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Outline

» KP hierarchy, integrable systems; Pliicker relations, algebraic
geometry; Schur symmetric functions, algebraic combinatorics

> transitive factorizations in the symmetric group,
combinatorics; branched covers, Hurwitz numbers, geometry

» rooted hypermaps, rooted maps, rooted triangulations;
asymptotics of maps



The KP (Kadomtsev-Petviashvili) hierarchy is a system of partial
differential equations for an unknown function F(p1, p2,...). There
is a countable number of equations in the hierarchy, and each is
quadratic. The first few equations are:

1 1,2
Foo—F1+5F111+5F1 =0,

1
F3o—Fa1+gF2111+ F11f21 =0,
1 1 12
Fap—Fsi1+3F3111— 55F110010+ Fuafsn+5F5

12 1
—5Fi11—$F1F111 =0



The KP (Kadomtsev-Petviashvili) hierarchy is a system of partial
differential equations for an unknown function F(p1, p2,...). There
is a countable number of equations in the hierarchy, and each is
quadratic. The first few equations are:

1 1,2
Foo—F31+ 55F111+5F1 =0,

1
F3o—Fa1+gF2111+ F11f21 =0,
1 1 12
Fap—Fsi1+3F3111— 55F110010+ Fuafsn+5F5

1.2 1
—sFi11—5F1F111=0.

F

For any solution F, 7 = e" is called a 7-function for the hierarchy.
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» Okounkov, 2000, “Toda equations for Hurwitz numbers”

» Pandharipande; Witten, Kontsevich (KdV); Kazarian and
Lando; Kazarian; Zvonkine

» Miwa, Jimbo, Date, 2000, "Solitons: Differential equations,
symmetries and co-dimensional algebras”
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Figure: A Maya diagram and associated Young diagram



,,,,,,,,,,,,,,,

,,,,,,,,,,,

Figure: A Maya diagram and associated Young diagram

This is the Young diagram for the partition (4, 3, 2)



Theorem
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satisfies the Pliicker relations.
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Zbe so(p1,p2,---)

oeP
is a T-function for the KP hierarchy if and only if

{b@ 10 € ’P}
satisfies the Pliicker relations.

Here sp(p1, p2, .. .) is the Schur symmetric function written in
terms of the power sum symmetric functions py, p2, ... (which are
the variables of the KP hierarchy).



Suppose vy > -+ > a1 > 0and By > -+ > Bpy1 > 0. Then
we say that {by € Q[u1, u2,...] : A € P} satisfies the Pliicker
relations if it satisfies the equation

m
k _
Z(_l) b(al_17---70¢m71_17ﬁk+1+m_k) ’ b(ﬁ1+17~~~7ﬁk+175k+27---7ﬁm+1) =0,
k=0

for each such pair of weak partitions «, 3.
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Suppose a1 > -+ > am—1 >0and B > -+ > Bpi1 > 0. Then
we say that {by € Q[u1, u2,...] : A € P} satisfies the Pliicker
relations if it satisfies the equation

m
k _
Z(_l) b(al_17---70¢m71_17ﬁk+1+m_k) ’ b(ﬁ1+17~~~7ﬁk+17ﬁk+27---7ﬁm+1) =0,
k=0

for each such pair of weak partitions «, 3.

Conventions: b(”'7,-7j7...) = b(”'7j_17,'+17...), and b(”'70) = b()
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Example: a = (0) and 5 = (1,1,1) (so m = 2). Then we have

+b(—13) b1y = b-1,2) - b2,1) + b-1,1) - b2y =0



Example: a = (0) and 5 = (1,1,1) (so m = 2). Then we have
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Example: a = (0) and 5 = (1,1,1) (so m = 2). Then we have
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Example: a = (0) and 5 = (1,1,1) (so m = 2). Then we have
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Example: a = (0) and 5 = (1,1,1) (so m = 2). Then we have
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Example: a = (0) and 5 = (1,1,1) (so m = 2). Then we have
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Example: a = (0) and 5 = (1,1,1) (so m = 2). Then we have

—b(2,0) - ba,1) + b0y b1y — bo,0) - b2,2) = 0



Example: a = (0) and 5 = (1,1,1) (so m = 2). Then we have

—b,0) - b1,1) + b0y - b2,1) = b0,0) - b2,2) = 0

—b(2) - b1,1) + by - b2,1) = b2y =0
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The Schur function sy(x1, x2, . ..) is the generating function for
placing positive integers in the boxes of the Young diagram of
shape 6 — weakly increasing from left to right in rows, and strictly
increasing from top to bottom down columns.

2415 ]|6
4 | 5
For example, s 40) = ... + x%x%xgxfxgxﬁl 4+ ... Thisis a

symmetric function of xq, x, . ..



For partition 6 = (01,...,0m), we have

56 = det (he,—l‘i‘_/)/,_]:]_,,m ’

the Jacobi-Trudi identity, where h is the homogeneous or complete
symmetric function given by

E a a
hk: X11X22“‘,

summed over all nonnegative integers aj, ap, ... with
ai+ax+---=k, for k > 1, with hg =1 and h, =0 for k < 0.
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so we have s ) = —5(..).

