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OUTL INE

e Backgroundon LP and SDPNotationandMotivation

o , (‘non-interior’) path-following algorithm for LP (and
SDP)

e Detalls of algorithm on LP witmumerics

e Application to Nearest Euclidean Distance Matrix Problem,
Numerics, Comparisons with a dual algorithm (time
permitting)
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Notation and M otivation

min f(X)
(SDP) subjectto AX =10
X =0,

where: f : S — R convex function
S" n x n real symmetric matrices
A: 8" — R™ linear operator,

X (=) = 0 denotes positive (semi)definite

( (AX); = (A;, X) = trace A, X, A, =A],i=1...
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Linear Primal-Dual Pair of SDPs

(looks/behaves like Linear Program, LP)

min (C, X) =traceCX
(PSDP) subjectto AX =0
X >0,
max by
(SDP) subjectto A"y + 2 =C
Z = 0,

adjoint operator A*y = > ", y; A;
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(Pertur bed) Optimality Conditions

For barrier parameter: > O:

A*y+ 72 - C dual feasibility

F.(X,y,72) = AX —b =0 primal feasibility
ZX — ul pert. compl. slac

For SDP:
Fi: 8" xR xS — 8" x B x M"
l.e. overdetermined nonlinear system

)
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(Non) | nterior Path-Followingon LP

p*:= min c'z (or {c,z))
(LP) st. Az =0b
r>0 (orx>=0)

d* = max bly
(DLP) st. Aly+z=c
z>0 (orz>=0)

A € R™*" full rank (onto); LP and DLP strictly feasible
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Central Path/Path Following

dual log-barrier problem with parametef. > 0 Is

dy, = max bTy+,uZ?:110gzj (4 log det(2))

(Dlogbarriel st. Aly+z=c
z >0 (z = 0).

stationary point of the Lagrangian / optimality conditions
Aly+ 2 —¢
Fu(z,y,2) = Ar — b = 0, r,z>0, (=0)
X —pz-1

X = Diag (x), Z = Diag (2)
. set of these solutiong:,, y,,, z,), 1 > 0
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[H-Conditioning

As i — 0, Jacobiant (z, y, z) grows near central
path

Cure/Fix: Make nonlinear equatiorisss nonlineayi.e.
preconditioning for Newton type methods;

premultiply by block-diag matrix with block§, I, 7):

I 0 0 Aly+2—c
Fu(r,y.2) — |0 I 0 | Fulzr,y,2) = Ax — b
(0 0 Z) ZX — ul
Ry
— ry
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L 1nearization

Special structure of linearized system can be exploited,

Ax
linearizationfor the As= 1| Ay | IS
Az
0 Al 1
FL(x,y,z)ASZ A 0 0 |As=—-Fu(z,y,2).
Z 0 X
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Damped Newton M ethod

Newton steps
T — z+opAzx, y<—y+aqldy, z<— 2+ 0qAz,

are taken thabacktrackfrom the nonnegativity boundary to
maintain the positivity/interiorityy > 0, z > 0.
On central pathF),(z,y, z) = 0,

1 1 1 1 :
= —pele=—elZXe = =2z = =(duality gap,
n n n n

barrier parametes = duality gap = ¢!z —bly
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system in SDP case:
S" xR xS - 8" xR x M"

apply symmetrization 'undoes preconditioning’

I 0 0O 0 Al T
0 I 0 A 0 0
0 0 S 7 0 X

e.g. last equation is linearization of:
ZX + X7 —2ul =0 (AHO search direction)
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Reduction/Block Elimination 1or the
Normal Equations, NEQ

Step L(Eliminate Az):

I 0 AT I 0 A" I
0 A o0 o]=|4 0o o0].
—X Z 0 X Z —XAT 0

We let

O N O
~N O O

©

|
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Normal Equations, NEQ

Step 2(Eliminate Ax):

I 0 0
F,=P K := 0 I —A21 A 0
0 0 - 7 —XAT
0 AT I,
= 0 0

I, —Z71xAT 0

can have:
e uniformly bounded condition number, e.g. Guler et al 1993
e structured singular values, e.g. M. Wright 1997
But cond(F},) — oo.
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Ight-hand side




