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this mini-course

“Numerical Magnetohydrodynamics with Application to
Space Physics Flows”

 lecture 1: Structure of MHD as a Hyperbolic System
(conservation, waves, shocks; differences with Euler)

* lecture 2: Finite Volume Methods for MHD

(FV methods, divergence constraint, high-order methods,
adaptive cubed-sphere grids)

* Jlecture 3: Numerical Methods for Transonic Solutions

(transitions from supersonic to subsonic flow (e.g., solar wind),
critical points, dynamical systems methods)
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lecture 3: Numerical Methods for Transonic
Solutions

« consider stationary solutions of hyperbolic conservation
law

W+ vV-FU)=0

 in particular, compressible Euler equations

p pu
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Transonic steady Euler flows
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Standard approach for steady flow simulation

* time marching (often implicit)
U’rL—I—l _Uun
At

* Newton: linearize 7

« Krylov: iterative solution of linear system in every Newton
step

« Schwarz: parallel (domain decompositioning), or
multigrid

= NKS methodology for steady flows
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Main advantages of NKS

» use the hyperbolic BCs for steady problem

* ‘physical’ way to find suitable initial conditions for the
Newton method in every timestep

it works! (in the sense that it allows one to converge to a
solution, in many cases, with some trial-and-error)
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Disadvantages of NKS

 number of Newton iterations required for convergence
can grow as a function of resolution

« number of Krylov iterations required for convergence of
the linear system in each Newton step grows as a
function of resolution

« grid sequencing/nested iteration: often does not work as
well as it could (need many Newton iterations on each
level)

* robustness, hard to find general strategy to increase
timestep

= NKS methodology not very scalable, and expensive
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Why not solve the steady equations directly?

W+ V. -FU)=0 V. F(U) =0

« too hard! (BCs, elliptic-hyperbolic, ...)
* let's try anyway:
— maybe we can understand why it is difficult

— maybe we can find a method that is more efficient than implicit
time marching

e startin 1D
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1. 1D model problems

+ radial outflow from extrasolar planet

i pr22 | i pur |
% our _|_8Q pur? + pr?
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Radial outflow from exoplanet

* http://exoplanet.eu

941 (173) extrasolar planets
known, as of August 2013
(June 2006)

146 (21) multiple planet
systems

 many exoplanets are gas
giants (“hot Jupiters”)

* many orbit very close to star
(~0.05 AU)

* hypothesis: strong irradiation
leads to supersonic
hydrogen escape
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Transiting exoplanet

Star

Planet
Extended
atmosphere
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Orblital motion
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Transonic radial outflow solution of Euler equations
of gas dynamics

3 \ n |
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Use time marching method (explicit)

s /2| OCIEY

TimeStep: 10 e ouncapeed

—¥— density

v-c=0
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Use time marching method (explicit)

after 1000s of timesteps...

3 \ T T T T T T T T
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Simplified 1D problem: radial isothermal Euler

« 2 equations (ODEs), 2 unknowns (U, 0)

d
= (pur?) = 0
dr

du _ 2uc? (r—re)
dr — 12 (u2—c2)
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Solving the steady ODE system is hard...

2

1.8

 critical point:
2 equations, 2
unknowns, but only 1 BC
needed: p,! (along with
transonic solution "
requirement)

(no u, required!)

1.6

1.4

« solving ODE from the left
does not work...

* Dbut... integrating outward
from the critical point
does work!!!

dr — 2 (.2_.2
UNIVERSITY OF dr r (u c )
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2. Newton Critical Point (NCP) method for steady
transonic Euler flows

* First component of NCP: integrate outward from critical
point, using dynamical systems formulation

du __ 21 c? (r—re)
dr — 72 (u2—c?)

0.8} /g =
0.4 ’, % —n .

