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Recall our setting :

✗ is a nerd Hilbert space wilt

inner product and induced norm .

Notation i.

A = ✗ Is ✗ is a possibly
set valued operator, i. e> Ax is

a subset of ✗ .

That is :

Axe 2×= IS l s is a subsetof×}

power set of ✗ l the collection

of subsets of ✗ ) .

A : X - X

A is a mapping from ✗ to ✗

single- valued .



Let A : ✗ Is ✗ .
Then

gr A = { ix. ✗
* ) I ✗

*
c- Ax } .

E ✗ ✗ X

dem A= { ✗ c- ✗ / Ax ⇒ a }
?

ran A = U
✗ c- ✗

AX

A-
'
: ✗ Is ✗

gr At = { ( ✗* 1×1 I Kx , ✗*) C- gr A } .

Definition 12-1 :

let A :X Is ✗ .
Then A is

monotone if ( Fe , c-gr A)

Hey ,y* ) c- gr A)

( x - y >
it - y* > 20 .

Example :

A : R -R ,
A ✗

=L
[ a
>
D
>

✗= 0

dam A = 201
,
ran A= [0

, I] of >
✗-1-0

gna A = { o} ✗ [0> ☐
.
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Lemma £2-2 :

1 A is monotone ←→ A-
'
is mono .

2 A
,
B = ✗ ⇒ ✗ mono .

Then A-+ B is mono -

3 A :X → ✗ is mono
,
✗30 .

Then ✗ A is monotone .

Proof :
see HW 1

.

optimization break.
We like to work with functions

f- : ✗ - I - •
, +
•]

one useful example is the

indicator function of a.sets ; is .

is lx) =[
0
,

✗ c- S j

1- 00
,

✗ ¢ S .
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The essential domain of f- is

domf := } ✗ C- ✗ I fix ) < +* { .

If we care about minimizing f-
over a set 5 , then it is useful
to observe the correspondence :

minimize f- (x ) ( > minimize f-a) + is Cx)
subject to ✗es

✗ c-✗

Let f : X- J -o
,
+ as ] be

proper >
i.e.
, dom f- 1--4 .

Definition L2 - 3 : -

The subdifferential of f- at ✗ c-✗

is defined by :

D- in = } ✗*c- ✗ / City c-X) f- cyl 3 fix) + 1¥,y-×> }
of : ✗ ⇒ ✗ .
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Lemma L2
- 4 : -

Suppose f- = ✗ → 3-a, -1*3 is proper .

Then dam of c- darn f- .

Proof = .

Suppose that ✗ C- dam af , ✗
*c- 2fc✗ ) .

let 2- c- domf -1-4 ( f- is proper ) .
Then

f- (Z ) I f- (✗It < ✗* , it - ✗ >

suppose for eventual contradiction that

✗ Eldon f- ⇒ f-Cx) = + a .[
+ D= f- (✗If f- czl - < ✗* > Z -✗ >

< + 00 ,
which is absurd .

Hence ✗ E dem f- .

•
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Proposition 12-5 :

suppose f. ✗ → I-a , -1*7 is proper .
Then af is monotone

.

Proof i
suppose that { (✗1×+7,4 ,y* ) / c-Graf .
Gosh: Lx

-y , ✗
*
- y* > 20 ? ?

Indeed
,
observe that ( + 2- c-☒ )

f- (z ) 7 f- (x ) + ( ✗ * , Z - X> I

f- (Z ) z f- (y ) + ( y* , 2- -y > . 2

Applying i 1 with 2- replaced by ✗ )
2 ( n n n byy )

f- cyl 3 f- a) + ( ✗* , y -✗> 3

f- ( x) zfcyl + ( y* , X-y > 4

Adding 3 i 4

fly) + f- a) 7£ cxjxfey ) 1- 1×-4 -y*,y -×>

⇒ ( X -y , ✗* -9*5 Z o . •
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Ine subdifferential .. A geometric
intuition

