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Recall :

• ✗ is a real Hilbert space with inner

product < .
>

. > and induced norm .

• A : ✗ Is ✗ is mono . if

(AQ ,x* ) c- gr A) ( fly ,y* ) c- gr A)

< ✗ -y , H - y* > 2,0 .

• Recall

characterization of Projection
Theorem L 4- 12

of -1 C c- ✗ is convex closed
.
Let ✗ C- ✗

,
let

p c- ✗ . Then p = Pc ✗ if and only if
i p c- C
it ( F C C- c) < c- p, x-p > £0 .
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Example LS -1

C = unit ball

= { ✗ c- ✗ I 11×11 £ I } .

Pc ✗ =

{
✗
, if ✗ ⇐ Cj

¥, > otherwise

=

✗
.

Max }i , 11×11}
Proof : -

pg ,
p=Pc✗ ⇒

i

it (FC C- c) < c- p, x-p > £0 .

Let ✗ c- ✗ ,
set

✗

P=
max 11>11×113 '

i p c- C ? ?

observe that p c- C ⇒ 11PM £ 1 .

Indeed
, 4pA = 11 × 11 =

11×11

Max {1,11×11} Max {1,11×11}
£1

⇒ p E C
.

Ii Let c c- C .
Goal

:

(C - P , x-p > £ 0 .
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Case 1 : ✗ C- C

C C- p , x-p > = I C- ✗ > ✗ - ✗ 7=0
,

ease 2 : ✗ ¢ c.

⇒ D= ¥, and .

< c- p , x-p > to

⇐ < c- ¥u > ✗ - ¥, > to
=EÉ×

⇒ ( 1- ¥1 < e- ÷, > ✗ > to

11×11>1 ¥5

2 > ( c- ¥, >
✗ > €0

.

7.

⇒ cc >
✗ > £ (¥, , ×> = ¥, <×> ✗7 5 11 ✗ 11 .

Indeed
,

CE C ⇒ tell £ 1

By Cauchy - Schwarz

( C
> ✗ > £ It all 11×11 £ I - 4×11 = ✗

80
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Definition L 5- 2 :

A subset 4=1 K E X is a cone if for

( tr azo ) ( the K ) 2K C- K .

Definition L 5-3 :

Let K E ✗ be a one . The polar one of
R
, denoted by K

-0
is

Ko = { u c- ✗ 1 sup ( Kiu > to } .

Proposition L 5- 4 :

Let K be a nonempty closed convex cone of ✗>
let *c- ✗ ,

let pe ✗ .
Then :

p= Pr ✗ ⇐ [ pek , x-p Lp , x-p E R
-0
] .

Proof : i peers. P=Pkx⇐
it ( FCK C- ☒ ) < c- p, x-p > £0 .

Suppose ⇒ p c- K and

City c- K ) ( y - p , x-p> to
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City G- K ) ( y - p , x-p> to

set y =o C - P , x-p> to

y =zp ( p , x-p > so

⇒ Lp > x-p > = 0

⇒ p L x-p 2

Let
y c- K

ly , x-p > = < y > x-p> - Lp > x-p >

=L y - p , x-p > so

⇒ x-p c- K
-0 3 ✓

Conversely , suppose [ PEK , x-p Lp , x-p E R
-0
] .

per ✓

Now , let y c- R
en et

< y -p, x-p > = Cy , x-p > - <
p+Ép

>

GO
= o

f o + 0 = 0

Hence
,

Pk ✗ =p by 800
characterization of Projection

Theorem L 4- 12

of -1 C c- ✗ is convex closed
.
Let ✗ c- ✗

,
let

p c- ✗ . Then p = Pc ✗ if and only if
p c- CFi ( if c c- c) < c- p, x-p > £0 .
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Theorem L 5- 5 Moreau

Let K be nonempty closed convex cone in ✗

and let ✗ C- ✗ . Then the following hold :

i ✗ = PR ✗ + Pro ✗

ii Pk ✗ 2 Pro ✗

iii 4×-112 = d2cx) + ditch

proof
i
set p= Pk ✗ , set q = x-p .

Recalling p= Pr ✗ ⇐ [ pek , x-p Lp , x-p E R
-0
] .

'

q c- K
-0

,
✗ - q=Pµ1- ✗- Pkx =q

2

✗ - q = Pk ✗ C- K É k
-0-03 (see Hwz) .

Using with R replaced by k①
, p replaced

by q yields

of = Pyo ✗

ii By i and u Pri L x-P, ✗
i-

= Ppo ✗



7i ✗ = PR ✗ + Pro ✗

ii Pk ✗ 2 Pro ✗

iii 11 ✗ IF I 11 Pk ✗ + Pro ✗ IF

= 11 Be ✗ IF + 11 Pr-0×112

+ 2 I Pkx , Pro ✗ >
→

ii

= 11 Pk ✗ IT + 11 Pk-0 ✗ IF

11 ✗ -PK-oxli.tl/-x-PkxlPZ--dk-ox-dk
✗

☐•
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Example LS
-
6

Suppose ✗ = S
"

,
let K= S! be the

closed convex cone of symmetric PSD matrices
,
let

A C- Sn
.

