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1. simple Markov chain example

« start in one state with
probability 1: what is the
stationary probability vector
after .o number of steps?

Xi+1 = B X
« stationary probability:
Bx=x |x|1=1
0O 1/3 0 0 0| x!' =[2/19 6/19 4/19 6/19 1/19]
0 O 010
B=11/2 1/3 0 0 1 « this particular Markov chain
0O 1/3 1 00 . e of g
1/2 0 00 0 IS an example of a random
- - walk on a graph
nggﬁ)f()O NIl Tokyo
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applications of Markov Chains

 information retrieval
* performance

modelling of
computer systems g’/“ﬂ

* analysis of biological &
systems
- queueing theory &
- Google’s PageRank PageRank §
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2. problem statement

Bx=x Ix|[1 =1 x; > 0Vs
B is column-stochastic z
0<b;; <1Vi, 3 1B =17 ’/

« Biisirreducible (every state can be

S

reached from every other state in the

directed graph) &

= [efilte]
dx: Bx=x |x[[1 =1 x; > 0 Vi

(no probability sinks!)
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3. power method

Bx=x or (I-B)x=0 or Ax=0

* largest eigenvalue of B: X1 =1 /)

« power method: x;+1 = Bx;

— convergence factor: |Ag
— convergence is very slow when |A2| =1
(slowly mixing Markov chain) (JAC, GS also slow)
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some example Markov chains

 uniform 2D lattice
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Uniform 2D lattice, p = 1.0428
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symmetric, _ q
real spectrum for B -

problem size n
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some example Markov chains

« tandem queuing network

Tandem queueing network, n = 1024

o
[

imaginary axis
o
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real axis

Tandem queueing network, p = 1.1586

-
10 1 ' 2 ’ 3
. 10 10 10 10
FiG. 5.7. Graph for tandem gqueueing network. problem size n
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some example Markov chains

 directed, unstructured planar graph
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numerical results: one-level (power) iteration for

random graph problem

- start from random intial guess Xg | N % A
T :\‘\.+ -?ff .‘+/. \.
. AN +et
e et A:D—(L+U) }7+ .t’.\,\Jr/\I
ST,
0 — | }‘.<——°<\. "'\“/: /
« jterateon X1 =T +wD™ " A)x; VAN AN S
SNV
R S ST I | \‘
with w=0.7
n it
until - I14%ille -8 128 || 322
[ Axol1 256 || 494
512 || 1010
« W=0(n"2) method 1024 | 1768
(A sparse, O(n) iterations)
Wgtvgﬁoé)O NIl Tokyo
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when is power method slow?

« power method is slow on graphs with Lol N

local links, [A2| &~ 1 % \\\\7//\
+ e Foe \';.
e N 1
« power method is fast on graphs with < AN 4 -:\// /
global links, short distances SN o]
SN
« PageRank is fast mixing: :
you can just do power method 122 321;
(PageRank is made fast by artificially 905G 404
adding global links from all webpages 512 || 1010
to all webpages with probability 0.15) 1024 || 1768
Wgtvgﬁo{()O NII Tokyo
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why/when is power method slow?
why multilevel methods?
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principle of multigrid (for PDES)
flz,y) Ax = b

» high-frequency error is removed by relaxation (weighted Jacobi, Gauss-
Seidel, ... power method)

» low-frequency-error needs to be removed by coarse-grid correction
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multigrid hierarchy: V-cycle

P B

P L RV LR (T SEET AR A / Ah
h S 5 L5 A T smooth ® mooth
T
Y e smooth \ smooth

solve

* multigrid V-cycle:

» relax (=smooth) on successively coarser grids

= transfer error using restriction (R=P7) and interpolation (P)
« W=0(n) : (optimally) scalable method

sity of
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4. aggregation for Markov chains

« form three coarse,
aggregated states

Le, ] — Z’LEI )

BC Xe =— Xe

' 1/4 3/5 0|
Bc — 5/8 2/5 1
2. @) (Z bij) 1/8 0 O
J€J el . _
be,1g = >
o (Simon and Ando, 1961)
J
Wgtvgﬁof()O NIl Tokyo
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aggregation for Markov chains

Bexe = X¢

>z (Z bij)
ier " \iel
be1g =

’ >z

jed

B. = QT Bdiag(x) Qdiag(QT x)~1 i i

1 00
1 00
Te T = Diel Ti Q= 8 1 8
— N7
Xe = Q" X 0 0 1
nggﬁ)f()O NIl Tokyo
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two-level aggregation method

repeat

fine-level relaxation: x* = Bx;

build Q

build B, = Q' B diag(x*) Q (diag(Q* x*)) !
coarse-level solve: B, X, = X,

fine-level update: x;11 = diag(x*) Q (diag(Q? x*)) " 'x.

