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EXPLOIT DEGENERACY and FACIAL Structure
Clique Initialization and Clique Absorption of a Sensor

Sensor Network Localization, SNL

SNL, Special Case of EDMC?

® n ad hoc wireless sensors (nodes) to locate in R,
(r is embedding dimension;
sensorsp; e R',ieV :=1,...,n)
om yPi,i=n—m+1...,n)
(e.g. using GPS)
@ pairwise distances known within radio range R,
Dj = Ipi — pjll*ij € E

Current Techniques: Nearest, Weighted, SDP Approx.

miny oy eq [[H o (K(Y) — D)l
SDP program is: Expensive/low accuracy/implicitly highly
degenerate (cliques restrict ranks of feasible Y s)
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Applications

Tracking Humans/Animals/Equipment

@ monitoring: natural habitat; earthquakes and volcanos;
weather and ocean currents.

@ military, tracking of goods, vehicle positions, surveillance,
(where open-air positioning is not feasible), random
deployment in inaccessible terrains or disaster relief
operations

sensors everywhere - by 2084! Lobster migration
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Underlying Graph Realization/Partial EDM

@ nodeset)V ={1,....n}
@ edge set (i,j) € £; wj = ||pi — p;||*> known approximately
@ The anchors form a clique (complete subgraph)

@ Realization of G in R": a mapping of node v; — p; € R’
with squared distances given by w.

4

Corresponding Partial Euclidean Distance Matrix, EDM
Di — dij2 if (i,j)eé&
Y71 0 otherwise,

dij2 = wjj are known squared Euclidean distances between
Sensors p;, pj; anchors correspond to a clique.

a4
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Sensor Localization Problem/Partial EDM

Initial position of points

#sensors n =300, #anchorsm=9, radiorange R=1.2
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SDP: Cone and Faces

, Cone of SDP matrices in

@ inner product (A, B) = trace AB
@ Lowner (psd) partial order A = B,A - B

® F C K is aface of K, denoted , if

(x,y €K, 3(x +y) € F) = (cone{x,y} CF).

o [F K] ifF 9K, F #£K;F is|proper face|if {0} # F < K.
@ FJIKis if: intersection of K with a hyperplane.

@ |face(S) | denotes smallest face of K that contains set S.
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Facial Structure of SDP Cone

All faces are exposed.

Equivalence to

@ face F < SX is determined by
range of any, S c relintF,

i.e. letS = UrU' be compact spectral decomposition, with
diagonal matrix of eigenvalues I' € S', , then:

F=UsiuT (F associated with R (U))
o dimF = t(t + 1)/2.

\
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Further Notation

Matrix with Fixed Principal Submatrix

ForY e S", o C {1,..., n}: Y [«] denotes principal submatrix

formed from rows & cols with indices a.

Sets with Fixed Principal Submatrices

If (o] =k and Y € S¥, then:

S"a,Y):={Y eSS :Y[a] =Y},

SN a,Y):={Y eSK:Y[a] =Y}

i.e. the subset of matrices Y € S* (Y € SX) with principal
submatrix Y [a] fixed to Y .
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SNL Connection to SDP (Lin. Trans., Adjoints)

diag = Diag” (adjoint)
for B € S", offDiag(B) := B — Diag(diag(B))

LetPT =[p1 pp ... pn] €M™
B:=PP"T € S8";D ¢ £" be corresponding EDM .
(fromS") K(B) := De(B)—-2B

.= diag(B)e'" +ediag(B)" — 2B
= (pfpi +p P — Zprj)

(Hpi — pj”%)in,j:l
D (toé&").

n
ij=1

\
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K:8"NSc — &

Linear Transformations:

@ allow: Dy (B) := diag(B)v" + v diag(B)";
Dy(y) =y’ +wy'

@ adjoint £*(D) = 2(Diag(De) — D).

@ [ is 1—1, onto between centered and hollow subspaces:
Sc :={B €S" :Be =0};
Sy :={D € §" : diag(D) = 0} = R (offDiag)

@ J:=1| - Zee' (orthogonal projection onto M := {e}*);

@ | 7(D) = —3}JoffDiag(D)d (= K'(D))

10
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Properties of Linear Transformations

R (K) = Sh; N (K) =R (De);
R(K*) =R(T) = Sc; N (K*) = N(T') = R (Diag);

S" =Sy ® R (Diag) = Sc @ R (De).

