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Chapter 1

Introduction

1.1 Caveat

I have not had the time to proofread these Notes thoroughly. Please inform me
of any typographic errors that you find. If there are any points at which the
commentary is too terse, I would like to know about these as well.

1.2 Preamble

The purpose of these Notes is to give the background to the representation
theory of finite groups that is necessary for deriving an explicit expression for
the generating series for maps in orientable surfaces. In this sense these Notes are
therefore intended for combinatorialists. The material requires Schur’s Lemma,
Maschke’s Theorem, induced representations, the irreducible characters of the
symmetric group, the central orthogonal idempotents and symmetric functions.
It has not been necessary to use the Wedderburn Structure Theorem. I have
taken the quickest path to this goal, and the usual applications to group theory
have not been given. Results from the theory of symmetric functions that are
needed have been stated explicitly for completeness, but without proof.

It is necessary to state the perspective adopted for the definition of the Schur
function since there are several choices which might have been made. The Schur
function is defined in these Notes as the generating series for column strict plane
partitions with respect to its filling, and is then shown to be equal to a determi-
nant of complete symmetric functions through the Gessel-Viennot construction
for enumerating non-intersecting ordered n-paths. The Jacobi-Trudi Identity
and the Jacobi Identity can be established algebraically in the ring of sym-
metric functions. The Schur function is then identified as the generating series
for the evaluations of an irreducible character on the conjugacy classes of the
symmetric group. This is the fundamental result of Frobenius.

5



6 CHAPTER 1. INTRODUCTION

The genus series for maps in locally orientable surfaces can be obtained in a
similar way, but additional material is required. This involves the double-coset
algebra of the hyperoctahedral group embedded in the symmetric group as the
stabilizer of a specific fixed point free involution. The functions that correspond
to the Schur functions in this theory are the zonal polynomials.

From the point of view of algebraic combinatorics, representation theory is
a very natural area of mathematics to learn about after linear algebra, group
theory and ring theory. Indeed, it is the next “engine” that we need to ap-
proach deeper enumerative problems. It is a beautiful area of mathematics
which is used extensively in other areas of mathematics (for example, group
theory, number theory, harmonic analysis) and its applications. Applications
include mathematical physics, crystallography and probability theory.

1.3 Combinatorial motivation

The main purpose of these Notes is to give a self-contained account of the
representation theory that is needed to prove the rooted map version of the
following theorem that gives the generating series for the number of hypermaps
in orientable surfaces with respect to vertex-, face-, and hyperedge-distribution.
From this information the genus of the surface is deducible. Recall that a
hypermap is a 2-face-colourable map, and that restriction to maps is by digon
conflation on the hyperedges (the hyperedges are forced to have degree 2, and
the digons are then conflated to edges

Theorem 1.1 Let h;jx be the number of rooted hypermaps in orientable sur-
faces with vertex-distribution i, face-distribution j and hyperedge-distribution k,

and let
(x,y,z Z hijax'yizk
i,j, k>0

H (p(x),ply), p(2) = 15 log (Z O 10154 () s (y) s0 <z>>

0eP

t=1

Here, p; (x) is the power sum of degree 4 in the ground indeterminates x =
(x1,22,...), P(x) = (p1 (X),p2 (X),...), P is the set of all partitions (with the
null partition adjoined), sg is the Schur function indexed by a partition 6, and
f9 is the degree of the irreducible representation of S)g) indexed by the partition
f. Some of these may not be familiar to you, but they will be defined in time.
It is important to note that, to find h;j i from this theorem, it is necessary to
express the Schur functions in terms of the power sum symmetric functions.

The combinatorial aspects of maps and their axiomatization has been dis-
cussed elsewhere, and this will not be included here. However, some brief com-
ments may be useful to explain the connexion between the enumeration of maps
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and representation theory. Let €, be a fixed-point free involution in &s,,. By the
Embedding Theorem of graphs, a permutation v € &s,, such that (v,e,), that
acts transitively on the 2n edge-end labels of a graph with n edges, uniquely de-
fines a 2-cell embedding of a graph in an orientable surface . The configuration
consisting of the graph and its embedding is called a map. If the edges of the
map are deleted then ¥ decomposed into a union of regions homeomorphic to
open discs called the faces of the map. The permutation v is called a rotation
system. Then the faces of the map whose rotation system is v correspond to the
cycles of ve. The genus of ¥ is deducible from v by the Euler-Poincaré Formula.

From an enumerative point of view the task is to consider any permutation
v € &gy, which therefore corresponds to a pre-map (a union of maps), to fil-
ter from these the connected objects, namely maps, and then to record, in a
generating series, their vertex and face distributions. The question of counting
maps algebraically is therefore reduced by combinatorial means to determining
the cycle-type of ve, in a way that enables us to retain these distributions.
Equivalently, we wish to find the number of ways Cl, 5 of expressing z € Cy as
z = xy where z € C, and y € Cg, where o, 3,7 F 2n and C, is the conjugacy
class of &g, naturally indexed by a.

All of the representation theory that is presented here will be required to
answer this apparently simple question. Theorem 1.1 is proved in Section 8.2,
where fuller combinatorial details are given.

1.4 Notation

The following notation will be used throughout these Notes. There are a few
notational conventions to help the reader. Linear operators are sans serif capitals
(P, T,...), matrices and vectors are bold face (v, M,...), vector spaces and sets
are italic capitals (P,S,U,V, X,...).

<, “subspace of”, “subgroup of”.

~, equivalence of representations.

F, “is a partition of”.

+, orthogonal complement.

(as (5 )ce s (), various inner products.
(x1,21,...), the group generated by 1, za,... .
|0, the sum of the parts of a partition 6.

[G: H], the index of H in G, where H < G.

[T] 4, the matrix representing T € End (V) with respect to a basis A of V.
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1¢g, the trivial representation of G.

€n, a prescribed fixed-point free involution in &,,.
t, the identity element of G.

A, the ring of symmetric functions.

v, a rotation system,

o(z), the order of x € G.

pa, a representation of G.

p 1%, the induced representation of G from H < G, where p is a representation
of H.

o 1§, the restriction of the representation o of G to H < G.
x”, the character of the representation p.

as, the Vandermonde determinant.

altg,, the alternating representation of G,,.

C;, the i-th conjugacy class in an arbitrary indexing scheme.

C’I‘

.q» connexion coefficient for the class algebra of CG.

C, the field of complex numbers.

CG@G, the group algebra of G over C.

deg(p), degree of the representation p.

e;, a element in the standard basis of C".

End (V) = {T:V — V: T is a linear operator}, the set of endomorphisms.
@ the degree of the irreducible representation of G' associated with C;.
fix (x), the set of all elements of X that are fixed by z € G.

F;, an orthogonal idempotent in Z¢g.

g, the order |G| of G.

G, the stabilizer subgroup of x € X', where G acts on the set X.

Gz, the G-orbit containing z € X', where G acts on z € X.

GL (V) = {T € End (V) : T invertible}, the general linear group.

G, H, groups; usually finite; H < G, H is a subgroup of G.
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h() | the size of C;.

hg, the complete symmetric function indexed by 6 F n.
H (x,y,z), the genus series for hypermaps.

I,,, the n x n identity matrix.

Iy, the identity operator in End (V).

k, the number of conjugacy classes of G.

K;, the formal sum in CG of the elements of C;.

ker T, the kernel (null space) of the linear transformation T.
1(0), the length of a partition 6.

mg, the monomial symmetric function indexed by 6 F n.
m, a map.

M (x,y,z), the genus series for maps.

M (C), the set of all n x n invertible matrices over C.
No, ={1,...,n}.

natq, the natural representation of G.

0y, the zero operator in End (V).

p(n), the partition number.

pg, the power sum symmetric function indexed by 6 - n.
p, & pre-map.

P, the set of all partitions, with the empty partition adjoined.
@Q, the field of rational numbers.

R, the field of real numbers.

reg, the regular representation of G.

R (G), the ring of class functions in C%.