(similar to lumping method from Takahashi, 1975)

(‘iterative aggregation/disaggregation’)

(note: there is a convergence proof for this two-level method,
Marek and Mayer 1998, 2003)
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A LUMPING METHOD FOR NUMERICAL CALCULATIONS
OF STATIONARY DISTRIBUTIONS OF MARKOV CHAINS
Yukio TAKAHASHI
Classification: Numerical Methods in Markov
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multilevel aggregation algorithm

Algorithm: Multilevel Adaptive Aggregation e .
method (V-cycle) PN A

< — AM V ( A,X, 1/171/2) ....... ...... ...................................
begin
x « Relax(A,x) v times
build Q based on x and A (@ is rebuilt every level and cycle)
R=QT and P =diag(x) Q
Ac=RAP
x. = AM_V(A.diag(PT1)~1, PT1,11,15) (coarse-level solve)
x = P(diag(PT1))~1x,. (coarse-level correction)
x <+ Relax(A,x) o times
end

N (Krieger, Horton 1994, but no good

Waloo Way to bu”d Q’ Convergence nOt gOOd) mlle-ls:(t)cla?ccl)(@uwaterloo
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well-posedness: singular M-matrices

* singular M-matrix:

S
I
I+
+

I||||-I-I

A € R™" s q singular M-matriz <
1B € R™*™, bz'j >0Vi,j : A =p(B)I— B

« our A=/-B is a singular M-matrix on all levels

(1) Irreducible singular M-matrices have a unique solution to the problem Ax = 0,
up to scaling. All components of x have strictly the same sign (i.e., scaling can be
chosen s.t. x; > 0Vi). (This follows directly from the Perron-Frobenius theorem.)

(8) Irreducible singular M-matrices have nonpositive off-diagonal elements, and strictly
positive diagonal elements (n > 1).

(4) If A has a strictly positive element in its left or right nullspace and the off-diagonal
elements of A are nonpositive, then A is a singular M-matriz (see also [21]).
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well-posedness: multilevel method

THEOREM 3.1 (Singular M-matrix property of AM coarse-level operators). A,
is an irreducible singular M-matriz on all coarse levels, and thus has a unique right
kernel vector e. with strictly positive components (up to scaling) on all levels.

(1) 1L Ac=0 Vx;
(since 17’ R =17 and 17 A = 0) 4=

S
I
I+
+

I||||-I-I

THEOREM 3.2 (Fixed-point property of AM V-cycle). Ezact solution x is a fized
point of the AM V-cycle.

AC € = 0
X’L—l—l = P €c
University of
Waterloo NIl Tokyo
E/E hdesterck@uwaterloo.ca
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aggregation strategy

« fine-level relaxation should efficiently distribute
probability within aggregates (smooth out local, high-
frequency errors)

« coarse-level update will efficiently distribute

probability between aggregates (smooth out global,
low-frequency errors)

* base aggregates on ‘strong connections’ in Adiag(x;)
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aggregation strategy
scaled problem matrix:
A = Adiag(x;)
strong connection: coefficient is large in either of rows j or

_&ij 2 Gmax{—&zk} or — &jz' > Oma,x{—&ﬂc}

k#i k+#j

(6 €(0,1),0=0.25 )
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‘neighbourhood’ aggregation strategy

Algorithm 2: neighborhood-based aggregation, {Q;}7-; «— Neighbour-
hoodAgg (A diag(x), 0)

For all points i, build strong neighbourhoods N; based on A diag(x) and 6.
Set R «— {1,...,n} and J « 0.
/* 1st pass: assign entire neighborhoods to aggregates */
forie {1,...,n} do
if (RNN;) =N, then
J—J+1.
QJ A -A/;" QJ — M
end
end
m «— J.
/* 2nd pass: put remaining points in aggregates they are most
connected to */

while R # () do
Pick i € R and set J « argmaxy_; _,, card (N; N Qk).
Set QJ — QU {Z} and R « R\ {Z}

end

for J € {1,...,m} do Qj; «— QJ.
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aggregation: periodic 2D lattice

>
H
H
H
H
1

B, = QT Bdiag(x*) Q (diag(Q" x*))~
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numerical results: aggregation multigrid for
" N A/ random walk problem

° 6/ \ d'/
N \ e e
oo\ R A
....... J ‘ J o e B
1-level aggregation //'j /L,\ / |
n || iterations || iterations | C,, | levels "\, \Z’\'\\/ A
128 322 95 | 1.12 3 AT AR
256 494 107 | 1.13 3 e
512 1010 156 | 1.14 3 | -
ox yd
1024 1768 220 | 1.15 4 / \
2048 352 | 1.15 4 |
_ Y—gnonzeros(A4;) |
Cop = nonzeros(Aop) . \\_//
does not work so well yet (not O(n) ...)
nggﬁoé)O NIl Tokyo
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our work since 2006: speed up the multilevel
aggregation method

goal: W=0O(n) (number of V-cycles independent of n)

1. smoothed aggregation (SIAM J. Sc. Comp.,
submitted 2008)

2. build P by algebraic multigrid (SIAM J. Sc. Comp.,
submitted 2009)

3. recursive iterant recombination (SIAM J. Sc. Comp.,
submitted 2009)

4. overcorrection (NLAA, submitted 2010)

(inspired by algebraic multigrid for PDESs)
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5. overlapping aggregates: we need ‘smoothed
aggregation’...

