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MONOTONE HURWITZ NUMBERS AND THE HCIZ INTEGRAL
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ABSTRACT. Motivated by results for the HCIZ integral in Part I of this paper,
we study the structure of monotone Hurwitz numbers, which are a desym-
metrized version of classical Hurwitz numbers. We prove a number of results
for monotone Hurwitz numbers and their generating series that are striking
analogues of known results for the classical Hurwtiz numbers. These include
explicit formulas for monotone Hurwitz numbers in genus 0 and 1, for all
partitions, and an explicit rational form for the generating series in arbitrary
genus. This rational form implies that, up to an explicit combinatorial scaling,
monotone Hurwitz numbers are polynomial in the parts of the partition.
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0. INTRODUCTION

This paper is a continuation of [I3]. In [I3], we studied the N — oo asymptotics
of the Harish-Chandra-Itzykson-Zuber matrix model on the group of N x N unitary
matrices, and showed that the free energy of this matrix model admits an asymp-
totic expansion in powers of N2 whose coefficients are generating functions for
a desymmetrized version of the double Hurwitz numbers [20, 24] which we called
the monotone double Hurwitz numbers. The monotone double Hurwitz number
H ¢(e, B) counts a combinatorially restricted subclass of the degree d branched cov-
ers f : C — P! of the Riemann sphere by curves of genus g which have ramification
type o F d over oo, 8 F d over 0, and r = 29 — 2 4 {(a) + £(8) additional sim-
ple branch points at fixed positions on P!, the number of which is determined by
the Riemann-Hurwitz formula. The results of [13] thus prove the existence of an
asymptotic expansion in the HCIZ matrix model and provide a topological interpre-
tation of this expansion, thereby placing the HCIZ model on similar footing with
the more developed theory of topological expansion in Hermitian matrix models
[T, 2, 3, @, 21]. See [0, [7] for previous results in this direction.

In this article, we give a thorough combinatorial analysis of the monotone single
Hurwitz numbers ﬁg(a) = ﬁg (@, (1%)), which count branched covers as above which
are unramified over 0 € P!. As explained in our first paper [13], the fixed-genus
generating functions of the monotone single Hurwitz numbers arise as the orders of
the genus expansion in the “one-sided” HCIZ model. The one-sided HCIZ model is
obtained when one of the two sequences of normal matrices which define the HCIZ
potential has degenerate limiting momentsﬂ

Our study of the monotone single Hurwitz numbers ﬁg(a) is motivated by the
following result, which is a degeneration of the main theorem in our first paper [13]
Theorem 0.1].

Theorem 0.1. Let (An), (Bn) be two sequences of N x N normal matrices whose
spectral radii are uniformly bounded, with least upper bound

M :=sup {p(An),p(Bn): N > 1},

and which admit limiting moments

N D

e i AN
N R

—Yp = lim Ntr(BN)

of all orders. Suppose furthermore that the limiting moments of By are degenerate:
Y = 01x. Let 0 <1 < 1., where ro is the critical value

2
Te = —.

27

INote that this cannot happen if one restricts to potentials defined by Hermitian matrices,
since degeneracy would then violate the Hamburger moment criterion.
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Then, the free energy Fi(2) of the HCIZ model with potential V = zN tr(ANU ByU™)
admits an N — oo asymptotic expansion of the form

()~ G
g=0

which holds uniformly on the closed disc D(0,rM~2). Each coefficient Cy(z) is a
holomorphic function of z on the open disc D(0,r.M~?), with Maclaurin series

o d
z

Og(z) = E ngﬁa
d=1 :

where
Coa = Zﬁg(a>¢a
akd
and ﬁg(a) is the number of (r + 1)-tuples (o, 71,...,7.) of permutations from the

symmetric group S(d) such that

(1) o has cycle type o and the T; are transpositions;

(2) The product oty ... T, equals the identity permutation;

(3) The group (o, T1,...,Tr) acts transitively on {1,...,d};
(4) r=2g—2+4(a) +d;

(5) Writing 7, = (8; t;) with s; < t;, we have t; < -+ < t,.

Conditions (1) — (5) above may be taken as the definition of the monotone single
Hurwitz numbers ﬁg(a); note that they differ from the classical single Hurwitz
numbers H,(«) only in the constraint imposed by Condition (5)El According to
Theorem the coefficients Cy(z) in the N — oo asymptotic expansion of the one-
sided HCIZ free energy are generating functions for the monotone single Hurwitz
numbers in fixed genus and all degrees. In this article, we study the Witten-type
formal generating series of the monotone single Hurwitz numbers in all degrees and

genera, i.e. we study the limit object associated to the one-sided HCIZ free energy
directly.

0.1. Main results and organization. In this paper we study the structure of
monotone Hurwitz numbers, and focus in particular on the striking similarities
with classical Hurwitz numbers, which are present in almost every aspect of the
theory. The classical Hurwitz numbers [22] have enjoyed renewed interest since
emerging as central objects in recent approaches to Witten’s conjecture [26]. Our
main results are stated without proof in this section. They are interleaved with
the corresponding results in the theory of classical Hurwitz numbers in order to
emphasize these similarities.
Introduce the generating function

— > z > ) S
(O]‘) H(z7t7p17p27 s ) = Z jzﬂ H (Oé)pa,

2 Note that the usual geometric definition of the Hurwitz numbers contains a further division
by d!, which is omitted here.
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where H"(a) = H,(a) with r = 29 — 2+ £(a) + d and z,t,p1, pa, . .. are indetermi-
nates. In Section [1} we provide a global characterization of H in a manner akin to
Virasoro constraints in random matrix theory: the monotone join-cut equation.

Theorem 0.2. The generating function H is the unique formal power series solu-
tion of the partial differential equation

2% Dz P11 | = 2 A J)PiPj api+j IPi+j 3pi5pj IPi+j api apj
with the initial condition [z°JH = 0.

Note that this is almost exactly the same as the classical join-cut equation [15] 18]

oH 1 O0H 0’H OH 0H
02)  SE = S i+ iIpipi— P + P g
0:2) ot 2 7:%1( PP Opitj 7 Opiop; 7 Op; Op;
which, together with the initial condition [t°]H = 2p;, characterizes the generating
function

oo Zd o0 tr
(03) H(Z,t,pl,pg,...):ZEZEZHT(OC)]?Q

d=1 r=0 akd
of the classical Hurwitz numbers, the only difference being that the left-hand side is
a divided difference rather than a derivative with respect to ¢. This is a consequence
of the fact that, in the monotone case, ¢ is an ordinary rather than exponential
marker for the number 7 of simple ramification points since the transpositions 7;
must be ordered as in Condition (5) of Theorem [0.1

In Sections [3| and 4} we obtain explicit formulas for the low genus cases ﬁo(a)

and Hy(c). The first of these is as follows.

Theorem 0.3. The genus zero monotone single Hurwitz numbers ﬁo(a), atd
are given by

()
|Aut ol - 204 W(a)—3
Ho(a) = || 2d + 1)t
a1 o(a) I, (2d+1) )

where B
(2d+1)F = (2d +1)(2d +2)--- (2d + k)
denotes a rising product with k factors, and by convention
@d41)f—— 1
(2d 4k +1)=F
for k <0.

In the extremal cases a = (1) and o = (d), this result was previously obtained by
Zinn-Justin [27] and Gewurz and Merola [12], respectively. Theorem [0.3]should be
compared with the well-known explicit formula for the genus zero Hurwitz numbers

o) o
(0.4) | A‘;!t ol Ho(a) = (d — 2 + £(a))! ( I1 %)daa)—g

aq!
i=1 1
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published without proof by Hurwitz [22] in 1891 and independently rediscovered
and proved a century later by Goulden and Jackson [15].
The explicit formula for genus one monotone Hurwitz numbers is as follows.

