C&O0 463/663 Convex Optimization and Analysis (Fall 2009)
Assignment 4 - Additional Problems

Instructor: Dr. Henry Wolkowicz
Due Date: Thursday, Dec. 3, 2009

1 Conjugate Duality

1. (text page 57) Suppose that f,g : E — (—o0,+00] are convex and (f ® ¢)(y) =
inf, {f(x) + g(y — x)} is the infimal convolution.

(a) Prove that f ® g is convex. (On the other hand, if ¢ is concave prove that so is
fog)
(b) Prove (f ©g)" = f*+g".

2. Generalize and prove the above two problems [[d and [H to the infimal convolution
h(y) = inf {Zle fi(zs) - Zle x; = y}. (Thus the operations + and ® are dual to

each other with respect to taking conjugates.)

2 Entropy Minimization
Define the (Boltzmann-Shannon) entropy function on R and R”, by

tlnt—t ift>0,
p(t) =4 0 if t =0,
+00 ift <0,

and f:R" — RU{+o0} by

n

f@) =3 pla),

i=1
respectively. Define the entropy minimization problem

min f(x)+ (c,x)
(PE) subject to Ax =b,
where f is as above, ¢ € R", A is a m X n matrix, and b € R™. Show that:

1. for any ¢ € R, the function f(z) + (c, ) is strictly convex on R’} and has compact
sublevel (level) sets;

2. for any z € int(R%}) and z € bd(R") (the boundary), the directional derivative
fl(x;z —x) = —00.



3. if there exists a # € int (R7}) such that Az = b, then problem (PE) has a unique
solution = € R™ determined by the conditions on the components of z,

zj=exp(ATp—c);, ji=1,...,n,
where ¢ is a solution to the dual problem

max {(¢,b) — (f +¢)"(A"¢)}.

peR™

(Is ¢ a Lagrange multiplier for problem (PE)? Why or why not?)

BONUS Questions

1. (DAD Problem) The matrix A is [doubly stochastic if it is nonnegative, A > 0, and
both its row and columns sums are 1, Ae = e, ATe = e. The matrix A > 0 has a
doubly stochastic pattern if there is a doubly stochastic matrix with exactly the same
zero entries as A.

Show that A > 0 n x n has a doubly stochastic pattern if and only if there exist
diagonal matrices D;,7 = 1,2 with strictly positive diagonal entries such that Dy AD,
is doubly stochastic.
Hint: For necessity, use the following program to find the desired doubly stochastic
matrix B = D1 AD:

min D ijiayso (P(Xij) — Xijlog Ayj)
subject to Zz‘:Azpo Xi;=1, forj=1,...n
D jaysoXig =1, fori=1,.m,

where p is the (Boltzmann-Shannon) entropy function defined above.

2. (Fenchel vs Lagrangian Duality) Consider the abstract convex program defined in class

min f(z)
(CP) subject to g(z) <k 0
x €€,

where K is a ccc, ) is a convex set, f is a finite valued convex function, and g is
K—convex. Can you find an example of (CP) where strong duality holds for the
Lagrangian dual and not the Fenchel dual? What about the converse, i.e. it holds for
the Fenchel dual and not the Lagrangian dual? Why and/or why not? Do the dual
optimal values make sense in these examples?

(For the Fenchel dual, use the indicator function of the feasible set, i.e. f; = f and
fa = Ig, where S is the feasible set, and the use the primal problem inf{ fi(z)+ fa(x)}.)


http://en.wikipedia.org/wiki/Doubly_stochastic_matrix
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