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Introduction

Let f- : Rn → R be

differentiable
.

Consider the

problem :

minimize f- (x)
( P )

subject to ✗ c- C E R
"

.

In the special case
,
when c=R

"

and f- is "
nice

"

,
the mini mittensoff

( if any )
will occur at

the critical points of f ,

namely , ✗ c- Rn such that

☐ f- ( ✗ ) = 0
.

this is known as

"

Fermat 's rule
"

,

which we will learn about more
later .
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In this course

✗ is an Euclidean

space with

inner product L .

,
. >

and induced norm 11*11 __↳,#

Examples .
.

I ✗ = Rd
,
4- ✗ C- ×) (itytx)

( ✗ iy > = Ey

2 ✗ = Rn
"

, 4- ✗ c- ✗ )(v-ye✗)
( × , Y > = tr ( XTY ) .
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In this course
,
we will

discuss and learn about convexity of
sets and functions and how

we can approach problem (P)

in the more general settings
of :

1) Absence of differentiability
of the function f , f- is Convex
( His is called the objective
function )

and / or
2) of # C & X

,
C convex

( C is called the constraint

set )
.
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Affine sets and affine subspaces
in Rn : .

Definition L 1- I

Let s c- ✗ .

S is an affine subspace if
S f- 4
and

IF ✗ C- s ) ( try c- S ) (FaeR )

7 ✗ + ( I -7) y c- S .

Let s C- ✗
.
The

affine hull of S , denotedby
aff (s) is the intersection of
all affine subspaces containing S,
i. e.
,
the smallest affine

subspace of ✗ containing S .
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Examples of affine sets of R?

I L
,
where L C- Rn is a linear

subspace .

2 a + L
,
where a c- R? L C- Rn

is a linear subspace .

3 Rn
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Geometrically speaking : -

A nonempty subset SE ✗

is an affine subspace if the line

connecting any two points in
the set lies entirely in the

set
.

Examples in R2 :

n
^

4=10 , 1) c-RZ
2=0 C- R

✗= ( ✗
, >a) c- R2

aggie 0 3 ⇐ it
> = Xz

> >

affine

Affine
✓
Sets n

✓ { la >
✗a) I ✗

a. to }
NOT affine
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Convex sets in Rn :

Definition Ll - 2

A subset C of X is

convex if µ ✗ c- 30,1 E)

4- ✗ C- C) City c- C)

2x + ( 1- d)y C- C.

The following are examples
of convex subsets of Rd :

1 el
,

Rd
.

2 C
,
where c is a ball

.

3 C
,
where C is an

affine subspace
4 C

,
where C is a half - space

i. e- , C= } ✗ C- Rd / < ✗
>
u > £2B

where u c- Rd
, RER are

fixed .
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Geometrically speaking : .

A subset CE ✗ is

convex if given any two

point ✗ C- C
, y c- C

,
the

line segment joining ✗ andy ,
denoted by cxiy ] , lies

entirely in C .

Truex sets

✗

Not convex
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Theorem Ll -3

The intersection of an arbitrary
collection of convex sets in ✗

is Convex .

Proof :
Iet I be an indexed set ( not

necessarily finite ) .

Let ( Cities be a collection

of convex subsets of ✗ .

n Ci .
Set C-

- =

iet

God :
C is convex ?

If c = of ⇒ C is convex .

Suppose that C * & .

Let 2 c- To
,
I [ and let

Cay ) C- C ✗ C.
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Since Ci is convex (Fitt)
,

we learn that

( tried ) 2×+11 - 2) y c- Ci .

Hence
,

7×+11-7 )y C- It Ci = C .

Hence
,

C is convex .

The proof is complete .
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corollary Ll - 4

Let bi C- ✗ , pie R for IET ,
where I is an arbitrary index set .
Then the set :

C = { ✗ C- ✗ I < ×
,
bi > f Pi , Fiel }

is convex
.