Theorem 0.4. The genus one monotone single Hurwitz numbers ﬁl(a), atdare
given by
£(a)

|Aut o] - 1 2a;
Hi(a)= —
g Ml =5 1;[1 o
()

x ((2d + 15 —3(2d + 1)1 = 57 (k- 2)(2d + 1) Fey (20 + 1)),
k=2

where e (2a+1) is the kth elementary symmetric polynomial in 20;+1,1 < i < £().

This result should be compared with the explicit formula for the genus one classical
Hurwitz numbers H;(«),

£(a) )
| Aut ] _ (d+ o)) o
dl Hy(a) = 24 !
=1
(0.5) £(e)
« | gtlo) _ gtla)=1 _ Z(k — 2)!dz(o‘)_k€k(a) )
k=2

which was conjectured in [I8] and proved by Vakil [25], see also [16].

Via Theorem theorems and yield explicit forms for the first two
orders in the free energy of the one-sided HCIZ model. These results may be
compared with the first two orders in the free energy of the Hermitian one-matrix
model, which for example in the case of cubic vertices were conjectured by Brézin,
Itzykson, Parisi and Zuber in [5] and rigorously verified in [2].

In Section [d, we obtain explicit forms for the fixed-genus generating functions

P

(06) ﬁg(27p17p27"'):Zﬁg(a)paa

d=1
for the monotone single Hurwitz numbers in terms of an implicit set of Lagrangian
variables.

Theorem 0.5. Let s be the unique formal power series solution of the functional
equation
s=z(1-7)7"

in the ring Q[|z, p1,p2, . . .||, wherey = Zk21 (Qkk)pksk. Also, definen = Zk21(2kz+
1)(2,f)pksk. Then, the genus one monotone single Hurwitz generating series is

H, (2 )= o lo L —110L—i10 52%
1(%,P1,P2, - Y gl_n 8 g1_7*24 g 5 5z )

and for g > 2 we have

39g—3

- Cg,a
Hg(Z,plaPQa-~-):_Cg,(0)+ 2g 2 Z Z - ?(0)7
d=0 (xl—d
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where

: 2%
nj = ij(2k+1)(k>pk5k7 j>1,

E>1
and the cg.o are Tational constants. In particular, for the empty partition,
c = B
O = T 1Y
#O7 Tag(g—1)
where Bag is a Bernoulli number.

These explicit forms for ﬁg should be compared with the analogous explicit
forms for the generating series

o
(0.7) Hy(z,p1,p2,--.) ZZ _2+g )) )lp“a

d= la)—d

for the classical single Hurwitz numbers. Adapting notation from previous works
[16, 017, 19] in order to highlight this analogy, let w be the unique formal power
series solution of the functional equation

w = ze

in the ring Q[[z, p1, p2, - - - |], whereéle€>1 k,pkw Also, define ¢ = Zk>1 ?lpkwk.

Then, the genus one single Hurwitz generating series is [16]

1 2\ 20w
Hieppe ) = dilos s — 4o = dos ((2) 52) )

and for g > 2 we have [19]

3g—3

ag,09
(08) Hg(zaplap2a e ) = 2g 2 Z Z oy Z(X)’
d=1 od—d
where
fk+it+1 )
¢j = Z Tpkwk, Jj=1,

E>1
and the a4, are rational constants.
For genus g = 2, 3, these rational forms are given in the Appendix of this paper.
The corresponding rational forms for the classical Hurwitz series can be found in
[17]. Comparing these expressions, one may observe that in all cases

(0.9) Cga =230y, al3g-3,

for g = 2,3.
A key consequence of Theorem [0.5] also proved in Section [} is that it implies
the polynomiality of the monotone single Hurwitz numbers themselves.
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Theorem 0.6. To each pair (g, m) with (g,m) ¢ {(0,1),(0,2)} there corresponds
a polynomial ]39 in m variables such that

[Auto| - "
|OL|' Hg(a):

for all partitions o with £(a) = m.

Theorem is the exact analogue of polynomiality, originally conjectured in [I8],
for the classical Hurwitz numbers, which under the same hypotheses as in Theorem
asserts the existence of polynomials P, in m variables such that

m @

Hy(a)=(29—2+m+ |a|)!(H zii! >Pg(a1,...,am)

i=1

| Aut o
!

for all partitions o with m parts. The only known proof of this result relies on the
ELSV formula [§]

(0.10)

T—=A 4+ (=1)9A
(0.11) Pg(al,...7am):/M (10&12&;.”5(&%).

Here Mg’m is the (compact) moduli space of stable m-pointed genus g curves,
¥1, ..., ¥m are (complex) codimension 1 classes corresponding to the m marked
points, and Ay is the (complex codimension k) kth Chern class of the Hodge bundle.
Equation should be interpreted as follows: formally invert the denominator
as a geometric series; select the terms of codimension dim M, ,,, = 3g — 3 +m; and
“intersect” these terms on ﬂg,m. In contrast to this, our proof of Theorem is
entirely algebraic and makes no use of geometric methods.

A geometric approach to the monotone Hurwitz numbers would be highly desir-
able. The form of the rational expression given in Theorem [0.5] in particular its
high degree of similarity with the corresponding rational expression for the
generating series of the classical Hurwitz numbers, suggests the possibility of an
ELSV-type formula for the polynomials 139. Further evidence in favour of such a
formula is that the summation sets differ only by a contribution from the empty
partition, which is itself a scaled Bernoulli number, of known geometric signifi-
cance. Finally, observe that the ELSV formula implies that the coefficients a4 o in
the rational form are themselves Hodge integral evaluations, and for the top
terms a F 3g — 3 these Hodge integrals are free of A-classes — the Witten case.
Equation , which deals precisely with the case a F 3g — 3, might be a good
starting point for the formulation of such a geometric result.

Section [1f closes with two results left unstated here, since they are of a more
technical nature than those summarized above. These are a topological recursion
in the style of Eynard and Orantin [11]], and a join-cut equation for the monotone
double Hurwitz series. Unlike the classical case [20], the join-cut equation for the
monotone double Hurwitz numbers does not coincide with the join-cut equation for
the single monotone Hurwitz numbers.

0.2. Acknowledgements. It is a pleasure to acknowledge helpful conversations
with our colleagues Sean Carrell and David Jackson, Waterloo, and Ravi Vakil,
Stanford. J. N. would like to acknowledge email correspondence with Mike Roth,
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Queen’s. The extensive numerical computations required in this project were per-
formed using Sage, and its algebraic combinatorics features developed by the Sage-
Combinat community.

1. JOIN-CUT ANALYSIS

In this section, we analyse the effect of removing the last factor in a transitive
monotone factorization. From this, we obtain a recurrence relation for the number
of these factorizations, and differential equations which characterize some related
generating series.

1.1. Recurrence relation. Let M"(a) be defined by

(1.1) H'(a) = |Co| M" ().

It follows from the centrality of symmetric functions of Jucys-Murphy elements,
see [13], that M"(«) counts the number of (r + 1)-tuples (0,71, ...,7) satisfying
conditions (1) — (5) of Theorem where oy is a fixed but arbitrary permutation
of cycle type a.

Theorem 1.1. The numbers M"(«) are uniquely determined by the initial condi-
tion

(1.2) MO(a) = {1 fa=e,

0 otherwise,

and the recurrence

(1.3) M aU{k}) = Kmp ()M (a\{K}U{k+k})
k'>1
k—1
+ Y M (aU{k k- k1)

k'=1

k-1 r
33N M@ UE M (@ \ o/ Uk - K}),
k'=17r"=0a’'Ca
where mys («) is the multiplicity of k' as a part in the partition «, and the last sum
is over the 2°(%) subpartitions o/ of a.

Proof. As long as the initial condition and the recurrence relation hold, uniqueness
follows by induction on r. The initial condition follows from the fact that for » = 0
we must have o = id, and the identity permutation is only transitive in S7.

To show the recurrence, fix a permutation o € Sy of cycle type aU{k}, where the
element d is in a cycle of length &, and consider a transitive monotone factorization

(14) (a1 bl)(ag b2)~-(a,« br)(ar+1 br+1) = 0.

