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Recall :

• ✗ is a real Hilbert space with inner

product < .
>

. > and induced norm .

• A : ✗ Is ✗ is mono . if

(AQ ,x* ) c- gr A) ( fly ,y* ) c- gr A)

< ✗ -y , H - y* > 2,0 .

• Let A . ✗ Is ✗ is -mono .
Then

A is MAX mono if B : ✗ → ✗ ismono ,

gr AS gr B ⇒ A=B
.
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Fact 14 - 1 : Minty

A-- ✗ Is ✗ is mono .
Then

A- is Max. mono ⇒ ran CID + A) =✗ .

Proof .

"

⇒
"

is hard
.
Doable when A is nxn

matrix
.
See HWI

.

•

←
"

suppose ran (Jd + A) = ✗ .

Goal : A is max mono .

Let ( ✗
, ✗
* ) C- ✗ ✗ ✗ be monotonically

related to gr
A

,
i.e. , V-ca.at) c- gr A

( x - a > ✗*- at> 30
Done if , (✗ , x*) c-gr A- .

observe that ✗ + ✗
*

c- ✗ = ran ( Id + A)
i.e. > ( 2- a c- dam A = danced + A) )
such that

✗e ✗* c- (Ed + A)a
Let a* c- Aa such that
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✗ + * ⇒ a + a*

Then ✗*
- ate a -✗

= - K -a)

- By and

of < ✗ - a >
✗*
-
at >

= < ✗-a
,
- ( ✗ -a) >

= - xx - all
?

⇒ 11 ✗ -alt to

⇐ DX- all
-

=O

⇒ ✗ =a

<⇒ x*=a* }
⇒

'

( ✗ , ✗
* ) = (a ,a*) Egra

☐-•
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Convex sets

.

Definition L 4- 2

✓
"

is a vector space , S C- V. Then

S is convex if CFS, C- s ) ( sz C-5) (ta c-30,14

IS, + ( 1- 7) Sz C- S '

.

Convex
Not Convex

Let f- = ✗→ I -• ,-10 ]
'

The epigraph of f- is
eipif = { ix. a) I fix) for } .

EX ✗ R
t is convex ⇒ epif is convex .

Equivalently, ( tf ✗ C- danf) (v-yc-d.amf) (V-ac-70.IE)
f- ( 2x + ( I - 1)y ) £ If Lx) + (1-2) f- (y) .
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f- = ✗
- I-• , + • ] is lower

semi continuous if Cxn )n€N in ✗
,
xn→ ✗

⇒ liminf f- cxn ? I f- Cx ) .

n→oo

Fact :L4- 3

f- is t.sc . ⇒ epif is closed .

Example 14-4

f- = R → ] -00
>
+ • ]

f- = 2-
c-1,1]

= {
0
>

✗ C- E- I
> ☐j

too otherwise .

f- (1) = 0

Iim 1h -11 ) = + 00

h→ot

Similarly at ✗ = - I

F sequences ✗
n -

✗ we have

Iininl
→ oo

f- can I ✗ .



G
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Fact 14-5

I 2 3

f- = ✗ → 2- •
, -1N
] convex Isc proper .

I epi f closed 2 epif Convex
3dam f- = 3 ✗ I f- G) < +00 } -1-9 .

Then af is maximally monotone
.

Fact 1-4- 6

f- : ✗ → 3- • , too ] is convex

i int dom f- E dem 2f I domf E doing
ii doin of = dont f-
iii If f- is differentiable at ✗ then

of ex) = { ☐ Fix) \ .

Example 14 - 7

C C- ✗ .
Recall ñcC✗2={ 0 ✗ c-Cj

+ao ! ✗4- c.

Ec is proper <⇒ C -1-4 .

ic is t.sc <⇒ C is closed
ic is convex ⇐ C is convex .

Definition :L 4-8
C -1-9 . The normal cone operator of C at ✗ is

Nc (✗I =L
} u 1 SUP < u > C-✗ > to } , ✗ E C ;

µ
CEC

✗ ¢ C -2
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Theorem L 4- 9

d#C E ✗ convex and closed .

So ic is

convex fsc and proper . Moreover

Nc Cx ) = Zia (✗ )

proof : .

Indeed
, if ✗ ¢ c ⇒ Nccx ? = .

Now let ✗ c- C
,
and let u c- ✗ . Then

u c- sick ) ⇒ Hy c- X) iccy ) > iccx) + < u > y - ×>

⇒ ( try c- C) iccylziccxi.su >y
-×>

⇐ ( Ky c- C) o z < u , y -× >

⇒ u C- Nc (✗ 1
.

•

No Kinks on the boundary of C
⇒ No ex) is a

ray .

Counterexample Npg ( 0,01
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Example L 4 - 10

Let U be a linear subspace of ✗
-

Then

Nucxl =

(
Ud

,
✗ c- U ;

9 > otherwise .



tothe Projection Theorem

Theorem L4 - 11

C E X
,
C -1-0

,
convex

,
closed .

Then for every ✗ C-✗
,
Here exists a unique

point pec such that

11 x-p 11 = inf 11 ✗ - ell =: denyCEC

distance from ✗ to C

p is called the projection of ✗ onto C
>
also

written as Pccx ) = Pex .
.

