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compressible ideal magnetohydrodynamics (MHD) 

•  nonlinear system of PDEs 
•  describes ‘perfectly conducting fluid’ (ideal gas) 
•  8 equations in 8 unknowns 
•  8 unknown functions of (3D) space and time 

Numerical MHD - hans.desterck@uwaterloo.ca 
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compressible ideal MHD 

•  mass density  
•  velocity vector 
(adiabatic constant      )   

•  pressure  
•  magnetic field vector 
(  8 unknown functions) 

Numerical MHD - hans.desterck@uwaterloo.ca 
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compressible ideal MHD 

•  nonlinear hyperbolic conservation law  
•  conservation of mass, momentum, total energy, 

magnetic field 
•  no dissipation (‘ideal’), perfectly conducting fluid 
•  for            : compressible gas dynamics (Euler) 

Numerical MHD - hans.desterck@uwaterloo.ca 
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compressible ideal MHD 

•  MHD = combination of Euler and Maxwell 
 ( current                     and             force) 

•  non-relativistic, low-frequency limit 
•  constraint               (initial condition, satisfied for all times)  

Numerical MHD - hans.desterck@uwaterloo.ca 
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compressible ideal MHD – ‘physical form’ 

Numerical MHD - hans.desterck@uwaterloo.ca 

(mass conservation) 

(Newton) 

(Faraday) 

entropy 

Ohm 

current 
(Ampere) 
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ideal MHD 

•  ‘perfectly conducting fluid’ models space and fusion 
plasmas (ionized gas) in certain parameter regimes 

Numerical MHD - hans.desterck@uwaterloo.ca 
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ideal MHD 

Numerical MHD - hans.desterck@uwaterloo.ca 
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ideal MHD 

Numerical MHD - hans.desterck@uwaterloo.ca 
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ideal MHD 

Numerical MHD - hans.desterck@uwaterloo.ca 



11 of 68 

ideal MHD 

Numerical MHD - hans.desterck@uwaterloo.ca 
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ideal MHD 

Numerical MHD - hans.desterck@uwaterloo.ca 
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ideal MHD 

Numerical MHD - hans.desterck@uwaterloo.ca 
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this mini-course 
“Numerical Magnetohydrodynamics with Application to 

Space Physics Flows” 

•  lecture 1: Structure of MHD as a Hyperbolic System 
 (conservation, waves, shocks; differences with Euler) 

•  lecture 2: Finite Volume Methods for MHD 
 (FV methods, divergence constraint, high-order methods, 
adaptive cubed-sphere grids) 

•  lecture 3: Numerical Methods for Transonic Solutions 
 (transitions from supersonic to subsonic flow (e.g., solar wind), 
critical points, dynamical systems methods) 

Numerical MHD - hans.desterck@uwaterloo.ca 
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some references 

•  hyperbolic conservation laws (and finite volume 
methods): 
–  Leveque, Numerical methods for conservation laws, Birkhauser, 

1992 (no MHD) 
–  Leveque, Finite Volume Methods for Hyperbolic Problems, 2002 

(Cambridge Texts in Applied Mathematics) 
–  Courant and Hilbert, Methods of mathematical physics, vol. 2, 

Interscience, 1962 
–  Courant and Friedrichs, Supersonic flow and shock waves, 

Interscience, 1948 
–  Whitham, Linear and nonlinear waves, Wiley-Interscience, 1974 

Numerical MHD - hans.desterck@uwaterloo.ca 
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some references 

•  MHD: 
–  Landau and Lifshitz, Electrodynamics of Continuous Media, 

Pergamon, 1984 
–  Jeffrey and Taniuti, Nonlinear wave propagation, Academic, 

Press, 1964 
–  Anderson, Magnetohydrodynamic shock waves, MIT Press, 

1963 
–  Goedbloed and Poedts, Principles of Magnetohydrodynamics, 

Cambridge University Press, 2004 
–  Goedbloed, Keppens and Poedts, Advanced 

Magnetohydrodynamics, Cambridge University Press, 2010 
–  (also De Sterck, PhD thesis, 1999) 