[H-Posed System

Thecondition number of’! F,, diverges to infinity
If x(w);/2(n); diverges to infinity, for some asyu converges to O.
The condition number o(fF/;)TF[L is uniformly bounded if there

exists a unique primal-dual solution.
PROOF Note that

n

I, — 771 xAT 0
EXF, = | —AXZ71 (AAT + (AZ71XAT2 4+ AZ72X2AT) A .
0 AT I

By interlacing of eigenvalues, ... N
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Condition Number Growth

observe
e condition number of<! F;, is greater than the largest eigenvalue

of the blockAZ2Xx2A4"":
e equivalently,— d(}?T 2y

largest eigenvalue.
e If z, z stay in neighbourhood of central path, thein;(z; /x;) IS

O(p).
THEN:

IS smaller than the reciprocal of this
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EX. Catastrophic Roundoff Error

FEN 1), c = <_11>,b:1.

T = | =1,z = ar
- O 7y_ ) - 2 )

Initial points:

. (9.183()126 = 001) . (2.1936426 = OOS)

1.356397e — 008 /)’ 1.836603e + 000 /’

y = —1.163398¢ + 000.

residuals and duality gap:
. pn=a'z/n=22528¢ — 008

5 decimals rounding before/after arithmetic
centering witho = .1

BUT: residuals are NOT ordex.
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Search Direction

search direction is found using:

(i) full matrix £/ ; (11) F,
8.17000e — 02
Ax —1.35440e — 08
Ay | = 1.63400e — 01 |; =
Az —2.14340e — 08

1.63400e — 01 )

error in Ay is small; error after backsubstitution fohz); Is
large.

1.18630e + 07
—1 T
(Ag_éfg) — | —4.18630e + 07
- ~7.38540¢ — 09
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Alternate Second Step;
Stable Reduction

Assuming! A = |[,,, E]. Partition

o Zm . Lm, T Xm
=(3) - ()= ()

I, 0 0 0\ /0 0o A" I,)
0 I, 0 O0||IL, E 0 0
: BR=1l0 -z, I o) Im 0 —Xpm O
o 0 0 I,/ \o0o Z -XET 0/
[ 0 0 AT I )
Im E 0 0
| 0 0
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Ight-hand side

Aly+2—c Rq
Az — b = — P Tp
ZXe— e —XRyg+ ZXe— e

( —Rq
T'p
—ZmTp — X (Rg)m + ZmXme — e
— Xl B+ Lo Xpe — e

\ /




Equivalent View of Stable Lineariza-
tion

find (hopefully sparse) representation
range of\V Is nullspace ofd

Az =b Ifandonlyif =z =2+ Nv, forsomev € R ™.
e.g. symmetric form
Fx,<bx,>0 FEc =) & Tm+Ex, =b,x >0

Therefore assumg sparse and

A

"
=)
8
=

g

-
~—
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Supstitute for z. x; Eliminate

Theorem The primal-dual variables, v, z, with
t=2+ Nv>0, z=c— Al'y > 0, are optimal for (LP),(DLP) if
and only if they satisfy the single bilinear optimality etjoa

F(v,y) := Diag (¢ — Aly)Diag (& + Nv)e = 0.

A single (perturbed) optimality conditions to use for the
primal-dual method,
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Linearization for Search Direction,
As

—F,(v,y) = Fi(v,y)As  As = (ﬁ;)
Jacobian matrix Is
F,(v,y) = (Diag(c — ATy)N — Diag (¢ + Nv)AT)
system to solve for search direction is
—F,(v,y) = Diag (c — A’y)N  — Diag (& + Nv)A®

first part usually large; — m variables
second part usually small, onty variables.
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Well Conditioned

Theorem Consider the primal-dual pair (LP),(DLP). Suppose that
A Is onto (full rank), the range aV is the null space ofi, N is

full column rank, andz, y, z) is theuniqgueprimal-dual optimal
solution. Then the matrix of the linear system

—F, = F/;As

0.1
0-1) = ZNAv— XAT Ay

(£, is Jacobian of},) is nonsingular
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PROOF Suppose that), (v, y)As = 0. We need to show that
As = (Av, Ay) = 0.

