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AN EXPLICIT FORM
FOR KEROV’S CHARACTER POLYNOMIALS

I. P. GOULDEN AND A. RATTAN

ABSTRACT. Kerov considered the normalized characters of irreducible repre-
sentations of the symmetric group, evaluated on a cycle, as a polynomial in
free cumulants. Biane has proved that this polynomial has integer coefficients,
and made various conjectures. Recently, Sniady has proved Biane’s conjec-
tured explicit form for the first family of nontrivial terms in this polynomial.
In this paper, we give an explicit expression for all terms in Kerov’s character
polynomials. Our method is through Lagrange inversion.

1. INTRODUCTION

1.1. Background and notation. A partition is a weakly ordered list of positive
integers A = A1Aa...A\r where \;y > Ao > .-+ > Xi. The integers Aqy,...,\; are
called the parts of the partition A\, and we denote the number of parts by I(A\) = k.
If Ay + -+ 4+ Ax = d, then A is a partition of d, and we write A - d. We denote by
P the set of all partitions, including the single partition of 0 (which has no parts).
For partitions w, A F n let x,(\) be the character of the irreducible representation
of the symmetric group &,, indexed by w, and evaluated on the conjugacy class Cy
of &,,, which consists of all permutations whose disjoint cycle lengths are specified
by the parts of .
Various scalings of irreducible symmetric group characters have been considered

in the recent literature. The central character is given by

- Xew(A)

W =GRy
where x,(1") is the degree of the irreducible representation indexed by w. For
results about the central character, see, for example, [4, [5 [8]. Related to this
scaling, for the conjugacy class Cpy»-+ only, is the normalized character, given by

Xw(klnfk)
Xew(17)
The subject of this paper is a particular polynomial expression for the normalized
character. The statement of this expression requires some notation involving the
partition w of n. We adapt the following description from Biane [I} 2]: consider
the Young diagram of w, in the French convention (see [10, footnote page 2]), and

RwE1" Fy=n(n—1)---(n —k+1) = kX, (K1"7F).
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translate it, if necessary, so that the bottom left of the diagram is placed at the

origin of an (z,y) plane. Finally, rotate the diagram counterclockwise by 45° (this
is often referred to as “Russian notation”). Note that w is uniquely determined by

||

FIGURE 1. The partition (43331) of 14, drawn in the French
convention, and rotated by 45°.

the curve 7, (z) (see Figure[ll). The value of 7,,(z) is equal to |z| for large negative
or positive values of z, and it is clear that 7/ (z) = +1, where differentiable. The
points x; and y; are the z-coordinates of the local minima and maxima, respectively,
of the curve 7,(x). We suitably scale the size of the boxes in our Young diagram
so that the points x; and y; are integers. Setting o, (x) = (7,(z) — |x|)/2, consider
the function

(1.1) Gu(z) = lexp/]R ! ol (x) d.

z Z—x

Carrying out the above integration one obtains

IS e —w)
Gw(Z) = Hz;il(z — 1'7,) )

where m is the number of nonempty rows in the Young diagram of w. Now let
R;(w), i > 1, be defined by

2 ZRi(w)zFl =G5V (2),
i>1

where (—1) denotes compositional inverse. Briefly, the origins of the series G, (z),
and in fact Kerov’s polynomials, come from attempting to answer asymptotic ques-
tions about the characters of the symmetric group. The generating series G, (z) is
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known as the moment generating series and is the series

| = dm.

where my, is known as the transition measure of the diagram w. The measure is

given by
m
my = Z ,U/k(szk,a
k=1
where §,, is the usual delta function and

-1
_ H:ZI (T — vi)
HE = m .
Hz’:L#k(xk —z;)

Thus, the coefficient of (1/2)* in G,(z) is the k' moment of the measure m,,.
In this context, the R;(w)’s are known as free cumulants of the measure m,, in
free probability theory (see Biane [Il, Section 1.2 and Section 3]). Biane uses the
theory of free probability to give asymptotic information about the characters of
the symmetric group. More specifically, if 0, € &,, n > 1, is a sequence of
permutations (subject to a certain “balanced” restriction on the associated Young
diagram) with k; cycles of length i for ¢ > 2 and r = ), ik;, then we have

Xw Un HRerl n" + O(n_’r';l )

For more information about the asymptotics of characters of the symmetric group
(and free cumulants) see, for example, [II [7 [9].