(Vanek, Mandel, and Brezina, Computing, 1996)

(1 0 0
1 O O
Q=101 0
010
00 1
after smoothing: @/Q/Q\O\@
coarse grid @/Q\O\Q/@ < 0 8
. . X X
correction with Q: Os= | x x 0
s =
_ 0O X X
coarse grid 0 X X
correction with Qg o T T
Wgtvgﬁ)f()O NIl Tokyo
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smoothed aggregation

A. = Q1 Adiag(x;)Q=RAP

« smooth the columns of P with weighted Jacobi:
P; = (I +wD™! A)diag(x;) Q

w = 0.7

« smooth the rows of R with weighted Jacobi:
R, =QY I+wAD™?)
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smoothed aggregation: a problem with signs

* smoothed coarse level operator:

Aes = Rs (D — (L + U)) P,

—R,DP,— R, (L+U)P,

A=

I||||-I-I
1+

I
I+

+

* problem: A, is not a singular M-matrix (signs wrong)

 solution:
lumping approach

» well-posedness of
this approach shown
In our paper

Waloo
&

Stigy =

i

Bt

—Bi gy

J

—B1i,5

Bti,i}
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numerical results: smoothed aggregation |z 272

N ./*'\+ Vas
. e T
multigrid for random graph problem N
BN AUN
1-level aggregation smoothed aggregation
n || iterations || iterations | C,p | levels || iterations | Cop | levels | Riump
128 322 95 | 1.12 3
256 494 107 | 1.13 3
512 1010 156 | 1.14 3 36 | 1.28 3 | 2.5e-4
1024 1768 220 | 1.15 4 39 | 1.31 4 | 1.2e-4
2048 352 | 1.15 4 33 | 1.31 4 | 6.0e-5
4096 46 | 1.35 4 | 2.3e-4
8192 35 | 1.37 4 | 2.0e-4
16384 51 | 1.36 5 | 9.4e-5
32768 43 | 1.38 5 | 1.6e-4
o — > .o nonzeros(4;)
P nonzeros(Ap)
Wg{gﬁoé)O NIl Tokyo
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6. algebraic multigrid for Markov chains

scaled problem matrix: A := Adiag(x;)

multiplicative error equation: Ae; = 0

At convergence, 1 lies in the nullspace of A

we can use ‘standard’ AMGon Ae; = 0
define AMG coarsening and interpolation

RAPe.,=0 or A,e.=0 R=P!

lumping can be done as for smoothed aggregation

Waterloo NIl Tokyo

%&i

hdesterck@uwaterloo.ca



AMG (two-pass) coarsening and interpolation

o O o o o o o —0—0—0—0—90

o O o0 o ¢ o o o —O0—0—0O0—0—0

o O o0 o0 o o o *—0 000 ©

o o o o o o ¢ loasen & o0 O O o O

o O o o o o o O0—O0—0—0—0—0

o O O o0 o OT *—O—0—0—0—0

o O o o o o 0—0—10—0—0—0—=0

Current fine level Fine points F' in
Coarse points C in red

cr . — aimamj

(ec)i if 1 € C, Qij + ZmeDg S g

(P ec)i — Z ( ) f- : c F Wi;i = keC; mk
.~ Wiil€s): 1T 1 . ij — . O
University of
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unstructured planar graph

MCAMG

n v | it | Cop | Yess | lev R;

1024 || 0.40 | 15 | 2.13 | 0.65 6 0
2048 || 0.33 | 14 | 2.22 | 0.61 7 | 6.3e-5
4096 || 0.40 | 15 | 2.19 | 0.66 7 | 6.3e-5
8192 || 0.40 | 15 | 2.25 | 0.66 8 | 9.3e-5
16384 || 0.37 | 14 | 2.26 | 0.65 9 | 7.0e-5
32768 | 0.37 | 14 | 2.28 | 0.65 9 | 1.3e-4

Waterioo

%ﬁ

NII Tokyo
hdesterck@uwaterloo.ca



/. recursively accelerated (pure) aggregation

» Idea: recombine iterates at all levels in W cycle

[27) T. WasHIO AND C.W. OOSTERLEE, Krylov subspace acceleration for monlinear multigrid
schemes, Electronic Transactions on Numerical Analysis 6:271-290, 1997.

[19] Y. NoTAY AND P.S. VASSILEVSKI, Recursive Krylov-based multigrid cycles, Numer. Lin. Alg.
Appl. 15:473-487, 2008.