()



= ()
- ().

so we have s o) = —s(.). Thus the Schur function sy satisfies the
Conventions for by in the Pliicker relations.



The following 2m x 2m matrix has determinant equal to 0:

hoy-1 oo haimoa| O ... 0

R 0 ... 0
hﬁl"l‘l PN hﬁl"t‘m hﬁl‘i‘l PN hﬁl"t‘m
h6m+1+1 Tt h6m+1 h6m+1+1 Tt h6m+1




The following 2m x 2m matrix has determinant equal to 0:

hoy-1 oo haimoa| O ... 0
oy 1—mi1 - hay s 0 ... 0
hﬁl"l‘l PN hﬁl"t‘m hﬁl‘i‘l PN hﬁl"t‘m ’
h6m+1+1 D hﬁm+1 h6m+1+1 ttt hﬁm+1

and applying the Laplace expansion with columns partitioned into
the first m and last m gives the Pliicker relations for the Schur
function.



-1, 0] 1) 2
2 -1]0
-3

Above, each box in the Young diagram of the partition (4,4,3,1)
contains its content (denoted by c¢(t) for box t)



-1, 0] 1) 2
2 -1]0
-3

Above, each box in the Young diagram of the partition (4,4,3,1)
contains its content (denoted by c¢(t) for box t)

Theorem

{<H yc(t)> sp: 0 € P}

tel
satisfies the Pliicker relations.



A Plicker relation for Schur functions:

—=5(2) " 5(1,1) +51) - S2,1) — S(2,2) = 0



A Plicker relation for Schur functions:

—5(2) " 5(1,1) T 5(1) - S2,1) — S(2,2) = 0




A Plicker relation for Schur functions:

—5(2) " 5(1,1) T 5(1) - S2,1) — S(2,2) = 0

Note that the product of the content variables for the cells in the
above three pairs of Young diagrams is a constant:

YOY1© YoY—1= Yo Y-1Yoy1 = Y-1Yey
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{H (Ye(r)) 0: 0 € P}

teh

satisfies the Pliicker relations.

Corollary

Z (HyC )59 so(p1, p2,--.)

0eP \teco

is a T-function for the KP hierarchy.

Corollary

|0gZ<HyC )59 so(p1, p2; - - -

0P \tecb

is a solution to the KP hierarchy.
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Theorem
For 6 a partition of d,

0= 3 o

conjugacy class C,, in Sgq, XZ is an irreducible character of S4, and
Pu = PuiPuy * -



For partitions «, 8 of d > 1, and nonnegative integers a1, as, . . .,
define b(al’az’ ) to be the number of tuples (0,7, m1,m2,...) of
permutatlons in Sy such that
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For partitions «, 8 of d > 1, and nonnegative integers a1, as, . . .,
define b(al’az’ ) to be the number of tuples (o,~,m1,m2,...) of
permutatlons in Sy such that

> 0 € Cq, v €Cg, d— #cycles(mj) = a;, i > 1,
> oymimo - - - = identity,
» (0,7v,m1,m2,...) acts transitively on {1,...,d}.
In geometry, such a transitive product of permutations corresponds

to a connected branched cover of the sphere by a Riemann surface
(with d sheets). The Riemann-Hurwitz Theorem gives

ata+--=I(a)+(B)+2g -2,

where g is the genus of the surface.
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Theorem
The generating series

B = 7‘1’@, Paqauitu -

is a solution to the KP hierarchy.

Proof.
By standard exponential generating series methods, and character
theory for the symmetric group, we have

|0gz (HYC > (91,92, ...) - so(p1, P2, --.)

0P \tcb

where, for any integer j, y; = [[;51(1 + uij).
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of all 1's, these are Hurwitz numbers.
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When aj =1 fori=1,...,/(a) + /(3) + 2g — 2, these are the
double Hurwitz numbers of Okounkov (here the factors are
transpositions). In the special case of this when [ is the partition
of all 1's, these are Hurwitz numbers. In the further special case of
this when g = 0, there is a simple explicit formula.

When a; + -+ + am = () + I(3) + 2g — 2, for fixed m (and
g =0, [ is the partition of all 1's), an explicit formula for these
numbers has been given by Bousquet-Mélou and Schaeffer.












V = (127)(34)(56)(8)(9).

o F = = = DA



V= (127)(34)(56)(8)(9), G =(186)(294)(357),

o 9 = =, E 9ac



V= (127)(34)(56)(8)(9), G =(186)(294)(357),
W = (158)(2639)(47),

o F = = = 9ar



V = (127)(34)(56)(8)(9), G = (186)(294)(357),
W =(158)(2639)(47), VGW = identity

o F = = = 9ar



Corollary

Let Hgﬁ be the number of rooted hypermaps in a surface of genus
g, with vertex degrees specified by the parts of «, hyperedge
degrees specified by the parts of 3, and

He
H— Z dﬂ paqﬁzl(a)+l(ﬁ)+2g—2.

Then H is a solution to the KP hierarchy.
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number of hyperfaces by Euler's formula.)