1.2. Kerov’s character polynomials. The particular polynomials that are the
subject of this paper involve the R;(w)’s. They first appeared in Biane [2], where
the following result is stated (as Theorem 5.1).

Theorem 1.1. For k > 1, there exist universal polynomials Xy, with integer coef-
ficients, such that

(1.2) Rw(k1"7F) = S (Ra(w), Rs(w), . . ., Rig1 (w)),
for all wb n with n > k.

Biane attributes Theorem [[.1] to Kerov, who described this result in a talk at an
IHP conference in 2000, but a proof first appeared in a later paper of Biane [3]. The
polynomials ¥, are known as Kerov’s character polynomials. They are referred to
as “universal polynomials” in Theorem [I.1] to emphasize that they are independent
of w and n, subject only to n > k. Thus we write them with R;(w) replaced by
an indeterminate R;, 7 > 2. In indeterminates R;, the first six of Kerov’s character
polynomials, as listed in [2], are given below:

Y1 = Ry,
Yo = Ra,
Y3 = Ry + Ry,
Sy = Ry + 5Rs,

Y5 = Re + 15Ry + 5R3 + 8Ry,
Y6 = Ry + 35R5 + 35R3R2 + 84R3.
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Note that all coefficients appearing in this list are positive. It is conjectured that
this holds in general: that for any k > 1, all nonzero coefficients in ¥; are positive.

In Biane [2], this conjecture, which we shall refer to as the R-positivity conjecture,
is attributed to Kerov. In fact, Biane [I Section 7] has a conjectured combinatorial
interpretation for the coefficients of the R’s in Kerov’s polynomials pertaining to
Cayley graphs. The conjecture there is vague, however, and has been made more
precise by gniady [11] but is still far from being complete. Numerically, the R-
positivity conjecture has been verified for k& up to 15 by Biane [3], who computed
Y for k < 15, using an implicit formula for Xy [I, Theorem 5.1] that he credits
to Okounkov (private communication). Biane further comments that “It seems
plausible that S. Kerov was aware of this (see especially the account of Kerov’s
central limit theorem in [7]).” The following result gives an adaptation of Biane’s
formula that appears in Stanley [12].

Theorem 1.2. Let R(z) =1+ )5, Rz’ and

(1.3) F(af) = fo)7 H(x) = F<_1)1($_1)
Then, fork > 1,
1 k—1
Yp = —E[x_l]oo H H(z —j).
§=0

Theorem implicitly determines ¥ as a polynomial in the R;’s. For explicit
formulas, it is convenient to consider separately the graded pieces of ¥, defined as
follows: let the weight of the monomial R, --- R;, be ji +---+ j;. For n > 0, we
define

(1.4) Ykon = [WFTIT2SL(Reu?, . . ., Ry qubth),

the sum of all terms of weight k¥ + 1 — 2n in X;. (From elementary parity con-
siderations, all other coefficients in ¥y are 0.) It is immediate that X o = Rgy1.
An explicit formula is known for 3 2, and for the statement of this formula, we
introduce polynomials C), in the R;’s, where Cy =1, C; =0, and

— )R,
15 Cu= Y Getia+-n[[UEEREE sy
Jj2,33,.-.20 i>2 Jl'
2j2+3j3+--=m

The following explicit formula for ¥, 5 was conjectured by Biane [3], Conjecture 6.4],
and proved by Sniady 11, Theorem 22]. Sniady’s proof was obtained by finding
and then solving an equivalent combinatorial problem.
Theorem 1.3. For k > 1,

Ehg = 714(]{3 — 1)k(k + 1)Ck_1.

Note that the R-positivity of ¥, o follows immediately from Theorem [[3] us-

ing ([LE).
For n > 2, only one explicit result is known, given in the following result for the
linear coefficient, due to Biane [3] and Stanley [12].

Theorem 1.4. Forn > 1, k > 2n —1, the coefficient of Ry41—2n tn Xk 2pn 5 equal
to the number of k-cycles ¢ in &y, such that (1...k)c has k — 2n cycles.
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Finally, for higher order terms when n = 2, the following conjecture of Stanley
(private communication) has been communicated to us by Biane.

Conjecture 1.5. Fori>1,
[RY]%0i5.4 = shgi(i+ 1)3(i + 2)3(i + 3)(2i + 3).