[20] Y. NoTAY, An aggregation-based algebraic multigrid method, Report GANMN 08-02, Universit
Libre de Bruxelles, Brussels, Belgium, 2009.
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recursively accelerated (pure) aggregation

\ 1 \ 1 \ 1 \ 1
\ 1 \ 1 \ 1 \ 1
\ 1 \ 1 \ 1 \ U
AN AR 7 AR
o) o} 3 e}

« for Ax=b, use recursive Krylov acceleration
« for Markov: need to impose probability constraints

W=21X1 t+20X9g = X2Z

w* = argmin,, ||AW||2 z* = argmin, ||(AX)Z||2
subject to: w >0 and subject to: Xz >0 and
[wl1 =1, 177 =1.

« standard quadratic programming problem

University of

Waterloo NIl Tokyo
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unstructured planar graph

l .\t:\-;\+ 1\.> .;-:/.Y. yd N |

VA AR RS | e

Nt A

N ST N /

BTN P
W cycles | RAMA cycles | W+ cycles | RAMA+ cycles
n it | Cop | it Cop | it Cop | it Cop
1024 || 113 | 1.32 | 61 1.32 | 38 1.32 | 28 1.32
2048 || 152 | 1.33 | 70 1.33 | 35 1.33 | 27 1.33
4096 || 180 | 1.35 | 75 1.35 | 52 1.35 | 31 1.35
8192 || 201 | 1.36 | 78 1.36 | 39 1.36 | 26 1.36
16384 || 214 | 1.36 | 67 1.36 | 43 1.36 | 27 1.36
32768 || 301 | 1.37 | 87 1.37 | 47 1.37 | 28 1.37
WalOO r’:lclila-ls:(t)gccll@uwaterloo.ca
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8. over-correction, and ‘frozen’ additive cycles

* (with Eran Treister and Irad Yavneh)

 Idea: ‘shape’ of correction is often good, but
‘amplitude’ may be too small

therefore, overcorrect with factor a

Xi+1 — X; + aPec

» determine optimal a automatically

University of
Waterloo NIl Tokyo
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‘frozen’ additive cycles

 idea: replace expensive ‘multiplicative’ cycles by
cheap ‘frozen’ additive cycles (as soon as good

convergence)

build Q based on x and A
R=QT and P = diag(x) Q
AC — RAP

« can do this ‘on-the-fly’ (OTF)
» can lead to large speed gains

University of
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‘frozen’ additive cycles

multiplicative formulation: e, pAp e, =0

Xi+1 = Pe.

X; = Pec
additive formulation: € RAPé.=Rr;
r, = —AXZ'

RAP éc = RAP (ec — ec,z-) — —RAP €ci — —RA X; = Rri
Xi+1 =PeC=PéC+PeC,z~ =x; + Pé,

University of
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tandem queuing network

Table I. Tandem queueing network.

one-level || two-level | Arnoldi GMRES —k% . o
(w = 0.99) A
n it it || it | WU | ¢t | WU O——0 O s O e
1024 5582 902 || 25 911 | 25 932 M / / / /
4096 12005 3383 | 25 880 || 25 900 AT e
16384 25 1231 | 25| 1185 | ¢ A4 Al
65536 25 | 1494 | 25 | 1484 | / / / / /
262144 50 | 2313 | 50 | 2320 | & ¢ ) OC——0——0
Fic. 5.7. Graph for tandem queueing network.
Table II. Tandem queueing network.
AGG OTF-AGG MCAMG OTF-MCAMG
n it (Cop) WU it (C’op) WU it (COP) WU it (C’op) WU
4096 || 159 (1.48) | 2589 || 169 (1.48) | 1897 | 11 (4.52) | 5113 || 13 (4.53) | 1478
16384 || 272 (1.49) | 3257 | 325 (1.49) | 2314 || 13 (4.56) | 6194 || 15 (4.57) | 1689
65536 || 465 (1.50) | 6578 || 719 (1.50) | 5795 || 13 (4.61) | 4755 || 20 (4.65) | 1411
262144 14 (4.65) | 4224 || 24 (4.67) | 1270
Wg{gﬁoé)O NIl Tokyo
E/E hdesterck@uwaterloo.ca
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tandem queuing network

Table II. Tandem queueing network.

