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Examples of compressive sensing (find sparse solutions
using convex relaxations)

Algorithm for Maximum clique and biclique (NP hard
problems)

combinatorial clustering

tools: matrix rank minimization using nuclear norm
relaxation
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Convex relaxation example: compressive sensing

sparsest vector (NP-hard) problem
find x with fewest number of nonzero entries satisfying Ax = b

Spherical section property:
Bv € Null(A) with ||v||1/[|v||> unusually small value

[Cf. Donoho; Candés, Romberg and Tao; Zhang; others.]
@ If A has spherical section property, and Jx* a suff. sparse
soluton: then convex relax. min{||x||1 : Ax = b} yields x*.
@ AND: Only exponentially small subset of R™*" fails to have
spherical section property; so can choose A € R™*"
randomly.
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Maximum clique and biclique, NP hard, problems

Given an undirected graph (V,E), find k vertices mutually
interconnected such that k is maximized

Biclique:

Given a bipartite graph (U, V ,E), find a subgraph (U*,V* E*)
containing all possible |U*| - |V *| edges such that |U*| - |V *| is
maximized

They are simple models of information retrieval problems J
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Results for clique and biclique

convex relaxation of clique or biclique finds exact solution

provided input graph is constructed as:
@ Start with a single reasonably large clique or biclique.

@ Insert additional ‘noise’ edges either chosen by an
adversary (arbitrary) or at random.

@ The algorithm tolerates a modest number (but the largest
possible number, up to constants) adversary-chosen noise
edges.

@ The algorithm tolerates a much larger number of random
noise edges.
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Combinatorial clustering problem

NP-hard ( case is classical max clique problem)

Can be posed very generally as follows. Given a graph on n
data points, where edges indicate compatibility, find a set of s
disjoint cliques that cover as many nodes as possible.

Results

@ Suppose the graph consists of s cliques plus some
inter-clique noise edges plus additional noise nodes not
part of any cliques. Then our convex relaxation will recover
the original cliques exactly.

@ Many more noise edges and nodes tolerated in the
randomized (than in arbitrary) case.
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Biclique reformulation as rank minimization

Existence of an biclique as rank minimization:

min  rank(X)

s.t. X(i,j) € [0,1] V(i,j) e U xV
X(i,j)=0 V(i,j) e (UxV)—E
> i) X(,]) = mn

(Similar formulation exists for clique)
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Matrix rank minimization

@ Matrix rank minimization is an optimization problem:
minrank(X) s.t. X € C, C C R™*" convex

@ Certain well-known cases solvable efficiently:
C = B(Xo,(s, Hz) orC = B(Xo,(s, .HF),

@ In general, the problem is NP-hard. Nonetheless, many
very interesting problems are expressed as matrix rank
minimization.

@ Sensor network localization
@ Matrix completion problem
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Matrix rank min., nuclear norm, compr. sensing

@ Nuclear norm of X, ||X||., is sum of singular vals of X's

@ refs:, e.g., Fazel thesis (2002), suggested nuclear norm
(convex function) as relaxation of rank.

@ Recht, Fazel, Parrilo (2007) showed nuclear norm
relaxation is exact for an interesting class of matrix rank
minimization problems

@ RFP extended compressive sensing properties to rank
minimization: If A € R™*"*P satisfies a certain property, X
is sufficiently low rank, and b = AX, then X can be
recovered by minimizing || X ||, subject to AX = b.

@ Nuclear norm minimization can be rewritten as SDP.

10
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Nuclear norm relaxation

Nuclear norm (convex) relaxation of biclique:

min - [IX[].
st. X(i,j)>0  V(i,j)eUxV,
LR )=0 V(i,j) e (UxV)—E,

11
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Conclusions and open questions, Part |

@ Convex relaxation can find a clique or biclique in a graph
that contains the clique and biclique plus many
diversionary edges.

@ If the diversionary edges are placed at random, then the
algorithm can tolerate many more of them.

@ Would be interesting to extend the technique to other
information retrieval problems, e.g., nonnegative matrix
factorization.

@ Efficient and accurate solvers needed.

12
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Sensor Network Localization (SNL)/ Facial Reduction

Algorithm based on Euclidean Matrix Completions, EDM and
exploiting implicit degeneracy in SDP relaxation.