0'%.5 1I 1;5 é 25

UNIVERSITY OF

WAT E R Loo Numerical MHD - hans.desterck@u . 17 of 52




First component of NCP

du __ 2w c? (r—re)

dr T r2(u2=c?)
1. Write as dynamical system...
du(s) B > ( GM
ds 2uc <r 202) .
d
";l(SS) = 22— 2) = G(V)

2. find critical point: (V) =0

3. linearize about critical point, eigenvectors
oG 0 23
s = | (GM)?
oV Verit i % 0

4. integrate outward from critical point
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For the Full Euler Equations

_ 5 _ i i

pur 0
d% pu27’2 -|‘2107°2 — —oGM +2pr
G+ ur || —pGM u+ qpeqr

* 3 equations, 3 unknowns, but only 2 inflow BC (p, pg)
(u, results from simulation)

« problem: there are many possible critical points! (two-
parameter family)
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Full Euler dynamical system

dF

— = 0,

ds

du 5 GM rtu
ds = 2uc (T—Q—Cz)—(W—l)QheatTa
d

== 2P - ),

ds

dT

- = (v —1)T(GM —2u?r) —

S

r4

(vy—1) Qheat? (T — UQ)-

3
CM 4 (y— 1) Sheat Terit
29 Terit 2 Ferit

Uecrit — \/”VTcm't'
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Second component of NCP: use Newton method
to match critical point with BCs

o o _ '-,I —%— velocity
guess initial critical point \ ampastas
) - 1 . ensity
1. use adaptive ODE Y Iteration: 1 : - pressure
integrator to find | \ EHerpy
b sound speed

trajectory (RK45)

2. modify guess for critical
point depending on
deviation from desired
inflow boundary
conditions (2x2 Newton
method)

find C s.t. B* = F(C)
c(k+l) = C(k) + (.”c(k))—l (B* _
3. repeat
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I' temperature
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energy
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—%— velocity

temperature

1 . densit )

Iteration: 2 d
pressure

energy

sound speed
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Iteration: 3

—%— velocity

temperature

density
pressure

energy

sound speed
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Ll 1 1 T T T T r
—#%— velocity
temperature
density
pressure
energy

Iteration: 4

'""u' 30und Speed
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—%— velocity
temperature
density
pressure
energy
sound speed
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—%— velocity
temperature
density
pressure
energy
sound speed
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Quadratic Newton covergence

Newton step k error ||[B() — B*||5
4.41106268600662
2.28831581534917
1.43924405447424
0.10259052732943
0.00125578478131
0.00000037420499
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NCP method for 1D steady flows

 itis possible to solve steady equations directly, if one
uses critical point and dynamical systems knowledge

* (Newton) iteration is still needed
 NCP Newton method solves a 2x2 nonlinear system
(adaptive integration of trajectories is explicit)

* much more efficient than solving a 1500x1500 nonlinear
system, and more well-posed

Journal of Computational and Applied Mathematics 223 (2009) 916-928

A fast and accurate algorithm for computing radial transonic flows

Hans De Sterck®*, Scott Rostrup 2, Feng Tian®
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3. Extension to problems with shocks

« consider quasi-1D nozzle flow

—~_

,OA ] _/\
2 puA +
o1 2 Flow ———>
(1 +08) A
puA 0
9| puPA4pA | _ | da
or ~ D 0 u2 — | Pdz
<7_1 T T) uA 0
= Uerit — Y Lerit = Cerits
dA
d—(xcm't) = 0.
xr
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NCP method for nozzle flow with shock (Scott
Rostrup)

 subsonicin: 2 BC
 subsonic out: 1 BC .

33 o
UU%
R

ERec
3:%%
N

== T
BR S e
Z22Z
—

* NCP from critical point
to match 2 inflow BC

P
i

« Newton method to bieen S
match shock location to
outflow BC (using T T, it
Rankine-Hugoniot o Mo,
relations, 1 free
parameter)

UNIVERSITY OF
WATE R Loo Numerical MHD - hans.desterck@u . 31 of 52




Other application: black hole accretion

Mach Number
density
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Some thoughts

» positive at shock... (monotone, no oscillations)
* no limiter was required... (=no headache)

e as accurate as you want, with error control (adaptive
RK45 in smooth parts, Newton with small tolerance at
singularities)

* small Newton systems at singularities (one dimension
smaller than problem)

* if only we could do something like this in 2D, 3D,
time-dependent! <~
/*\g

 ‘dreamon...’ ;-) . Iy
¥*m P

*>— —
»* -
e * |

| ¥

1 1 - “1- ~ ¥ = =
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4. Extension to problems with heat conduction

SIAM J. APPLIED DYNAMICAL SYSTEMS @ 2007
Vol. 6, No. 3, pp. 645-662

Critical Point Analysis of Transonic Flow Profiles with Heat Conduction*

H. De Sterck!

[ ,07“2 | | pu7“2 |
9 pur? L9 pur24pr2 | _
ot (751 + pg?) 2 or (Wv_pl + pg?) 2
] - _
—pGM +2pr