AGG OTF-AGG MCAMG OTF-MCAMG
n || it (Cop) | WU | it (Cop) | WU | it (Cop) | WU || it (Cop) | WU
4096 || 159 (1.48) | 2589 || 169 (L.48) | 1897 || 11 (4.52) | 5113 || 13 (4.53) | 1478
16384 || 272 (1.49) | 3257 || 325 (1.49) | 2314 | 13 (4.56) | 6194 | 15 (4.57) | 1689
65536 || 465 (1.50) | 6578 || 719 (1.50) | 5795 || 13 (4.61) | 4755 || 20 (4.65) | 1411
262144 14 (4.65) | 4224 || 24 (4.67) | 1270
Table I1I. Tandem queueing network.
OC-AGG OC-AGG OTF-OC-AGG OTF-OC-AGG
(automatic) (fixed - 1.9) (automatic) (fixed - 1.9)
nil it (Cop) | WU | it (Cop) | WU | it (Cop) | WU || it (Cop) | WU
4096 | 16 (1.48) | 260 || 17 (1.48) | 277 || 36 (1.48) | 297 || 40 (1.48) | 292
16384 || 19 (1.49) | 225 || 22 (1.49) | 261 || 44 (1.49) | 285 | 43 (1.49) | 246
65536 | 23 (1.50) | 339 || 23 (1.50) | 321 || 60 (1. 50) 428 || 59 (1. 50) 392
262144 | 26 (1.50) | 409 || 26 (1.50) | 393 - - - -
Watefloo NIl Tokyo
E/ﬁ hdesterck@uwaterloo.ca
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unstructured planar graph

Directed Random Planar Graph

10° . S |
i
~10'F E
3
@
()
E
& .0
-g 10 F -E
3
x
()]
©
°
= -
10 F & . -
e --OTF-MCAMG (1.04) | °
e - OTF-OC-AGG (1.20)
~©-PCARN (1.26)
= GMRES (1.25)
10-2‘3 N A ...‘..14 A N ..,...15 2 " R .‘B
10 10 10 10
Problem size
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9. conclusions

 algebraic multilevel methods can lead to W=0(n)
solvers for slowly mixing Markov chains

« we have developed several ways to accelerate ‘pure’
aggregation methods such that W=0O(n) is reached

= smoothed aggregation

= algebraic multigrid

= recursive iterant recombination

= over-correction (and frozen additive cycles)

(these approaches are inspired on multigrid for
PDESs)

Waterloo NIl Tokyo
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conclusions

» theory is very hard because the systems are non-
symmetric

 our methods will not be fast for:

= high-dimensional lattices, queues, tensor-product
structure

= fast mixing Markov chains
(but we can handle unstructured Markov chains)

« good results are obtained for many slowly mixing
Markov chains

« multilevel methods can be very powerful

University of
Waterloo NIl Tokyo
m hdesterck@uwaterloo.ca
7o

&



thank you
questions?
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6. Test Problems

PageRank

(De Sterck et al., SISC, 2008, ‘Multilevel adaptive aggregation for Markov chains,

with application to web ranking’)

University of
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6.1 Uniform 1D Chain

« random walk on (undirected) graph
« all edges have the same weight
 transition probability for directed edge =
weight of edge / sum of weights of outgoing edges
e solution trivial - test problem
 random walk on undirected graph gives real-spectrum B

OO0~ 0O=~—+0O~—+0

0.5 0.5 0.5 1

iversity o

Waterloo SIAM CSE 2009
W hdesterck@uwaterloo.ca
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6.2 Uniform 2D Lattice

1 N 1 N 1 N 1 N 1 N
- - e B I — - - I .
‘ - ' / ‘ -y |\__,/| ./ l\__/’
A A
1 1 1 1 1 1
A 1 A 1 X 1 ,—'-\ 1 h 8 1 P S
B e I B e e I e e —— - -
( ) ) W, ( ) |\ /I l\_ )
A A
1 1 1 1 1 1
\ \
— 1 —~ 1 LN 1 LY 1 — 1 ~
B — e P - - )
'\_ ./l -y l - ' . _/I ./ ./
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6.3 Anisotropic 2D Lattice
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Size of Subdominant Eigenvalue

Uniform chain, p = 2.0071 Uniform 2D lattice, p = 1.0428

10 10
Q
107
™ ™ -
< S 10
107
-6 -3
10 - - 10 - :
10’ 10° 10° 10* 10' 10° 10° 10°
problem size n problem size n
o Anisotropic 2D lattice, p = 1.0281 o Unstructured planar graph, p = 1.0217
G
™ ™
5 107 < 107
-9 -3
10 : - 10 : :
10’ 10° 10° 10° 10' 10° 10° 10°
problem size n problem size n

Fi1G. 5.1. Magnitude of subdominant eigenvalue as a function of problem size.
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6.5 Tandem Queueing Network

N b
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(l\—bf\
J .
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Fi1G. 5.7. Graph for tandem gqueueing network.
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Tandem queueing network, n = 1024

imaginary axis
e
o [$)]

S
[$)]

real axis

Tandem queueing network, p = 1.1586

10' 10° 10°
problem size n
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6.6 ATM Queueing Network

ATM queueing network, n = 1940

08
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04}
Class 1 arrivals s 02f {
P
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04l
0.6
()
, 05 o 05 1
real axis
Finite waiting room : 1 ATM queueing network, p = 0.48508
- 10° T
Class 2 arrivals 2 server
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/. Numerical Results

7.1 Uniform 1D Chain

University of

Waterloo

%ﬂ

MCAMG A-SAM (8] distance-two
n v | | Cop | Yess | lev | Ry v | it | Cop | Yess | lev | Ry
2187 || 0.18 | 11 1199|043 | 9| 003112149 046| 6| O
6561 || 0.18 | 11 | 2.00 | 043 | 11| 0|/ 031 |12 | 149 | 046 | 7| O
19683 || 0.18 | 11 | 2.00 | 043 | 12| 0 | 032 |12 | 149  047| 8| O
59049 || 0.18 | 11 | 2.00 | 043 | 14 | 0 032 |12 | 1.50 | 047 | 9| O
TABLE 5.1

Uniform chain.