The transitivity condition forces the element d to appear in some transposition, and
the monotonicity condition forces it to appear in the last transposition, so it must
be that b1 = d. If we move this transposition to the other side of the equation
and set 0/ = (@41 bry1), we get the shorter monotone factorization

(15) ((Zl bl)(ag b2)~~~(arbr) :UI.
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Depending on whether a,41 is in the same cycle of o’ as b,41 and whether (1.5) is
still transitive, the shorter factorization falls into exactly one of the following three
cases, corresponding to the three terms on the right-hand side of the recurrence.

(1.6)

(1.7)

(1.8)

Cut: Suppose a,+1 and b,y are in the same cycle of ¢’. Then, ¢ is obtained

from ¢’ by cutting the cycle containing a,+; and b,y; in two parts, one
containing a,41 and the other containing b,11, so (a,41b,41) is called a
cut for o', and also for the factorization . Conversely, a,41 and b4
are in different cycles of o, and ¢’ is obtained from o by joining these two
cycles, so the transposition (a,41 br11) is called a join for o. Note that in
the case of a cut, is transitive if and only if is transitive.

For k' > 1, there are k'my/ (a) possible choices for a4 in a cycle of o
of length k' other than the one containing b, ;1. For each of these choices,
(art1br11) is a cut and o’ has cycle type o\ {k'} U {k + k’}. Thus, the
number of transitive monotone factorizations of o where the last factor is
a cut is

3 Kmp ()M (a\ {K'} U {k+ K'}),

k'>1

which is the first term in the recurrence.

is transitive. Then, we say that (a,41 br41) is a redundant join for (1.4)).

The transposition (a,+1br41) is a join for o’ if and only if it is a cut
for o, and there are k — 1 ways of cutting the k-cycle of o containing b, ;.
Thus, the number of transitive monotone factorizations of ¢ where the last
factor is a redundant join is

Redundant join: Now suppose that (a,41 b,+1) is a join for ¢’ and that (1.5))

k-1

> M (aU{K,k—kY}),

k'=1

which is the second term in the recurrence.

Essential join: Finally, suppose that (a,41br41) is a join for ¢’ and that

is not transitive. Then, we say that (a,y1b.+1) is an essential join
for (T.4). In this case, the action of the subgroup ((a1 b1),..., (a, b)) must
have exactly two orbits on the ground set, one containing a,y; and the
other containing b,1. Since transpositions acting on different orbits com-
mute, can be rearranged into a product of two transitive monotone
factorizations on these orbits. Conversely, given a transitive monotone fac-
torization for each orbit, this process can be reversed, and the monotonicity
condition guarantees uniqueness of the result.

As with redundant joins, there are k — 1 choices for a,41 to split the
k-cycle of ¢ containing b,1. Each of the other cycles of o must be in one
of the two orbits, so there are 2¢(®) choices for the orbit containing Grg1-
Thus, the number of transitive monotone factorizations of ¢ where the last
factor is an essential join is

k—1 r
NN M@ URHM T (a\ o U{k— k'),

k'=1r"=0a'Ca

which is the third term in the recurrence. O
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1.2. Operators. To write the recurrence from as a differential equa-
tion for some generating series, we introduce some operators. They will be used in
later sections to manipulate this equation and solve it.

Definition 1.2. The three lifting operators are the Q[[z, y, 2, p1, p2, - - .]]-linear dif-
ferential operators
0 0 0
Ag;:kak—, Ay:Zk‘yk—, AZ:Zk‘zk—.
=1 o = o = O

The combinatorial effect of A,, when applied to a generating series, is to pick a
cycle marked by py, in all possible ways and mark it by kz* instead, that is, by z*
once for each element of the cycle. Note that A,x = 0, so that

2
(1.9) A2 =" ijatt 0

These operators are called lifting operators because of the corresponding projection
operators:

Definition 1.3. The three projection operators are the operators

M= 2+ Y pele’l, I, =00+ Sml, L=+ Y pleb)

k>1 k>1 k>1
where II, is Q[[y, z,p1,p2, .. ]]-linear, II, is Q[[z, z, p1,p2, .. .]]-linear, and II, is
Ql[[z,y,p1,p2, .. .]]-linear. These operators commute and are idempotent, and I, =

I 11, 11y, = II.IL,II,, etc. denote their compositions.

The combined effect of a lift and a projection when applied to a generating series
in Q[[p1, p2, - -.]] is given by

d
(1.10) LA, =IL,A, =LA, = ka’“aT;k'

k>1

The identity

(1'11) AwHyf = |:y88yf:| +HyAxfa
y=z

which holds for f € Q[[z, y, 2, p1, P2, - - .]], will be useful later on, and can be checked
by verifying it on elements of the form x4y 2*p,. We will also need some splitting
operators.

Definition 1.4. The splitting operator is the Q|[[p1, p2, . . .]]-linear operator defined
by

Split(zF) = 2%ty + 287292 4 .. p ayh?

Ty
for k& > 2, and by Split,_,, (1) = Split,_,,(z) = 0. If f(z) is a power series in z
over Q[[p1,pa, . ..]] with no constant term, then

(1.12) Split (f(x)) = yf(@) = =fy)

Ty r—=Yy
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The combined effect of a lift, a split and a projection on a generating series in
Q[[p17p27 . H is

(1.13) T, Split Ay = > (i + 5)

PiDj 7 —-
Ty i1 apz+]

1.3. Differential equations. With the lifting, projection and splitting operators,
we can write the recurrence of in terms of generating series.

Theorem 1.5. For f = f(z,t,x,p) € Q[[z,t,2,p1,Dp2, .. .]], the differential equation
(1.14) f oz =TI, Split f + A, f + f>
t Ty

has the unique solution f = Amﬁ(z, t,p).

Proof. The coeflicient [t"]f of a solution f € Q[[z,t,z,p1,ps, .. .|]] can be computed
recursively from coefficients [t™]f for 7 < r, with the base case [t°]f = zz. Thus,
by induction on r, such a solution exists and is unique.

To show that A,H is a solution, we use the fact that (T.14) is equivalent to the
initial condition and recurrence from [Theorem 1.1} Indeed, multiplying by

Zdtrpal,k

[Lisy ™ @m;(a)!

d
z
(1.15) it pak(mi(@) + 1) |Caugy| =

and summing over all choices of d,r, o,k withd >k > 1, abd—k and r > 0 gives

AH - . . .
S T2 1, Split ALH + A2H + (A,H)?,

t T—=Y

(1.16)

as shown by the following computations. We have

d
(1.17) A =3 2 Pk o (o)
=i Ok
d>1
r>0
akd
d
< ' T
(1.18) = > it pak(mi(e) + 1) |Coupy| MT(a U {k})
k>1
d>1
r>0
aFd—k
2 paaP M (o U {k}
(1'19) = Z H im (a) o . | )
k>1 i1t m;(a)!
d>1
r>0
atd—k
so that
AH - 2z B 2T po P M (a U {k))
= i>11 m;(a)!
d>k
r>0

ard—k
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which gives the left-hand side of (1.3]) and (1.16]). Next, we have
zdt’pau{k/}mk*k'Mr(a U{k})

L5, im@m, ()

1.21) I, Split A, H =
Y
I*)y ,

E'>1

E>E 41
d>k
r>0
atFd—k

dyr /
2" po K my
(1.22) _ Z Pa K (a

E>1 H

d>k

r>0

akd—k

k'>1,k ca

)z M (a\ {K'} U {k + K'})

L (@ m (a)! ’

(1.23)

where the second line is obtained from the first by reindexing, replacing k by &k + k'’
and a by «\ {k'}. This is the first term of the right-hand side of ([1.3)) and (1.16).
Also, we have

APH — Z Y 0 M parF MT(a U {k})

1.24
(1.24) Ope [l imi@Imi(a)!