Let B and\ denote the set of indicessuch that

z; = Z; + (Nv); > 0 and set of indicessuch that

z = ¢ — (Aly); > 0, respectively. Under the nondegeneracy
(unigueness) and full rank assumptions, we get

BUN ={1,..n}, BOAN =0, and the cardinalitied3| = m,

N | = n — m. Moreover, the submatridz, formed from the
columns ofA with indices Inj, is nonsingular.

By our assumption and the linearization definition, we gat th

(F(v,y)As), = (c—A"y)p(NAv)—(E+Nv)(A" Ay)p =0, Vk.
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From the definitions o8, \V, this implies that
(0.2) (A'Ay); =0,Vj € B, (NAv); = 0,Vi € N.
The left part of (0.2) impliest;Ay = 0, i.e. we obtainAy = 0.

It remains to show thahv = 0. From the definition ofV we have
AN = 0. Therefore, using the right part of (0.2) implies

0 = (e a0 fvany)
— Ag(NAv)g + An(NAV) p
= Ap(NAv)g.
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of Theorem cont...

Ight part of (0.2) and the nonsingularity 4§, we get

NAv = 0.

| rank of V implies Av = 0.



Primal-Dual Algorithm

follow usual primal-dual interior-point framework: Newts
method applied to perturbed system of optimality condgiamh
damped step lengths for maintaining nonnegativity comgga

e eliminate, primal-dual linear feasibility (exact feas.intained)
e search direction found using PCG (LSQR)

e N0 backtracking to preserve sufficient positivity:0f

e crossover step (affine scaling, perturbation parametei0 and
full Newton step close to optimum; exterior method; NLF -
Newton Liberation Front)

e identify zero values for, purification step
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Preconditioning Techniques

Z = Z(y) = Diag (c — Aly), X := X(v) = Diag (z + Nv)

J:=F/(v,y)=(ZN —XAT) Jacobian

find a preconditionesimple nonsingulaf/ such that/A/ ! is
well conditioned and solve better conditioned systems

JM1tAq=—F,andMAs = Aq.

We look for: ML ar= JtJ

LSQR (Paige-Saunders) implicitly solves normal equations
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Optimal Diagonal Column Precondl-
tioning

simplest of preconditioners; given square mafkix

condition number

If M = argminw((JD)!(JD)) over all positive diagonal
matricesD then (Dennis-W. 1990)

M;; = 1/||J;] i-th column norm
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Partial (Block) Cholesky Precondi-
tioner

g ( N'Z°N  -N'ZXA"
—~AXZN  AX*AY )

For z, z near central path, I.e&/X = u [, off diagonal terms= 0
block (partial) Cholesky preconditioning is good precaier

@Q-less QR factorizatio®) , R, = ZN, QxRx = X A"

RLR; = N1 Z2N, RLYRx = AX?AL

JYJ >~ MTM,
expensive!
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Crossover Criteria/Quadratic Con-
Vergence

assume nonsingular Jacobian at optimality (So unique pan
dual solutionss*)
standard theory for Newton’s method:

Theorem (Kantorovich) Letr > 0, sg € R", F : R — R", and
assume thak’ is continuously differentiable iN (sg, 7). Assume
for a vector norm and the induced operator norm that

J € Lip, (N (so,7)) with J(so) nonsingular, and that there exist

constants’, n > 0 such that
1J(s0) "I < B, I (s0) " F(so)ll <.

Definea = Byn. If a < 4 andr > rg := (1 — /1 —2a)/(37).
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Quadr atic Conver gence cont...