OO~ +0O=+0=~—+0O~—+0

SIAM CSE 2009
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7.2 Uniform 2D Lattice

MCAMG A-SAM (8] distance-two

n v | it | Cop | Yess | lev | By v | it | Cop | Yers | lev Ry

1024 || 0.23 | 11 | 2.20 | 0.51 0| 049 | 20 | 1.42 | 0.60 4 | 4.5e-3
4096 || 0.23 | 11 | 2.20 | 0.52 0.49 | 20 | 1.47 | 0.62 4 | 1.7e-3
16384 || 0.24 | 11 | 2.20 | 0.52 0] 059 |20 | 1.56 @ 0.72 5 | 1.4e-3
65536 || 0.24 | 11 | 2.20 | 0.52 0] 066 |21 | 1.59 | 0.77 6  1.3e-3

O 00~
o

TABLE 5.2
Uniform 2D lattice.
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7.3 Anisotropic 2D Lattice

MCAMG A-SAM (8] distance-two
n v | it | Cop | Yess | lev | By v | it | Cop | Yess | lev R;

1024 || 0.18 | 11 | 2.58 | 0.52 8| 0033 |14 | 281  0.68 5 | 1l.6e-3

4096 | 0.18 | 11 | 2.67 | 0.53 | 10 0 03314 | 3.43  0.73 7 | 4.9e-4
16384 | 0.18 | 11 | 2.73 | 0.54 | 12 0 033 |13 | 4.17 | 0.77 7 | 2.5e-4
65536 || 0.18 | 11 | 2.76 # 0.54 | 14 0 03213 | 4.80  0.79 9 | 7.6e-5
TABLE 5.3
Anisotropic 2D lattice (e = le — 6).
,‘\ 1 ~ 1 O 1 ,‘\ 1 ~ 1 ®)
L 1 1 1 L 1 1
O et
i i
/!\ ! e ! M ! /!\ ! e ! 0O
University of
Waterloo SIAM CSE 2009
E/ﬁ hdesterck@uwaterloo.ca
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7.5 Tandem Queueing Network

MCAMG A-SAM [8] distance-two

n v | it | Cop | Yefs | lev R, v | @t | Cop | Yess | lev R;

1024 || 0.33 | 16 | 4.41 | 0.78 7| 1l4e-1 || 0.41 | 20 | 2.04 | 0.64 4 | 7.6e-2
4096 || 0.32 | 15 | 4.54 | 0.78 8 | 1.2¢e-1 || 0.45 | 24 | 2.12 | 0.69 5 | 5.5e-2
16384 || 0.33 | 16 | 4.59 | 0.78 | 10 | 1.6e-1 || 0.56 | 30 | 2.18 | 0.77 6 | 5.3e-2
65536 || 0.33 | 15 | 4.61 | 0.79 | 11 | 7.0e-2 || 0.71 | 37 | 2.37 | 0.86 6 | 1.3e-1

TABLE 5.5
Tandem queueing network.

Tandem queueing network, n = 1024

1% g W e W N e W e - £ 05

i Y Y i i i é

/J /{ / /L / z o
/ . . . A £

‘ J/ J ) A %

/‘/‘/‘/‘/ E 05
OGN SN NG O

-1.5 -1 -0.5 0 0.5 1 1.5
real axis

University of

Waterloo SIAM CSE 2009
m hdesterck@uwaterloo.ca
ZAN

%



7.6 ATM Queueing Network (MCAMG)

n v | it | Cop Yess | lev R;
1940 || 0.37 | 19 | 7.06 | 0.87 9 | 3.65e-2
3060 || 0.43 | 19 | 7.46 | 0.89 | 12 | 3.29e-2
5220 || 0.44 | 21 | 762 | 0.90 | 15 | 3.11e-2

10100 || 0.46 | 20 | 7.64 | 0.90 | 18 | 2.87e-2

13796 || 0.47 | 21 | 8.08 | 0.91 | 22 | 2.68e-2

19620 | 0.48 | 21 | 8.12 | 0.91 | 27 | 2.58e-2

32276 || 0.45 | 21 | 858 | 0.91 | 29 | 2.35e-2
TABLE 5.7

Class 1 arrivals

ATM queueing network.

