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Nonlinear Hyperbolic Consewation Laws
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Least-SquaresFinite Element Method

Lu = f
de ne the functional
F(uf)=klu fki=hu f;Lu fi
) minimization:
u" = argminkLu® k3= argmin F (uh;f)

uh2 un
condition for stationary point:
h + h-f
@(u @ v )j:():O 8VhZUh

if L is linear: F(u"+ v f)=
Lu f:Lu f +2  Luh fiLvh o+ 2 yheyh

)  weak form:

nd u"2 U" st.  LuMLvh = f:Lvh gy 2 UP
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Finite Element Discretization

approximate u 2 U by u" 2 u"

uh(t; x) = P ui i(t;x)
: i—1 Ui i\l

algebraic system from weak form:
Luh;Lj :H;Lji 8 |

. P . .
equation j : Louhh gL ogio= KL i

(n equations in n unknowns)
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(1) LSFEM for the BurgersEquation

Gauss-Newton: rst linearize the equation, then put the
linearized equation into the LS functional, then minimize
the LS functional

Linearization:

F(u:=r (uu’=2)=0
Newton: F(u) = 0 ) F(ug) + dFjy,(u ug) =0
The Fréchet derivative dFj,,(v) at ug in a direction v is
F(uo+ "v) F(uo)

dFju, (V) = l!i!mo

dFju,(v) =1 ((1;up) V)
) r (upug=2)+r ((L;ug) (U ug) =0
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Numerical Results

uh = argminkr  (u; u2=2)k?
uh2uh

1 bilinear elements on quadrilaterals

1 ‘ ‘ ’ ‘ ‘ ‘ ‘ ‘/ /‘/;A//{k/? ‘ ‘ ‘ ) ;ﬁ{ ‘ ‘

I
7

right shock speed, no oscillations
on each grid, newton process converges
BUT: for decreasing h, functional does not go to zero

this means: for decreasing h, convergence to an incorrect
solution!!! (L L has a spurious stationary point)

WHY NO CONVERGENCE?? Copper Mountain 2003 - 7



UnboundedFréchet Derivative

y

W, %
W, i,

row=r wh+[wl e

dFj,(M) =1 (Liu) V) =1 ((L;uo) I+ [(Liug) v n
when ug Is discontinuous (e.g. ug Is the exact solution),

for almost all functions v the Fréchet derivative is
unbounded!! (recall: [ (up;us=2) 13 n = 0)

G

Newton with f {x ) = 1 may have empty basin of
attraction (e.q. f (xX) = jxj¥3 ) x1= 2Xg)

) this may explain why LSFEM falls to converge
(convergence to a spurious stationary point) Coper Mouriain 2003



(2) H (div)-conforming Reformulation

$
r (uu®=2)=0 \ r w=0
Uu=g9g in w  (u;u’=2)= 0
R (W (99=2)=0 i
& %

F(w;uy=0 ) F(wo; Ug) + r:(]wo;uo(w Wo;U Ug) = 0
2 3 .
r 0 W #
o1 £ °
u

S W )= § i

0

) Frechet derivative is bounded!
(we choose w 2 H (div))
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(3) Dual H (div)-conforming Reformulation

#

1 2—o) —
T wut=2)=0 ) r’p (wu®=2)=0
U=39 in

R(r’p (69°=2)=0 i

F(p;u)=0 ) F(po;uo) + FYpue(P Poju ug)=0
1 # n #
1
I-:Cllﬂo;uo(p Po;U  Ug)= I ? P Po
Uo u Up

) Fréchet derivative is bounded! (we choose p 2 H(curl))

p iIs De Rham-dual of w

- move up one space to the left in De Rham-diagram of
differential forms

- similar to potential formulations Copper ouniain 2005 510



Resultsfor H (div)-conforming LSFEM

(wh;u") = argmin kr wk®+ kw  (u;u?=2)k?

wh2W §;uh2UN
w" Raviart-Thomas elements  H (div), u" bilinear
elements on quadrilaterals, strong boundary conditions
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L2 corvergencerate to exactsolution

discrete L2 norm error convergence: 0.33015
1
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div conservation norm error convergence: 0.84038
T
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boundary div conservation error convergence: 0.66296
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ku"  Uexactk = O(h%®®)  (optimal : O(h))
kr  wki = O(ht®®)
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Resultsfor dual H (div)-conforming LSFEM

(p";uM) =
argmin kr ’p  (u;u?=2)k?+ kn (r 7p (9;9>=2))k3
ph2P h;uh2Uh

p"; u" bilinear elements onquadrilaterals, weak boundary
conditions
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Nonlinear functional corvergence