59, the Schur function indexed by 6 F n.

sgn(7), the signum of 7 € &,,.

spec (T), the spectrum of T; that is, the multiset of eigenvalues (counted with
respect to multiplicity) of the operator T.
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S, the symmetric group on {1,...,n}.

tr, the trace function.

T|u, the restriction of T € End (V) to U < V.

TV, the image space (range space) of the linear transformation T:V — W.
U™+, the orthogonal complement of the vector space U.

V), an arbitrary finite dimensional vector space over C; U < V, U is a subspace
of V.

X,,Y,, matrix representations of the representation p.
z (6), the size of the stabilizer of z € Cy in the symmetric group.

Zca, the centre of the group algebra CG.

1.5 Representations

Let V be a vector space over C, and let GL(V) = {T € End (V) : T invertible} .
This set forms a group with composition of linear operators as product, and is
called the General Linear Group.

Definition 1.2 Let V be a vector space over C. A representation of a group G
is a homomorphism

pe:G — GL (V).

The degree of pg is dimV and is denoted by deg (pg). V is called the repre-
sentation space (or sometimes the carrier space).

Since pg is a homomorphism, recall that pg (zy) = pa (z) pe (y) for all
x,y € G, and pg (¢) = Iy where ¢ is the identity element of G. It follows that
pc (z71) = pa (z)". Often the subscript of pg will be omitted when the group
is clear from the context. The idea is that, under pg, x is mapped to an invertible
linear transformation T, where, of course, the action of the linear operator T,
on V has to be supplied in a particular instance. The vector space V can be
thought of as carrying the action of GG, which accounts for the term “carrier
space.”

1.5.1 Examples - 15, natg and regg

The following are important representations that will be used later. In each
case we define pg (), for x € G, by specifying its action on a basis of V.

Example 1.3 pg:G — GL (V) :2 — ly. When dim (V) = 1 this is called the
trivial representation, and it is then denoted by 1.
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Let € &,,. Then sgn(z) is equal to 1 if z is an even permutation and is
equal to —1 if x is an odd permutation. This function is called the signum of a
permutation. One of its properties is that sgn(z) = det (P,), where P, is the
n X n matrix whose (i, j)-element is equal to 1 if zi = j and is 0 otherwise. The
following is an example of a non-trivial representation of degree one.

Example 1.4 alts,: 6, — C — {0} :2 —— sgn(x). This is called the alter-
nating representation.

To see that it is a representation, let A = {v1,...,v,} be a basis of V and, for
x € G, let T, € GL (V) be such that T,v; = vy, fori =1,...,n where z € &,,.
Then [T,], = Py. Let y € &,. Then ToyVi = Vigy)i = Vayi) = TaVyi =
(TzTy)vifori=1,...,nso the actions of T,, and T, T, on a basis are the same
80 Tgy = T, T,. Then sgn(zy) = det (T4y) = det (T, T,) = det (T,)det (T,) =
sgn (z)sgn(y) . Thus alts, (zy) = altg, (z)alts, (y). Trivially, sgn(e) = 1 so
alts, (1) = ly.

The next example involves the action of G on a set {v,:x € G} of generic
vectors, which we regard therefore as linearly independent, whose span is V.

Example 1.5 Let reg:G — GL(V):z — T, where T, (vy) = Vg, and
where V = spang ({vz:x € G}). Then reg is called the (left) regular represen-
tation, and deg (regy) = |G|.

To see that this is a representation, let y, 2 € G. Then (T, T,) vy = Tyv,, =
Vyze = Viyz)e = Ty=Ve for all z € G so (regg (y) regg (2)) va = regg (y2) v for
allz € G. Thus reg; (y) regg (2) = regg (yz) . Finally, regg, (1) = regg (zz71) =
reg. (z) regq (w‘l) =T, T, 1 =1y.

In the next example we consider a group G of degree n so, as a subgroup of
G, it acts on vy, ..., v, where these are generic vectors whose span is V.

Example 1.6 Let natg:G — GL(V):x — T, where T,:V — Viv; —
Vi, extended linearly toV, where V = spang ({v1,...,vn}). Then natg is called
the natural representation of G, and deg (natg) = n.

To see that it is a representation we repeat the idea in Example 1.4. Let
z,y € G. Then (natg (zy)) vi = ToyVi = V(zy)i = Va(yi) = TaVyi = (TaTy) Vi =
(natg (z)natg (y)) v; for ¢ = 1,...,n so natg (zy) = natg (x) natg (y) . Also
natg (1) v; = T,v; = v; = lyv; so natg (¢) = ly. Thus natg is a representation.

The final example, which is a general one, deals with the action of G on a
set S. The proof is very similar to the earlier ones.

Example 1.7 Let S = {s1,...,8m} be a set and let G act on S. Let V =
span {vs,,...,vs,, }. Let p:G — GL (V) :x +—— T, where T,:V — Viv,, —
Vs, extended linearly to V. Then p is called a permutation representation of
G, and the degree of this representation is m.
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1.5.2 Maps and connexion coefficients

In later chapters it will be shown that the formal sums K; of x over a conjugacy
class C; of G, for ¢ = 1,...,k, where k is the number of classes, generate the
centre Zcg, of CG, so, for 1 <p,q <k,

k
KKy =Y ¢ K,

r=1
The numbers ¢}, , are non-negative integers, called connezion coefficients for the
centre. Clearly, from this expression, c;, , is the number of ways z € C, can be
expressed as z = xy for some x € C, and some y € C,, identifying it precisely
as the combinatorial number that we need for counting maps. Then, applying
p, and recalling that it is a homomorphism, we have

p(Ky) p () =3 ¢ on (K.

r=1

The plan is to obtain and explicit evaluation of p (K,) so that this relation,
for a sufficient number of representations p (they will be the irreducible repre-
sentations of Sy,,), will provide sufficient information for determining the Cpgr
This will be the final reference to the enumeration of maps until Theorem 1.1 is
proved. The rest of these Notes will be concerned with the development of the
algebraic material required for this purpose. In the course of doing this, a good
deal of the basic material on the representation theory of finite groups will be
developed.

1.6 Matrix representations

For some purposes it will be more convenient to work with matrix represen-
tations of linear operators and, to accomplish this, we introduce the idea of a
matrix representation of G. Let p: G — GL (V) be a representation of G of degree
n and let X, be the mapping defined by X,: G — M:x — [p ()] , where Ais a
basis of V and M (C) is the set of all invertible n x n matrices over C, regarded
as a group under the usual matrix product. To show that X is a representation,
let z,y € G. Clearly X, (x) is invertible since both p (z) and [] , are invertible.
Now X, (zy) = [p(xy)la = [p(x) p(W)]a = [p(@)]4lp W)]4 = X, (2) X, ().
Also, X, (1) = [p(1)] 4 = [lv] 4 = In. We therefore conclude that X, is a repre-
sentation of GG, which motivates the following definition.

Definition 1.8 Let p: G — GL (V) be a representation of G of degree n, and
let
X, G— Mix— [p(x)],.

Then X, is called a matrix representation of G associated with p.
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Example 1.9 The following is a matriz representation X of
S3=1{,,(1,2),(1,3),(2,3),(1,2,3),(1,2,3)}

of degree 2 :

To check this note that (1,3)(1,2,3) = (2,3), where the multiplication is
from left to right. Then, as confirmation,

3
1

— o=

)((1,3))((1,2,3)_[_%1 :EH:% _%%]_[ }_X(2,3).

1
2

Example 1.10 A matriz representation associated with the permutation repre-
sentation p. Let A= {vy,...,v,} be a basis of V. From Example 1.6 the action
is giwen by ToVi = Vo, 50 [ToVil g = [Vail g = el where e; is the i-th standard
basis vector of C™. Thus, for example, in Sy,

X, (1,4,2) =

= O O O
S oo
o = o o
o o= O

1.6.1 Equivalent representations

Let V and V' be vector spaces and let P:V — V' be an invertible linear
transformation. Let p:G — GL(V):x — T, be a representation of G and
let o be a mapping defined by 0:G — GL(V'):z — PT,P~1 It is easily
seen that o is a representation of G, since for z,y € G we have o (zy) =
Pp(zy) P~ =Pp(x)p(y) P! = (Pp(2) P™1) (Pp(y) P~!) = o (z) o (). Also
o (1) =Pp ()P~ = PP~ = Iy,. We therefore have the following definition.