No SDP solver is used.

anchors ignored

@ Problem Description

@ clique union and facial reduction algorithm
@ delayed Euclidean Matrix Completion

13
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Sensor Network Localization (SNL)/ Facial Reduction

SNL - a Fundamental Problem of Distance Geometry;

® n ad hoc wireless sensors (nodes) to locate in R,
(r is embedding dimension;
sensorsp; e R,ieV :=1,....,n)

o m yPi,i=n—m+1,....,n)
(positions known, using e.g. GPS)

@ pairwise distances Dj = ||p; — pj||%,ij € E, are known
within radio range R > 0

° T
Py X
. . _ nxr
P = :T = [A eR
Pn
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Sensor Localization Problem/Partial EDM

and Anchors
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Applications

Horst Stormer (Nobel Prize, Physics, 1998), “21 Ideas for the

21st Century”, Business Week. 8/23-30, 1999

a skin for the earth

| A\

Tracking Humans/Animals/Equipment/Weather

@ geographic routing; data aggregation; topological control;
soil humidity; earthquakes and volcanos; weather and
ocean currents.

@ military; tracking of goods; vehicle positions; surveillance;
random deployment in ina%:essible terrains.
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Underlying Graph Realization/Partial EDM  NP-Hard

@ nodesetV ={1,....n}

@ edgeset (i,j) € &, wj = ||pi — ijZ known approximately

@ The anchors form a clique (complete subgraph)

@ Realization of G in R": a mapping of node v; — p; € R’
with squared distances given by w.

17
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Underlying Graph Realization/Partial EDM  NP-Hard

@ nodesetV ={1,....n}

@ edgeset (i,j) € &, wj = ||pi — ijZ known approximately

@ The anchors form a clique (complete subgraph)

@ Realization of G in R": a mapping of node v; — p; € R’
with squared distances given by w.

Corresponding Partial Euclidean Distance Matrix, EDM

o A if(iee
7| 0 otherwise (unknown distance),

dij2 = wjj are known squared Euclidean distances between
sensors pj, pj; anchors correspond to a clique.

17
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Connections to Semidefinite Programming (SDP)

, Cone of (symmetric) SDP matrices in

inner product (A, B) = trace AB
Léwner (psd) partial order A = B,A - B

18



Convex relaxation for clique, biclique and cluster
Clique, biclique and rank minimization

Sensor Network Localization/Facial Reduction
Clique/Facial Reduction (Exploit degeneracy)
Noisy Data

Connections to Semidefinite Programming (SDP)

, Cone of (symmetric) SDP matrices in

inner product (A, B) = trace AB
Léwner (psd) partial order A = B, A - B

, (centered )
PT=1[p1 p2 pn] € MM B :=PPT € 8T;
rankB =r; D € £ be correspondlng EI%M

n
= (ppy +p,- p —2pfpj)ij:1

= |diag(B)e' +ediag(B)" — 2B
—: De(B) — 2B
=: K(B) (fromB e St).

18
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Current Techniques; SDP Relax.; Highly Degen.

Nearest, Weighted, SDPApprox. (relax )
® Ming-gpeq ||H o (K (B) —D)|; rankB =r;
typical weights: H; = 1/,/D;;. if ij € E.
@ with \ rank constraint \: a non-convex, NP-hard program
@ SDP relaxation is convex, BUT: expensive/low
accuracy/implicitly highly degenerate
(cliques restrict ranks of feasible Bs)

10
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Current Techniques; SDP Relax.; Highly Degen.

Nearest, Weighted, SDPApprox. (relax )

® Ming-gpeq ||H o (K (B) —D)|; rankB =r;
typical weights: H; = 1/,/D;;. if ij € E.

@ with \ rank constraint \: a non-convex, NP-hard program

@ SDP relaxation is convex, BUT: expensive/low
accuracy/implicitly highly degenerate
(cliques restrict ranks of feasible Bs)

Instead: (Shall) Take Advantage of Degeneracy!

clique «. || = k (corresp. D[a]) with embed. dim. =t <r <k
— rank CT(D[a]) =t <1 = rankB[a] < rank K (D[o]) + 1
— rankB =rank KT(D)<n—|(k -t —1)| =

Slater’s CQ (strict feasibility) fails

190
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Facial Structure of SDP Cone; Equivalent
SUBSPACES

Equivalence to

FJ SQ determined by range ofﬂ S erdintF,
i.e.letS = UIU' be compact spectral decomposition; I € St

is diagonal matrix of pos. eigenvalues;| F = US{ UT

(F associated with R (U))
dmF =t(t +1)/2.