Then there exists a diagonal
matrix D and a unitary matrix U such

that A = U D Ut
.

Moreover :

PK A = I D+ Ut , ①+ Iii = max }o > dii }.
CD-i )ij = 0 , it j

Proof :
Set A+ = U ☐

+
UT

,
D- =D - D.+

I 2 3

p= Pr ✗ ⇐ [ pek , x-p Lp , x-p E R
-0
]

Clearly ,
A+ C- SI

.

A- A+ = UD UT- UD
,
UT = U D-UT E -K IÉÉ

Finally :
Hw2

( A+ , A- A+ > = tr ( A+ (A- A+ ))
= tr ( UD+ UT ( v D- UT) )
= tr ( v ☐

+
NT U D

-
UT )

tr ( u D.
+ D-U'T = tr ( D-+ D-)

= 0 2 ✓
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Example 15-7

Let a c- ✗ 1105
,
let PER .

The hyperplane .

H= I ✗ C- ✗ I < a. × > =p > has

PA ✗ = ✗ - <ai×>_p_ a
11 air

Proof :

Let ✗ c- ✗
,
set p=

✗ - 4ai×>_p_ a
11 air

p C- It ? ?

= talk

caip > = < a. × > - ka.is?-zP)-caiI
= <a

, ✗ > - ( Ca,×> - p) = p ✓

Let y c- H
. Examine

Cy - p > x-p > = ( y - ✗ + <%I¥- a > 'III. a >
my

= ";÷£5?a> - < ✗ a> + ' "ay-

= <%%¥- ( p - p ] =o
= 0

So ✓

Be
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Remember A is main memo

doin A
, rain A are convex

,

of course -1-9 ,
closed .

Let * =/ C C- ✗ be closed .

ITC (✗ I = { pec I dccx ) = tx -pll } .

It G) -1-9 because C is closed
.

text is possibly set valued .

Proposition 15 -8 =

C -1-4 and closed ⇒ It is monotone .

Proof .

Let { (× , ✗
* )
, ly ,y* ) } E grit

⇐ ✗
*
c- It Cx)

def
N ✗- HI dclx) fix-5*11⇒

y* c- It cy ) ←→ My -9*11 -_ daly )f Ily -1*11

That is ✗ ✗- ✗
* 112 I 11×-5*112

My -9*112 f ly - HIR
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✗ ✗- ✗

* 112 I 11×-5*112
My -9*112 f dy - 15^112

Adding yields
11×-11*112+11 y-ymi.fi/-y*N-iy-xMF
Expanding yields
11×112+11×912 - 21×1×-4 > + Lydie IYER -22915$>

§ 11×117-115*112 - 2 ( ✗ iy* > + III +1111*112-22×99>
un

⇒ < ✗
>
✗*> + <yiyt >- <✗ iy* >- city> 7×0

⇐ ex - y ,
* - y* > 70 .

✓
Remember

Let { (x ,x* ) , Cy y* ) } c grit
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The Chebyshev problem :

suppose C -1-0 ,
closed such that

4- ✗ c- ✗ ) ITC (x) is single- valued .

Must C be convex ?

Bunt- Motz kin ( 1930 's ) 15-10

Yes ! when ✗ is finite - dimensional .

Proof :
Recall ,

Theorem 12-9 :

Let A : ✗ → ✗ be :

1 monotone 2 dem A=X
3 Single-valued 4 A Continuous

Then A- is maximally monotone .

We proved it is mono ,

By assumption doin it = ✗
it is single- valued .

If we can show that it is continuous
then it is max . mono .

Done it because : r-t.IT
is convex

. But i rattle =
C-=C
✓
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Suppose C -1-0 ,

closed such that

4- ✗ c- ✗ ) ITC (x) is single- valued .

We now show that it cx) is continuous .

Write it = P -

P is mono , single -valued , dem P=X

dc : X - R : ✗ → int 11 ✗ -Cll
CEC

is continuous ( see HW 2)
.

Let ✗ c- ✗ ,
✗n → ✗ .

11 ✗
n - Pc ✗

n
11 = do Cxn )- dccx )

( Xn )n€N Converges ⇒ ( ✗n)n←N is bounded .

(dcxn)new u ⇒ (dca)now u in

⇒ ( Pcxn)n c-N must be bounded
.

Done if : we can show we have a unique
a cluster point .
Let c- be a cluster pointofpcxn
say Pc ✗

kn -
I C- £
C closed

,# in)n←N
lies in C.
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11 ✗
n - Pc ✗

n
11 = do Cxn )- de Cx )

Pc ten - c c- £

⇒ It ✗kn - Po Xun Il = de Chen )→ dccx )
taking the
→ 11 ✗ - C- 11 = dccx )
limit n→ •

By assumption ,
C is Chebyshev set, i.e.,

the projection is unique ⇒ c- = Pc ✗

That is all the cluster points of Pc ✗
n

are equal to Pc ✗ .

Therefore Pc ✗n → Pc ✗ . Hence

Pc is continuous , and mono by

single valued , full domain .by assumption
⇒ Pc is Max mono

C = C- = rain Pc is convex !
☐