University of

Waterloo
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Finite waiting room

imaginary axis
5 5 °

ATM queueing network, n = 1940

aaaaaaa
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8. Conclusions

 A-SAM (Smoothed Aggregation for Markov Chains) and
MCAMG (Algebraic Multigrid for Markov Chains) are scalable:
they are algorithms for calculating the stationary vector of slowly
mixing Markov chains with near-optimal complexity

« smoothing is essential for aggregation for many problems
« appropriate theoretical framework (well-posedness)

* no theory yet on (optimal) convergence (non-symmetric
matrices)

» this can be done in parallel

« other presentations in this mini-symposium: other multilevel
methods for the stationary Markov problem

e« Questions?

University of
Waterloo SIAM CSE 2009
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Algebraic Aggregation Mechanism

A = Adiag(x;) (scaled problem matrix)

I3

< { 1 if j#kand —a;, >60max(—aj;) (strength matrix)
ik =

0 otherwise,

ALGORITHM. AGGREGATION BASED ON STRENGTH MATRIX S

repeat
e among the unassigned states, choose state 5 which has the largest value
in current iterate x; as the seed point of a new aggregate
e add all unassigned states k that are strongly influenced by seed point j
(i.e., Sk; = 1) to the new aggregate

until all states are assigned to aggregates

University of

Waterloo SIAM CSE 2009
W hdesterck@uwaterloo.ca
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Error Equation

 multiplicative error:
e error equation:

e coarse grid equation:

* restriction and
interpolation:

e coarse grid correction:

University of

Waterloo

%ﬂ

X = diag(xi) e;
Adiag(x;)e; =0

Q1 Adiag(x;) Qec =0
Acec =0

rR=QT  P=diag(x;)Q
Ac — RAP

X’L—l—l — Pec

SIAM CSE 2009
hdesterck@uwaterloo.ca



Error Equation

 important properties of A_:
(1) 1A, =0 Vx;
(since 1’ R =17 and 11" 4 = 0)

(2) Acle =0 forx;=x

University of
Waterloo SIAM CSE 2009
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smoothed aggregation: periodic 2D lattice
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numerical results: smoothed aggregation
multigrid for periodic 2D lattice problem

I \I ! |/7\ Ifi\l ! () ! [/’\
- - B . |, - B B )
_/ _/ _/ -/

_ -/ - _ /
' A
1 1 1 1 1 1
\ \
1/—\I<;>/\<;>IK—\QI—> i ré/\é(—\-
./ N ./ N ./

1-level aggregation smoothed aggregation
n || iterations || iterations | Cyp | levels || iterations | Cop | levels | Riump
64 197 47 | 1.23 3 16 | 1.26 3 0
256 760 96 | 1.26 3 17 | 1.34 3 0
1024 2411 242 | 1.25 4 17 | 1.32 4 0
4096 328 | 1.26 5 18 | 1.34 5 0
16384 18 | 1.33 5 0
32768 19 | 1.34 6 0
nggﬁoé)O RSA 2009
E/E hdesterck@uwaterloo.ca
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We Need ‘Smoothed Aggregation'...

(Vanek, Mandel, and Brezina, Computing, 1996)

1 00
1 0O
Q=010
010
00 1
after smoothing: @/D/Q\Q\@
coarse grid Q/Q\O\Q/@ <0 8
correction with Q: Qs — z z 0
s =
_ 0O X X
coarse grid 0 X X
correction with Qg o7 T T, ]
Wgtvgﬁo{()O SIAM CSE 2009
E/ﬁ hdesterck@uwaterloo.ca
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Smoothed Aggregation

A=D— (L+U)
* smooth the columns of P with weighted Jacobi:

P, = (1 —w)diag(x;) Q@ + w D™ (L + U) diag(x;) Q

« smooth the rows of R with weighted Jacobi:

Ri=R(1-w)+Rw(L+U)D™*

University of
Waterloo SIAM CSE 2009
W hdesterck@uwaterloo.ca
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Smoothed Aggregation

* smoothed coarse level operator:

Acs = Ry (D — (L +U)) P, 1T A =0 Vxi,
:RS-DPS_RS(L+U)PS Acsl. =0 forx; =x

* problem: A_ is not a singular M-matrix (signs wrong)

Lo
[ [ u o + o o o
 solution: lumping approach on S in Ao -t oo
~ A - - - - —|__
ACS — S T G Acs — S - G
Wgtvgﬁo{()O SIAM CSE 2009
E/ﬁ hdesterck@uwaterloo.ca
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Waterloo

Smoothed Aggregation

Acs:S_G Acs:S_G
we want as little lumping as possible
only lump ‘offending’ elements (i,j):

I||||-I-I
IR
I
4

+ 00

lg Aus =0 V x;,
$ij 70,177 and s;; —gi; 20 41,20 forx=x
(we consider both off-diagonal signs and reducibility here!)
for ‘offending’ elements (i,j), add S, to S:

’ 1 Sig — 9ij — Bigy <0
i Byi —Bri g 8]71 o g]'& _ /8{1,,]} < O

Stigy =
’ conserves both row and

—Bigy - Brgy e column sums

SIAM CSE 2009
hdesterck@uwaterloo.ca



Lumped Smoothed Method is Well-posed
(A-SAM: Algebraic Smoothed Aggregation for Markov Chains)

THEOREM 4.1 (Singular M-matrix property of lumped SAM coarse-level oper-
ators). A.s is an irreducible singular M-matriz on all coarse levels, and thus has a
unique right kernel vector e. with strictly positive components (up to scaling) on all
levels.

