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Recall etat :

•
✗ is a rest Hilbert space

wilt inner product c- > .> and

induced norm 11×11 = É .

• A is monotone if
CV-cx.FI e- gr A) I fly ,y* ) c- gnA)

( x - y , ✗
*
- y* > 20 .

• A is maximally monotone if gr A

has no proper extension ( in terms of
set inclusion ) .

theorem

Let A : ✗ → ✗ be monotone such that

gr A -1-4 - Then there exists A~= ✗ →→ ✗

such that Ñ is a maximal monotone extension

of A >
i.e.

>GRA e gr Ñ .



÷:#
grF = { cx , ✗7 I ✗ c- R ).
Minty them .

A monotone .

A is max mono⇐¥¥
*

IjfGPrx⇒g②
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We will use Zorn 's lemma v .

Zorn 's Lemma ( Fact L 3- 1 )

Let A be ①a partially ordered set CROW
③

such that each
②
chain of A has an upper

④bound- Then A has a maximal element .
Poset :

Let it be aset
,
and let "t

"

beabinary
relation on Ax A. Then A is partially
ordered if it aib , c c- A we have :

2 a & a

2 a tb
, btc ⇒ a £ c

3 at b , b ta ⇒ a = b

Examples :(R , E 7
,
CR ; 7) , GR ,

-=)

Not posets : (R , < )
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If ,
in addition

,
we have

4 4- a c-A) (tb EA ) either • tb or bta

Then A is totally ordered set
.

Example = .

Let s be a set of two or more

elements
.
Set A- = 2s = { u 1 UES } .

Define a binary relation A by :

U t ✓ : ⇒ U E V .

Tend 1 el C- U tf U C- A

2 U E V
,
V E N ⇒ U E W

3 U C- V
> VE U ⇒ U=V

Hence
, £ defines a partial order onA.

Is it a total order ? No !

S = {o
>
13

, A =3 a > 103,313,53=25
{ 13 ¢ {034-91} .
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chain : -

Let A be a P.o. set
.
Then CEA

is a chain if c is totally ordered .

Revisiting the previous example :

S = {o
>
13

, A =3 a > 103,313,53=25
{ 13 ¢ so 3491 } .

C
,
= } a >

to} }. .

C
,
is a chain since 4 E { 03 .

Cz = { d , 303
,
53 is achain .

since a c- to}
, of G- S >

{03 E S .
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Upper bound : .

Let BEA . Then a c- A is

an upper bound of B if Cfb c-B) bta .

a c- A is maximal if
c c- A

a + c ¥ a = o .

S = {o
>
13

, A =3 a > 103,313,53=25
{ 13 ¢ {034913 .

B.= { a >
313 }

1$ }
,
s are upper bounds of B ,

B
,
= { 103; { 13 }

S is the only upper bound of Bz

s is maximal element off .
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Zorn 's Lemma ( Fact L 3- 1 )

Let A be a partially ordered set (POSET)
such that each chain of A has an upper

bound- Then A has a maximal element .

Applications : .

theorem :L 3- 2

✓ is a vector space .
Then V has a basis>

i.e. , a linearly independent spanning set .

Proof :

Define

M : = { BE it I B is linearly independent } .

Then Me is a po . set wilt partial order C-

Let E =/ Bi c-Me 1 i c- I } be a chain .



M := { BE U I B is linearly independent } 7-
Then Me is a poset wilt partial order C-

Let e =/ Bi c- Me 1 i c- I } be a chain .

Claim 1 : C has an upper bound .

Uset U -

- = iet Bi .

Clearly , ( tried ) Bi € U
It remains to verify that U EAL .

Take { u, > - - -

> Un } I U ,

and consider

7
, U, + TzU~ - - - + InUn = 0

Goal :
7
,
= 7,2 = - -

= An = 0 ?

Indeed
,

tf Kell, - - ,
n } Here exists

ik such that un E Bin E e .

All the sets Bin > KE 11
,

-
- n } are

comparable ( because it is a chain ) .