Convex for uniqueness :

Not → a

convex
• ✗

two
n

projections .

closed for existence :

Jo
, I [ C- R

Note that 0 C- [0,1] = 30,1T
dgo

, , ,

(O ) = 0 = iñf to- all

C. C- 30,1 [
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characterization of Projection
Theorem L 4- 12

at -1 C c- ✗ is convex closed
.
Let ✗ C- ✗

,
let

p c- ✗ . Then p = Pc ✗ if and only if
i p c- C
it ( it c c- c) < c- p, x-p > £0 .

Proof 11 x-p 11 = inf 11 ✗ - ell = : demCEC

(⇒) By def1. of inf , get a sequence

canine,N such that 11 ✗ - Cn 11 → decx )= inf xx-Cll
Cec

Note that : 1

(Fn c-IN ) ( fme N )

11 ✗- cn+fm_ 11 I dccx ) 2

cntcm c- C because C is Connex

Apollonius : For any vectors aib, c

ta-b 112= 24 a- UP-1211 c- bit [Proof
i

- 4 11 c- a¥1R See ltwz]



ta-b 112--24 a- UP-1211 c- bit 12
- 4 11 c- a¥- 112

Hence
>

of 11 Cn- Cm IF ¥-2 11cm - ✗ IF -1211cm- ✗ If

-411 ✗ - cn+Y-42
2

f 2 It on-✗IT-1 211cm - ✗If
- 4 di cx )

1- 2 dies)+2dI ex) - Lidclx)
= 0

as (n > m)→@ , •)

By the squeeze theorem
ten - Cm 11→ 0 as (nim)→Coin )

That is (G)new is a Cauchy sequence .

Since ✗ is Hilbert
,
and hence complete> Can)n←N

converges say en - p C- C
w -

seqinc closed -
Moreover

of 1 xp-✗ 11 - 11 on - ✗ 11 / I Xp-en 11
"

by a ineq .
"

→ 0

Again by the squeeze #m '

is Wytheuniquenessdccx) ← 11 ✗- and → It ✗ - P " of the limit + .

⇒ 11 ✗ - Pll = do Cx )

p⇒ p is
" a" projection ( nearest point) to ✗ Inc.

Existence is proved ✓
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We now turn to uniqueness :

Assume that q c- C also satisfies that

11×-911 = dccx ) .
To show uniqueness it suffices to show that

Define C In )n←µ = ( p , q , p ,q , - - - - ) -
Then Cfn c-IN )

11 ✗- In 11 = dccx )
and In ) new lies in c.

Proceeding as before, (2)new is a Cauchy

sequence ( ly what we just proved ) - Hence
>

(E)new converges . In particular,

0 a- In - Ñ+ , = p- q

⇒ p=q

and Pc ✗ is unique .

I ⇒ ) Done
.
✓

We now prove (⇐ ) . First we recall

the following Iemma .
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Lemma L 4- 13

Let a.be ✗ .
The following are equivalent :

i Capt > £0
ii ( f ✗ > o ) 11 all £ It a - ✗bll
iii (* ✗ c- coil] ) 11 all f ta - ✗bll .

Proof :
The key identity is (*✗ C-R )

ta- ab /F- valid __ Half - 2 ✗ <a ,b> +2211 blf- Hai

= ✗ (211 bit - 2 <aib> ) . *

i ⇒ ii : Laib > so ,
✗ > 0

⇒ 2 (alibi - 2 < aib> ) 30
58 IT WTF

⇒ a a- ✗ bit
'

z tall
'

ii ⇒ iii : obvious
.

iii ⇒ i : * is true for all ✗ E R .

⇒ ✗ ✗ bit - 2 laib> 70
In particular , ✗ = o gives

Taib > to . ✓
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Back to the proof :

Let pe ✗ .
Then

p= Pc ✗ ⇐ 11 x-p 11 = inf 11 ✗ - Cll
CEC

⇒ ( ACEC) ✗ ✗- PII f ✗ ✗ -CA
and p.EC

cis
⇐ pec and He C- C) (it ✗ c- 30,14
Convex

11 ✗ - PII f 11 ✗ - ( ( 1-a) p + ✗c) ) 11

IF
= 11 (x-p) - 2 (C - p) M

Ean Fb
Lemma L 4- 13

⇒ p c- C and 4- cec )
( x-p , c- p > I 0 .

a- b-
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Remark L 4- 14

We saw p= Pc ✗ ⇒ pec and (Hee c)
( C- p > x-p> to

<⇒ ( teec) < x-p, c- p> + iccpkiccc)

<⇒ life c-X ) <x-p, c-p> + iccpficcc)

⇒ x-p c- sic Cpl = Nc (p)

⇒ ✗ C- p + No cp)

= (Id -1 Nc ) (p )

def
⇒ p ¢=CId+ Nc )

-'
Cx )

of C. 1-1

So Pc = CID -1 Nc 51

✗ =

,
dom Pc = dam ( Id-1 Nc )

-1

Wythe
= man ( Id + Ne)→ Nc=% .

projection
*eoreem Imo because

itisasubdiff .

.

C ⇒ & .

Minty ñc proper .

⇒ Nc is max mono .