Definition 1.11 Two representations p:G — GL (V) and p':G — GL (V') of
G are said to be equivalent if there exists an isomorphism P:V — V' such that
o' (x) =Pp(x)P~L for all x € G.

We write p ~ p’ to indicate that p and p’ are equivalent representations.
Note that in this case dim ¥V = dim ).

For the equivalence of matrix representations we have the following defini-
tion.
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Definition 1.12 Two matriz representations X: G — M} and X':G — M,
of G are said to be equivalent if there exists an invertible matriz M such that
X' (z) =MX (z) M~ for all z € G.

Note that in this case, m = n.
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Irreducible representations

Let X be a matrix representation of G, of degree n, and let M, for each z € G
be the matrices of the representation. Thus MM, = M,, and M, = I,,.
We now show that, in effect, there is a matrix P, independent of z, such that
N, = PM_,P!, for all € G, are block diagonal matrices with identical block
structure. The block structure is therefore independent of x. In other words, the
matrices (My:z € G) can be simultaneously block diagonalized. Moreover, the
set of i-th blocks, one from each N, constitutes a subrepresentation of GG that
contains no non-trivial subrepresentations and is therefore irreducible. These
irreducible representations are the fundamental building blocks of the theory
and we now examine them.

2.1 Invariant subspaces

Let T € GL (V) and let Y <V (U is a subspace of V). Then U is said to be a T-
invariant subspace of V if Tu € U for allu € Y. Also T|y:U — V:u+— Tuis the
restriction of T to U. It is clearly a linear transformation since T is. Moreover,
if U is T-invariant then Ty is a linear operator on U.

Definition 2.1 If p: G — GL (V) is a representation of G and U <V, then U
is said to be p-invariant if p (x)u € U for allu € U and for all x € G. Also, {0}
and V are the trivial p-invariant subspaces of V.

This is the crucial idea. If U is a p-invariant subspace of V of dimension i,
then it is readily seen that the restriction of p to U contributes an i x ¢ diagonal
block to the matrix representation of G for each x € G.

Let p: G — GL (V) , and suppose that I/ is a non-trivial p-invariant subspace
of V. Then p(z) |y € GLU)for all z € G. Let ply be defined by ply: G —
GL(U):z — p(x)|y. Then, checking that ply is a representation, we have,

plu(zy) = p@y)lu = p@)p W)l = p @) lup W) lu = plu () plu (y) for all
x,y € G, and ply (t) = p(¢) |y = ly. Thus ply is a representation, called the

15
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restriction of p to U. If a representation p’ of G can be realized as the restriction
of a representation p of G, then p’ is called a subrepresentation of p.

Definition 2.2 A representation p: G — GL (V) is said to be irreducible if V
has no non-trivial p-invariant subspaces; that is, p does not admit any non-
trivial subrepresentations.

Example 2.3 If deg(p) = 1 then p: G — GL (V) is irreducible since the only
subspaces are {0} and V. The trivial representation 1g and altg are therefore
irreducible.

Example 2.4 reg is reducible.

Consider regg: G — GL (V). Let V = span{v.:z € G}, let u = ) V.
and let & = span{u}. Then &Y <V and dim () = 1. Let v € Y. Then v = Au
for some A € C so, from Example 1.5,

rege (z) (Au) = AT, Z v,
z€G

/\vaZ:/\ZvyzAuzveu.

z€G yeG

regglu () (v)

Thus U is a regg-invariant subspace of V, so reg.|y is a subrepresentation
of regg. But (regglu (z)) (v) = regg (@) [u (Au) = Areggly (u) = Au=v =
lg (z) v for all v € U, so reggly is identified as the trivial representation. It
follows that the trivial representation is a subrepresentation of regs, so regs is
reducible.

In fact, we will prove in Corollary 4.8 that reg, contains every irreducible
representation of G.

There are two points to note in the above example. The first is the use of
the averaging a quantity (namely v,) over the whole group (although in the
above instance where was no normalization by |G| since it was not needed).
This is a useful and frequently encountered algebraic construction. The second
point is the transformation of the sum »_ vy into 3 ; vy. This is merely
commutativity of addition, since x is invertible (it is in G). This property of
summing over a group will be used very extensively, and further attention will
not be drawn to it.

2.2 Maschke’s theorem

The next lemma begins the decomposition of p into irreducible subrepresenta-
tions.

Lemma 2.5 Let p:G — GL (V) be a representation of G. Let U be a p -
invariant subspace of V. Then there exists a p-invariant subspace W of V such
that V =U & W.
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Proof: Let {vi,...,v,} be abasisof V, and let (-,-); : VxV — C be a form
defined by (v4,v;); = d;; for 1 <i,j < n, extended sesquilinearly (linearly in
the first argument, and conjugate-linearly in the second) to V x V. Then (-, -),
is an inner product on V (the subscript “1” is merely to distinguish this inner
product from the next one). Let (-,-),:V xV — C be a form defined in terms

of <'='>1 by
(wv), = (p(x)u,p(x)v),

zeCG

for all u,v € V. Then (-, ->p is an inner product on V. Thus V = U @ U+, where
U~ is the orthogonal complement of /.

We now show that U* is p-invariant by first showing that (-,-) p IS p -
invariant. Let u,v € V, and let x € G. Then

(p@u,p)v), = Y (e wpy) e v),

yeG

= D {plyz)u,pyz)v),

yeG

= Y (pEupl)v), =1v),

zeG

for all u,v € ¥V and # € G. Thus (,,), is p-invariant. Now let w € U+ and
consider p () w where x € G. Then for a € U,

(a,p(x)w), = (p(z ™ a,p(z")p() w>p =(p(=7") a,w>p

since <-,->p is p -invariant. But U is p-invariant so p(w’l)a € U, whence
(p(z71) a,w>p = 0. Thus (a, p (z) w), = 0 for alla € U, so p (x) w € U*. Thus

UL is p-invariant, and the result follows. (I

Note that this proof contains another common algebraic construction. The
statement of the result does not refer to an inner product. This was introduced
as a convenient way of constructing a suitable subspace W explicitly. Recall
that every finite dimensional vector space has an inner product, by transporta-
tion from the coordinatizing space.

There is a word of caution is to be given here here, since care must be taken
with infinite groups. Let R™ be the additive group of the reals. Let

Xp+:RY — M3 (R) 12— {(1) f]
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and Xg+ (0) = I (0 is the neutral element for RT) Then Xp+ is a representation
of RT. Let (a,b)” be an Xp+-invariant vector. Then

IR

for all z € R. Then a +bx = Az and b = Ab for all x € R, so b = 0 and
A = 1. Thus U = span ((a, b)T> is the only X+ -invariant subspace, and this

has dimension 1. In particular, &/ does not have an Xg+-invariant complement.

To make use of the above lemma we need to introduce direct sums of linear
operators and representations.

2.2.1 Direct sums of representations

Let V=V & ---® )V, and let A; be a basis of V; for i = 1,...,r, so A =
Ai1U---UA, is a basis of V. Let T;:V; — V; be linear operators fori =1,...,r.
Let the mapping T1 & ---® T,:V — V be defined by

(Me--oT)v=Tivi+--+T,v,

where v=vi+---+v,andv; €V, fori=1,...,7. Then T ®--- & T, is a
linear operator on V. Moreover,
Tila, - 0
Me---oT],= : - ;
0 e [Tl
Let p;: G — GL (V;) be a representation of G for i = 1,...,r. Let
Mmoe--dp:G—-GLWV1d---d V)
be defined by
(@ ®p)(x) =p1(2) @S- & pr(2)
for all x € G. Then p; & --- @ p, is a representation of G and
(o1 (@)]a, -+ 0
[(pr& - @ pr) (@) 4 = : s :
0 e e (@)]a

r

for all z € G.

Ifr>1p=p1&-- P p,is reducible, since p; is a subrepresentation of p.
If p1,..., pr are irreducible then p is said to be completely reducible.