Nonlinear LSFEM functional conver gence
T T T T T

kr 7p  (u;f(u)k?+ ka (r ’p (g:f(g))ki = O(ht?)
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Convergenceof H (div)-conforming LSFEM

IS the LS functional uniformly coercive?
9cs.t. kr “p  (u;f (u)k? c(kr ?pk?+ kuk?)
NO: there are high-frequency error modes for which
c= O((1=n)?)

compatible spaces: if we choose both p" and u" bilinear,
we nd (1D heuristics and numerical evidence) that
c= O(h) (only for the low-frequency modes,
high-frequency error is Itered out)

remark: if we choose u" piecewise constant,
high-frequency error contaminates solution
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Convergenceof H (div)-conforming LSFEM

we observe that kr ?p"  (u":f (u"))k? converges faster
than kr ? p'k2 + kuhk?2
) conjecture:
kr 7p" (uM:f (UM)k?  ch (kr ?p"k? + kuhk?)
with
ke Zp"  (uP;f (uM)k? = O(h )
kr ?p'k2 + kuhk?2 = O(h )
to be investigated further
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Numerical Consewvation

THEOREM. Lax-Wendroff (1960).

“conservative' ®nite difference formula;

h:n+1 h:n h;n hin

t X

:2_

O;
scheme converges :) convergence to weak solution

) exact discrete conservation (r (u;f(u))g 0)isa
suf cient condition for convergence to a weak solution,
but is often erroneously considered as necessary

popular FEM for hyperbolic conservation laws (e.qg.
Discontinuous Galerkin) are discretely conservative in
the Lax-Wendroff sense
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Numerical Consewation

THEOREM. Conservation theorem for H (div)-conforming LSFEM.
H (div)-conforming LSFEM converges =) convergence to weak solution

THEOREM. Conservation theorem for dual H (diVv)-conforming LSFEM.

dual H (div)-conforming LSFEM converges =) convergence to weak
solution

H (div)-conforming LSFEM
does not impose strict dis-
crete numerical conserva-
tion, but converges to weak
solution! ) discrete nu-
merical conservation is not
necessary

dual H (div)-conforming LSFEM has stronger, pointwise
discrete conservation property: r  (r ’p") 0
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Err or Estimator and Adaptive Re nement

FMf)=kLuh fk3
= kLu™  Luexactk3
= kL(Uh Uexact)k%
= kLe"k3

functional value gives sharp local a posteriori error
estimator

use error estimator for adaptive re nement in spacextime
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Err or Estimator and Adaptive Re nement

Burgers shock
1

0
0 0.25 0.5 0.75 1

sharp fronts at shocks
with optimal O(n) solver, work per grid point is bounded

promises to be competitive with other methods (also
explicit timemarching)



Conclusions

we have developed two classes of H (div)-conforming

LSFEM for hyperbolic conservation laws
disadvantages

- extra variables are introduced (w or p)

- high diffusion of LSFEM at shocks
advantages of LSFEM

- optimal solution within nite element space

- SPD linear systems (iterative methods, AMG)

- error estimator (ef cient adaptive re nement)

- conservation (either weaker or stronger than
Lax-Wendroff discrete conservation)

- no spurious oscillations at discontinuities (without
need to add numerical diffusion)

- linear higher order schemes



Conclusions

advantages of H (div)-conforming reformulation

linear differential operator

bounded Fréchet derivative ) Newton converges

nullspace of operator can be represented exactly

differential boundary conditions help AMG (dual)

regularity of the solution (w 2 H (div)) iIs made
explicit, also at the discrete level using Raviart-Thomas
elements

FE convergence theory remains to be worked out further
promising initial AMG results, to be developed further

methods can be extended to multiple spatial dimensions,
and to systems of equations
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Newtonwith UnboundedDerivative

f(X)=0) fxo)+fAx)(X X0)=0) X=xX0 533

f(x) =X X>0
y = | X] x 0
% 2 (0;1)
fx)= x 1? x> 0
< £90)= 1
X = Xq Xol
X0

Xx=(1 1=)Xp

divergence 8 < 1=2,eg.for = 1=3,x= 2Xg
) iffqx )= 1, basin of attraction can be empty!
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Algebraic Multigrid

use approach investigated for linear problems for
H (div)-conforming LSFEM

e.g.,dual LSFEM: L=r"p tu
<r?ph;r?qh>+< ’bd‘;r?qh> 8 thPh
<r’ph pd>+< b bd>=0 8 s"2U"

#
App  Apu

Aup Auu

[
-

A Is symmetric positive de nite

standard AMG ef cient for App

Ayu mass matrix, but Ayp strong off-diagonal coupling
some promising initial results, but work in progress
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Numerical Consewvation

X

@(uih Sj) + fjh R lj = O

j2@ |
X X
@ uih Si)+ fh R lj = O
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