find a cut (X, X) such that z^∗ ≤ min ∅ ≠ Y ≠ V { u(Y, Y ) dem(Y, Y ) } ≤ u(X, X) dem(X, X) ≤ O(t log T )z^∗. Here, z^∗ denotes the optimal value of the LP relaxation (LP2) (see below) of the problem, t denotes max_i |S_i|, and T denotes | ⋃ i S_i|. We will use the following result due to Linial et al, see [LLR 95, Corollary 3.4]. For a graph G and length function l : E→ℜ_+, let dist_l(v, w) denote the length of a shortest v-w path with respect to l.

Proposition 4.2 Given a graph G, a length l_e on each edge e, and a set of nodes Q, there is a deterministic polynomial algorithm that constructs an l_1-metric ρ : V ×V →ℜ_+ such that

1. for every pair of nodes {v, w} in Q, dist_l(v, w) O(log |Q|) ≤ ρ(v, w) ≤ dist_l(v, w); 2. for every pair of nodes {v, w} in V , ρ(v, w) ≤ dist_l(v, w).

The next fact is well known [AD 91].

Fact 4.3 Every l_1-metric on node set V can be written as a nonnegative linear combination of incidence vectors of cuts of the complete graph on V .

Proof (Theorem 4.1) Let l : E→ℜ_+ be an optimal solution for the following LP relaxation of our problem. This LP relaxation is due to Klein et al [KPRT 94].

(LP 2) z^∗ = minimize ∑ e u_el_e subject to ∑_k i=1 dem_i · l(S_i) = 1 l_e ≥ 0, ∀e ∈ E, where l(S_i) denotes the minimum length of a spanning tree of the distance network D_G(S_i) [HRW 92]. In more detail, given G, l : E → ℜ_+ and S_i ⊆ V, D_G(S_i) consists of the complete graph on the node set S_i and edge lengths dist_l, i.e., the length of an edge vw, v, w ∈ S_i, equals the length dist_l(v, w) of a shortest v-w path in G with respect to l. We use F_i to denote the set of edges of a minimum spanning tree of D_G(S_i), so l(S_i) = ∑ vw∈Fi dist_l(v, w).

Then,

z^∗ = ∑ e u_el_e = ∑ e u_el_e ∑_k i=1 dem_i · l(S_i) ≥ ∑ vw∈E uvw dist l(v, w) ∑_k i=1 dem_i( ∑ vw∈Fi dist l(v, w)) ≥ 1 O(log T ) ∑ vw∈E uvw ρ(v, w) ∑_k i=1 dem_i( ∑ vw∈Fi ρ(v, w)) , where ρ is an l_1-metric satisfying the two properties in Proposition 4.2, and we take the set Q in the proposition to be ⋃_k i=1 S_i. By Fact 4.3, there exists a cut (X, X) such that this quantity is ≥ 1 O(log T ) ∑ vw∈(X,X) uvw ∑_k i=1 dem_i · |(X, X) ⋂ F_i| ≥ 1 O(log T ) u(X, X) ∑ (i:∅≠Si∩X≠Si) dem i · (|Si| − 1) ≥ 1 (t − 1)O(log T ) · u(X, X) dem(X, X) . Given the l_1 metric ρ in the form of an embedding of (V, ρ) into a real space with l_1 norm, the cut (X, X) can be found in polynomial time, see [LLR 95, Theorem 4.1]. 2

5 Conclusions

We conclude with two open problems. Is the problem of finding a feasible cut of minimum capacity NP-hard? Note that this is a variant of problem (P3) where we drop the constraint on the node v^∗. Is there an O(1) approximation algorithm for the minimum-ratio feasible cut problem? Our algorithm in Section 2.3 needs a “strong” assumption to give an O(1) approximation guarantee, namely, there exists a minimum-capacity feasible cut (B, B) such that B contains a large fraction of the terminal nodes. Note that such a cut (B, B), if present, is an O(1) approximation to the minimum-ratio feasible cut. The problem of finding such a cut (B, B) is a bicriteria optimization problem, but unfortunately, we do not know how to solve it in polynomial time.

Acknowledgment: We thank Bill Cunningham for helpful discussions.