1.3. Outline of the paper. In this paper, we obtain an explicit formula for ¥, .,
where k and n are arbitrary. This is our main result, stated in Section 2 as The-
orem [2Il Variants are also given as Theorems and 2.3 These results are a
natural generalization of Theorem [[3] since they give Xy 2, as a polynomial in
the C,,’s, with coefficients that are rational polynomials in k. We call such an
expression a C-ezpansion for ¥y 2,. Based on significant amounts of data, we con-
jecture that Xy oy, is C-positive (all nonzero coefficients are positive) for all n > 1
as Conjecture 24l This C-positivity conjecture is stronger than the R-positivity
conjecture, immediately from (3.

In Section 3, we consider the special cases of our main result for n = 1 and n = 2.
For n = 1, this gives another proof of Theorem [[L3l For n = 2, the expression for
Y4 that we obtain, in Theorem[3.3] is new. We are able to specialize this expression
to prove Conjecture Also, we are able to prove the C-positivity conjecture for
Yk.4 as Corollary Finally, we consider the linear terms in the R;’s, for arbitrary
n, and obtain another proof of Theorem [I.4

In general, for n > 3, we are not able to prove the R-positivity conjecture or
the C-positivity conjecture, perhaps because our methods are not combinatorial.
Instead we apply the Lagrange inversion to “unwind” the compositional inverse in
Theorem This is carried out in Section 4, where we give the proof of the main
result and variants.

2. THE MAIN RESULT

For the partition A - n we denote the monomial symmetric function with expo-

nents given by the parts of A, in indeterminates x1, x2, . .., by my. In this paper, we
consider the particular evaluation of the monomial symmetric function at z; = 1,
fore = 1,...,k— 1, and z; = 0, for ¢« > k, and write this as m). Now let
C(t) =>,,50 Cmt™, so from (LLT) we obtain
(2.1) c(t) = !

' 1= 5o = DRt
Let D = t%, I be the identity operator, and define

(2.2) Pn(t) = —%C’(t) (D4+(m—-2)I)C()---(D+I1)C{)DC(t), m>1.
For example, we have

Pi(t)y=-C(t), Pa(t)= —%C(t)DC(t),
and

Py(t) = ~£C(1) (D + 1) C())DC(1)

(C(t)QDC(t) +C(t) (DC(1)? + O(t)ZDZO(t)) .

D=
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We remind the reader that the differential operator is not commutative; for example,
(DC(t))* # DC(t)DC(t). The latter is properly interpreted as D (C(t)DC(t)).
Finally, for a partition A\, we write Py(t) = Hé(;\i Py, (t). We now state our main
result.

Theorem 2.1. Forn>1,k>2n—1,

1, iton Pt
Ek,zn _ _E[tk+l 2 } Z N C/’\((t))
AF2n

There is a slight modification of this result, given below, in which the term
corresponding to the partition with one part is given a simpler (but equivalent)
evaluation. This is used mainly for computational purposes, as it is easier to com-
pute P; for smaller .

Theorem 2.2. Forn>1, k> 2n—1,

_ 1 k+1—2n k—1 ~ ~ P)\(t)
Ykon = —E[t ] Tmznpznq(t) + Z my 5(0)

AF2n
1(\)>2

The following result gives a generating function form of the main result.

Theorem 2.3. Forn>1,k>2n—1,

1 .
Ek,Q — _7[ 2ntk+1] 1+ sz (t)uztz \
n C(t) o ; 7
1 1 k—1
Yp = ——[tFT ) —— 1 Pt

Note that, for each n > 1, these results give ¥ 2, as the coefficient of tF+1-2n
in a polynomial in C(t) and

DC(t) =Y m'Cpt™, i>1.

m>2

Thus Xy 2, is written as a polynomial in the Cp,’s, with coefficients that are poly-
nomial in k with rational coefficients, so our results give C-expansions for ¥y oy,
for n > 1 (the my are divisible by k for each A and fixed n, as follows immediately
from Propositions 3] and B2)).