Mutually comparing by the chain property
4 4- a c-A) (tb EA ) either • tb or bta

3- K * E 11, -- in } such that FKEH ,
- -in }

Bin c- Bik .
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Hence
,

/Ui > Uzi - - , Un / = i=Ñ
,

{ Ui }

c-
'

Ñ Bi
k
E Bing ENR = 1

Because Bing c- 2
-1¥ 2

,
= 2~= - -

= Trio
Iinindep
vectors

That is N is a set of linearly indep- vectors
⇒ U E N 2

1
,
2 ⇒ C has an upper bound

That is : M is a poset

Every chain has an upper bound
Zorn's

> M has a maximal element
Lemma

say BEN -
Hence

,
Bwi

is linearly indep . B ⇐ÉJ¥I¥'
⇒ .B=%
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claim 2 : span (B) = V

suppose for eventual contradiction that

span B → V - Get ✓ c- V\spanB .

and observe that B- == B v1 v3 ER
¥idep .

Indeed
, suppose Ai ER , bi c- B , iell , - -in } .

such that
od
,
b
, +

- - + Inbn +MV = 0 .

If M=o ⇒ Iib
, +

- - + tnbn =o
done because B is lin - indep .

Alterwise, if µ -1-0 Item
"

- ¥ bi C- span B ( absurd )✓ =
i?

Hence BUS v3 is 1in . indep. set

but B- =Bu { v3 ¥ B. which

contradicts the maximal ity of B. Hence ,
span (B) = V and we have a basis !

☐
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Theorem 13-3 : -

Let A : ✗ → ✗ be monotone such that

gr A -1-4 . Then there exists A~= ✗ →→ ✗

such that Ñ is a maximal monotone extension

of A- , i -e. >gr A £ gr A~ .
Zorn 's Lemma (Fact is

- 1)

Let A be a partially ordered set (POSET)
such that each chain of A has an upperproof : bound- Then A has a maximal element .

Set of:={B= ✗I ✗ / B is mono
,

gr As grB > i
- e -

B extends A 3 -

Then M -1-4 ( AEM ) .

Define a partial order on M via :

B
, A Bz = ⇐ gr B, E gr Bz .

( verify it is a partial order ) .

Let @ be a chain of Wf ( every two
elements are comparable ) .

Define B. = ✗ Is ✗ via its graph
gr B = eye grc
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clearly ,
4- c c- ⑨ )
u

gr c ⇐ cee gr C =gr B

It remains to show that B c-Me .

a Indeed
,
det c- c- @ c- Me

Then gr A Egr c- Eceuegrc =grB
b- We show that B is monotone .

Indeed
, take A. xD , ly ,y*) C- grB=¥egrc

Then there exist C
, > Cz c- C such that

ex
,
✗
*
) C- g r 9 > (y ,y*) c- gr Cz

C is a

chain
without loss ofgenerality > we may and do assume

Hat : gr Ci E gr Cz

⇒ { ( x , ) ,(y,y* ) } c- gr Cz

⇒
mono

.

< ✗- 9 , ☒ - y* > I G

a and b ⇒ B c- Mf
Together with Z⇒ns

Lemma
F a maximal
element A~

c-Mr



12

claim :

Ñ is maximally monotone
.

A~ EM ⇒ A~ is mono ,grAEgÑ
We only need to verify maximality .

Suppose for eventual contradiction that Ñ is

not maximally monotone . Then there exists

cz ,
2-
* I C- ✗ ✗ ✗ \ gr A~ such that

⇐ ,
2-
* ) is monotonically related to grÑ >

i - e . >

(Fla , at) c-gr Ñ ) (z - a , 2--9- at> 710 .

Define B~ via its graph by

grB~ = = gr I v3 Lz, 7*1 }

2 gr AN 2 gr A

observe that ⑥ is monotone (verify )
and extends A ⇒ B c- Me

,
and

N

* + ñ ÷÷ñ=maximal
⇒ grÑ=grÑ
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which is absurd since

cz
,
7*1 C- gr Ñ \ gr Ñ .

Therefore , AN is maximally mono .

☐

Connection to optimization : -

f : R → R : ✗ →

{
+•
,

✗ <

oil
,

✗ = 0;
0
,

✗ > 0 .

Find of -

verify Hat of is monotone but

Not maximally mono .

Next lecture :

Minty 's theorem

Maximality is crucial for algorithms !
maximality and convexity , I - S - C .


