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is known as the Harish-Chandra-Itzykson-Zuber integral:
integration over the group of N x N unitary matrices, z is a
complex parameter, A, B are N x N complex matrices, dU is Haar
measure.

We consider the free energy Fy(z) = 7z In(2).
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of all orders. Let 0 < r < r., where r, = % Then Fy(z) admits
an N — oo asymptotic expansion of the form

Fn(z) ~ Z Cﬁlg?a
g=0

uniformly on D(0,rM~2). Each coefficient C4(z) is a holomorphic
function of z on D(0, reM~2), with Maclaurin series

G(2) = Z Cg,d]-
d=1 ’
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The Flg(a,ﬁ) are (double) Monotone Hurwitz numbers.
Without 5, we have (double) Hurwitz numbers Hg(c, ).
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satisfies the join-cut equation

IZ(+ OH + &°H i, OHOH
= .j plpja Jpl+J8 8 .jpl+Ja 8PJ

8H

and is a solution to the 2D Toda lattice hierarchy, KP hierarchy,
KdV hierarchy. (Witten's conjecture).
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Hurwitz numbers and Hodge integrals

The ELSV Theorem (Ekedahl, Lando, Shapiro, Vainshtein): o+ d,

m

i (2g =2+ m+d)ld! o
He((oa, ..., am),19) = Autal Ha—’i!Pg(al,...,am),
i=1
where Pg(ai,...,am) is a polynomial in a1, ..., am given by

- 1— M+ (-1)8A
Pe(on,...,am) = /Mg,m (1— o) (1 - O‘mwi’)’

where M, , is the (compact) moduli space of stable m-pointed
genus g curves, 91, ..., ¥y are (complex) codimension 1 classes,
Ak is the (complex codimension k) kth Chern class of the Hodge
bundle.
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Let Hg(a) = Hg(a, (1%)), a single Hurwitz number. Then

() a;
Ho(a) — (9= 2+ de))d! <H o )de(a)E‘?

|Aut o a;!

£(a) o

~ (d+Lla))d! 1 a;
Fh(a) = [Auta| 24 H a;!

i=1

o)
o (df(a) _ gla)-1 _ Z(k — 2)!d£(a)kek(04)) :

k=2
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Consider the functional equation

andlet p =) %}rlpmwm. Then

d2H—6 H—1I1 1_5
<Zdz> 0 =0, 1—£(Og( - 9) _)a

the generating series for single Hurwitz numbers in genus 0, 1.
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Hurwitz numbers in genus 2, 3 - generating series

Let ¢; = Zle %me’", i>1(so¢=¢g). Then

2

1 <&m—=m¢2+7¢1 29¢1<z>2—25¢%+ 2863 )

T560 0\ (1-0P | (1-9f | (1-ep
Hoo 1 35¢6 — 147¢5 + 205¢4 — 93¢3 3430009
3~ 2003040 ( (1—¢)5 - ¢)10)

(ELSV Theorem, together with string, dilaton equations.)
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The single Hurwitz generating series

o] Zd o] £
H(z,t,pl,...):Z—IZ—l Hg (@) pa

d=1 " r=0 " ord

satisfies the join-cut equation

aH 12( N OH + 0’H L 8H8H
= = J P,PJa JpI+J8 (9 JP:-Ha 8

with initial condition H(z,0, p1,...) = zp1.
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o of cycle type a and the 7; are transpositions;

The product o7y ... 7, equals the identity permutation;
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Let C, denote the formal sum of all permutations in the conjugacy
class with cycles lengths specified by the parts of a.. Then for
single Hurwitz numbers, we consider

[Cld]cacgld72.
Let Jim = > 1<icm(i m), the Jucys-Murphy elements (so

Ji+ ...+ Tg =Cy14-2). Then for single monotone Hurwitz
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where h, is the complete symmetric function of degree r.
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~

Fole) = [ (H( )@

where (x)™ = x(x + 1) - - (x + m), the rising product with m
factors. By convention, when m < 0,

1
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where ex(2ac 4 1) is the kth elementary symmetric polynomial in

2051 =+ 1,2&2 =+ ]_, .. ,2045((1) + 1.
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Generating series in genus 0 and 1

Hurwitz:  w = ze?,
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0= Zle %pmwm, ¢ Zm>1 ml Pmw

s mesl(3)

Monotone Hurwitz: s =z(1—~)72,
Y= m>1 (%T)Pmsmv N=2m>1(2m+ 1)(2,;1”)Pm5m-

d d — _ 1.2 — _ 1 zZ 285
(2Zdz 1) 2ZEHO =7 i"}/ N H]_ = 2z |Og <<S> E .
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Hurwitz: Let ¢; = Zmzl T=pPmw™, i > 1 (so ¢ = ¢g). Then

H>

H, =
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