Then the sequendgs;. } produced by

Sk+1 = Sk — J(Sk)_lF(Sk)v k= ()i

Is well defined and converges $p, a unique zero of’ in the
closure of\ (sg, 7). If a < 3, thens, is the unique zero of in

N (sg,71), wherer; := min|r, (1 + 1 — 2« )/(67)] and

2k 1]

sk — s«|| < (2a)® =, k=0,1,...,
o
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Lipschitz Constant tor Region or
Conver gence

Lemma The Jacobian
F'(v,y) .= (Diag (c — ATy)N  Diag (& + Nv)AT )

IS Lipschitz continuous with constant

v = V2| AN

with respect tqv, y) H
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PROOE We letAs — (AU

Ay)' Since

I(F"(s) — F'(5)As||
|As]|
. IDiag (A" (y — §)) NAv — Diag (A" Ay) N (v -
|As]|
A" (y = DIINAv|| + [|A" Ayl |N (v — 9)|
|As]|
AN W[l = gll + AN l][o — o]

V2 AINls = 311

|[£(s) = F'(s)| = max

m

max ’

VAN

VAN VAN

Therefore a Lipschitz constantis= /2||A|||| NV]|. _
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Region of Quadratic Convergence

I[ZN — XAT]7Y| < B, e.g. using smallest singular value

|J Eo(v,w)|| = I[ZN — XA 7Y (=X Ze)|| < n.

Theorem Suppose that

|

= < —.
a = Y07 >

Then the sequence generated by

Sk = 5k — J(s) " F(sp)

converges (quadraticallyp s*, the unique zero of’ in the
neighbourhoodV (sg, r1). n
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e detect zero variables/active constraints at optimality
e Use the Tapia indicators 1995,

($k+1)z’

ratio ofi-th component of iterates
(Tk)i

e perform a pivot step to eliminate these variables
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stmmary; Path-tollowing and NOT
lnterior-point

e Staying interior is a heuristic for staying within a neighipleood

of the central path
e Staying interior (well-centered) is required for numerica
accuracy when solving theurrentill-conditioned reduced

systems
o

no loss of sparsity

high accuracy solutions available if desired

exact primal and dual feasiblility at each iteration (trualdy
gap)

warm starts

fast convergence (no backtracking from boundary)
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Numerical Tests

o generated data witknown optimum

e Well-conditionedbasis matrix

e Stopping condition relative gayy) 12

e MATLAB 6.5, Pentium 3 733MHz, 256MB RAM

e iterative approach;SOR (Paige-Saunders); different
preconditioners

e NEQ stallswith relative gap approximately0—'! on many
problems
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NEQ vs Stable M ethod-Direct Solver

data| m ) nnz(FE) | condAg) cond(J) NEQ Stable direct
D time | its | D _Time | its
1 100 200 1233 51295 32584 0.03 * 0.06 6
2 200 400 2526 354937 268805 0.09 6 0.49 6
3 200 400 4358 63955 185503 0.10 * 0.58 6
4 400 800 5121 | 14261771 | 2864905 0.61 * 3.66 6
) 400 800 8939 459727 256269 0.64 6 4.43 §
6 800 | 1600 10332 | 11311945 | 5730600 5.02 6 26.43 6
4 800 | 1600 18135 4751747 | 1608389 5.11 * 33.10 6

nnz(E) - number of nonzeros i#;

cond() - condition numberyJ = (ZN — X A1) at optimum;
D_time - avg. for search direction per iter;
its - for interior point method

denotes NEQ stalls ap— 1!
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Stable M ethod with L SOR
and Two Precond.

data set LSQR with ILU LSQR with Diag
D Time its L its | Pre time| D _Time | its | L_its | Pre_time
1 0.15 6 37 0.06 0.41 § 556 0.01
2 3.42 6 343 0.28 2.24 6 | 1569 0.00
3 2.11 6 164 0.32 3.18 6 1595 0.00
4 NA Stalling | NA NA 13.37 6 | 4576 0.01
5 NA Stalling NA NA 21.58 6 4207 0.01
6 NA Stalling | NA NA 90.24 6 | 9239 0.02
7 NA Stalling | NA N2 128.67 | 6 | 8254 0.02