Using the above results, with the help of Maple, we have determined the C-
expansions and the R-expansions of ¥j 9, for all £ < 25 and n > 1. The R-
expansions are in complete agreement with those reported in Biane [3] for & < 11.
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The C-expansions are given below for k£ < 10:

S1—Ry = 0,

S, — Ry = 0,

Y3—Ry = (o

Si—Rs = 3Cs,

S5—Rs = 5C4+8Cs,

S6— Ry = 32C5+42Cs,

Y7 —Rs = 14Cs+ 282 Cy+ 23 % 418005,

Ss— Ry = 21C7+ 188 C5+ 82 C5C; + 1522 C5,

N9 — Rio = 30Cs+1197Cg + 22 C5® 4+ 1122 C4Cy + 81 Cy° + 25590 ¢y
+ 17880 052 4 8064 Cs,

Sio— R = 1PCy+ BT Cr + BB CuCy + HE C3C5% + 1B G50,

+ 38225 C5 + 52580 C3C5 + 96624 C'3.
Note the form of the data presented above. We have

Y — Xgo = Z Xk2n,
k>1

where ¥ o = Ry remains on the left hand side, and we can recover the individual
Yk,2n on the right hand side: if the weight of the monomial Cp,, ... Cyy,, is mq +
-+ -+m;, then, from (L3 and (I4)), £, 2, is the sum of all terms of weight k+1—2n.

In the above C-expansions for £ < 10, all nonzero coefficients are positive ra-
tionals, with apparently small denominators. In fact, this is true for all the data
we have computed, up to k = 25. We do not have a precise conjecture about the
denominators, but conjecture that the positivity holds for all k.

Conjecture 2.4. Forn>1, k> 2n—1, X 2, s C-positive.

This C-positivity conjecture implies the R-positivity conjecture, from (L5 (so,
our data also check the R-positivity conjecture for k < 25). Theorem [[3 gives an
immediate proof that Conjecture 2.4 holds for n = 1 and all k. In Corollary [3.5]
we are able to prove that Conjecture 2.4l holds for n = 2 and all k. We are not able
to prove the conjecture for any larger value of n, though of course Theorem [[.4]
together with (2.IJ), proves that the linear terms are C-positive for all n.

The conjecture does not hold for n = 0, as described below. We have ¥ =
Ry.11, and it is straightforward to determine the C-expansion for the R;’s: from (1)
we obtain

. i 1
i>2
S S
J2,d3rer>0 m>2 I
so we conclude that
1 s s s s Cim
Ri=—= Y (=)™ gy )L ] iz
,...>0 m>2

0253352 X
2j2+373+-=t
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Thus, terms of negative sign appear in the C-expansion of R;, for ¢ > 4. This is
the reason that we have presented the data for k up to 10 with Ry, subtracted
on the left hand side. This is also the reason that the R-positivity conjecture
does not imply the C-positivity conjecture, so R-positivity and C-positivity are not
equivalent.

3. SPECIAL CASES OF THE MAIN RESULT

3.1. Monomial symmetric functions. To make the expression for X 2, that
arises from Theorem 2] (or Theorem [2.2]) explicit, we need to evaluate the my,
which are monomial symmetric functions in 1,2, ..., k—1. For general results about
symmetric functions, see Macdonald [10].

Proposition 3.1. For indeterminates a;, i > 1, let A(z) = 1+ > ,5, a;a*, and
ay = Hl.( )aA , where X = A1... A\ 15 a partition. Then

ifl

ZmAaA —epoij [27](A(z) — 1)°.
AEP j>1 i>1
Proof. We have
Z maay = H A(zy)
AEP n>1
= exp Z log (A(zy,))
n>1
1 i— 1 .
= exp Z Z ZTp)— 1),
n>14>1
and the result follows. O

Proposition Bl gives an expression for 1) as a polynomial in 7h;, ¢ > 1, by
equating coefficients of ay. To evaluate the m;, ¢ > 1, we apply the following result
(see, e.g., [10, I 2, Exercise 11] for a proof).

Proposition 3.2. Forj > 1,
: k
N S
s = 3 S (z + 1)’

where S(j,1), the Stirling numbers of the second kind, are given by

ZZS J» 1) i 7expu( -1).

i>0 j=0

As special cases of this result, we have the following, well-known sums of integer
powers:

(3.1) my = 3(k—1Dk, mmo=2(k—1Dk(2k—1), rhs=1(k—1)%k,

tha = 2 (k — 1)k(2k — 1)(3k* — 3k — 1).
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3.2. The cases n = 1,2. We first consider the case n = 1 of Theorem This
immediately gives Biane and Sniady’s C-expansion for X2, and hence another
proof of Theorem 1.3, as shown below.

Proof of Theorem [L3l From Theorem 2.2] with n = 1, we obtain
1

Yho = —E[tk’l] (=1(k — D)imaC(t) + M1 C(t))

% (%(k — 1)1hg — mu) o).