20
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Facial Structure of SDP Cone; Equivalent
SUBSPACES

Equivalence to

F <87 determined by range of any S € relintF,
i.e. let S = UruU' be compact spectral decomposition; I & Sty

is diagonal matrix of pos. eigenvalues;| F = US{ UT

(F associated with R (U))
dimF =t(t +1)/2.

|

face I representation by subspace
(subspace) £L = R (T), T is n x t full column, then:

F=TS.T" a8

20
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BASIC THEOREM for Single Clique/Facial Reduction

THEOREM 1: Single Clique/Facial Reduction

Let: D = D[1:K] € §k, k < n, with embedding dimension t < r;
B :=KT(D)=UgSU3, Ug € M¥*',UfUg =1, S € St
Furthermore, let Ug = {UB iE} e M Kx(t+1),

VK
_ |Ys 0 UuTe n—k-+t+1
U= {0 In_J,and let [V 7] e m be

orthogonal. Then:
face kT (€7(1:k,B)) = (USTHHUT)nsg

= (UV)ST V)T

Note that we add %e to represent V' (IC); then we use V to

eliminate e to recover a centered face.

1
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Sets for Intersecting Cliques/Faces

aq 6%

For each clique |o| = k, we get a corresponding face/subspace
(k x r matrix) representation. We now see how to handle two
cliques, a1, ao, that intersect. .,
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Two (Intersecting) Cliqgue Reduction/Subsp. Repres.

THEOREM 2: Clique/Facial Intersection Using Subspace

Intersection

{ ag,a C1l:n; K= |ag Uay|

Fori = 1,2: D; := D[] € £%, embedding dimension t;;
Bi?:Kﬁ(DOIZ[LSHjF,UiE.A4&Xn,oni1 :|Q,Si€‘51+;
U = [Ui ﬁe} e M*x(i+D): and U e M K*(t+1) satisfies

w@=r ([% )on (5 o) om0 -1

cont. ..

22
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Two (Intersecting) Cligue Reduction, cont. ..

THEOREM 2 Nonsing. Clique/Facial Inters. cont...

cont. .. with
20 (5 )0 (5 O] ool
let: U := [U 0 } e MMx(—k+t+1) gng
0 I,
{V HB—IZH} e M " ¥++1 pe orthogonal. Then
Ny facekt (€%(er,B)) = (UST*HHUT) N
= (UV)ST V)T

24
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Expense/Work of (Two) Clique/Facial Reductions

Subspace Intersection for Two Intersecting Cliques/Faces

Suppose:
U 0 I 0
Up=|Uf 0| and U= |0 UJ
0 | 0 Uj
Then:
U U3 (up)ug
U:= Uy or U:= us
Uy(Ug) Uy Uj
(Efficiently/stably) satisfies:
R(U) =R (U1) NR(U2)

25
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Two (Intersecting) Cliqgue Reduction Figure

Completion: missing distances can be recovered if desired.

26
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Two (Intersecting) Clique Explicit Delayed Completion

COR. Intersection with Embedding Dim. '/Completion

Hypotheses of Theorem 2 holds. Let D; := D[«;] € £, for

i=1,2,8CaNaz,y:=aUa,D :=D[j],B =

KT(D), Us:=U(3,:), where U € M*k*(+1) satisfies
UTe

intersection equation of Theorem 2. Let {\7 W} e ML

be orthogonal. Let|Z = (JUV)IB((JUV)H)T | If the

embedding dimension for Disr, THEN t = r in Theorem 2, and
Z e S_L is the unique solution of the equation
(JUsV)Z(JUgV)T = B, and the exact completion is

D[y] = K (PPT) | where P := UVZz € RhI*!

27
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2 (Inters.) Clique Red. Figure/Singular Case

Two (Intersecting) Cligue Reduction Figure/Singular Case

Use R as lower bound in singular/nonrigid case.
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Completing SNL (Delayed use of Anchor Locations)

Rotate to Align the Anchor Positions

@ Given P = [gl} € R"™ such that D = K (PPT)
2

@ Solve the orthogonal Procrustes problem:

min [|A - P2Q|
st. QTQ =1

PJA=UXVT SVD decomposition; set Q = UV T;
(Golub/Van Loan, Algorithm 12.4.1)
@ Set X :=P;Q

20



Convex relaxation for clique, biclique and cluster
Clique, biclique and rank minimization

Sensor Network Localization/Facial Reduction
Clique/Facial Reduction (Exploit degeneracy)

Noisy Data

Algorithm: Four Cases

Clique Union

Node Absorption

Rigid

Non-rigid
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Results - Data for Random Noisless Problems

@ 2.16 GHz Intel Core 2 Duo, 2 GB of RAM

@ Dimensionr = 2

@ Square region: [0, 1] x [0, 1]