T(EMN=8TNSc and K(STNSc)=&"

11
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Rank minimization heuristics for the EDM completion
problem

heuristic to encourage low rank solution of semidefinite

relaxation, Weinberger, 2004

@ try to flatten the graph associated with partial EDM ;
@ push the nodes of the graph away from each other as
much as possible;

@ analogy: a loose string on the table can occupy two
dimensions, but the same string pulled taut occupies just
one dimension.

12
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Low Rank

maximize the objective function

Sz llpi — gl =eT K(PPT)e, P :=

s.t. distance constraints holding.

Include centering

e’ IK(PPT)e = (eeT,K(PPT)) = (K*(eeT),PPT) =
(2(Diag(ee’e) —ee'),PPT) = (2(nl —ee"),PPT) =
(2nl,PPT) — (ee™ ,PPT) = 2n - trace(PPT)

and trace(PPT) = Y7, [|pi||®

so, pushing nodes away from each other is equivalent to
pushing nodes away from origin

13
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Regularization

regularized semidefinite relaxation of the low-dimensional

Euclidean distance matrix completion problem
assume points centered at origin; normalize by dividing by 2n;
substitute Y = PP T:

maximize trace(Y)
subjectto HoK(Y)=HoD
Y eSINSE.

14
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Nuclear Norm Heuristic for Rank Minimization

nuclear norm of a matrix

X[l = Sy ai(X),

oi(X) is i largest singular value of X, rank (X) = k.

nuclear norm of symmetric matrix Y € S" is

IVl = 32iq IN(Y)]-

trace min vs max

numerical tests show min (max) yields high (low) rank
alternatively, try max log-det heuristic

15
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Single Clique/Facial Reduction for SNL

Define £"(a, D) := {D € £&" : D[a] = D}.

Given D; find a corresponding B > 0; find the corresponding
face; find the corresponding subspace.

16
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Basic Theorem for Single Clique/Facial Reduction

THEOREM 1: Single Cligue Reduction

Let D := D[1:k] € £X, k < n, with embedding dimensiont <,
and B := K(D) = UgSU], where Ug € M**!, U Ug = I;, and
S € S'.. Furthermore, let Ug := [UB %e} € MKxt+D),

_|Us O uTe n—k-+t+1
U= {0 In_J,and let [V 7] e m be

orthogonal. Then:
face KT (€7(1:k,B)) = (USTHHUT)nsg
= (UV)ST V)T

Note that we add %e to represent V' (KC); then we use V to
eliminate e to recover centered face.

17
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Positive Integers for Intersecting Cliques

Two Intersection Sets, .

aq Q9

For each clique |o| = k, we get a corresponding face/subspace
(k x r matrix) representation. We now see how to handle two
cligues, a1, ay, that intersect.
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Two (Intersecting) Cligue Reduction/Subsp. Repres.

THEOREM 2: Clique Intersection Reduction/Subsp. Repres.

ag :=1: (Rl +R2) ag = (kg +1):(ky + k2 +k3) € 1:n,
‘(Jél‘—k1+k2 k2 —’042‘—k2+k3
k :=kq + ko + ks.
Fori = 1,2, let D; := D[o;] € £%, with embedding dimension t;,
and B; := K'(D;) = U;S;U]", where U; € M >4 UTU; = I, and
Si € 8!, Furthermore, for i = 1,2, let
Ui := [Ui ﬁe} e MK*E+1) andlet U € M kx(t+1) satisfy

R@U)=R ({%1 ISSDmR q'g L?ZD,With 070 = Iy

cont. ... |

10
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Two (Intersecting) Cligue Reduction, cont. ..

THEOREM 2 Nonsing. Clique Inters. cont...

cont...with
) — U 0 g, O sh T —
R(U)-R([O |E3:|>QR<|:01 U2D,Wlthu U=y},
letu . | ¢ € MM (n—k+t+1) and let
0 Inhx

[V HB_IZH} € M"*++1 be orthogonal. Then

NPy face KF (€(er,B)) = (USTT*HHUT) N
= (UV)SE V)T

Basic work: find U to repres. inters. of 2 subspaces. J

20
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Two (Intersecting) Cliqgue Reduction Figure

Completion: missing distances can be recovered if desired. J

21
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Two (Intersecting) Clique Explicit Completion

COR. Intersection with Embedding Dim. '/Completion

Hypotheses of Theorem 2 holds. Let D; := D[a;] € £, for
i—1,2,

B8 C aaNag, v := a1Uay, D :=D[g],B := KI(D), Ug:=U(B,:),
where U e M “*(t+1) satisfies intersection equation of

Theorem 2. Let {\7 HBIEH} e M ' be orthogonal. Let

Z = (JUZV)'B((JUZV)NT | If the embedding dimension for D
isr, THEN t = r in Theorem 2, and Z < S, is the unique
solution of the equation (JU;V)Z (JU;V)" = B, and the exact
completion is

D[y] = K ((UV)Z(UV)T) |.