Thus X+, defined above, is not completely reducible.
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Theorem 2.6 [Maschke] Let G be a finite group over C (or any field of charac-
teristic O or prime to g). Then every representation p: G — GL (V) is completely
reductble.

Proof: We use induction over dim V. If dim V = 1, then p is irreducible and
hence completely reducible.

Now assume that the result holds for all spaces of dimension less than n,
where deg (p) = n. If p is irreducible, then p is completely reducible and the proof
is complete. If p is reducible then V has a p-invariant subspace U, so V = U DSW
for some p-invariant subspace W of V, by Lemma 2.5. Thus p = p|y @ p|w. But
dimU < n and dimV < n. The result follows by the Principle of Mathematical
Induction. O

The matrix form of Maschke’s Theorem is the following.

Theorem 2.7 Let X:G — M} be a matriz representation of G. Then there

exist irreducible matrix representations X1, ..., X, of G and an invertible matriz
M such that
MX (z) M~ = : , :
0 X, ()
forall x € G.

The remarkable aspect of this apparently simple proof is that the matrices
X (z), x € G, are simultaneously block diagonalizable. It is easy to overlook
this consequence of the proof.
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Chapter 3

The character of a
representation

The character of a representation p is the function x” that assigns to = € G the
trace of p(z). The remarkable fact about the character function is that such
a simple similarity invariant of a matrix should have such fundamental and
powerful properties, and should preserve so much information about G. Very
often it allows us to avoid using the representing matrices themselves.

3.1 Properties of the trace

We will need the following properties of the trace.

Definition 3.1 Let A be an n x n matriz. Then the trace of A is tr(A) =
Yoiq ai; where a;; is the (i, j)-element of A.

Lemma 3.2 Let A be an n X m matriz and let B be an m x n matriz. Then
tr (AB) = tr (BA).

Proof:

n

[AB];; = > > ajkbes =Y > brjajk

1 j=1k=1 k=1 j=1

[
M=

tr (AB)

<.
Il

I
NgE

[BA],,, = tr( BA).

el
Il
—

O

It follows that if A and B are similar matrices then tr (A) = tr (B), and
this supports the following definition.

21
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Definition 3.3 Let T:V — V be a linear operator. Then the trace of T is
tr (T) = tr ([T] 4) where A is a basis of V.

For the next result we need some notation. Let N}, = {1,...,n}. If a, 5 C
N, and A is an n X n matrix, let A [@|3] denote the submatrix of A with rows
elements of A selected from positions in a x 3. Let & = N, — a.

Theorem 3.4 Let A,B be nxn matrices and let Ny, = {1,...,n}. Let o (o) =
Y ica i Then

det (A + B) Z ST (=17 P (det A ol 8)) (det B [a]8])
r=0 a,BCN,,
where the sum is over all o, B such that |a| = || = r.

The proof of this result is directly from determinant theory.

Corollary 3.5 Let A be an n x n matriz over C with eigenvalues Aq,..., An.
Then tr (A) =31 1 A,

Proof: Let f(z) = [[;-, (. — \;) be the characteristic polynomial of A is
so [2" 7] f(z) = = Y1 Ai. On the other hand, from Theorem 3.4,

fx) = det(al-— Z Z (det (—A) [a|a]) (det (1) [@|3])
r=0 aCN,,,|a|=r
= Z Z (—=1)" 2" " det A [aa]
r=0 aCN,,|a|=r
[2" ] f(2) = — Z det A [a|a] = —tr (A),
aCN,,|la|=1
and the result follows. 0

This result can of course be proved directly from the Jordan normal form,
or from the Triangular Form Theorem. The above proof uses only properties of
the determinant.

3.2 Characters

Definition 3.6 Let p: G — GL (V) be a representation of G. Let A be any basis
of V. Then the character of p is the function x?: G — C such that

X’ () = tr ([p(2)] ) -

X" is said to be irreducible if p is irreducible. The degree of x” is the degree of
p (=dimV).
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When p is understood from the context we may abbreviate x* to x.

Definition 3.7 Let X: G — M7, be a matriz representation of G. The charac-
ter of X is the function x: G — C such that

forall x € G.
Lemma 3.8 Let p' and p be representations of G. If p/ ~ p then x* = x*.

Proof: From Definition 1.11, there exists an invertible matrix P such that
p () = Pp(z) P~! for all z € G. Then, from Lemma 3.2, x* (z) = tr (o (z)) =
tr (Pp (2) P~L) = tr (p (2)) = ¥* (x). O

In fact, the converse of this result is also true, but we shall require a consid-
erable amount of additional material to prove it. It is proved in Theorem 4.9.
This strengthening of the lemma indicates the importance of the characters.

3.2.1 Characters of nat; and reg

Example 3.9 Let p = altg,. Then x” (z) = sgn (z).

This is simply the observation that x” (x) = tr(sgn(z)) = sgn (x). This is
the alternating character. It appears in the determinant function. Indeed, if
the alternating character is replaced by x” in the definition of the determinant,

then the resulting function is called an immanant. It is an interesting matrix
function that has been studied extensively.

Let z € &, and let fix (z) be the set of all ¢, 1 < i < n, such that xi = i.
These are the points of {1,...,n} that are fixed by z.

Example 3.10 Let p = natg,,. Then x” (z) = |fix (z)|.

To see this, let X be a matrix representation associated with p with respect
to the basis A = {v1,...,v,}. Then, from Example 1.6,

DERTICES
X @i, = { 0 otherwise.
Thus x? (z) = [{i:xi =14,1 <i < n}| = [fix (2)].
Example 3.11

reg _ |G| fo =
X' (z) = { 0 otherwise.
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Let G = {x1,...,xn}, let A= {vy,,...,vs,} and let V = span (A). Then,
from Example 1.5, regq (2) Vg, = Vag, for i =1,...,n, so

1 if zzy = xy,
0 otherwise.

lree (01, = {

For contributions to the trace we require that ¢ = j. But zz; = x; if and only if
x = 1. Thus x"8¢ (z) = tr[regq (z)] = n if = ¢ and is 0 otherwise.

Example 3.12 Let p;: G — regoGL (Vi) , i = 1,...,7, be representations of G
andlet p=p1 ®--- D p,. Then x? =x"* +---+ x"r.

Let V = V1 ®---@®V,.. Then p is a representation of G with V is its
representation space. Let A; be a basis of V; for i = 1,...,r. Then

X" (@) = trl(p @ @pr) ()4
= trlp (@)] 4, - o (@) 4,
— XPl (CL‘) + -+ XPr (:C)

for all z € G so x? = xP* + -+ + x°r.

3.2.2 Some notation
Let p; be a representation of G. As a notational device, let
mip; =pi S Dp;.
—_——
m;

By Maschke’s Theorem (Theorem?2.6), any representation p of a finite group G
can be expressed as a decomposition

p=mip1 @ ®mpr

into irreducibles. The integer m; is called the multiplicity of p; in p. Moreover,
p(x) =mip1 () ® - ®myp, (x) for x € G, so

X (@) = mix™ (@) -+ mox (@),

3.2.3 Preliminaries from group theory.

We will need some results from group theory for developing some of the prop-
erties of the characters.

Theorem 3.13 [Lagrange] Let G be a group and let H < G. Then |H| divides
Gl

The number of left (right) cosets of H in G is the index of H in G, and is
denoted by [G: H]. If G is finite, then [G: H| = |G|/ |H]|.
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Definition 3.14 Let G be a group and let x € G. The order of z is o(x) =
min {z rt = L} .

Proposition 3.15 If G is a finite group and x € G then o(x) < 0.

Proof: Consider the subgroup (z) = {L,x,x2, .. } of G generated by =z.
Since |G| < oo, there exists j,i with j > i such that 27 = x%. Then 2/~% =, so
{l ol = L} is non-empty and has a least member. The result follows. O

Corollary 3.16 Let G be a group and let © € G. Then o (z) divides |G| .