References

[AD 91] D. Avis and M. Deza, The cut cone, L^1 embeddability, complexity, and multicommodity flows, Networks, 21 (1991), pp. 595-617.

[BV 94] D. Bertsimas and R. Vohra, Linear programming relaxations, approximation algorithms and randomization: a unified view of covering problems, manuscript, 1994.

[BTV 95] D. Bertsimas, C. Teo and R. Vohra, Nonlinear formulations and improved randomized approximation algorithms for multicut problems, Proc. 4th I.P.C.O., Egon Balas and Jens Clausen (Eds.), pp. 29–39, LNCS 920, Springer-Verlag, Berlin, 1995.

[BM 78] J. A. Bondy and U. S. R. Murty, Graph theory with applications, Macmillan, London, 1978.

[Br 79] J. R. Brown, The sharing problem, Operations Research, 27 (1979), pp. 324-340.

[Ch 79] V. Chvátal, A greedy heuristic for the set-covering problem, Mathematics of Operations Research, 4 (1979), pp. 233-235.

[DJPSY 94] E. Dahlhaus, D. S. Johnson, C. H. Papadimitriou, P. D. Seymour and M. Yannakakis, The complexity of multiterminal cuts, SIAM Journal on Computing, 23 (1994), pp. 864–894.

[GGT 89] G. Gallo, M. Grigoriadis and R. Tarjan, A fast parametric maximum flow algorithm and applications, SIAM Journal on Computing, 18 (1989), pp. 30–55.

[GVY 93] N. Garg, V. Vazirani and M. Yannakakis, Approximate max-flow min-(multi)cut theorems and their applications, Proc. 25th ACM S.T.O.C., 1993, pp. 698–707.

[GVY 94] N. Garg, V. Vazirani and M. Yannakakis, Multiway cuts in directed and node weighted graphs, Proc. 21st I.C.A.L.P., S. Abiteboul and E. Shamir (Eds.), pp. 487– 498, LNCS 820, Springer-Verlag, Berlin, 1994.

[GM 84] M. Gondran and M. Minoux, Graphs and algorithms, Wiley, New York, 1984.

[GLS 88] M. Grötschel, L. Lovász and A. Schrijver, Geometric algorithms and combinatorial optimization, Springer-Verlag, Berlin, 1988.

[HFKI 87] S. Hashizume, M. Fukushima, N. Katoh and T. Ibaraki, Approximation algorithms for combinatorial fractional programming problems, Mathematical Programming, 37 (1987), pp. 255–267.

[HRW 92] F. K. Hwang, D. S. Richards and P. Winter, The Steiner tree problem, North- Holland, Amsterdam, 1992.

[KRAR 90] P. Klein, S. Rao, A. Agrawal, and R. Ravi, Preliminary version in Approximation through multicommodity flow, Proc. 31st IEEE F.O.C.S., 1990, pp. 726–737.

[KPRT 94] P. Klein, S. Plotkin, S. Rao, and E. Tardos, Approximation algorithms for Steiner and directed multicuts, manuscript, 1994.

[LR 88] F. T. Leighton and S. Rao, An approximate max-flow min-cut theorem for uniform multicommodity flow problems with applications to approximation algorithms, manuscript, September 1993.

Preliminary version in Proc. 29th IEEE F.O.C.S., 1988, pp. 422–431.

[LLR 95] N. Linial, E. London and Y. Rabinovich, The geometry of graphs and some of its algorithmic applications, Combinatorica, 15 (1995), pp. 215–245.

[MS 90] D. W. Matula and F. Shahrokhi, Sparsest cuts and bottlenecks in graphs, Discrete Applied Mathematics, 27 (1990), pp. 113–123.

[NT 75] G. L. Nemhauser and L. E. Trotter, Vertex packings: structural properties and algorithms, Mathematical Programming, 8 (1975), pp. 232–248.

[PT 95] S. Plotkin and E. Tardos, Improved bounds on the max-flow min-cut ratio for multicommodity flows, Combinatorica, 15 (1995), pp. 425–434.

[RV 93] S. Rajagopalan and V. Vazirani, Primal-dual RNC approximation algorithms for (multi)-set (multi)-cover and covering integer programs, Proc. 34th IEEE F.O.C.S., 1993, pp. 322-331.

[R 95] R. Ravi, personal communication, June 27, 1995.