Same data sets as above;

two different preconditioners (diagonal and incomplet®lgbky with drop tolerance.001);
D_time - average time for search direction;

its - iteration number of interior point methods;

L _its - average number LSQR iterations per major iteration;

Pre_time - average time for preconditioner;

Stalling - LSQR cannot converge due to poor preconditioning
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LSOR with Block Cholesky precon-

ditioner

data set| LSQR with block Chol. Precond.
D Time | its | L_its | Pre_time

1 0.09 6 4 0.07

2 0.57 6 5) 0.48

3 0.68 6 5) 0.58

4 5.55 6 6 5.16

5 6.87 6 6 6.45

6 43.28 6 5) 41.85

7 54.80 6 5 53.35
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Ioglo(rel gap)

—— stable solver
- O normal equation solver
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e about n E

e the Jacobian nonsingular at optimum.

e Well-conditioned basis matrjdp

e the same dimensions and two dense columns, while total
number of nonzeros increases

e The loss in sparsity has essentially no effect on NEQ, sinee t

AD A" matrix is dense due to the two dense columns. But we can
see the negative effect that the loss of sparsity has ondbé&est
direct solver.

However, we see that for these problem instances, using LSOR
with the stable system can be up to twenty times faster theQ NE
solver.
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Sparse; Well conditioned Az, cont...

data sets NEQ Stable Direct LSQOR
Name conddg) cond(J) nnz(E)| D Time its| D _Time its| D _Time its L_its
nnz2 19 13558 4490 987 7 18.78 7 0.55 7 81
nnz4 21 19540 6481 10.09 7 20.74 7 0.86 7 106
nnz8 28 10170 10456 10.05 7 29.48 7 1.51 7 132
nnz16 76 11064 18346 10.08 7 35.48 7 3.65 7 210
nnz32 201 11778 33883 10.04 9 41.49 9 8.96 8 339

cond(-) - (rounded) condition number;

nnz(E) - number of nonzeros if;

D_time - average time for search direction;

its - number of iterations;

L_its - average number LSQR iterations per major iteration;

All data sets have the same dimensidd)0 x 2000, and have 2 dense columns.
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Sparse; Well conditioned Ag, ... Size

The time for the

solver is proportional to

LSQR becomes more apparent as the dimension grows.

. The stable direct solver is about twice that of
NEQ. LSOR is the best among these 3 solvers on these instafftsomputational advantage of

data sets NEQ Stable Direct LSQR
name Size cond{z) cond(J)| D _Time its| D_Time its| D_Time its
szl 400 x 800 20 2962 063 7 1.37 7 015 7
sz2 400 x 1600 15 2986 063 7 1.36 7 0.26 7
sz3 400 x 3200 13 2358 063 7 1.39 7 053 7
sz4 800 x 1600 19 12344 5.08 7 9.60 7 0.32 7
sz5 800 x 3200 15 15476 506 7 964 7 0.76 7
sz6 1600 x 3200 20 53244 39.01 7 72.12 7 1.35 7
sz7 1600 x 6400 16 56812 3883 7 7216 7 232 8
sz8 3200 x 6400 19 218664 | 346.24 4 549.44 7 2.99 7

cond(-) - (rounded) condition number;

D_time - average time for search direction;
its - number of iterations
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Sparse; Well conditioned Ag, ...
# Dense Cols

data sets NEQ Stable Direct LSQR
name densecols. comdlg) cond(J)| D Time its| D Time its| D Time its
denO 0 18 45 1.21 6 296 6 041 6
denl 1 19 13341 10.11 7 1829 7 047 7
den2 2 19 18417 998 7 19.35 7 0.60 7
den3 3 19 19178 992 7 18.64 7 0.72 7
den4 4 18 18513 989 7 18.72 7 097 7

cond(-) - (rounded) condition number;
D_time - average time for search direction;

its - number of iterations.
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Ioglo(rel gap)

—— NEQ with backtracking
- O STAB with backtracking
—%— STAB without backtracking
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goal start from optimal solution as an initial starting pointato

perturbed

stable met

oroblem.