Proof: z°(*) =, so (x) has at least o(z) elements. Suppose that it has
fewer that o(z) elements. Then some pair of elements in {L,I, . ,x"(x)’l}
must be equal. Thus 2P = 27 for some 1 < p < g < o(x), whence 277P = .. But
1< g—p<o(x). This is a contradiction with the minimality of o (z). Thus
[{(xz)] = o () so, by Lagrange’s Theorem (Theorem 3.13), o(x) divides |G|. O

Corollary 3.17 Let G be a finite group, and let x € G. Then !l = ..

Proof: From Corollary 3.16, o(z) divides |G| so |G| = lo (z) , for some [ > 1.
Thus z!¢ = (wo(””))l =il = 0

3.2.4 Character of a conjugate and the inverse

We may now prove a useful result about characters.

Theorem 3.18 Let G be a finite group and let p be a representation of G. Then

L x? (1) = deg(p),

2. x* (y'wy) = x* (z) for all 2,y € G,

3. x° (z71) = x* (2).

Proof: 1) p:G — GL (V) where dimV = n. Let A be a basis of V. Then
x? () =tr(p(v) =tr([p(v)]4) =tr(In) =n =dimV = deg(p) .

(2)> X (v tay) = tr(p(ytay)) = tr(py ) p@ply) = tr(p(x) =
x? (x) .

3) From Corollary 3.5, x (z) = tr (p (%)) = X\ cspec(p(x)) N Where spec (p (z))
is the multiset of all eigenvalues of p () (so repeated eigenvalues are included).
Since A € spec (p (z)), there exists a non-zero vector v € V such that p (z) v =
Av. Now X # 0 since p (z) is invertible. Thus A~! is an eigenvalue of p (z71).

Thus
x” (xil) = Z AL

Aespec(p(x))
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Let g = |G|. Then, by Corollary 3.17, N9v = p(z)’v = p(29)v = p(1)v =
lyv =v so A = 1. Then |A\| = 1 s0o AX = 1. Thus A=* = \. Then

X (z71) = Z A= A= Z A= x?(z).

Aespec(p()) Aespec(p(x))  A€spec(p(a))

This completes the proof. O

Part (2) of Theorem 3.18 states that x” is constant on the conjugacy classes
of G. Such a function is called a class function of GG, and will be considered
again in Chapter 5

We note the following result concerning real characters.

Corollary 3.19 Let G be a finite group and let x be a character of G. If x and

x~1 are conjugates in G then x (x) € R.

Proof: x and 7! are conjugates in G so there exist y € G such that

2=t = yay~'. Then, from Theorem 3.18, x (z) = x (z7') = x (yay™') = x (z),
and the result follows. O

Corollary 3.20 Let x be a character of &,,. Then x () € R for all x € R.

Proof: z and z~! are conjugates in &,,. The result follows from Corol-
lary 3.19. O

This corollary will be of importance in Chapter 8, where the character theory
of the symmetric group is studied in greater detail.



Chapter 4

The orthogonality of the
characters

4.1 Schur’s Lemma
We begin with a fundamental lemma that will be used repeatedly.

Lemma 4.1 [Schur] Let p:G — GL (V) and p':G — GL (V') be irreducible
representations of G. If T:V — V' is a linear transformation such that Tp (z) =
p ()T for all x € G, then

1. Then

(a) either T = 0y,

(b) or T is an isomorphism.
2. Moreover,

(a) if p ¢ p/ then T = 0y,
(b) if p = p’ then T = aly, for some a € C.

Proof: 1) We consider ker (T). Let v € ker (T). Then Tp(z)v=p'Tv=0
so p(x) v € ker (T). Thus ker (T) is p-invariant. But p is irreducible so ker (T) =
{0} or V. There are therefore two case.

Case (1a): Let ker (T) = V. Then T = 0y, and the proof is complete.

Case (1b): Let ker(T) = {0}. Then T # 0y. We now show that TV is a
p'-invariant subspace of V’'. Let v/ € TV. Then v/ = Tv for some v € V. Let
x € G. Then p/' (x) v/ = p' (z) Tv=Tp(z)v so p' (z)v' € TV. Thus TV is a p'-
invariant subspace of V'. But p’ is irreducible so TV = {0} or V'. But TV # {0}
since T # Op. Thus TV = V', so T is surjective. But ker (T) = {0} so T is
injective. Thus T is an isomorphism.

27
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2) (a) We assume that p = p’. Suppose T # 0y. Then, from (1b), T is an
isomorphism so p ~ p’, which is a contradiction. Thus T = 0y,.

2)(b) We assume that p ~ p’. Then Tp (z) = p(z) Tforallz € G. Let o € C.
Then (T —al)p(z) = p(z) (T —al) so, from (1), T—al =0y or T — al is an
isomorphism. Now spec (T) # ), so select a € spec (T). Thus there exists a
non-zero v € V such that Tv = av, whence (T — al) v = 0. Since v # 0, then
ker (T) # {0}, so T — al is not an isomorphism. Then T — al = 0y, and the
result follows. O

There is a matrix formulation of this result.

Lemma 4.2 [Schur] Let X:G — M} and X':G — M, be irreducible rep-
resentations of G. Let M be a matriz such that MX (z) = X' ()M for all
xz € G.

1. Then

(a) either M = 0,,
(b) or M is invertible.

2. Moreover,

(a) if X » X’ then M = 0,
(b) if X = X' then M = al,, for some o € C.

The next result is a technical one which will be used in the next section.

Corollary 4.3 Let Let X:G — M} and X":G — M, be irreducible repre-
sentations of G. Let M be an n x m matriz over C, and let N be the n X m
matric ]
N:Eﬂg;wmmxwfw
zecG

Then
N/ zEr(M)L, X=X,
0, if X # X',

Proof: We check that X (y) N = NX'(y) for all y € G, and then apply
Schur’s Lemma. Now

1
X@y)N = €] Z X (yz) MX' (z7!), since X is a representation
zeG
1 1 . -
= @l Z X (yr) MX' (z7'y ™) X' (y), since X' (y ') X' (y) =1,
zeG

- <ﬁ > X (2) MX' (z1)> X' (y) = NX"(y).

zeG
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From Schur’s Lemma, if X ~ X’ then N = 0,,. On the other hand, if X = X’
then N = oI, for some « € C, so tr (N) = na. But

tr (N) = ﬁ thr (X (z) MX (z71))

= — Z tr (X (:v)_l X (z) M) from Lemma 3.2

so n = atr (M) and the result follows. (]

4.2 The vector space C

We now construct a vector space in which the characters reside. Let G be a
finite group. Then C% = {f: G — C}, equipped with the operations
(f+9) (@) = f(x)+g(z), forallzeq,
A)(x) = Af(z), forallz e G,AeC

is a vector space. If x is a character of G then y € C%. Let (-, Jee CExCC - C
be a form defined by

1 -
<fag>(CG = @mezgf(iﬂ)g(fr)

for all f,g € C®. Then (-, -)ce 1s an inner product on C%. Where the context
makes it clear, we will abbreviate (-, ) ¢ to (-,-) . We can use this inner product
to distinguish irreducible representations.

4.2.1 Orthogonality of the characters

Theorem 4.4 [Orthogonality relations for the first kind] Let x,x’ be (irre-
ducible) characters corresponding, respectively, to the irreducible representations

p,p" of G. Then /
n_J 1 ifp~p,

Proof: Let X, X’ be matrix representations corresponding to p, p’, respec-
tively. Then

, 1
ox) = @Zx(:v)x(:v)

1
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Let P% be the n x m matrix with (k,[) -element equal to d; d; ;. Let

Sii = i| > X (2)PX (a7,

|G zeG
Then
. 1 1
[Sm]i,j - @ (X (I)]i,k [PZ }k,l [X/ (Ii ﬂl;j
zeG k,l
= LS X @l biedy (X @),
z€G k,l
= ﬁ Z [X (x)]z 7 [X/ (xil):lj J
zeG
SO

Then, from Corollary 4.3,

gid — Onxm if X o X/,
T (e (PY) L, i X ~ X

But tr (Pi’j) = 0 unless ¢ = j, in which case tr (Pi’j) = 1. Thus

N 0 if X » X/,
[S™],,; =9 0 ifi#j
’ L ifi=jand X ~ X'

Now, if X = X', then xy = X/, from Lemma 3.8 , whence

) 1 if X ~ X
Gx) = ’
XTIV 0 i X = XY,

and the result follows.