—pGM u~+ qeq 72 + % (/437“2 %—Z)

UNIVERSITY OF

WAT E R Loo Numerical MHD - hans.desterck@uw . 34 of 52
N
—




Dynamical system for Euler with heat conduction

dT
¢ 2ol

= KT

T = LR A -T),

ds

aF _

ds X .
d GM —
d_;l’ — —QUCQ (,r,_ 202> (UQ_T)_I_Qbu(UKI C )

—(v = DuT(GM — 2u?r),

ar _ —¢(u?® —c*)(u? —T)

ds , /12 . ’

fl—(b — —¢}(7’(u 1_)6) + FT(GM — 2u°r)(u? — ¢?)
S ~v— 1Dk

+ahearrt (u? — ) (u? = T).
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Two types of critical points!
 sonic critical point (node):
Uerit = VY Terit = Cerit
« thermal critical point (saddle point):

Uerit — Terit = Ccrit/\/'_Ya

¢ZZt +GM — ngritrcrit = 0.
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Transonic flow with heat conduction

* subsonic inflow: . o
3BCl.po) |

e supersonic voosty? |
outflow: 0 BC

« 3-parameter |
family of o

~ " .
~ _ thermal critical point .. -
~ .

~

thermal critical Zonlo crtical poin
points i

* NCP matches T
thermal critical ~ Po°[ T
point with 3 .
|nﬂOW BC 0 0, 115 é 215 é 3i5 4]1 4.|5 EIJ - 5—15.— - _6

Uo :
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5. Some extensions being considered

* Viscosity:
— some preliminary investigation indicates that no new critical
points are introduced

— needs further investigation

 robustness:

— Newton method can ‘shoot’ to negative density or pressure
when approaching inner boundary

— often, desired solutions lie very close to ‘border’ of feasible/
physical parameter domain

— need a more robust nonlinear system solver (line search,
trust region, ...)

* if topology is not known in advance: level sets?
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6. Extension to 2D, 3D: bow shock flows

« assume isothermal flow: 0407
o, U,V
« parametrize shock curve: r(0) P

: : 030 =
- discretize: r=r(6,) He VO

* given p, U, Vv, andr(6), use RH
relations to get
pr, ur, Vr

« solve PDE using (nonlinear) FD

method in smooth region on 0.10F <
right of shock, with BC p, u, v,

> 020

« adjust r, until v.=0 at wall (1D
Newton procedure on F(r;)=0, 030

dense matrix) 9 50 " ouU

- does not work since marching ~ a TAY 5 TBU -5,
FD is unstable in elliptic region! Y _ o-1.5.9Y _,
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bow shock flows

 solution: solve PDE using
(nonlinear) FD method in
smooth region on right of
shock, with BC p, v, v =0, P= | <
this gives v, * R

par,r o0

040[

. Y
> 0201 ..

» adjustryuntil v, “=v_  at —
shock (1D Newton B
procedure on F(r;)=0,

dense matrix) 000
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bow shock flows
« we keep from 1D:

— smaller-size Newton
problem (1D instead of 2D)

— we can use simple high-

order FD method for smooth 0

flow region U_Vo30f =
. worse than in 1D: o “
— dense Jacobian

— need to iterate to solve
nonlinear PDE in smooth ==
region 0.10 >

« this may work

« note similarity with shock
capturing 030

« efficiency?; robustness?
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extension to MHD

* in MHD, there are three wave families (fast, Alfven, slow)

» there can be multiple critical points of different types, and
multiple transitions from elliptic to hyperbolic regions in
the steady state flow (NCP becomes harder, even in

1D...)

porp el Hsl  Eisl, HIL
C

cusp A

Bl | B2 ; Hed o, B2 2 >
C

cusp A
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extension to MHD

040 T

030+

> 020:-.