nogarticularly successful at performing warm starts

for small perturbations, since the Jacobian (under nonkrgey
assumptions) is nonsingular

optimality conditions become

F(x,

(A+ ANy +2—c Ac
Y, 2) 1= (A+AA)z — b = | Ab
ZXe 0
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Theorem Suppose that the linear programming problem is
nondegenerate and, (v*, z*) Is a strictly complementary

primal-dual optimal solution. LeB and N be the partition of the
Index set of variables:

B={i:xz;>0and N ={i:1<i<n,i¢B}.
Suppose we perturbto A + AA, bto b+ Ab, andc to ¢ + Ac.

Assume(A + AA)g IS nonsingular.

1. Then, a full step in the affine direction from the starting

pointz*, y*, z* converges in one stdp a solution satisfying
the optimality conditions.

2. Furthermore, ifAc, Ab, A A are sufficiently small, then we
get bothz > 0,z > 0.
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PROOE The affine search directiofix, Ay, Az with the starting
pointz*, y*, z* Is the solution to the following system

(A+ AA) Az = Ab— AAx”
(A+AADTAy+ Az = Ac— AAly
r o Az+2"0Ax = 0.

By noting thatr’}, = 0 andz; = 0, solving the above system
yields

Azg = (A+ AA) ' (Ab— AAx*), Azp =0,
Ay = (A+ AA) 1 (Acg — AALyY),
Azg =0, Azy = Acy — AALy* — (A+ AA)T(A+ AA) G (Acg — -
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One can now verify that* + Az, y* + Ay, andz* + Az Is a
solution to system equation optper. Wh&ad, Ab, andAc are
sufficiently small, them\zz and Az, are small too, and thus
¥+ Az > 0andz* + Az > 0. B
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Warm Start Convergence Radii for
A+rAA b+ 1rAD, c+ rAc

Problem 1 with Problem 2 with Problem 3 with
I|A|| = 10.5, ||b|| = 465.6, | ||A|| = 15.1, ||b|| = 582.0, | ||A|| = 15.5, ||b|| = 755.8,
llc|]| = 155.6 |c|| = 217.7 lc|]| = 215.9
0.05 0.01 0.01
0.05 0.03 0.01
0.09 0.03 0.01
0.05 0.03 0.01
0.13 0.01 0.11
0.09 0.01 0.07
0.09 0.01 0.01
0.07 0.03 0.01
0.03 0.02 0.01
0.11 0.07 0.01
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(Nearest) Euclidean Distance M atrix
Completion using SDP

Given:
pre-distance matriXd € 8™ (nonnegative with zero diagonal)
weight matrixHd € S™
1 :
(NEDM) 1" = min | H o (A — D)||% subject to:D € EDM

EDM = {D = (d;;) € 8" : d;j = ||z; — x;||?, for somez; € R*}, k is embedding dimension
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Applications e.g. molecular conformation problems in crstry;
multidimensional scaling and multivariate analysis penis in
statistics; genetics, geography, ....
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Mixed-Cone For mulation

direct approach using a mixed SDP and second-order (or tgren
cone problem:

min o
st. Y =Ho (LX) A), |[V|r<a
XeS" 1 yesS” X eSDP

whereX € SDP = L(X) € EDM
(Public domain software packages are available)
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B:[ajlxg...xn], kX n
Dyj = |lzi — 51> = =25 @5 + [l ]|* + ||
T
D=—-2B'B+e (diag (BTB)) + (diag (BTB)) el

With X = BT B = 0
connection between SDP and EDM.
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Operator Notation:

us2vec , us2Mat , svec , sMat

n+1
2

r = svec (X) € R( ), X = sMat (z)

/2 times vector (columnwise) from upper-triang.sf
("31) = n(n + 1)/2; V2 guarantees isometry.

sMat := svec ~! mapping intaS™

adjoint transformationMat * = svec:

(sMat (v),S) = tracesMat (v)S

= ovlsvec(S) = (v,svec (9))
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D is EDM