But from Proposition [3.I we obtain

iy = (i —1g),
and the result follows from (B]), by routine manipulation. O
Next we consider the case n = 2 of Theorem 2] to obtain an explicit C-

expansion for X 4.
Theorem 3.3. For k > 3,
Ska=alk) Y CiCiCn+pk) Y i*CiCiChp,

45 im=k-3 i imeh—3
where
alk) = —1mgs(k—3)(k — 1)%k(k + 1)(k* — 4k — 6),
Bk) = ze5(k—Dk(k+1)(2k* — 3).
Proof. From Theorem 22 with n = 2, letting b = £ (rhg; — §(k — 1)1h4), we obtain

Sha = _%[tH] (v (c2pe@ + c@) (DC®) + Cw*p2C®))

+ LingsC(t) (DC(1))? — Ling11 C(1)2DC(t) + mlmc(t)B)

= —%[tk_g] (mllllC(t)3 + (b - %m211) C(t>2DC(t)

+bC(£)2D*C(t) + (b + Lings) C(1) (DC(t))Q)

= —%[ k_3](m11110(t)3 + (b — 37211) :DC(t)°

+BC()2D2C(1) + (b + Lingy) (AD2C(1)? — LO(4)2D2C (1)) )

= —% (mllll + %(k - 3) (b - %m211) + %(k - 3)2 (b+ imgg)) [tk73}0(t)3
— % (36— Lrmgs) [tF0)C(¢)2D?C(2).

But from Proposition [3.I, we obtain

M3y = Mamy — My,

oy = (103 —1ha),

[\v]

A A2 A A ~ 92 N
(oM — 2Mmsry — 5 + 21y),

DO

ma11 =

2 1 (54 £ 052 TSRS 2 o
minnn = g5(1My — 6mamy + 8migiy + 3my — 6ry),
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so from (BI)), by routine manipulation, we obtain

(3.2) Sra = a(k)[t"PIC[#)° + B(R)[t**)C(1)* D2 C (1),
where a(k) and G(k) are given above. The result follows. O

For monomials in Ry, R3, ... that are pure powers of a single R,,, we have the
following form of the above result.
Corollary 3.4. Form >2,i>1,

(R Smitsa = smes(m— 1)'mi(i + 1)(i + 2)(mi + 2)(mi + 3) (mi + 4)
x  (mP® 4 2m®*(m + 4)i> + 4m(3m + 5)i + 15m + 18) .
Proof. From Theorem B3] we obtain
(RS mits,a = a(mi+ 3)[R,,t™]C(t)* + B(mi + 3)[R,,t™]C(t)*D*C(2).
Now, setting R; = 0 for j # m, we obtain C(t) = (1 — (m — D Rpmt™) !, s0
. . . 1+ 2
(R 4™]C(1) = (m — 1) (”; )
Also, we have
D*C(t) = Dm(m—1)Rput™ (1 — (m —1)Rpyt™) >
= Dm((1—(m—1)Rut™)> = (1= (m—1)R,t"™) ")
m?(m —1) (2R, t™ (1 — (m — 1) Rypt™) ™
—Rpt™(1 = (m = 1) Rpnt™) %),
S0
o . 43 )
(R #™]C()2D?C(t) = (m — 1)'m? (2 (’Z ) - (“g )) .

The result follows by routine manipulation. O

We now consider the case m = 2 of Corollary B.4] to obtain an immediate proof

of Stanley’s Conjecture

Proof of Conjecture [LA. We set m = 2 in Corollary B4l Then the factor that is

cubic in ¢ becomes
8i3 + 48i% + 88i + 48 = 8(i + 1)(i + 2)(i + 3),

and the result follows.

O

As the final result of this section, we are able to use the explicit C-expansion

given in Theorem [33] to prove the C-positivity of Xy, 4.

Corollary 3.5. X 4 is C-positive for all k > 3.
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Proof. Consider 0 < i < j <m, with i+ j+m =k — 3, and let v = |Aut(i, 5, m)|.
Thus when k = 12, for example, v = 1 for (i,j,m) = (2,3,4) or (0,2,7), v = 2
for (i,j5,m) = (2,2,5) or (1,4,4), and v = 6 for (i,5,m) = (3,3,3). Then, from
Theorem [3.3] we obtain

[CiC;Con] S = ga(k) + % (i + 5% +m?) B(k).