B Z 2 paE M (U {K' k — K'})

1.25
(1:29) [y ™ @mie)l

k'>1
E>k41

d>k

r>0
atFd—k

where the second line is obtained from the first by removing terms which vanish
(that is, with k" ¢ a) and reindexing, replacing k by k — k' and o by aU{k’}. This
is the second term of the right-hand side of (|1.3) and (1.16)). Finally, we have

(1.26)

(Azﬁ)Q = Z

k'>1 k>1

d'>k’  dzk

/;0 r>0
whdi—p ok

(12r) = Y >

2 e R M (o UK )M (U {k})
[Lis imi(@+miedm; (a)tm;(a’)!

Zdtrpaxk'MT/(a' U {kjl})MT._T,(Oé \ o' U {k _ k/})
—1

mi(c)
K>1 E>k +1 [Lisyim™ L@m; ()l () 7(a,))
d'>k  d>ktd —k
>0 r>r'

o'td =k akd—k,a'Ca
-y 3 2 pxF M (o U{K )M (a\ o/ U{k —K'})

1.28
(1:25) [Tis1 i@ (a)! ’

k>1 k'>1,k'<k—1

d>k a'Ca
r>0 ’ )
abd—k T 20Tsr

where the second line is obtained from the first by reindexing, replacing d by d —d’,
k by k—k’ and o by a\ @’; and the third line is obtained by replacing the summation
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over o F d — k' by a summation over the 2¢®) subpartitions of «, weighted by

Hi21 (71::;((3'))) to account for the resulting overcount. This is the third term of

the right-hand side of ([1.3) and (L.16). O

As a corollary, we obtain a proof of the monotone join-cut equation.

Proof of Theorem[0.4 This equation is the result of applying the projection operator

111, to (1.16)), and simplifying with (.10, (L.13), (L.9), and noting that

OH .  OH
(1.29) > kpro—H=2z——,
k1 Pk

so it is satisfied by H. Except for [zo]ﬁ, uniqueness of the coefficients of H follows
by induction on the exponent of the accompanying power of . [

In what follows, it will be convenient to specialize z = 1 in our generating series
for monotone Hurwitz numbers.

Definition 1.6. For g > 0, the genus g generating series for monotone single
Hurwitz numbers is

— Pa =
(130) Gg :Hg(laplaan"') :Z?THQ(&)7
a>1
akd

and the genus-wise generating series for all monotone single Hurwitz numbers is

(1.31) G =G(t,p1,p2,...) = Y _t'Gy.

g=>0

Note that this generating series is equivalent to ﬁ, via the relations

(132) G(tap17p27 cey Pkes - - ) = tﬁ(la t1/27 tilpla t73/2p25 s ati(kJrl)/zpka . )
(1.33) ﬁ(z, EDL D2y s Dhs - 2) = U 2G (82, 282py, 228, ... 2R pe L)

In addition to replacing the marker for number of transpositions by a marker for
genus, the marker z for the size of the ground set has been removed from G; this
is mainly to simplify the task of keeping track of whether the operators apr Aare
considered as z-linear or s-linear operators, where z and s are related by a functional
relation, as in [I'heorem 0.5} See [section 2| for the details.

Theorem 1.7. For f = f(t,z,p1,p2,...) € Qt,z,p1,pe, ..., the differential equa-
tion
(1.34) f=T0,Split f +tA f+ f* +a

"E—)y

has a unique solution with no constant term, f = Ay G(t, p1,p2,...). Furthermore,

the series Ay Go € Q[[x, p1,pa2, - . .]] is uniquely determined by the equation
(1.35) A,Go =11, Split A, Go + (A, Go)? +
Ty

and the requirement that it have no constant term. For g > 1, the series G4 €

Ql[[z, p1,p2, - - .]] is uniquely determined by the equation
g—1
(1.36) (1 —2A,Go — Split> NGy =A2G, 1+ > AyGy A,Gy .
=y

g'=1
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Proof. Equation (|1.34) can be obtained directly from the recurrence in{Theorem 1.1
as in the proof of by using the weight

$(r—L(a) 7d+2)/2paxk

[Tis1 imi(@m,(a)!’

or from (I.16)) by using the substitutions . Extracting the coefficient of t° in
(1.34) gives (1.35). The uniqueness comes from the fact that is equivalent
to the recurrence in Extracting the coefficient of t9 for g > 1 gives
(1.36]) after moving some terms to the left-hand side to solve for A;Gy. O

(1.37)

Note that expresses the image of A, Gy under a Q[[p1,p2, . . .J]-linear op-
erator in terms of generating series for lower genera. Our strategy to obtain A, Gy
(and hence G) is to use to verify a conjectured expression for the coefficients
of A,Gy, and then to invert the linear operator in .

1.4. Topological recursion. For the purposes of this section, let « = (o, @a, ..., ap)
be a composition of d instead of a partition; that is, we still have oy +as+---+ay =

d, but we no longer require a; > ag > - -+ > «y. Also for this section only, for given

g > 0and ¢ > 1, consider the generating series

B ﬁ Q) a1—1_ 00— ap—
(1.38) Hy(z1,22,...,20) = Z |é(|)x11 Teg2 e,

a1,02,...,002>1

This series for monotone Hurwitz numbers, which collects only the terms for o with
a fixed number of parts, is analogous to the series
Hy(z1,22,...,2¢) for Hurwitz numbers considered by Bouchard and Marino [4}
Equations (2.11) and (2.12)].

One form of recurrence for Hurwitz numbers is expressed in terms of the series
Hy(x1,22,...,2¢). This is sometimes referred to as “topological recursion” (see,
e.g., [4, Conjecture 2.1]; [I0, Remark 4.9]; [11], Definition 4.2]).

Theorem 1.8. For g >0 and ¢ > 1, we have

(139) IjIg(xl,x% - ,SCZ) = (59’0(5&1 + $1ﬁ971($1,$171’2, ey (Ee)

e — ~ —
+Zi (leg(xl,...,xj,...xg) —xng(xQ,...,xg)>

Tl — Iy

g
+ Z Z 1 Hy (x1, 25)Hg_g (21, 25),
9'=08C{2,....k}
where T1,...,Tj,...x¢ 15 the list of all variables x1,...,x; except x;, xs is the
list of all variables x; with j € S, and x5 is the list of all variables x; with j €

(2, k}\ S.

Proof. The result follows routinely from the monotone join-cut recurrence in

lorem T.11 O

Remark 1.9. Note that as a consequence of its combinatorial interpretation, the
unique solution of the recurrence in is symmetric in the variables
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T1,%2,...,%e, even though the recurrence itself is asymmetric between x; and
T2y, Xy

For (g,¢) = (0,1), the recurrence above reduces to the equation Hy(z1) = 1 +
x1Ho(z1)?, so we have

(1.40) Ho(z1) = \gm Zki1(2k> 5

k>0

After some calculation we obtain
4

\/1—4$1\/1—4$2(\/1—4l‘1+\/1—4l‘2) '
If we define y; by y; = 1+ z;y? for i > 1, then

(1.41) Ho(xl,l‘g)

(1.42) Hy(21) = 1,

=3 961y/1$2y/2(5€2y2 — 5811/1)2
1.43 Ho(x1,22) = ,
(1.43) o1, 72) = T (e — 1)(ws — a1)?

Thus, in the context of Eynard and Orantin [I1], we have

where y; denotes %

the spectral curve y, where y = 1 4+ zy?, but it is unclear to us what the correct
notion of Bergmann kernel should be in this case.

1.5. Monotone double Hurwitz numbers. In this section, we give a combina-
torial description of the boundary conditions of the monotone join-cut equation for
monotone double Hurwitz numbers. The monotone double Hurwitz numbers were
dealt with extensively in [I3]; H"(«, 8) counts (r + 2)-tuples (o, p, 71,...,7,) with
p € Cpg, satisfying conditions (1) — (5) of Theorem [0.1| suitably modified.