EXPLOIT DEGENERACY and FACIAL Structure
Clique Initialization and Clique Absorption of a Sensor

2 (Inters.) Clique Red. Figure/Singular Case

Two (Intersecting) Cligue Reduction Figure/Singular Case

Use R as lower bound in singular/nonrigid case. J
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Two (Inters.) Clique Explicit Compl.; Sing. Case

COR. Clique-Sing.; Intersect. Embedding Dim.

Hypotheses of previous COR holds. Fori = 1.2, let 5 C 4; C «,
A :==JUsV, where U := U(é;,:), and B; := KT(D[5]). Let
Z < S' be a particular solution of the linear systems

A1ZA] = B
AZA] = By’

If the embedding dimensign of D[] isr, fori = 1,2, but the
embedding dimension of D := D|[5] is r — 1, then the following
holds. cont...

24
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2 (Inters.) Clique Expl. Compl.; Degen. cont...

COR. Clique-Degen. cont...

The following holds:

Q@ dmN(A)=1,fori=12.

© Fori=1,2,letn; e N (A), |Ini|]2 =1, and
AZ :=nin) +nyn]. Then, Z is a solution of the linear
systems if and only if
Z=Z+7N, forsomereR

© There are at most two nonzero solutions, rl_and 75, for the
generalized eigenvalue problem —AZv = 7Zv, v # 0. Set
Zi =7+ %IAZ fori = 1,2. Then the exact completion is

one of | D[y] € {K(UVZVTUT):i=1,2}

25
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Clique Initialization

LEMMA Cligue Initialization

Foreachi € {1,.... n}, use half the radio range and define the
set

Ci = {j €{1,....n}: Dy g(R/z)z}.

Then each C; corresponds to a clique of sensors that are within
radio range of each other.

Current Set of Cliques,

indices C C 1 : n corresponding to at most n cliques {C;}icc.

26
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Node Absorbtion

Clique © Absorbs Node
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Clique Absorption

COROLLARY Clique Absorption
Let Cy, for k € C, be a given clique with node | ¢ Cy,
B := {i1.j2,J3} € Ck, and maxi_; » 3 Dj, < R?. If
rank K'(D[]) =r.
then | can be absorbed by the clique Cy; and, we can complete
the missing elements in column (row) | of D[Cy U {I}].

COROLLARY Clique Absorption-Degenerate

Similar to the degenerate case for the intersection, we can use
the lower bound and obtain clique absorption for the case that
the embedding dimension is only r — 1.

28
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Algorithm

{i: (Dp)j < (R/2)?}, fori=1,....n

20
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Algorithm
Ci:={j:( <(R/2)?}, fori=1,...,n

® For |C; N Cj| > r + 1, do Rigid Clique Union
® For [C; NN (j)| > r + 1, do Rigid Node Absorption
® For |C; N Cj| = r, do Non-Rigid Clique Union (lower bnds)

@ For |C; NN (j)| =r, do Non-Rigid Node Absorp. (lower
bnds)

\
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Algorithm

Initialize

Ci:={j:( <(R/2)?}, fori=1,...,n

Iterate
® For |C; N Cj| > r + 1, do Rigid Clique Union
@ For |CiNN (j)| > r + 1, do Rigid Node Absorption
® For |C; N Cj| = r, do Non-Rigid Clique Union (lower bnds)

@ For |Ci NN (j)| =r, do Non-Rigid Node Absorp. (lower
bnds)

\

When 1 a clique containing all anchors, use computed facial
representation and positions of anchors to solve for X