4.2.2 A test for the irreducibility of characters

We may use this result to test whether a representation is irreducible.
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Lemma 4.5 Let G be a finite group and let p = mip1 & --- & m,p,, where
P1,- -, pr are irreducible representations of G. Then

7y = Z mf.
i=1
Proof: From Theorem 4.4

(x*, x") Z mim;j (X%, x*) = Z m;m;0;

4,7=1 i,j=1

and the result follows. O

Corollary 4.6 Let G be a finite group and let p be a representation of G. Then
p is irreducible if and only if (x?,x") = 1.

Proof: Immediate, from Lemma 4.5. ([l
Example 4.7 The matrix representation given in Example 1.9 is irreducible.

Let x denote the character of this representation. Then, by direct calculation
with the representing matrices,

ox) = |G| > x

FASIGEY

= %(2.2+o-o+o-o+o-0+(—1)-(—1)+(—1)-(—1>>:1-

Thus, from Corollary 4.6, it follows that the representation is irreducible.

4.3 Some properties of irreducible representa-
tions

We are now in a position to complete the connexion between equivalence of
representations and equivalence of characters, and to show that every irreducible
representation occurs at least once in the regular representation regq of G.

Corollary 4.8 Let G be a finite group. Let p1, ..., pr be the set of all irreducible
representations of G. Then

1. the multiplicity of p; in regs is deg (p;) -

2. |Gl =1, (deg (pi)”.
3. 1<r<|G|.
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Proof: 1) Let reg denote reg.. Now

re ] 1 re o (N
("8, x") = Gl Z X8 (z) xPi ().
zeG

But, from Example 3.11, x*8¢ (x) = |G| if x = ¢, and is 0 otherwise, so

regg (L) XxPi (L) = xPi (L) = deg (pl) :

regg Pi\ —
(x*8e, x7*) G

By Maschke’s Theorem (Theorem 2.6) reg = @®}_;m;p; where my,...,m; are
non-negative integers. Then

T kA
(X", x"") = <ijx’”,xpi> =Y my (XX = m;
j=1 j=1
by the orthogonality of the irreducible characters (Theorem 4.4) whence

rege= @j—1 (deg (p))) pj-
This establishes (1).

2) Let V be the representation space for reg.. Now, from (1)

|G| = dimV = X" (1) = > (degp;) x* (1) = »_ (degp;)*,
j=1 j=1
giving the result.
3) deg (p;) > 1 so0, from (2), 1 <r <|G]. O

Thus, in reg, every irreducible representation of G' occurs with multiplicity
equal to its degree. This enables us to prove the converse of Lemma 3.8, which
is contained in the following result.

Theorem 4.9 Let p,p’ be representations of a finite group G. Then p ~ p’ if
and only if xP ~ X”,.

Proof: If p ~ p' then x? ~ X”, from Lemma 3.8. We now prove the
reverse implication. Since G is finite, p and p’ are completely reducible, by
Maschke’s Theorem (Theorem 2.6) so p = ©]_ym;p; and p’ = @7_;n;p; where
p1,--.,pr are the irreducible representations of G. Then y = >_._, m;x”* and
X = Z;:1 n;x”*. Then, by the orthogonality of the irreducible characters (The-
orem 4.4),

m; = (x’,x"") = <x”',x’“> =n;

fori=1,...,7, 80 p~ p', and the result follows. O
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There is an expression for (x,x’) that is convenient when y and x’ are
irreducible characters of G. From Theorem 3.18(2) we know that x is constant
on the conjugacy classes of GG. Let C denote a conjugacy class of G and let = € C.
We denote the value of x at any element in C by x (C). Thus x () = x (C).

Corollary 4.10 Let G be a finite group and let Cy,...,C; be the conjugacy
classes of G. Let x,x’ be irreducible characters of G. Then

106 x) = i (Gl x (€)X (C).
2. (X X) = Oxx-
Proof: 1)

1 1 &
06Xy = @Zx(w)x’(:v)=@;g§ix(:v)x’(w)

zeG

and the result follows since, from Theorem 3.18(2), x, X" are constant on conju-
gacy classes.

2) Let p and p’ be the representations corresponding to x and x’. From the
orthogonality of the characters (Theorem 4.4), (x,x’) = 1 if p ~ p/ and is 0
otherwise. But, from Theorem 4.9, p ~ p’ if and only if x = x’. The result
follows. O
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Chapter 5

Class functions

The ring of class functions is natural ring in which to consider further properties
of the characters.

5.1 An inner product

The set C¢ = {f: G — C}, with pointwise sum and product, is a ring, and

1 -
(f:9)ce = @ Zf(f)g(ff)

zeG
defines an inner product for all f,g € C%.

Definition 5.1 f € C is said to be a class function if f (z) = f (yay~') for
all z,y € G.

The set of all class functions of G is denoted by R (G). Let p be a represen-
tation of G. Then clearly x” € C%. In fact, we know, from Theorem 3.18(2),
that the stronger containment x” € R (G) holds.

Lemma 5.2 dim (R (G)) = k, where k is the number of conjugacy classes of G.

Proof: To determine dim (R (G)) we construct a basis of R(G). For i =
1,...,k, let e; € C% be defined by e; (z) = 1 if € C; and 0 otherwise. Then
e; € R(G), for i = 1,...,k. Let f(C;) denote the value of f € R(G) and
any ¢ € G. Then f(z) = f(Ci)ei(x) + -+ f(Ck)ex (x) for all z € G, so
f=1f(C)er+ -+ f(Ck)ex. Thus R(G) < span{es,...,ex}. The reverse
inclusion is trivial, and ey, ..., ey are clearly so {ey,...,ex} is a basis of R (G),
whence dim (R (GQ)) = k. O

We show that the irreducible characters of G form another basis of R (G)
and, for this, the following preliminary lemma is needed.

35
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Lemma 5.3 Let p be an irreducible representation of G and let f € R(QG).
Then
N < I
Y F@p@) == (" e v
zeCG degp

where V is the representation space.

Proof: Let T=3 .. f(x)p(z). Now, for y € G,

pT = > Fl@)p(yr)

zeG

= > f@ryzy e

zeG

= > Flyzy Mo (yxy™") p(y) since f € R(G)

x€G
- (Z F@)p (z)) py)=Tp(y).
zeG

Thus p(y) T = Tp(y) for all y € G so, by Schur’s Lemma (Lemma 4.1(2b)),
T = aly for some a € C. Then ) . f(z)p(z) = aly and, taking the trace,
we have

i (z i <x>) S T @) = Y T () GO Free

zeCG zeG zeG

and tr (aly) = atr(ly) = adimV = adegp, whence adegp = |G| (x”, f)cc -
The result follows. O

5.2 The character basis

The next result gives the character basis for R (G).

Theorem 5.4 Let G be a finite group. Then set of all irreducible characters of
G is an orthonormal basis of R(G).

Proof: Let V be the representation space for reg so V = span{v,:x € G}.
Then dim (V) = |G| . Since G is finite we have, by Maschke’s Theorem (Thm. 2.6),
rege = mip1 @ @ mpp, where V=V, @ --- @V, and p;: G — GL(V;), for
1 = 1,...,7 are the irreducible representations of G. Let k be the number of
conjugacy classes of G so, from Lemma 5.2, dim R (G) = k. But x**,...,x"" €
R(G) so r < k. Suppose that r # k. Then there exists a non-zero function
f € R(G) that is orthogonal to x”*,...,x"", so (x", f)ce =0 fori=1,...,r.
Then, from Lemma 5.3, . f (z)reg (z) = Oy. Let y € G. Then

0=0ypv, = Z Wreg () vy = Z vay = Z fGy=t)v..

zeCG zeG z€G
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But {v,:z € G} is a basis of V, so f(zy™') = 0 for all y,z € G, whence
f(z) =0for all z € G. Thus f = 0. But this is a contradiction, so r = k. Then
span{x”',...,x”*} < R(G). But x*,...,x" are linearly independent since,
by Corollary 4.10, there are pairwise mutually orthogonal. Thus {x**,..., x"*}
is an orthonormal basis of R (@), which completes the proof. O

The following result now clarifies the question of the number of distinct
irreducible representations of G.