Theorem 1.10. The generating series

d
_, , z _.
(1.44) H =H(z,t,p,q) = E —t"paqsH" (2, B)
d!
d>1
r>0
a,BHd

for the monotone double Hurwitz numbers satisfies the equation

1/ 0H 24
(1.45) 2t<Z8z zprqy — 22 o= Z d,tpapz+1QﬁqJ+1N (a3 8, J))
J>
v
r>0
akFd—i
Brd—j

*ZH OH i 0*H i OH 0H
2 . J PiPj 5 — Op; ]pz+j ap (9 ]pz+j Ops apj

—_

where N™(a, 1; 8, 7) is the number of transitive monotone solutions of
(1.46) op(ay by)(azbe) - - (arby) =1id

where 0 € Cougiy, p € Cguyjy, and the element d is in a cycle of length i of o and
a cycle of length j of p.
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Proof. The proof is very similar in spirit to the proofs of Theorems [I.I] and [0.2] so
we only sketch the combinatorial join-cut analysis.

For a fixed choice of o € C,y;y with the element d in a cycle of length i and
pE Cﬁu{j} with d in a cycle of length j, consider the monotone factorizations of
p~to~! of length r which correspond to solutions of counted by ﬁ’”(ogﬁ).
These factorizations are counted with a weight of %trpapiqﬁeqj. They are not neces-
sarily the transitive monotone factorizations of p~'o 1, as the subgroup generated
by the transpositions may be a proper subgroup of the subgroup generated by the
transpositions and ¢ and p. However, the join-cut analysis performed for
fem 111 in the case where last factor of the monotone factorization involves the
element d (that is, the cases of cuts, redundant joins, and essential joins) applies
here essentially unchanged anyway, and gives the second term of the left-hand side
of . When doing this analysis, p stays fixed while ¢ is modified, which cor-
responds to the fact that the variables ¢; do not appear explicitly on the left-hand
side of (L.45).

If d > 1 and the element d is not involved in any transpositions, then it must
be a fixed point of op, so there is some element k with p(d) = 0 ~1(d) = k. In this
case, the subgroup

(1.47) (o, p, (a1 b1), (azba),...,(a-b.))
acts transitively on the ground set {1,2,...,d} if and only if £ # d and the subgroup
(148) <0'(k d), (k‘ d)p, (a1 b1)7 (a2 bg), ey (ar br)>

acts transitively on the subset {1,2,...,d — 1}. Let ¢/ = o(kd) and p’ = (kd)p.
Then, 0’ € Cougi—1y with & in a cycle of length i — 1, p’ € Cgyyj—13 with &k in a
cycle of length j — 1, and

(1.49) o'p'(a1b1)(azb2) -+ (a, by) = id

is a transitive monotone solution of (1.46|) counted by N"(«,7 — 1;8,j — 1). This
gives the second term on the right-hand side of (|1.45)).

The last case is where d = 1, and then ﬁr(a, €) = 0r,0, which gives the first term
on the right-hand side of (1.45]). O

2. VARIABLES AND OPERATORS

To obtain the series given in Theorems[0.5]from the join-cut differential equation,
we perform a Lagrangian change of variables. That is, the generating series ﬁg
are defined in terms of the variable z, while the expressions in these theorems
are written in terms of the variable s, and these two variables are related by the
functional relation

(2.1) s=z(1-Y <2kk>pksk

k>1

-2

However, it is more convenient to work with the quantities z*p;, and s*p;, instead
of working with z and s directly. Therefore, we work with the generating series
G, which correspond to ﬁg with z*p,, replaced by p, and introduce another set
of variables, g1, ¢o, . . ., to replace s*py.

In this section, we describe the relation between the variables pq,po,... and
the variables g1, qo,... and introduce the basic power series used to express Gy
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succinctly. We also collect a few computational lemmas. The notation of this
section is used for the rest of this paper.

2.1. Two sets of variables. Let g1, q2,... be a countable set of indeterminates,
and let
2k 2k

(22) = (Pa o= Terrn(Pa

k>1 E>1
be formal power series in these indeterminates. If we set
(2.3) = k(1 —7)*
for all £ > 1, then py,ps,... are power series in ¢, go, . ... Since these power series
have no constant term, and the linear term in py is simply ¢x, they can be solved
recursively to write q1,¢qo,... as power series in pi,p2,.... Thus, we can identify
the rings of power series in these two sets of variables, and write
(2.4) R=Q[p1,p2,-- J] = Qlla1, g2, - ]|

Using the multivariate Lagrange Implicit Function Theorem (see [I4, Theorem
1.2.9]), we can relate the coefficient extraction operators [p,] and [go] as follows.

Theorem 2.1. Let atd > 0 be a partition and f € R be a power series. Then

1—n
(25) [ a}f = [QQ]fW'

Proof. Let ¢ = (1 —~)~%% so that qx = pror. Then, from [I4, Theorem 1.2.9],
we get

0
(2:6) ol = lan) o et (B~ 05 o)
i,5>1

We have ¢, = (1 — )24, and using the fact that det(I — AB) = det(I — BA) for
matrices A and B, we can compute the determinant as

9 2iq; (2§
2.7 det | 6;; —q;j=—1lo ¢7> = det <5i. J <>)
(2.7) (] ]aqj g . j =\ .
o 2ka 2k
25 - Zl—v<k>
E>1
1—7
Let
0

2.9 Dy = pi—, D= kD
( ) k pkapk kg:l k

be differential operators on R. Note that they all have the set {pa}ard>0 as an
eigenbasis, with eigenvalues given by

(2.10) Dipa = mypa,  Dpa = |a|pa,
and consequently commute with each other. Let

0
2.11 Ek =dqk—=—, &= kEk
(2.11) P >

k>1
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be the corresponding differential operators on R for the basis {ga}ard>0. This
second set of differential operators commutes with itself, but not with the first. By
using the relation (2.3)) and computing the action of E; on p;, we can verify that

2qk 2k
2.12 Ep =Dy — D
(212) == 2 (%)
as operators. It follows that

L=

2.1 =—D
(213) £= 11
and

2Qk 2k
2.14 Dy, =E g,
(214) o= 22 ()

so that we can write each set of differential operators in terms of the other. Using
the fact that 2y = n — ~, it will also be useful to note that for any integer ¢ and
any power series A € R,

(2.15) (1 —7)i (26 — 1) ((1 - w‘A) = 1_;3(22) —i)A,

which reduces to the relation (2.13) when ¢ = 0.

2.2. Projecting and splitting. For the series A, G, the change of variables from

P1,P2,- .- 0 q1,q2,... also corresponds to the change of variables from x,y,z to
Z,7, 2 defined by the relations
(2.16) r=i1-7)?%  y=901-7)?% 2=z21-9)>%

Since the power series (1 — «)? is invertible in the ring R, we can identify the
R-algebras R|[x]] and R[[Z]], and similarly for any subset of {z,y, 2} and the cor-
responding subset of {&,¢, 2}. In terms of these variables, we have

(2.17) I, =[]+ > pila®] = [T+ auld*],

and similarly for II,,, II., and

(2.18) Split (f(z)) = yf(@) —=fly) _ 9f(@) —2f(y)

Ty r—y T—9

for a series f(x) € R[[x]] with no constant term in x.

2.3. Series and polynomials. In addition to the series
2k 2k
2.1 = =
(2.19) =3 () = Eer ()
E>1 k>1
we define the series
4 , 2k
2.20 i =E&n= K (2k+1
(2.20) w=&n=3pee ) )a

for j > 0. Note that 179 = 1. Our solutions to the join-cut equation will be expressed
in terms of these. In particular, for genus 2 and higher, G, will lie in the subring

(2.21) Q=QI(1—n) " mA-m "\ nl-n""..]
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of R. The further subring

(2.22) P=QIm1-n""ml-n7"..]cQ

will also be useful, especially in the context of the Q-vector space decomposition

(2.23) Q=a-n"pr.

i>0

Let u, v, w be defined by
(2.24) u=(1-42)"2, o= (1-4§)"2, w=(1—42)"2.
Then, we have

2k\ . a9 uw-ud
2.2 — . N 9
(2.25) U Z<k>x, and Eor 5 By’
E>0
SO
(226) V:Hm(ufl)a U:Hm(U3*1)7 m :Hm%(ug)*ug)v
In fact, if we define
w (0N

o e (2) o,

so that n; = Il;ny, then it can be seen that for j > 1, 1} is an odd polynomial in
u of degree 2j + 3 divisible by (u® —u®). Thus, the set {n}'};>1 is a Q-basis for the
vector space (u® — u?)Q[u?]. This will be useful to show that various expressions

project down to the subring @ of R, or to a particular subspace of Q.

