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Monotone operators , fixed point

theory and splitting methods .

1 Monotone operators generalize
* derivatives of convex function
"
concave up

" functions eg . >

f- R → R : ✗ → x2

* Matrices whose

symmetric part
is positive semidefinite .

"
Let A be an nxn matrix

.

The symmetric part of A- is

A+ = § (A + AT )

* It has beautiful applications, e.g,
Chebyshev sets & Klee sets



2

2 they are closely connected to
( firmly) non expansive mappings .

whose convergence properties
we will study .

Example =.

on the rest line

T. R → R is firmly

noneapansive if T is

non decreasing AND

4- ✗ ER ) city C- R )

ltx - Ty I f 1×-21 ,

e.ge . . Tx
= ✗ *✗ c-R .

Note that

TX = -* is Not

firmly nonresponsive .
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-3 Putting pieces from 1

and 2 together we
will consider algorithms to
solve feasibility and optimization

problems e.g .

>

DOCS = Projections onto
convex sets .

DR : Douglas - Rochford

Dykstra .
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In His Course =

✗ is a real Hilbert space
with inner product C- > . >

and induced norm 11. . 11

Recall Hat cxn )n←N is a Cauchy
sequence if cite >o ) (7 NEN )

such that I tfn c-N) ( Fm c-N )

11 ✗n - Xm 11 L E .

-A Hilbert space is a complete
inner product space .

* Complete : Every candy sequence
converges to a limit in ✗ .

* inner product space : ✗ is

a vector space , C.,>

satisfies :
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1- ( F- ✗ C- ✗ ) < ×
>

. > is linear

< ×
, xytz > = achy> + <✗ it>

2- (Axe ✗ ) try c- ✗ )

< ✗ iy > =
<
y >

× > symmetry
3- < × ,

✗ > 70 ,

<×
,
✗7=0 <⇒ ✗= 0

Define the norm

11×11
= = ¥F

satisfies
11×11 7 0

11 ✗ ✗ 11 = 121 Xxl)

11 Xiyll £ 11×11+11911
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* ✗ = Rn :

✗ iy c- Rn are column

vectors .

✗ -y =

i _É , ✗iyi

It ✗ 11 = Ex = EFE

* The national numbers :

⑨ = { g- I a. be 2-1
,
b -1-01 .

Q is an inner product space
However

,
is Not complete .

Consider ✗
n = (1+4)

"

Andrew is a sequence of
national numbers

>

in ) is a Cauchy sequence .

✗
n - e c- R I
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✗ = Run

A ;D c- pnnxn

( A
,
B > = tr ( ATB )

✗ = [ [0,1]

space of measurable functions
✗ = Coil J - R such

that txt is Lebsegue integrable
< ✗ iy >= of

'
✗ Ctlylt) dt

✗ = I
'

=/ ✗ = ( ✗ i lion 1¥
,

×? <+a } .
( I > I > 0,0>0 , - - - . ) C- I

2

Bud

( I > £ > § >
- - - ) ¢ I

'

as 8 & = too
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Monotone map :

A : ✗ → ✗ is monotone if
4- ✗ c- ✗ ) ( Fye ✗ )

< Ax - Ay , ✗ - y > 70
.

Example
f- : R → R is monotone if
ltfx c-R ) ( Ky c- R )

( f- a) - fly ) ) ( x - y ) 7,0 .

casing !
Indeed

,
let ✗

,y c- R
,
✗Ey .

⇒ f- Cx)-Fly) 50
⇒ f- Cx) £ Fly )

- We can easily then see that

- Id is NOT monotone .
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Suppose now that ✗ = Rn
,

A is linear ,
i.e.
,
A c- Rn×n

I

Recall that for ✗ iy c-Rn

< ✗ ey > = Ey .

Therefore
+ ✗ , Ay > = ×T Ay

= ⇐ Ay )T

= yT AT# IT

= yT AT ✗

= Cy ,
Atx > .

Proposition L1
A is mono ⇒ A+ == Ig (A + AT )

is positive semidefinite .
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Proof :

A is monotone⇒ (th ) City )

< Ax - Ay , x-y > zo
11

( AK- y ) >
X-y> 20

⇒ If 2- I <Aziz> 70

<⇒ ( F Z ) CATZ 17=>7,0

<⇒4-7) < AZzAT it>
30

⇒C- 2- c- Rn )
( A+ 2- it> 30

We proved
A- ismono <⇒ A-

+
= ALI

is positive semidefinite .



11

Examples : .

1 A -_ Td ( In.

Rn A=(If:O, ) )
i.e.
,# ✗ C- ✗ )

A- ✗ = ✗ .

Then A is monotone .

Indeed : trz c- ✗

< At , -2
> = 42-177=112-1127,0

observe that

A = 0 (I t.li ) .

2 A = 0 is monotone .

Indeed : it 2- c- ✗

< At , -2
> = 40,77=030

observe that

A = ☐ ( o)
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3 A =
[ 0

, -01 ] rotator tryna
in the plane .

Then A is monotone

Indeed : ⇐ (Z , , Zz ) C- R2)

( Aziz > = (Az F z

= (- -22>2-1 ) (Zzz )
= - ZZZ, + 2- IZZ
= 0

observe that

A+ = A + AT-_ (9-8)+(0-18)
= ( 8 8) ✓
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Nonetheless : -

*f- such that

A = of .

Indeed
, suppose that I f- : R'→ R

such that it z c- R2

of ( Z) = A -2

Then

if ( z ) = A

↳ not
symmetric

which is absurd
.

" Recall the symmetryof the
Hessian matrix I¥zy =3¥ >

2- = (✗ ,y )
"

.