Numerical MHD - hans.desterck@uwaterloo.ca 
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lecture 1: Structure of MHD as a Hyperbolic System 

1.1 hyperbolic conservation laws 

1.2 MHD waves 

1.3 MHD shocks 

Numerical MHD - hans.desterck@uwaterloo.ca 
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1.1 hyperbolic conservation laws 

•  conservation law: 

 (nonlinear flux function         )  

Numerical MHD - hans.desterck@uwaterloo.ca 
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integral form of conservation law 

•  conservation law: 

•  integral form:  

Numerical MHD - hans.desterck@uwaterloo.ca 

with 
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quasi-linear form in 1D 

Numerical MHD - hans.desterck@uwaterloo.ca 
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hyperbolic conservation law 

Numerical MHD - hans.desterck@uwaterloo.ca 
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wave speeds – characteristic variables 

Numerical MHD - hans.desterck@uwaterloo.ca 

   wave modes with wave speeds  
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1.2 MHD waves 

•  start with the Euler equations (1D, 2 velocity components) 

Numerical MHD - hans.desterck@uwaterloo.ca 
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conservative and primitive variables 

Numerical MHD - hans.desterck@uwaterloo.ca 
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conservative and primitive variables 

Numerical MHD - hans.desterck@uwaterloo.ca 
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Euler waves 

Numerical MHD - hans.desterck@uwaterloo.ca 
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Euler waves 

Numerical MHD - hans.desterck@uwaterloo.ca 
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wave properties 

•  entropy wave and shear wave are linearly degenerate 
waves: 

–  do not steepen nor rarify; arbitrary profile exactly preserved 
•  sound waves are genuinely nonlinear waves: 

–  steepen into shocks; rarefactions 

Numerical MHD - hans.desterck@uwaterloo.ca 
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Euler Riemann problem 

•  Sod shock tube problem 

Numerical MHD - hans.desterck@uwaterloo.ca 

(clawpack) 
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MHD waves 

Numerical MHD - hans.desterck@uwaterloo.ca 
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conservative variables 

Numerical MHD - hans.desterck@uwaterloo.ca 
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primitive variables 

Numerical MHD - hans.desterck@uwaterloo.ca 
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hyperbolic system 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD wave speeds 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD waves versus Euler waves 

•  Euler: isotropic 
phase speed = 
group speed = 
sound speed 

•  MHD: anisotropic  

Numerical MHD - hans.desterck@uwaterloo.ca 

(solar.physics.montana.edu) 
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MHD wave properties 

Numerical MHD - hans.desterck@uwaterloo.ca 

linearly degenerate 
linearly degenerate 

linearly degenerate 

nonlinear 

nonlinear 

nonlinear 

nonlinear 
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MHD Riemann problem 
•  Brio-Wu shock tube problem 

   problem: too many waves! (SM = shock and rarefaction?) 

Numerical MHD - hans.desterck@uwaterloo.ca 
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wave types 

•  linearly degenerate: 
–  Euler: entropy (contact) 
–  MHD: entropy, Alfven 

•  genuinely nonlinear: 
–  Euler: sound waves 

•  nonconvex nonlinear: 
–  MHD: fast and slow waves 

   ‘compound shocks’ occur: shock with attached rarefaction 

Numerical MHD - hans.desterck@uwaterloo.ca 
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nonconvex nonlinear waves 

•  nonconvex nonlinear waves: 

•  consider scalar conservation law: 

Numerical MHD - hans.desterck@uwaterloo.ca 
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scalar conservation laws - characteristics 

Numerical MHD - hans.desterck@uwaterloo.ca 

characteristic curve: 
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scalar conservation laws - characteristics 

Numerical MHD - hans.desterck@uwaterloo.ca 

characteristic curve: 

entropy-satisfying shock: 
characteristics converge into shock 

Rankine-Hugoniot relation: 
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Burgers Riemann problem 