Corollary 5.5 Let G be a group with precisely k conjugacy classes. Then G
has precisely k distinct characters (and therefore k distinct irreducible represen-
tations).

Proof: The first part is from Theorem 5.4 and the fact that dim R (G) = k.
The second part follows from Theorem 4.9 that asserts that x”: ~ xi if and
only if p; ~ p;. O

It is worthwhile recording the following result.

Corollary 5.6 Let G be a group with precisely k conjugacy classes, and let
P1,- -, Pk be irreducible representations of G. Then, for x € G,

k
1 .
@ Z (deg pi) Xpl (:E) = 5L,ac-
=1

Proof: From Corollary 5.5, there are k distinct irreducible representations,
50 rege = @ (degpi) pi. Then y'*5c = YOI (deg pi) XP*, s0 X"*26 (z) =
Ele (deg p;) x?* () for all x € G. But from Example 3.11, x™8¢ (z) = |G| d, 4,

and from Corollary 4.8(2), |G| = Zf:o (deg p;)* . The result follows immediately.
0
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Chapter 6

The group algebra

In this chapter we develop the orthogonal idempotents and it is these that will
lead to the determination of the ¢ 3 that are needed for the proof of Theo-
rem 1.1.

6.1 The centre Z¢¢

Let G = {x1,...,24} be a finite group and let
CG ={a1z1+ - +agzg:ai,...,aq € C}.

Let z,y € CG,s0 x = > 7, ajz; and y = 3°9_, bjz;. The product zy is defined
to be xy = szzl a;aj (z;z;). Then CG is called the group algebra of G over
C. Its dimension is g, and {z1,...,x,} is a basis. The centre of CG is

Zce = {2z € CG:xz = zx for all z € CG}.

The centre Zcg is a subalgebra of CG, and its elements are called central ele-
ments. It is easy to construct a basis for the centre.

Lemma 6.1 Let K; =) a, fori=1,..., k. Then {Ky,..., Ky} is a basis
for Zcg.

Proof: For an arbitrary y € G

yKi= > yr=Y_ (yry~')y=Ky.

zeC; zeC;

acC;

Then yK; = Ky for all y € G so K; € Zcg. Moreover, summing y over C; we
have K;K; = K;K; for all 1 <14, j <k, so the K;’s commute.

Let x € Z¢g. Then z € CGE so x = ZueG ay,u where a,, € C, and zy = yx
for all y € G. Thus

Z QU =2 = ya:yil = Z auyuyfl = Z Oly— 1,y Uy

ueG ueG ueG

39



40 CHAPTER 6. THE GROUP ALGEBRA

so, equating coefficients of these two expressions we have a, = a1, for all

y € G, since {u:u € G} is a basis of CG. Then = = Ele B:K; where §; € C for
i=1,... k. It follows that Zcg < span{K;:i = 1,...,k}. The reverse inclusion
is immediate so Zcg = span{K;:i =1,...,k}.

To test for linear independence, let Zle v K; = 0. Consider z € G. Then
x € C; for a unique j, where 1 < j < k. Equating the coefficients of  on both
sides of this expression we have y; = 0. Thus 11 = --- =, = 0so {K1,...,Ki}
is linearly independent. We conclude that {K7y,..., K} is a basis for Z¢g. O

It follows that, for 1 <p,q <k,

k

- r

= Z Cpg
=1

for unique ¢ , € C, for r = 1,..., k. These are the connezxion coefficients of
Zca, and they are the coefﬁments that have combinatorial significance in the
study of maps.

6.2 The orthogonal idempotents

Let G be a finite group. Let Cy,...,Ck be its conjugacy classes, and let h() =
|Ci| for i = 1,..., k. By Corollary 5.5, the irreducible representations of G are
indexed by the numbers 1,...,k (although this is not, in general, a natural
index). Let p; denote an irreducible representation, for ¢ = 1,... k. Let x®

denote the (irreducible) character associated with p;, and let Xg-i) denote the
value of x() at any € C;, for j = 1,...,k, (recalling that x*) € R(G)). Let
fO = deg pi.

Theorem 6.2 [Orthogonality relations for the irreducible characters]

L& S O\ D =5, for 1< p,q <k (relation of the first kind),

2. ZZ 1 Xp Xq‘ = ‘(p‘) dp,q for 1 < p,q < k (relation of the second kind).

Proof: 1) This is a restatement of Corollary 4.10.

2) Let P be a k x k matrix such that

O]
Pl =,
Pl =x; Il
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Then, from (1), S5 [P]pl[P*]Zq = 0pq, 50 PP* = L. Then P*P = I so

i=1
PP =1 Thuszll[PT =0pq for 1 <p,q<k,so

pyi z ,q
h(p) (Z h(@)
Tar X ey o

and the result follows. O

We may now give an expression for the connexion coefficients.

Lemma 6.3 For 1 <p,q,r <k,

h(p)h(q) Z @ Xp qu)xgz '

Proof: Since ¢} , is the connexion coeflicient of the class algebra of G,

p,q
k
_ i
K,K,=Y ¢ K
i=1

Then, upon taking the representation,

Mw

pj (KpKq) = pj (Kp

C ,qu
i=1

To determine p; (K,) we note that K, = Kpz for all z € G since K, is central.
Taking the representation, we have p; (z) p; (Kp) = p; (Kp) pj (z) for all z € G
so, by Schur’s Lemma (Lemma 4.1), p; (K,) = aly for some « € C. Taking the

trace gives ) (K,) = adegp; = af¥). Then a = h(p)xj(oj)/f(j), whence
(9)
. X5
Pj ( ) h f( I
Substituting this into the expansion of p; (K,K,) gives

@) (4) k ©)
@ XP_  p(9) X _ i () Xi
<h o h fm) = <Z ol f(j)> v

i=1

whence
k

— @@ () ()7 i (i), )
f(J)hp h / Zcp,qh Xi -
i=1

@)

Now multiply throughout by x,*’ and sum over j to obtain

h<p>h<q>z xé”xq IO - Z h(”Zx(”x

=1
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k
Zcz) h0 I o) 6 i; from Thm. 6.2(2)
i=1
= 9Cq

and the result follows. O

In fact, we can construct the orthogonal idempotents to span the centre.
These are given by the following theorem.

Theorem 6.4 Let

3K,

fori=1,.... k. Then

1. K; —h(J)Zl 1j()XgZ)FZ,f07’j:1,...,k,
2. FZFJ = 5i,jFi fO’I’ 1 S Z,j S k.

Proof: 1) Substituting the expression for F; into the right hand side of (1),
we have

(4) Dp _—
hjZf(i)Xj o= szx
=1 9 m=1
R E
= — K~ f Thm. 6.2(2
. 2 h() m,; from Thm (2)
= KJ7

which is the result.

2) We use Lemma 6.3 and the orthogonality of the characters. For 1 <4,j <
k we have

1 5
FiF; = g—Qf(l ZX() WK Ky,

l,m=1

k k
1 .6) »G Zﬁz

— g_2f( )f‘(?) Xl( )Xgn) K’r <
r=1

l,m=1

k
m 1 s s
BB 3 = X ))
s=1

iQI>—‘

from Lemma 6.3. Then

k k
FiF; = igf(i)f(j) ZKTZ

9 r=1 1

k k
(S) Dy (Z) ( ) ™)y (Z)

=1 m=1

k k
= Loy K, Y f(l)XT 5:.56;.s from Thm. 6.2(1)
g S

r=1 s=1
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_ lfu)f(j)zk:K RENOFN
g Tf(l) T (2¥]
r=1

k
1 ... T
= (Si’j—f(J)ng‘)KT = Fi(si’j.
9 r=1
This completes the proof. (I

Note that {Fy,..., Fy} is therefore a basis of Z¢g consisting of orthogonal
idempotents. Theorem 6.4 gives an explicit expression for the orthogonal idem-
potents of an arbitrary finite group. This includes the hyperoctahedral group,
that is needed for treating maps in locally orientable surfaces.
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Chapter 7

Induced representations

Let H < G. We now consider the idea of obtaining a representation of H from
a representation of G, and a representation of G from a representation of H.