Now, the minimum value of 2% + y2 + 22 over the reals, subject to z + y + z = ¢,
for any fixed real ¢, is achieved at & = y = z = ¢/3, so in the above expression we
have i? + j2 + m? > 1(k — 3)% But 8(k) > 0 for k > 3, so we obtain

[CiCiCr]Eka > % (3a(k) + L(k —3)%6(k))
= m(k —3)(k = Dk(k+1) (—3(k — 1)(k2 — 4k —6) +2(k — 3)(2k2 _ 3))
= o105 (k= 3)(k = DR (k + 1)(k +3) > 0,
for k > 3, giving the result. O

3.3. The linear terms. We now apply Theorem 23] to evaluate the linear terms
in X, and thus obtain another proof of Theorem [[.4l

Proof of Theorem [L4l For i > 1, let A®)(t) consist of the terms in P;(t) that are
linear in the Cy,’s. Also, let L, = [Rk+1-2n]2k,2n. We apply Theorem to
determine L, ;. From (Z1), we have

[ Crya-2n | Crti—2n
Lng = [ k—2n :|Zk72n— { k—2n ]Ek
1[C 11
. k+1-2n k41 . 1 A (3) 7
- - t 1—jt AD ()t
B | k—2n oW | g3 AT
L i j=1 i>1
- - k—1 . ; : k—1
1 [Chyt—2n 1] 1 JRAD ()t
k| E—2n o |0+ 2= ) 110 -
L - j=1 i>1 a=1
_ 1 [Crgi—2n ps1 ] = FLAD (1)t Rt
= | 1 C’(t)+ZZ 7 U(1 at).
L E Jj=11i>1 a=1
But
. 1 ) —(m—1) , C
AD ()= —-=(D —2)I)---(D+1)D =— —1) ™
=50+ (=20 @+ npew == 3 (V) e

for ¢ > 1. Now let % = 2™~ m > 2, which gives

ZjiA(i)(t)ti - Z ((1 —jt)_(m_l) _ 1) pm—lgm
i>1 m>2

t 4

- +
l—lf—tjt 1 —at

and
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Thus we obtain
1

t t
L, . k—27Ltk+1 _
w k [@ ] (1—xt)2 1—at

kz_:<1— (7 + o)t (1_jt)t(1_xt)>)jl_[_l(1at).

=1

We now finish the proof using the method of Biane [3|, Theorem 6.1]: Replace t by
t~1, and multiply by t*, to obtain

Lo = I O (=~

where (t) = t(t —1)---(t — k 4+ 1) is the falling factorial. Now use the fact that
the residue is unchanged if we substitute ¢ + ¢ for ¢, where ¢ is independent of ¢.
Thus, substituting ¢t 4+ j + « for ¢ in the first term of the summation over j, and
substituting ¢ + x for t in all other terms, we obtain

E—1
1. . on T)k
L,y = E[xkz} [t +2)(t+ )k — (2)r + <x—|—j K — ()>
Jj=1 v
k—1 k-1
— k anx_'_.] k Qan_J
j=0 7=0

where, for the last equality, we have replaced = by —z, and multiplied by (—1).
The result now follows, as shown in Biane [3]. O

4. LAGRANGE INVERSION AND THE PROOF OF THE MAIN RESULT

As a first step, we translate Theorem [[.2]into the language of formal power series,
using the notation

(4.1) ¢(z)=2H (z71), Z D, ( (1 —uz)p (z(1 —ux)™),

>0
where H(x) is defined in (L3).

Proposition 4.1. The following two equations hold:

1) For k> 1,
1 k—1
(4.2) Y = —E[xk"'l] I 2G5
j=0
2) For k,n>1,
1 k—1
(4.3) Ykon = —E[uznzckﬂ] H D(x, ju).
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Proof. For ([E2), we first replace x by 2~ in Theorem [[2] to obtain

PIRES AR H:cH 11— jx)),

and the result follows immediately.

For ([@3), we let ¥ be the substitution operator R; +— u’R;, i > 2. Then,
from (I4), we have

(4.4) Ypon = [WFT172M9%,,.
Now, from (3], we have

IF () = ﬁ(@ = % = %F(u:c).

Applying ¥ to both sides of the equation = F(F{~(z)) we obtain
r = JFWFTY(x))
= L F@IF (@),
implying
IF U (2) = %FFU(W).