2.4. Lifting. With this notation, it is useful to compute the image of the lifting
operator A, on some elements of R[[%, 9, 2]].

Lemma 2.2.

(2.28) Ay (qr) = ki* + k(uj__:;)% Aalr) = W
(2.29) Aq(2) = w Balu)= (;(31_12)2

230) A = y@lﬂ_—nu) Ay = & 2(116>£v;)_ v)
(2.31) Ax(ny) = mj4a + W

From this list, we can also conclude that A, preserves some important subspaces

of Q[u].
Corollary 2.3. For each i,j > 0, the operator A, restricts to a function

(2.32) Ay (u? —u)i(1 =) Pu?] = (u® —u)™ (1 — )T Plu?).
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3. GENUS ZERO

In this section, we prove Theorem Our strategy is to define the series Gg
by

Cal 7. (20
(31)  Go=)_>> (2d+1)(2d+2)---(2d+{—3) b paHak< )

(69
d>1akFd r>0 k=1

and then to show that the series A, Gy satisfies the genus zero join-cut equation
(1.35)) of [Theorem 1.7l This involves performing a Lagrangian change of variables
to get a closed form for A, Gy.

Theorem 3.1. With the definition above for Gy,

(3.2) (2D — 2)(2D — 1)(2D)Go = “1__777)3 1

Proof. For a - d > 0, p, is an eigenvector of the operator D with eigenvalue d,
so we can use this operator to transform the expression for Gy into a negative
binomial. For oo - d > 1, using we have

(33)  [pa](2D —2)(2D — 1)(2D) G

= (2d — 2)(2d — 1)(2d)(2d + 1) - -- (2d + € — 3)

0
|Ca| 20%
d! k1;[1 A QO

= () G JIG)

= [QQ](l - ’7)2_2d
=)
= [pa]ﬁ~

Remark 3.2. This formula is the main motivation for the definition of s through
the functional relation

-2

(3.4) s=z(1-Y (%f) s*pr,

k>1
and the change of variables from z to s or, equivalently, from p1, pa, ... to q1, qo, . . ..

After computing the coefficient of p, when d = 0 separately, we get

(3.5) (2D — 2)(2D — 1)(2D)Go = (11__717)3 1 O

Theorem 3.3. Let

(36) G, =(2D)G,, GI=@2D-1)G), G =(2D-2)Gl.
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Then,
(3.7) Gj =35 —3(1—7)7%
1—7)% 2k
. D 1 — (
(3.8) e (k>%,

, 1 (%
39 DG =g ()

010 2160~ 55 (3 ) S ageman (3 (& )oe

Jj=1
Proof. By (2.15)) with ¢ = 2, we have

(3.11) b=02D-2)"'Gy

(3.12) =14+0@D-2)"(G{ +1)

(3.13) =14+(1-9)?22-2)""1

314 i-da-a

Note that the kernel of (2D — 2) is spanned by p, where d = 1, that is, p;. Since
the constant and linear terms for power series in pi,ps, ... and series in ¢, go, . . -

are equal, it is easy to check that this expression for G{ agrees with the definition
of Go on the coefficient of p;. This establishes (3.7). Using the relation ([2.13)) to
convert between D and £, we then have

1—7)2 /2k
(3.15) DGy = (1 =)Dy = (17)( >Qk7
—n \k
which establishes (3.8]).
Since the operator Dy commutes with (2D — 1), we can use (2.15)) again, this
time with i = 1, to get

(3.16) DixGj = (2D — 1) 'DyGy
(3.17) —-nee-07 (7 a
(318) — -5 (o

This establishes ((3.9).
Finally, since Dy also commutes with (2D) and we know that D;Gg has no
constant term, by (2.15) with ¢ = 0, we have

(3.19)  DiGo = (2D)'DyG,,

(3.20) =) - g (o
(3:21) =075 () - 2 55 () (7)o
2 - ()" % 3 e (5) (& o

This establishes (3.10)). O
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With this expression for the partial derivatives of G, we can compute A, Gyg.
To get a concise expression, we introduce the following power series.

Lemma 3.4. The power series
o (27 + D)k 27\ (2K .po..;
(3.23) F(&,9) = ZZ—( k=T \ )2

can be expressed as

o (u? — 1)
(3:24) F(z,9) = 2u(u 4 v)
Proof.
Loy (25 +1
(329) P =22 55+ sena ) (n)"
1

(3.26) :/0 (1—4xt)*%(1—4yt)*%d?
(3.27) [ gi >(14xt)é(14gt)é] By
(3.28) — g (- a0t -0t 1)

_ (u2 1 112

- 2u(u+wv)’ -

Theorem 3.5. If Gq is defined by (3.1)), then
(3.29) A, Gy =2F(z,0) - I, F(&,9),

where F(&,7) is as defined in[Lemma 3.4, and this series satisfies the genus zero
join-cut equation (1.35)) of|Theorem 1.7 Therefore, G is the generating series for
genus zero monotone single Hurwitz numbers.

Proof. By (3.10), we have

kzk

(3.30) A;Go =Y ——DiGy
E>1
B 1 2k ok 27 +1 i\ [2k P
o = () XS wmener o) (k)
(3.32) = 2F(&,0) — I, F (&, §).

To verify that A, G satisfies equation (1.35]), we need to check that the expres-
sion

(3.33) A,Go — 11, Split A, Go — (A, Go)? —

T—Y
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is zero. We can rewrite each of these terms as

(3.34) A,Go =TI, (2F(i~, 0) - F(#, gy)),

(3.35) 11, Split A, G = II,.. (g(QF( F@, Zl §(2F F@’é))> :
(3.36) (A, Go)? =11, ((2F(£, 0) — F(#,9)) (2F(#,0) — F(4, z))),

(3.37) r=a(1- ) =T, (1 —u )2 =02 - w),

to get an expression of the form

(3.38) IT, . W (u, v, w),

where W (u,v,w) is a rational function of w,v,w. This rational function itself is
not zero, but a straightforward computation shows that its symmetrization with

respect to y and z, that is, 2(W (u,v,w) + W (u,w,v)), is zero. Thus,

(3.39) I, W (u,v, w) = Hyz% (W(u, v,w) + W(u,w, v)) =0,

which completes the verification. [

Proof of Theorem The result follows immediately from Theoremand (3.1).00

To compute the right-hand side of the join-cut equation (1.36)) for genus one, we
also need the following corollary.

Corollary 3.6.
(3.40) A2Go = £ (u® — 1)

Proof. This follows from (3.29)) by applying the identity (1.11)) and simplifying. O

4. HIGHER GENERA

In this section, we prove Theorem giving expressions for ﬁg for g > 1. Wedo
so by solving the higher genus join-cut equation (|1.36)) of [Theorem 1.7|and keeping
track of the form of the solution. This gives an expression for the generating series
A, Gy, which we then integrate to obtain G, or equivalently, ﬁg. To establish the
value of the constant of integration which must be used, we use a formula of [23]
for the one-part case of the monotone single Hurwitz numbers.

To establish degree bounds on the solutions, we will need a notion of degree on
the spaces @ and (u® —u)Q[u?]. Recall from [section 2|that Q@ = Q[(1—n)~!,n: (1
7)1, me(1—n)~L, .. ] and (u®—u)Q[u?] has basis over Q given by (u—u), n¥, n%, .. ..

Definition 4.1. For an element

(4.1) A=Y G0 [ 5T M €Q,
akd>0
ji>0

its weight is

(4.2) v(A) = max{d: a; # 0}.
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For an element

(43) B=3 | baol® —u) + 3 bjawnt | —2— € (u* —w)Q,

akFd>0 E>1 (1 —m)7+t
Jj=20
its weight is
(4.4) v(B) =max{d+k: bj o # 0}.
In particular, note that
(4.5) p(me(1 = 1)71) = v = v+ — ) —
for k> 1, and
(4.6) v((1=n)"") =vw®—u) =0,
so that the weight of a polynomial in u can be determined from the weights of the

coefficients of u3,u®,u7, .. ..