Corollary

Let Hgﬁ be the number of rooted hypermaps in a surface of genus
g, with vertex degrees specified by the parts of «, hyperedge
degrees specified by the parts of 3, and

H
H— Z dﬂ paqﬁzl(a)+l(ﬁ)+2g—2.

Then H is a solution to the KP hierarchy. (We determine the
number of hyperfaces by Euler’s formula.)

Proof.
We have uy =z, up = u3 = --- = 0, and (d;!l)!:%_ 0
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other than 2.



For example, H satisfies the pde

Ikt ]

Fop —F31+ 5Fi111+ 5 /:11—0

Now, in H, substitute

» ps = ps = --- = 0 — this removes vertices of degrees 4 or
more,
> g1 = q3 = g4 = --- = 0 — this removes hyperedges of degrees

other than 2.

The result is a generating series for rooted maps with vertices of
degree at most 3.



For example, H satisfies the pde

Ikt ]

Fop —F31+ 5Fi111+ 5 /:11—0

Now, in H, substitute

» ps = ps = --- = 0 — this removes vertices of degrees 4 or
more,
> g1 = q3 = g4 = --- = 0 — this removes hyperedges of degrees

other than 2.

The result is a generating series for rooted maps with vertices of
degree at most 3. Note that loops and multiple edges are allowed.



But, rooted maps with vertices of degree at most 3 can be
uniquely constructed from rooted maps with all vertices of degree
3 (cubic maps).



But, rooted maps with vertices of degree at most 3 can be
uniquely constructed from rooted maps with all vertices of degree
3 (cubic maps).

A rooted cubic map in the plane with 8 faces.
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Rooted cubic trees, in which all vertices have degrees 1 or 3.



Yy Y

Rooted cubic trees, in which all vertices have degrees 1 or 3.

The generating series T(x), with respect to non-root vertices,
satisfies quadratic equation:

T =x+xT2



H%H,HL,TJQ..



H%H,HL,TJQ..

® o =~ @o—0 '06—0—0 '06—90—0—0 '



Let S={(n,g): n>-1,0< g < 3(n+1)} = {(~1,0),(0,0),
(1,0),(1,1),...},
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(1,0),(1,1),...}, and T(n,g) be the number of rooted
triangulations in a surface of genus g, with 2n faces,
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c(n,g) =(@Bn+2)T(n,g).



Let S ={(n,g): n > ~1,0< g < 3(n+1)} = {(~1,0),(0,0),
(1,0),(1,1),...}, and T(n,g) be the number of rooted
triangulations in a surface of genus g, with 2n faces, and
c(n,g) =(Bn+2)T(n,g). Then

4(3n+2)
n+1

for (n,g) € S\ {(—1,0)}, where the sum is over S x S, with
i+j=n—2and h+ k=g.

c(n,g) =

(n(3n ~2)c(n—2,g 1)+ > c(i, h)e(, k)) ,



Let S ={(n,g): n > ~1,0< g < 3(n+1)} = {(~1,0),(0,0),
(1,0),(1,1),...}, and T(n,g) be the number of rooted
triangulations in a surface of genus g, with 2n faces, and
c(n,g) =(Bn+2)T(n,g). Then

4(3n+12)
n+1
for (n,g) € S\ {(—1,0)}, where the sum is over S x S, with

i+j=n—2and h+ k = g. The initial conditions are
c(—1,0) = % and c(n,g) =0 for (n,g) ¢ S.

c(n,g) = (n(3n —2)c(n—2,g—1)+ Z c(i, h)c(j, k)) ,



asd

For example, T(1,0) = 4,



asd

For example, T(1,0) = 4, obtained by the 1 + 3 rootings of the
maps above.



For example, T(1,1) =1,



For example, T(1,1) = 1, since there is only 1 rooting of the map
above.



It is known that the asymptotic number of maps in many classes,
rooted and unrooted (including rooted triangulations), is given by

5
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where N is the number of edges, «, 3, 7y are constants, and t, is
determined implicitly.



It is known that the asymptotic number of maps in many classes,
rooted and unrooted (including rooted triangulations), is given by

5
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where N is the number of edges, «, 3, 7y are constants, and t, is
determined implicitly.

Recently, our quadratic recurrence for triangulations has been
analyzed by Bender, Gao, Richmond, and they have been able to
give explicit asymptotics, and hence an explicit form for t,.



Problems

» Give a combinatorial proof that the generating series for
rooted maps with vertices of degrees at most 3 satisfies the
pde

Faz— F31+ 5Fii11+ 3F =0.

IRt ]



Problems

» Give a combinatorial proof that the generating series for
rooted maps with vertices of degrees at most 3 satisfies the
pde

Faz— F31+ 5Fii11+ 3F =0.

IRt ]

» Give a combinatorial proof that the number T(n, g) of rooted
triangulations in a surface of genus g with 2n faces satisfies
the recurrence

c(n,g) = 4(?77_:_12) (n(3n —2)c(n—2,g—-1)+ Z c(i, h)c(y, k))

where c(n,g) = (3n+2)T(n,g).