0.10

g B2 Hs2  Bf2  HR
c2 c? c? V2
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Extension to 2D, 3D: critical curves

sin¥=1/M

3 \ TT T
| velocity
' | sound speed
\ \ — - — density —
o5 | | — — —pressure | Vn' C - O
—>
2 B 7
/ hyp
critical point
1 -
" ell
\ . N
0.5 <« O N 4
N o N - ' pO
0 ] ] | ‘ |\\_~1\= e vttt e S V60= O
1 2 3 4 5 6 7 8 9 10
r
Po
no uy!
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Extension to 2D, 3D: critical curves

« assume isothermal flow: sinY=1/M
P, U, v

* simple case: vy=0

- critical curve v-c=0

= transition from subsonic to supersonic
= transition from elliptic to hyperbolic '
= limiting line for the characteristics ,
(envelope of characteristics, v, - ¢ = 0)

e guess critical curve: r(0)

« discretize: r=r(0,)

« solve PDE using (nonlinear) FD method ell
in smooth region inside critical curve

« adjust r; until boundary conditions are po
satisfied (1D Newton procedure on Vg =0
F(r,)=0, dense matrix)
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Extension to 2D, 3D: critical curves

« assume isothermal flow: p, u, v critical curve r(0) (limiting line)
* general case: vy=0

 critical curve _ )
= limiting line for the characteristics }—— -l \\

5000

(envelope of characteristics, v - ¢ = 0)
 critical curve

4000

= transition from subsonic to supersonic, : hy
= transition from elliptic to hyperbolic 2 S A V
(Vtot' C= O) g

« guess critical curve: r(8), gives v, guess v,

« solve PDE using (nonlinear) FD method in
smooth region inside critical curve (can

)4‘;

integrate through ell-hyp boundary) with BC g ar0
\' p() no s thIS gIVGS VparO ; par s p . [j)al’,O l|

* adjustr,and v, until v, = v, " critical o NP N \
curve Condltlon (1 D NeWtOn procedure on 0 1000 000 | 300? 4000 5000
F(r, Vn()) O dense matnX) equatorial axis
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Extension to 2D, 3D: critical curves

« guess critical curve: r(0), gives v, critical curve r(0) (limiting line)

* guess Vv,

« discretize: r=r(0,)

» solve PDE using (nonlinear) FD method
in smooth region inside critical curve

(can integrate through ell-hyp
boundary), with BC

Vi, Py Voo » this gives v

5000

4000

00

parO ’ par7p

30

« adjustr;and v, until v, o= v, % critical
curve condltlon (1D Newton procedure a
on s

F(r, v,,)=0, dense matrix)

1000

* open problems:
— limiting line condition? r | ;|
— how to continuate solution from "o 1000 /33C 3000 4000 5000

equatorial axis

limiting line (PDE does it?
dynamical system?)
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/. Conclusions

» solving steady Euler equations directly is superior to
time-marching methods for 1D transonic flows

« NCP uses

— adaptive integration outward from critical point
— dynamical system formulation
— 2x2 Newton method to match critical point with BC

e 1D: so what?

— can use inefficient methods (7)
— there are real 1D applications!
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1D applications: exoplanet and early earth

THE ASTROPHYSICAL JOURNAL, 621:1049-1060, 2005 March 10

TRANSONIC HYDRODYNAMIC ESCAPE OF HYDROGEN FROM EXTRASOLAR
PLANETARY ATMOSPHERES

FENG TIAN,1’2 OweN B. Toon,>> ALEXANDER A. PAVLov,2 anp H. DE Sterck’

13 MAY 2005 VOL 308 SCIENCE www.sciencemag.org

A Hydrogen-Rich
Early Earth Atmosphere

Feng Tian,"** Owen B. Toon,>? Alexander A. Pavlov,’
H. De Sterck®*
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Conclusions

« 2D, 3D, time-dependent: future work (‘dream on’ ;-) )

— integrate separately in different domains of the flow,
‘outward’ from critical curves

— match conditions at critical curves with BCs using Newton
method

— Issues:
— change of topology (level sets?)
—solve nonlinear PDEs in different regions
(cost?)
—smaller but dense Newton system
— conditions at limiting lines and continuation?
—time-dependent (do the same in space-time?)

—shocks may form in deemed-smooth regions
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Conclusions

« 2D, 3D, time-dependent : future work (‘dream on’ ;-) )
iIssues: — change of topology (level sets?)
— solve nonlinear PDEs in different regions (cost?)
— smaller but dense Newton system
— conditions at limiting lines and continuation?
— time-dependent (do the same in space-time?)

potential advantages are significant: problem more well-
posed

— fixed number of Newton steps, linear iterations
(scalable)

— better grid sequencing (nested iteration) (non-normal)

— can use simple high-order methods in smooth flow, no
limiters (at least not that headache)

— potentially useful for many solves with same topology

@.9. shape optimization)
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Thank you.

Questions?
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