@ m = 9 anchors

@ Using only Rigid Clique Union and Rigid Node Absorption
@ Error measure: Root Mean Square Deviation

L 1/2
RMSD = (a > Ipi- pr“euz)
I=

21
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Results - Large n (SDP size O(n?))

n # of Sensors Located

n # sensors \ R 0.07 0.06 0.05 0.04
2000 2000 2000 1956 1374
6000 6000 6000 6000 6000
10000 10000 | 10000 | 10000 | 10000

CPU Seconds
#sensors\R | 0.07 | 0.06 | 0.05 | 0.04
2000 1 1 1 3
6000 5 5 4 4
10000 10 10 9 8

RMSD (over located sensors)

n # sensors\ R 0.07 0.06 0.05 0.04

2000 4e—16 | 5e—16 | 6e—16 | 3e—16
6000 4e—16 | 4e—16 | 3e—16 | 3e—16
10000 3e—16 | 5e—16 | 4e—16 | 4e—16

292
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Results - N Huge SDPs Solved

Large-Scale Problems

# sensors # anchors radiorange | RMSD Time
20000 9 .025 5e—16 25s
40000 9 .02 8e—16 | 1m 23s
60000 9 .015 5e—16 | 3m 13s
100000 9 .01 6e—16 | 9m 8s

Size of SDPs Solved: (# vrbls)

En(density of G) = m1R?; M = &,(|E|) = 7R2N (# constraints)
Size of SDP Problems:

M = [3,078,915 12,315,351 27,709,309 76,969,790
N = 10° [0.2000 0.8000 1.8000 5.0000]

22
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Noisy Case: Locally Recover Exact EDMs

Nearest EDM

@ Given clique «; corresp. EDM D, = D + N, N, noise
@ we need to find the smallest face containing £"(«, D).
min [|K(X) — De||
o st. rank(X)=r,Xe=0,X =0
X = 0.
@ Eliminate the constraints: Ve = 0.V 'V =1,
Kyv(X):=K(VXVT):

Uy € agmin %HICV(UUT)—DEH,Z:
st.  Uem®-1r,

The nearest EDM is D* = /C\ (U (U)T).

24
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Solve Overdetermined Nonlin. Least Squares Prob.

Newton (expensive) or Gauss-Newton (less accurate)

F(U) := us2vec (}CV(UUT) - DE> . minf(U) = % IF(U)]2

Derivatives: gradient and Hessian

Vf(U)(AU) = (2 (IC{‘, [/CV(UUT) . Deb U,AU)

V2f(U) = 2vec (c’g/c:;/cvszcu +KY (}CV(UUT) - DE)) Mat

where Ly(-) =-UT; Sg(U)=3(U +UT)

25
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random noisy probs;r =2 m =9, nf = 1e — 6

@ Using only Rigid Clique Union, preliminary results:

remaining cliques

cpu seconds

max-log-error

n/R 1.0 0.9 0.8 0.7 0.6
1000 1.00 5.00 11.00 40.00 124.00
2000 1.00 1.00 1.00 1.00 7.00
3000 1.00 1.00 1.00 1.00 1.00
4000 1.00 1.00 1.00 1.00 1.00
5000 1.00 1.00 1.00 1.00 1.00
n/R 1.0 0.9 0.8 0.7 0.6
1000 9.43 6.98 5.57 5.04 4.05
2000 12.46 12.18 12.43 11.18 9.89
3000 18.08 18.50 19.07 18.33 16.33
4000 25.18 24.01 24.02 23.80 22.12
5000 38.13 31.66 30.26 30.32 29.88
n/R 1.0 0.9 0.8 0.7 0.6
1000 —3.28 —4.19 —2.92 Inf Inf
2000 —3.63 —3.81 —3.82 —2.39 —3.73
3000 —3.51 —3.98 —3.25 —3.90 —3.28
4000 —4.15 —4.05 —3.52 —3.04 —3.33
5000 —4.80 —4.38 —3.89 —4.13 —3.40

26
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Conclusions, Part Ii

@ exploit: fact that SDP relaxation of SNL is highly (implicitly)
degenerate (feasible set of SDP is restricted to low dim.
face of SDP cone (low rank matrices))

@ take advantage of degeneracy by finding explicit
representations of intersections of faces of the SDP cone
corresponding to unions of intersecting cliques

@ Without any SDP-solver, quickly compute exact solution to
SDP relaxation (order of magnitude improvement in:
cputime, accuracy, quality)

@ anchors are red herring; ignore anchors; delay completion;
rotate at end to recover anchor positions.
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