When solving the higher genus equation, we will also need the R-linear operator
T defined by

(4.7) T: (u3 _ U)R[UQ] . (u3 - U)R[UQ]
w—u_ (v° =) (f(u?) — f(v?
+8) (0 = ) 0) o S, L T

Lemma 4.2. The operator T is locally nilpotent, meaning that for every (u® —
u)f(u?) € (u* — w)R[u?], there is some n > 0 with T" ((u® — w) f(u?)) = 0. Fur-
thermore, for each j > 0, the operator T restricts to a function

(4.9) T: (u® —u)(1 =) P?] = (u® —u)(1 = n) 7/ Plu’],
and on these subspaces, I/(T ((u? - u)f(u%)) <v((u® —u)f(u?)).

Proof. The operator T strictly reduces the degree in u of every nonzero element of
(u® — u)R[u?], so repeated application of T will always eventually produce zero.
Now, suppose that (u? —u) f(u?) € (u® — u)Q[u?], where f(u?) has degree 2k in
u, so that v((u® — u) f(u?)) = k. The expression (v° — v®)(f(u?) — f(v?))/u? — v?
can be written as a polynomial in u, where the coefficient of 4% is a polynomial
in (v5 — v®)(1 — n)7/Q[v?] of degree at most 2k — 2i + 3 in v. Then, as noted
in the coefficient of u?* is a linear combination of n¥,ny, ... M, With
coefficients in Q. Applying I, and multiplying by (u® —u)(1 —n)~! gives a linear

combination of terms of the form (u?*3 — w2 )p;(1 —n)~t for j =1,2,...,k —1,
which lie in (u® — u)P[u?] and have weight at most k.
From this, the result follows by Q-linearity. O

Theorem 4.3. Forg>1,
(4.10) A,G, € (u? —u)(1 — 1) P[u?]
and v(A;Gy) <39 — 2. In particular,

ud —2ud +u (u —u)m
16(1—=n) 2401 —n)?

(4.11) A,Gy =
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Proof. Recall that the higher genus join-cut equation (|1.36) is

g—1
(4.12) (1 —2A,Gg — sgg) ArGy =A2G, 1+ > AsGy A,Gy .
x g'=1

Note that the left-hand side operator is R-linear. Using (3.29)) with [Lemma 3.4)and
expressing Split,_,, in terms of u and v, we have

(4.13) <1 —2A,Go — Split) ((u® —u) f(u?))

T—Y

u? — D) — ) (f(u?) — f(v?
N R I e LS S SR ety

= Oy (B - wyf )

u

for f(u?) € R[u?]. Since T is locally nilpotent, it follows that this operator is
invertible on (u? — 1) R[u?], with inverse given by

(4.14) <1 —2A,Gg — Split) ) (u* = 1) f(u?))

T—yY

:(1+T+T2+-~-)<W)-

Thus, we have

g—1
(4.15) A,G, = ﬁ(l FTHT?4-) [uA2Gy1 + > ud, Gy A,Gy_y
g’'=1
Then, using|Corollary 3.6|for the value of A2Gy, we can compute A, G directly.
Using and |Corollary 2.3| and [Lemma 4.2} it follows that A, G, € (u® — u)(1 —
n)1=29 P[u?] by induction on g.
Using a straightforward computation shows that for A, B € (u?® —
u)Q[u?], we have

(4.16) v(uA(A)) < v(A)+3, v(uAB) < v(A) +v(B) + 2,

and since T does not increase weights, the bound v(A,Gy) < 3¢ — 2 also follows
by induction on g. O

Having solved for A, G, = A, G4, we now need to solve for G4 and show that it
has the right form. To do so, we first compute ), -, ExG, from A, G, and then
invert the operator ), ., Ex.

Theorem 4.4. We have

417 EyG = — ! R
) 2B = i ST
and for g > 2,

(4.18) D ExGg € (1-1)7Q.

E>1
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Proof. Tt follows from (2.12)) that

(4.19) > ExGy= (> Dy- —D G,
k>1 k>1
o\ ! 2~y
4.2 =1I — -—— | A,
(420) I((xaa:) 1—7) =Gy
o\ ! 2~y
4.21 =1II — -—— A .
(421) w((x8x> 17) =Gy
We can replace the term II, (%) A, Gy in this expression by using the operator
identity
(4.22) I, = [u’] (1 —2A,Go — Split) — (1= y)[u'],
Ty
which can be checked on the Q-linear space (u® — u)Q[u?] by verifying it on the
basis (u® —u),n¥,n%,.... Then, we have
o\
(4.23) > EvG, =11, (( 8x> —2(u— 1)[u1]> A, G,
E>1
27 .
(4.24) ——[u"] [ 1 —2A,Go — Split | A, G,.
S 1- Y Ty
For g = 1, we can use the expression for A, G from to compute
Y
(4.25) > EG = +
2 = ST
from this. For g > 2, we have
g—1
(4.26) (12A GOSpht)AGgA G91+ZAG/AGQQ
fl?*)y / —1
(4.27) € (u® —u)*(1 —n)*" 2 Pl?,

so in particular, this has no constant term as a polynomial in u. Thus, for g > 2,

(4.28) > EvG, =11, <( fi)_ —2(u—1)[u1]> A,G,.

k>1

Also, we have

(4.29) 11, <(x8‘1> - —2(u — 1)[u1]> (u® —u) =0,

-1
(4.30) 1L, ((xi) —2(u-— 1)[u1]> nj = Nj-1,
3

for 5 > 1. This determines the action of this Q-linear operator on (u® — u)Q[u?].
Since

(4.31) A,G, € (u* —u)(1—1n)Qu?]
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for g > 2 and
70 1
4.32 =1-—
(132) T
we get
(4.33) > ExGg € (1-1)7Q. 0
k>1
Theorem 4.5. We have
(4.34) Gi = g;log(l —n)~" — glog(1 — )7,
and for g > 2,
1 393 Cg.aM

(4.35) Gy=—Co)+ 55 D D o,

(1 —m)?972 &= L= (1 —1)

Ba

where cg (o) = —749(931).

Proof. Note that ~v,n,n1,7m2,... are all eigenvectors of the differential operator
> x>1 Er with eigenvalue 1, since they are purely linear in ¢i,¢2,.... Thus, up
to a constant, we have

-1

1
n nt dt -1
(4.36 Ej - / — =log(1—n)
) ]é:l 1—n o 1L—ntt (
v ytodt -1
4.37 Ey :/ Y og(1 =~
(4.37) kz;l ) Tt (1—=7)

Together with the constraint that G; has no constant term, we get
(4.38) Gi = 3 log(1—n)"" = Llog(1—~)"".
When j > 2, we have

Mo nate dt —1
4.39 E —_— = —— e (1-
o Sb ) m, qeer S0-07
so for some constant ¢y, for g > 2, we get
(4.40) Gy—c,e(1-n)'Q.
In fact, since the kernel of A, on Q is Q and A, Gy € (u® —u)(1 —n)'~29P[u?], it
follows from [Corollary 2.3|that G, — ¢, € (1 — n)*~29P. Since v(A,Gy) < 3g — 2,
it follows from that v(G,) < 3g — 3. Thus, we can write

39—3

1 Cq.aNa
(4.41) G, =cg+— gale
s (1—77)292;0%(1—77)@

where the coefficients ¢4 o are rational numbers. All that remains is to compute
the value of ¢,. The only other term of the sum which contributes a constant term
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is ¢g.c(1 —1)?729, so we must have ¢, = —cy .. If we expand G, as a power series
in p1,po2,... and keep only the constant and linear terms, we get

Ny
(4'42) G =cCg+cCyet (29 - 2>Cg en+ Z Cq,(k)Mk T O(pzp])

k=1

al 2d

4.43 = 29 — 2 d¥ | (2d+1 O(pip;).
(4.43) S| er-Dene+ S cnndt | @00 Jou+Oton

For fixed g > 2, the expression
Ng

(4.44) F(d) = (29 = 2)cge + Y comd*
k=1

is a polynomial in d, and f(0)/(2 — 2g) = ¢,.
By [23], the number of transitive monotone factorizations of genus g of the cycle
(12...d), or any other cycle of length d, is

[ [

There are (d — 1)! of these long cycles, so the coefficient of pg in G is

() S )

Comparing this to the expression above and expanding the binomial coefficients
into factorials gives

fd) __ (2d-2+2) 220 1 (sinh(z/2)\ "2
(4.47) 2-2g9 (2 —2g)(2d + 1)(2d)!(2g)! [(29)!} ( /2 > .