Numerical MHD - hans.desterck@uwaterloo.ca 
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non-convex case 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD compound shocks 

Numerical MHD - hans.desterck@uwaterloo.ca 
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1.3 MHD shocks 

Numerical MHD - hans.desterck@uwaterloo.ca 

with 

first consider scalar case: 
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shocks for scalar conservation laws 

Numerical MHD - hans.desterck@uwaterloo.ca 

with 
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shocks for hyperbolic systems 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD shocks 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD RH relations 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD shocks 

•  3 types of MHD shocks: fast, intermediate, slow 

•  classification w.r.t. fast, Alfven and slow Mach numbers: 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD shocks 

•  states of type 1, 2, 3, 4 w.r.t. Mach numbers:  

Numerical MHD - hans.desterck@uwaterloo.ca 

fast shock: 1-2 

slow shock: 3-4 

intermediate shock: 
   1-3, 1-4, 2-3, 2-4 

(note: intermediate shocks have intricate stability properties; they are generically 
unstable for ideal MHD, but are stable for MHD with finite resistivity) 



53 of 68 

MHD discontinuities 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD RH solutions 

Numerical MHD - hans.desterck@uwaterloo.ca 
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RH in the shock frame 

Numerical MHD - hans.desterck@uwaterloo.ca 
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RH in the shock frame 

Numerical MHD - hans.desterck@uwaterloo.ca 
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classification of MHD discontinuities 

Numerical MHD - hans.desterck@uwaterloo.ca 
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classification of MHD discontinuities 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD shocks 

Numerical MHD - hans.desterck@uwaterloo.ca 
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‘magnetically dominated’ regime 

Numerical MHD - hans.desterck@uwaterloo.ca 

where 

(gas pressure / magnetic pressure) 

(intermediate shocks can exist) 
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‘pressure-dominated’ regime 

Numerical MHD - hans.desterck@uwaterloo.ca 

(intermediate shocks don’t exist) 
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‘magnetically dominated’ regime 

or: switch-on regime 

magnetic field is sufficiently strong and sufficiently close to 
the shock normal to make 

Numerical MHD - hans.desterck@uwaterloo.ca 

and 
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MHD bow shock topology 

•  magnetically 
 dominated regime 

•  usual bow shock 
 topology is 
 ‘discontinuous’ 

Numerical MHD - hans.desterck@uwaterloo.ca 
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MHD bow shock simulation 

Numerical MHD - hans.desterck@uwaterloo.ca 

magnetically dominated regime 
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MHD bow shocks 

Numerical MHD - hans.desterck@uwaterloo.ca 

pressure-dominated magnetically dominated 
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symmetric case 

‘field-aligned’ flow over a cylinder (2D) 

Numerical MHD - hans.desterck@uwaterloo.ca 

pressure-dominated 

magnetically dominated 
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symmetric case (magnetically dominated) 

‘field-aligned’ flow over a cylinder (2D) 

Numerical MHD - hans.desterck@uwaterloo.ca 
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conclusions 
•  as a nonlinear hyperbolic system, MHD has a richer 

structure than Euler 
–  three families of waves, anisotropic, non-strictly hyperbolic 
–  many types of ‘exotic’ shock waves (switch-on, ...) 

•  this rich structure leads to interesting ‘predicted’ flow 
phenomena (consistent with theoretical expectations) 
even in simple flow configurations 
–  interesting: not observed yet! 

•  numerical methods build on 
 hyperbolic structure of MHD 

Numerical MHD - hans.desterck@uwaterloo.ca 
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Euler equations 

Numerical MHD - hans.desterck@uwaterloo.ca 
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characteristic curves and Riemann invariants 

Numerical MHD - hans.desterck@uwaterloo.ca 
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Riemann invariants 

Numerical MHD - hans.desterck@uwaterloo.ca 
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Riemann invariants 

Numerical MHD - hans.desterck@uwaterloo.ca 