(axly

Iff

chuy_( ’

diag (X)*

diag (X) diag (X)e! + ediag (X)! —2X

for someX > 0, X € S™1

(e Is vector of ones)

[,:Sn_l —>Sn’

L(S" ) = EDM

)
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Duality and Optimality Conditions
(using X = sMat (x) + I) an equivalent problem is:

J/* = min %HH o (A—L£(X))|> subjectto X = 0
strong (Lagrangian) duality holds (Slater’s holds for irand

holds for dual if the graph is complete)

* . 1 2
pe=v = rj{lgécm)%HQHHo(A L(X))||7 — trace AX
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change tdoNolfe dual and obtain optimality conditions:

X = sMat(z)>=0 (primal feasibility)
A = £*{H(2)o(£(X))}—C, A= 0 (dual feasibility)
AX = 0 (complementary slack.)
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eliminateA

exact primal-dual feasibility during iterations
full rank Jacobian at optimality.

single bilinear (perturbed) equatian z;

F(z) : R(E) — pr—l

F(z) = [E* {H<2> : (,C(X))} _ C} X — ul =0

typical SDP - overdetermined system of bilinear equations
current approach is to symmetrize - which results Iin
Ill-conditioning! from rank deficient Jacobian at optintgli
BUT, here, no symmetrization used,;

solve using (an inexact) Gauss-Newton method - with PCG
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Let W(z) := L* {H<2> ; ([,(x))}
Linearization for search directiofix at currentr = svec (X):

F(z)Ar = W(z) — C] Az + W(Az)] X

This Is a linear, full rank, overdetermined system.
Our search directioi\x Is its (approx.) least squares solution.
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Algorithm: p-d i-e-p framework

e | Nnitialization:

ee | Nput data: a pre-distance x n matrix A
ee PoSitive tolerances:

€1 (stopping)o (Iss accuracy)ks (crossover),

ee Find initial strictly feasible points. both
XOAN =WX)-0C) = 0; >0
ee Set initial parameters:

gap = trace A’X": 1 = gap/n; objval = f(X"): k= 0.

e While min{ objval} > €;

ob3val—|—1 y

ee SOlvelssfor search direction (accuracy
7 o~ T'Y‘\';'V\rll 11\
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After the crossover, centeringr = 0 and steplength = 1, we get
g-quadratic convergence; allows foarm starts

L ong steps can be takeeyonahe positivity boundary. (tests
show Improved convergence rates)
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nditioning
(A+XW) P~} (Az) = —Fu(z),

—

Axr = P(Ax)



Diagonal Preconditioning

Optimal scaling Dennis and W. (1993) full rank matrix
A € R™*" m > n, with condition number
w(K) := n~trace (K)/ det(K)'/™, the optimal scaling

minw((AD)? (AD)) subject to:D positive and diagonal
solution:d;; = 1/”14;7;“2,i =1,....n

explicitexpressions for preconditioner
Inexpensive
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diagonaloperatorP; evaluate using columns &f) (v).
k= (i,9), 1 <i<j <n, strictly upper triangular part

A+ 2XW)(en)ll7 = [[A(er)l|% + [(W(er) X%
+ (A(Eyj), W(Ei;))X) ,

where

M = { va (AT T Ael) i<
(Asel) if i = j.

andxXw ..... Inexpensive - 50% reduction in LSQR iterations
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Numerical Tests

Pentium 4; MATLAB 6.5; 1 GIG RAM.

crossover heuristic: relative duality gap.1.
Stopping criteria (relative duality gag) e; = 1e — 10.
(But - average accuracy attaingéd— 13, g-quadratic
convergence.)
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density vs: nnz(X) and cpucnt. And, cpucnt normalized with multn by 8.9442

Figure 0.1: density .0005:.001:.003,

CPU times

and



Conclusion

Gauss-Newton direction:

Advantages/Disadvantages:
Robust, warm starts are simple, longer steps
exact primal and dual feasibility at each iteration
Can apply CG-type approaches
g-quadratic convergence
scale-invariant on the right

Future:
Need large sparse QR efficient as Cholesky

predictor-corrector
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