Proof :

See HW 1
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Convex combinations of vectors :

Definition

A vector sum

T
, X , -1 - - - - + Inn Xm

is called a convex combination of
vectors ×

, ,
- - - ,

✗me if
fi c- 11 , -

-

,
m } Ji 7<0 > and

IT > i =\ .

i =\

Theorem Ll -5

A subset C of ✗ is convex

if and only if it contains all

the convex combinations of its
elements

.
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Proof :

(F) Suppose C Contains all

the convex combinations of its
elements

.

Let 7€ To, / [ and let ✗ EC
,

y c- C.

By assumption ,
the convex

combination

Ax + ( 1-d) y
lies in C

.

Therefore
,
C is convex

(⇒ ) suppose cis convex .
✓

We proceed by induction on m ,

where rn is the number of

elements in the convex combination .
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Base case : when m=2
,
the

conclusion is clear by the convexity
of C .

Now
, suppose that for some m 72

it holds that any convex combination

of m vectors lies in C
.

Let { × , , - -

, Xm , Xm-11 } C- C >

let 1
, , . -

,
2m

,
2m -1170 7

m-11

s.lt
. if Ji =) .

Our goal is to show that
m-11

2- 8 Ai ✗ i C- C. ?
i =L

Observe that
,
there must exist

at least one Ai c- [ a > /[ or else
in-11

if all di = I ⇒ 1=8 di =m+l 73
i=\

which is absurd *
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Without loss of generality , we can

and do assume that 7mm C- Co
,
/ [

.

Now :

Mtl

2- = i§ ai ✗ i

m

[ Ii ✗ i + Am-11 ✗met= i= ,

= ( 1- 7m,)
É?fit dm.fm-11i=l

= ( 1- 7m¥ É Ñi ✗ i + Anti ✗met
i= I C-C

Observe that
,
Ii := ¥2m

, ,
>0

and that En ji = ai+--+dm_
i=i

I - Am
-1 I

=¥-
,
fby using
71+22-1 - - -

= I + Instantly
Using the inductivehypothesis ,
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we learn that
m

[ Ii
i= , ¥+1 ✗ i C- C .

Hence
,

Z = ( 1-anti ) + Am
-11

✗
m -11
-

c- C

C- C ( C is convex )
.

The proof is complete .
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Definition 11-6
"

convex hull "

let s s ✗ . The intersection

of all convex sets containing S is

called the convex hull of sand

is denoted by Conus .

By Theorem 2.1
,

Conv S is

convex . In fact , it is the

smallest convex set containing S .

theorem Ll - 7

Let S E ✗ . then Conus consists

of all the convex combinations of the
elements of S , i. e. >
Conus = { 2 a ,

ice

•

✗ i / I is a finite index

set
, cities) ✗ IES

,

di 70
, ¥zdi=l } .
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Proof :
Set

D:= { 2 aixi I d- is a finite index
i c- I

set
, cities) ✗ IES

,

bi 70
, ¥z2i=l } .

Conus ED ? ?

Clearly , S E D
.
Moreover ,

D. is convex . Indeed
,
let d

, > da ED,

and let a c- 30,1 [ .

Then
,
there exist

11
>
- -

, die 70 , i=& Ii = I
>

Mi , -
-

/Mr Zo , jÉMj= 1

di = ¥? ai xi , { ×
, ,

- -

,
✗ n] E S

da = j=ÉMjyj , { y , , - - syr } IS .

^
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Therefore ,
odd

, + ( 1-d) dz

= A Ai Xi + - - - + Tdk ×k

+ ( 1-7)My ,
+ - - - + ( 1-d)Mr yr .

Observe that Adi > ( 1- 219J 20

if 31
> - y

k }
, j c- { 1 , - -or } ,

and that

22 , + - - - +22kt ( 1-21Mt - - + (1- 7)Mr

= I iÉ Ji + (1-2) Éµj
= I (1) + ( 1-d) (1) = 1+1-1=1 .

Altogether , we
conclude that

D is convex set 2 S
•

Hence
,

Conv S ED
.
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D C- Conv S ?

Observe lh-at S E Conus
.

Now , Combine wilt theorem 2-2

to learn that the convex combinations

of elements of s lie in

Conv S
.
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Convex hull : Examples .

ex sets

✗

Not convex

Truex sets

Conus ✓