For fixed g, the coefficient of 229/(2g)! extracted here is a polynomial in d, and
setting d = 0, we get

£(0) 1 [ 229 ] (sinh(z/Q))_

4.48 = =
(4.48) =52 " Iglg-ni-29) o) \ 22

1 [ 229 2%e?
9 "Il 2) (@) 172

1 [ 229 0 z
50 ~ o075 own) () =

1
(4.51) = e D=y (28

Bayg

4.52 - %
e 4g(g —1)
since z/(e* — 1) is the generating series for the Bernoulli numbers. O

Proof of Theorem[0.5 The result follows immediately from Theorem [£.5 and Defi-
nition 0
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5. LAGRANGE INVERSION AND POLYNOMIALITY

In this section, we use Lagrange inversion to derive an explicit formula for the
genus one monotone single Hurwitz numbers (Theorem 0.4) from the generating
series given in [Theorem 0.5 and to establish a polynomiality result for higher

genera ((Theorem 0.6]).

For k > 1, let ©;: R — R be the differential operator

2K\ "' 9

Then, we have

(5.2) Ok(7) =1, Or(n) =2k +1, Ok (n:) = (2k + )K",

The following lemma shows how this operator is related to the quantities described
in Theorems [0.4] and [0.6

Lemma 5.1. If f € R is a power series and a = d > 0, then

(5.3) dgalf PN

[Cal Tl @i (%)

« f|q1:q2:...:0-

Proof. Since

’
(5.4) =[] e [[m=
=1 k=1
where mq, mg, ... are the part multiplicities of o, we have
|C |HJ La (20@) - e a; ml' Mo l - Yo tlgi=qgx=--=0"

Proof of [Theorem 0. To show that

- L
24H
) (2d+1)° =3(2d+1)"1 =3 (k—2)!(2d+1) ey, (2a+1),

5.6
( )|C\H 1041( ) k=2

we apply Lagrange inversion to the generating series

(5.7) Gi = 5glog(1—n)~" — glog(1 —~)~"
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from expand the result as a power series in  and 7, and apply O,
to each term. By [Theorem 2.1 we have

(5.8)  [pa]log(l —n)~"

= [ga]log(1 —n) "1 (1 —n)(1 —5) 72"
—2d -1 Y
kznk F=1) Z:O( j )HM
77]C j"Yj
= [¢a] n—;(k 2)~k! Z;O(QdJrl)ﬁ

Yy -1 14 o
=[q ]((2d+1)f (Z— 3 72(14:*2) (2d+ 1) % ~y )

k=2

Note that, by iterating the product rule, we get

E o f—k 0, .0,
(59) 6. (” 7 )z 3 WOy ) o)

1 (¢ = k)! e a1
k! (E k) 1<i) < <ip <l Gail (’Y) 60‘% (/Y)
(5.10) = > (20, + 120, +1) - (20, +1)
1<y < <ip <L
(5.11) =er(2a+1),
and this is constant as a power series in ¢1, ¢s, . . ., and hence unaffected by evalua-
tion at ¢ = g2 = -+ = 0. Using [Lemma 5.1} we have
! log(1—n)~!

‘Ca| Hf:l @ (20(21)
l—1

L 14 {—k
—o, ((2d+ 1)Z—lnﬁ — Z(k 2)!(2d + 1) %(Z k)'>
k=2
y4

=2d+ 1) Ter (20 +1) = Y (k- 2)1(2d + 1) Fer(2a + 1)
k=2
14
=2d+1)" = (k- 2)12d + 1) Fe(2a + 1),
k=2

since e1(2ac + 1) = (2d + £). This gives most of the terms on the right-hand side of
the genus one formula.
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For the remaining term, using again and the fact that p,, g, are
eigenvectors for the operators D, £ respectively, we have

[pa]log(1 =) 7! = %[pa]Dlog(1 — )"

u)(1 = 7)1 log(1 = )"

|
=

2[gal(1 = 7)€ log(1 — )"
(5.16 = Slaue (51— 7))
(5.17 = [l 35 (1 —7) %
(5.18) = [qa](2d + 1)57’2
Applying we get

d![pa]log(1—~)"t ="

(5.19) Col Ty o () =0, ((2d+ 1) £!>
(5.20) = (2d+ 1)t

This gives the remaining term on the right-hand side of the genus one formula. [

Using similar techniques, we can get a polynomiality result for monotone single
Hurwitz numbers for fixed genus and number of parts.

Proof of [Theorem 0.6 Noting that d = Zj | @, the explicit formulas for genus
zero and one from Theorems [0.3] and [0.4] show that the expression
ﬁg((ahaQa s ap))

|Cal Tl e (3)

is a polynomial in a1, as,...,ap when g =0 and £ > 3, and when g =1 and ¢ > 1.
For g > 2, we have the rational form

(5.21)

39—3

C ana
(5.22) Gy = —¢4,0) + 2g 2 Z Z TE—E

d= Oal—d

As in the proof of we can apply Lagrange inversion to each of the
terms, expand the result as power series in 7,7,11, 72, ..., and extract coefficients
using

By we have

ai a2 ai, a2

[po " s = ga]— M g
ToA=ny (L =)L = )2

This can be expanded as an infinite linear combination of terms of the form

(5.23)

[ }778‘)77{“ ek

(5.24) N
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but only the finitely many terms with a9 + a1 + -+ + ax < ¢ have a nonzero
contribution. For these terms, applying gives

(5.25) lgo] ( noo - >

|Ca| Hf:l o (2(;111) (1 _ 7)2d+1
_ d!ga] =S aia e
— ‘Ca|Hf:1 ai(Qa,i) (2d+1) i 7700 nk 4((_21 az)'
— =375 ai
= (2d+1)2i%@, (nlo...n il
( + ) (770 M (K*Ziai)! ’
which is a symmetric polynomial in aq, s, ..., ap. For fixed ¢,
(526) Hg((OZl)ZO(Q?"'?Qa‘Z)) — d'[fa]ng -
|CalITic O‘i(o(iz) |CalIlic O‘i(aa;)
is a finite linear combination of these polynomials, so it is a polynomial in a1, ag, . . ., .

O

APPENDIX A. RATIONAL FORMS FOR g = 2 AND 3

The following equations give the rational forms for the genus two and three
generating series for the monotone single Hurwitz numbers, as described in
rem (.ol

Genus two:

3 5ns — 6m2 — 5m1 - 29m0m — 100 2873

(AL) 720H; =3+ 57— e I-mt " (1-n>

Genus three:
-90 i 70ne + 6315 — 377Ny — 18913 + 66712 + 1267,

(A.2) 90720H; = 90 +

(1—mn)?* (1 —n)s
10787175 + 20121974 + 12097174 + 121473
_|_
(L—n)®
N 1998n9m3 — 39141113 — 262703 — 257Tn112 + 196713
(1—mn)
N 8568n3 14 + 26904711213 + 100921373 + 5830n3
(1—mn)
13440m,m3 — 20322021, — 435203
(1-n)7
N 445201313 + 86100m313 + 499807315 — 15750n}
(1—mn)?
162120017, + 3108007 686001
(1—=n)° (1 =)t
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