20
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Rigid Cligue Union Rigid Cligue Union and Node Absorption
n/R 07 | 06 | 05 0.4 n/R 07 [ 0.6 [ 05 ] 04 |
2000 1 7 91 362 2000 1 1 2 78
4000 1 1 1 16 4000 1 1 1 1
6000 1 1 1 1 6000 1 1 1 1
8000 1 1 1 1 8000 1 1 1 1
10000 1 1 1 1 10000 1 1 1 1
Remaining Cliques Remaining Cliques
n/R 0.7 0.6 0.5 0.4 n/R 0.7 0.6 0.5 0.4
2000 4.8 4.6 4.2 4.1 2000 4.9 4.9 6.1 13.2
4000 9.2 9.4 9.1 9.2 4000 9.2 9.5 9.1 9.8
6000 16.0 14.7 15.3 14.9 6000 16.1 15.1 15.1 14.8
8000 22.9 22.5 20.9 21.0 8000 22.7 224 | 21.0 21.3
10000 | 38.3 32.7 29.1 30.7 10000 | 32.5 32.4 | 28.8 30.6
CPU Seconds CPU Seconds
n/R 0.7 0.6 0.5 0.4 n/R 0.7 0.6 0.5 0.4
2000 —10.1 —10.8 — — 2000 —10.1 —10.8 —9.8 —8.8
4000 —10.9 —11.0 —10.5 —9.6 4000 —10.9 —11.0 —10.5 —9.6
6000 —11.6 —10.7 —10.6 —10.0 6000 —11.6 —10.7 —10.6 —10.0
8000 —11.1 —11.0 —10.7 —9.2 8000 —11.1 —11.0 —10.7 —9.2
10000 —11.0 —11.0 —10.2 —10.4 10000 —11.0 —11.0 —10.2 10.4
Max log(Error) Max log(Error)

21
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EDM Completion Problem, EDMC

e given certain fixed elements of a EDM matrix A
ethe other elements are unknown (free)
ecomplete this matrix to an EDM

S={(,j) A= %bk is known, fixed, i <j}, [S|=m,
w* = min f(X) == 3|IX|2
(EDMC) subjectto  A(X)=Db

X > 0,

constraint A =7 - £ : "1 — RIS yields interpolation
conditions

A(X)j =trace EjL(X) = by, Vk =(jj) €S,

292
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Duality/Optimality for EDMC

estrict convexity, coercivity implies compact level sets
eEDMCattained and no duality gap (actually primal and dual
attainment)

Lagrangian dual

1
pt=rv* = max minZ|X[2 +yT(b - A(X)) - trace AX
A-0yeRISI X 2

22
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characterization of optimality

THEOREM Suppose that the feasible set of EDMCis not the
empty set. Then the optimal solution of EDMCis
D = L([A*(y)]+), where y is the unique solution of the single
equation

A ([A*(Y)l+) = b,

and B, denotes the projection of the symmetric matrix
B € S"~1 onto the cone P,_1.

24
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Proof

optimality conditions after differentiation

X=A*(y)+A=0, A=0, dual feasibility
AX)=Db primal feasibility
AX =0 complementary slackness

This means that A*(y) = X — A, where both X > 0,A = 0, and
AX = 0. Therefore the three symmetric matrices

W = A*(y), X, A are mutually diagonalizable. We write

X = PDxPT, A =PD,PT, i.e. we conclude that

W = A*(y) =P (Dx — Dp)PT, DxDp = 0. Therefore

[A*(y)l+ = PDxPT = X.

QED

25
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Efficient/Explicit Solution ify > 0

large class (generic?) can be solved in polytime.

COROLLARY The linear operator A is onto and AA* is
nonsingular. Suppose thaty = (AA*)~!b € RT. Then

D=L(A%(y))

is the unique solution of EDMC.

Proof: That A is onto follows from the definitions.

Ify > 0, then the matrix Z(y) > 0 with 0 diagonal. Therefore,
X = L£*(Z(y)) is diagonally dominant with nonnegative
diagonal, i.e. X = 0 by Gersgorin’s disk theorem. This implies
that D is a distance matrix and it satisfies the interpolation
conditions, i.e. it satisfies the optimality conditions in the
Theorem.

QED

26
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Numerics: dim vs dens with # of failures in 100 tests

y = A'b > 0 may not hold in general, we still get a distance
matrix D, i.e. A*(y) = 0,n=10:10: 100; density .1: .1 : .8.
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Summary

]

Many hard (combinatorial) problems can be modelled
using quadratic objectives and constraints, QQPs.

QQPs are generally NP-hard problems. But, the
Lagrangian relaxation can be solved efficiently using the
equivalent SDP (relaxation).

The special structure of the SDP relaxations can be
exploited in order to get efficient solutions for large scale
problems.

Many SDP relaxations of combinatorial problems are
degenerate. But, this degeneracy can be exploited. In
particular, the SDP relaxation of SNL is highly (implicitly)
degenerate. This degeneracy allows for a fast, accurate
solution technique.
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Thanks for your attention!
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