Thus, combining this with (I3]) and (@I]), we obtain

x ux

D0(@) = w0 HE) = 5EEn ) = FOD (ar) ~ 0

and then
9D (x,5) = (1 — jo)¢ (ux(l — joz) ') = @ (uz, ju™).
Combining this with ([@4) and (£2)) gives

k—1
1
Ek,Qn — —E[uk+1_2n$k+l] H ‘I’(ux,ju_l),
7=0
and ([A3)) now follows, by substituting first x = zu~!, and then v = u~!. O

Next, we give an expression for the coefficients ®;, ¢ > 0, defined in [@IT]).

Proposition 4.2. Fori >0,

(4.5) O(z) = = ( 2 4 ) o)

Note that for i =0, this specializes to ®o(x) = ¢(x).
Proof. From ([3)) and (&II), we have

x):1+z¢jxj,

Jj=2
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where ¢;, j > 2, are polynomials in the R;’s. For ¢ = 0, we have ®¢(z) = ®(x,0) =
¢(x). For ¢ > 1, we have

bi(z) = [W]P(z,u) = [u] l—ua:—l—Z(bj:cj(l—ux)l*j

j=2
e GHi—2\
]

j=>2
oz 5d 1 1
- (%) (2eZer)
jz2
and the result follows. d

We make use of the following two, closely related, versions of Lagrange’s Theorem
(see, e.g., [0, Section 1.2], for a proof).

Theorem 4.3. Suppose ¢ is a formal power series with invertible constant term.
Then the functional equation w = tp(w) has a unique formal power series solution
w = w(t). Moreover,

1) For a formal Laurent series f and n # 0, we have

n

Lo (@) ) 60" = 15w,

2) For a formal power series f, and n > 0, we have

tdu

[2")f (@)(2)" = [£"] f (w)— ==

Here, we shall consider the functional equation
(4.6) w = tp(w),

where ¢ is the particular series given by ([@I). Then from ([3]) and [@I), we have

w=twH(w™ ") = FOD ()’

so F{=1(w) = t, and from ([3)) we deduce that
(4.7 t = wR(t).

We now relate the series C(t) and differential operator D of Section 2 to the
variable w.

Proposition 4.4.

Dw 1
(48) W ROCH)’
(4.9) w2l tC(t)D.
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Proof. From (1)) and (L3, we obtain

1

C(t) = i pED

But
Du_ ol t pRO)
w w R(t) ¢t
from ([@7), and result ({8 follows.
Now, (L) gives the operator identity
d
— = R(t)C(t)D,
w it~ R

and multiplying by w and using (&7), we obtain result (@J]). O

Proof of Theorem 21 For a partition A, let &y (z) = Hé(ﬁ @5, (7). Then from (4.3])
and (LX), we have

1 . _
Ykon = *%[ﬂfkﬂ] Z @ (z)(a) 1Y
AF2n

- _%[xkﬂ] > m*ﬂi;gf\c))ﬂ G

AF2n

_ 1 1 R 1 @A(ﬂo
= 2 M EGEw sy

where the last equality follows from 2) of Theorem 3] and (£8). But, from (@3,
(6] and (9], for ¢ > 1 we have

_ :—, (1C()D)~" tC () Dy

t i—1
= —5(tCctD)T O,

Finally, we prove by induction on ¢ > 1 that

1 i i
—5 ((CHD)' ™ C(t) =t Pi(1),
where P;(t) is defined in Section 2. The result is clearly true for ¢ = 1. For the

induction step, we have

1 i _ 1 i—1p
—(Hl)!(tC(t)D) Ct) = IO R()
= iil (t'C(t)D + (i — D)E'C()I) Pi(t)
= t'Pia(t),

as required. Together, these results give
®;(w)

olw) — ),
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S0
Oa(w) _ on ()
P(w)! N+ $(w)”’

since A F 2n, and the result follows from (Z6) and [@7). O

Proof of Theorem 221 In the proof of Theorem[2.1] the term in ¥y, 5,, corresponding
to the partition with the single part 2n can be treated in the following modified
way. We obtain

- %[xk“]mzn@gn(x)qs(x)k*l = —%[x’“*ﬂmznx*?’@%(x)aﬁ(x)’H
2n—1
R el A SSTIN 1 2 d T g(w)
= e () %

from 1) of Theorem F3] and the result follows as in the above proof of Theorem 211
(]
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