.

f- = 1.1

:
• 1- " '

=L; ;
× >oi

✗ <oj

C- I
>
I]
,

✗ = 0 .

u c- 29-1×1 <⇒ f- (g) 3 f-a) + Lu,y -×>
Fix ✗ C- ✗

g ly I = f- (☒ I + < u
, y -✗ >

↳ linear function , linearization

of f- at ✗
g g ex) = fcxj,

g ly ) s f- cyl * y .
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Zeros of monotone operators : -
Consider A= of = ✗ I ✗ .

a c- of (✗ I

⇒ Cfy C-✗ ) f- (yl > fix )+(Oiy-✗ >
* ltytx) fly) 7 Fix )
⇐ ✗ is a global minimizer of

f- .

We now know :

f- proper ⇒ af is mono .

e not very useful ) .

f- proper not convex yields
a very tiny

subdifferential . .

Back to monotone operators !
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Proposition L2 - 6 :

If f- is differentiable at ✗ C- ✗ ,
and ✗ C- dem af .

Then 2.fcx)= { ☐fun } .

Proof :-

Take ✗
* c- 2fcx . then (f 2-c-✗ )

f- (Z ) I f- Cx ) + (✗* , Z -✗ 7-
Fix he ✗

,
consider 2- = ✗+th >

t>0
.

f- (✗+ th ) 7, f- a) + ( ✗* , ✗+ th - ✗ >
= fix) + t ( ✗* ,

h > .

Rearranging
<✗* , h g f

f- (✗+ th ) - f⇐,
t

⇒ < ✗*
>
h > f Iim f- 4- +th) -f- Cx )

two t
= ( Tfa) > h >

⇒ < ✗*- of K2 , h > £0 .

Setting h= ✗* →f-Cx ) ⇒ 11×1*-04×11130

⇒ of ex) = ✗*

•
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Definition 12-7 :

Let A. ✗ Is ✗ be monotone. Then

A is maximally monotone if :

B : ✗ I, ✗ is monotone

}⇒ A = B
.

gn A E gr B

we say
that ( ✗ , ✗* ) c- ✗ ✗ ✗

is monotonically related to grit if
(Kla ,a*) C- gr A)
( ✗ - a

>
✗&
-
at 7 3 • .

Lemma L2
- 8 :

Let A: ✗ → ✗ be monotone . Then

it is maximally monotone iff
[ ex

,
✗
*
) is monotonically related togr A

⇒ ( ✗ -

, ✗
* ) C- gr A ] .

Proof :
See It W 1 .
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Theorem L2-9 :

Let A : ✗→ ✗ be :

1 monotone 2 dem A=✗
3 single-valued 4 A continuous .

Then A is maximally monotone .

Proof :
Let (x ,x* ) be mono. related to grit .
Goal :

Ck , ✗
* ) Egr A ? ?

By 3 2 , 1

( Fyex) ( ✗ - y , it - Ay > 70 *
set (Faso ) ya = ✗ + ✗ ( ✗*- Ax )

* ⇒ (ft>0 ) ( ✗ - y✗ , ¥- Aya > 30

⇒ (Faso) - al ✗* - Ax > ¥ - Aya> 7,0
✗ >°

> 4-a>o ) - ( ✗* - Ax > *- Aya> 70

-4-2 - ( ✗* - Ax , ✗* - dim Aya> Zo✗→0

⇒ - < ✗* - Ax , ✗
*
-

- Ax zo

←→ - It ✗* - A ✗ 11220 ⇒ 11 ✗
*
- Axliio

⇐ ✗* = Ax
•
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useful
-

to cheek maximalrtly !
Let f- = R→ R : ✗ → is

.

Then f- is max. mono .

Example i.

Let A be an nxn matrix .

suppose that it is monotone .

Show that A is max . mono .

Proof :
see t.tw 1 .