~

THEOREM 4.2 (Fixed-point property of lumped SAM V-cycle). Ezact solution x
is a fized point of the SAM V-cycle (with lumping).

1’(]; Acs =0 VX»L',

S
I
I+
+

ficslc:O for x; = x

I||||-I-I

(De Sterck et al., SISC (accepted, 2009), ‘Smoothed aggregation multigrid for Markov chains’)
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AMG Properties

« we can show: all elements of P >= 0

* |lumping can be done as in the Smoothed
Aggregation case:

L+
L4
S S
L4000

+ 100

=P'DP-P(L+U)P=S-G

* |lumping conserves row and column sums:
174, =1TA, +17(S-8)=1TA. =0 Vx,
Al.= A1, +(85-8)1,=A4.1,=0 for x; =x
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Algebraic Multigrid for Markov Chains
(MCAMG)

Algorithm 1: MCAMG(A, x, v, v»), AMG for Markov chains (V-cycle)

if not at the coarsest level then
x < Relax(A, x) v; times
A — A diag(x)
Compute the set of coarse-level points C'
Construct the interpolation operator P
Construct the coarse-level operator A, «— PTAP
Obtain the lumped coarse-level operator A, — Lump(A., 1)
e, — MCAMG(A,, 1., v, 1) /* coarse-level solve */
x « diag(x) Pe. /* coarse-level correction */
x < Relax(A, x) vy times

else
X « direct solve of K x =z /* see Section 4.4 %/
end
University of
Waterloo SIAM CSE 2009
E/ﬁ hdesterck@uwaterloo.ca
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MCAMG Properties

~ THEOREM 4.2 (Singular M-matrix property of lumped coarse-level operator).
A. is an irreducible singular M-matriz on all coarse levels and, thus, has a unique
right-kernel vector with positive components (up to scaling) on all levels.

L
-+
A=| - -

|+
|+
+ |

THEOREM 4.3 (Fixed-point property of MCAMG V-cycle).
The exact solution, x, is a fized point of the MCAMG V-cycle.

(De Sterck et al., ‘Algebraic Multigrid for Markov Chains’, preprint)
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8. numerical results

1) random walk on 2D lattice

W cycles | RAMA cycles | W+ cycles | RAMA+ cycles

n it C’op it C’op it Cop it Cop

64 39 | 1.47 | 35 1.47 | 18 1.47 | 18 1.47

256 62 | 1.51 | 40 1.51 | 26 1.51 | 20 1.51

1024 || 106 | 1.57 | 41 1.57 | 36 1.57 | 22 1.57

4006 || 104 | 1.60 | 41 1.61 | 36 1.60 | 21 1.61

16384 || 166 | 1.60 | 42 1.60 | 47 1.60 | 21 1.60

65536 || 187 | 1.60 | 68 1.60 | 50 1.60 | 28 1.61

note: ‘+' means additional top-level , | | l | , | | /,\'

acceleration with window size 3 1R I H ¥ ¥
Wg{g?jﬁ)o Copper 2010
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2) tandem queue

Tandem queueing network, n = 1024

Tandem queueing network, p = 1.1586

W cycles | RAMA cycles | W+ cycles | RAMA+ cycles

n it | Cop | it Cop | it Cop | it Cop

256 67 | 1.47 | 42 1.47 | 33 1.47 | 27 1.47

1024 || 121 | 1.47 | 48 1.47 | 53 1.47 | 31 1.47

4096 || 142 | 1.50 | 50 1.50 | 50 1.50 | 33 1.50

16384 || 212 | 1.51 | 57 1.51 | 63 1.51 | 32 1.51

65536 || 229 | 1.50 | 63 1.50 | 78 1.50 | 37 1.50
Watetioo
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quadratic programming problem

z* = argmin, ||(AX)z]
subject to: Xz >0 and
17z =1.

efficient explicit solution for recombination of two iterates

University of . .
WaterlOO Copper 2010



quadratic programming problem

z* = argmin, [|(4X)z| z* = argmin,, [(AX)z]>
subject to: Xz >0 and subject to: Xz > ¢ min; ;(Z;;) and
].T z=1. 17z = 1’

efficient explicit solution for recombination of two iterates

" (Axz, Axg) — (Ax1, AXz)

21

University of o
Waterloo (Axq, Axq) — 2 (Axy, AXp) + (Axq, AX7) Copper 2010