7.1 Restricted and induced characters

Definition 7.1 Let G be a group, and let H < G. Let X be a matrix represen-
tation of G. Then the restriction of X to H is X |% where X |§ (z) = X ()
forall x € X.

Clearly, this is a representation. To go in the other direction we need the
following lemma.

Lemma 7.2 Let G be a group and let H < G. Let (t1,...,1t;) be a transversal for
the left cosets of H in G. Let Y be a matriz representation of H. Let X: G — M,
be such that, for all z € G,

X (@) = [V (7 at5)] 1
(a block matriz), where Y (y) =0 if y ¢ H. Then X is a representation of G.

Proof: Let z,y € G. Then, by block matrix multiplication,

(X (I)X(y)]p,q = [Y (t;lxtﬂ'ﬂlxl [Y (t;lytj)}lxl

l
SOV (t, wty) Y (85 L) -
j=1

There are two cases to be considered.

Case 1: Let t,'at, ¢ H. But t, aty = (t, at;) (t;'yt,) , so either ¢, zt; ¢
H or t;lytq ¢ H. ThenY (t;lgct )Y ( ytg) fori=1,...,1,s0[X (z) X W), =
0. But Y (¢, at,) = 0 since ¢, 'z, ¢ H so [X (zy)], , = [X (2) X (v)],, -

45
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Case 2: Let z = t;lxtq ¢ H. Since yt, € G, it is in precisely one coset,
t,H, of H in G. Thus yt, = t,u for some u € H, so u = t, 'ut, € H and r is
uniquely defined. Thus the expression for [X (z) X (y)], , simplifies, and gives
(X () X ()], , =Y (t, at,) Y (8 uty) . But ¢, wt, = (¢, wyty) (b, 'y ) =
zu~t € H since z,u € H. Thus [X (z) X W, =Y (t, tayty) = [X (@y)l, 4 -

We conclude from these two cases that X (zy) = X () X (y) .

We now show that X (1) = I Now X (1) = [V (t;ltj)}lxl.
t;7't; € H for i # j. Then t; = t;v for some v € H, whence t; = t;uH = t;H.
But ¢;H Nt;H = (. This is a contradiction so ¢; 't; ¢ H for i # j. If i = j, then
Y (t;ltj) =Y () =1,30X()=1&---®I=1I (the final identity matrix has
a different size from the constituents of the direct sum).

Suppose that

Thus X is a matrix representation of G. O

This lemma supports the following definition.

Definition 7.3 Let G be a group and let H < G. Let (t1,...,t;) be a transversal
for the left cosets of H in G. Let Y be a matriz representation of H. Then the
induced representation of G by H is Y 1S where, for all x € G,

Y1 (@) = [V (t72t5)]
andY (y) =0 ify ¢ H.
The following gives an example of the construction.

Example 7.4 Let G = Ss and H = {1,(23)}. The left cosets of H in G are

Dy = (H=(23)H=1{,(23)},
D, = (12)H = (132)H = {(12), (132)},
D, = (13)H = (123)H = {(13),(123)}.

Then {t,(12),(13)} is a coset transversal of H in G. If Y is a matriz represen-
tation of H, then

I 00 0I o
X15W=101 0], X1%(12)={I1 0 o0 ,

0 0 I 0 0 Y (23)

0 o0 I I o 0
X719 (13)=]0 Y(23) 0 |, X194 (23)=]0 0 Y(23) |,

I 0 o 0 Y(23) 0

I Y23 0 0 0 Y (23)

X 16 (123) = 0 o I|, Xx19(132)=|I 0 0

Y23 0 0 01 o
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As a check, note that (12) (23) = (132). Then X T4 (12) X 1§ (23) = X 1§
(132) . This is confirmed by multiplying out the corresponding matrices.

We now examine the dependency of the characters of X Tfl on the selection
of transversal.

Lemma 7.5 Let G be a group and let H < G. Let (s1,...,s1) and (t1,...,t;)
be a transversals for the left cosets of H in G. Let' Y be a matriz representation
of H. Then

tr [Y (Si_lxsj)}lxl =tr [Y (ti_lxtj)]lxl

forall x € G.

Proof: Since (s1,...,8;) and (¢1,...,1%;) are transversals for the left cosets
of H in G, we may assume, without loss of generality, relabelling if necessary,
that ¢,H = s;H for i = 1,.. .,l. Thus t;a; = s;b; for a;.b; € H, so s; = tic;
where ¢; = aib;1 € H. Then s{lxsi = c{l (t;lxti) c; SO s;lxsi and t;lxti
are conjugates. Thus, if t;lxti € H then s;lxsi € H, sotr [Y (s{lxsj)}lxl =
tr [Y (t; 'xt;)], ,. On the other hand, if t; 'zt; ¢ H then s;'ws; ¢ H, so
Y (Sl-_lej) =0=Y (t;lxtj) . Thus

l l
-1 -1 -1
tr [Y (ti Itj)}lxl = Ztr [Y (ti xti)}lxl = Ztr [Y (51 xsi)]lxl
i=0 i=0
-1
= [V (s, ws)]
completing the proof. O

The next result is now immediate.

Corollary 7.6 Let G be a group and let H < G. Let (t1,...,t;) be a transversals

for the left cosets of H in G. Let p be a representation of H and let x be its
character. Then x 1% is independent of the choice of transversal.

7.2 An explicit expression for y Tg
There is a convenient formula for determining x 1% .

Lemma 7.7 Let G be a finite group, let Y be a representation of H where
H < G, and let x be the character of Y. Then

G 0= g 2 X6

zeC-NH

where x € C,.
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Proof: Let ¢ denote x 1%, and let {t1,...,#;} be a transversal of H
in G. Then by Definition 7.3 ,¢(z) = Eé:l X (t;lxti). Now, for any a €
H, {tia,...,t;a} is also a transversal of H in G so, by Lemma 7.5, ¢ (z) =
Zlizl X (a_ltflxtia) . Thus, summing over all a € H,

|H| ¢ (z) = Z ZX (ailti_lxtia) = Z x (b 'ab)

a€H i=1 beG

since G =t1HU--- Ut H.

We consider a conjugate bl_lzzrbl of x € C, for fixed by € G. Let b2_1:1:b2
be a conjugate of by 'zbi. Now by 'zby = by 'aby & x = 2 (bob™!) & bob™! €
Z, where Z, is the centralizer of x € G. Thus each conjugate bflxbl of x is
constructed | Z;| times in the sum over b € G, so

S ox(07tab) =1Za > x(2)=1Z] Y. x(2)

beG z€Cyr zeCrNH

since, from Definition 7.3, x () = 0 if z ¢ H. Now

bylaby = by laby & boby' € Z,
& bob] ' Zy =2,
& b'Z,=b,'Z,

so the number of distinct conjugates of x is equal to the number of cosets of Z,
in G. But Z,G, and x € C,, so h\") = [G: Z,] = |G|/ |H| since G is finite. Thus
|Z.| = |G| /h{"). Combining these we have

Hlo@) =Y x 67 ) =12 Y x(:)=100 3 x(e)

beG zeCr-NH zeCrNH

and the result follows. O



Chapter 8

The characters of the
symmetric group

We now apply this theory to derive expressions for the irreducible characters
of &,. From Corollary 3.20 we know that the characters of &,, are real. It
will be shown that certain symmetric functions are the generating series for the
evaluation of irreducible characters of the symmetric group at conjugacy classes,
and that computations with characters of the symmetric group can therefore be
conducted through the ring A of symmetric functions. This is a well studied
ring and its properties are well understood.

8.1 Frobenius’s construction

Some notation is needed. Let A C {1,2,...} where |A| < co. Let & 4 denote
the set of all permutations of the elements of A. For 6 - n, with  (8) = r, let

So =61, 0.3 XOS(0,41,...00+03 X X Sl 4oh0, 41,00 +40,)-

Gy is called a Young subgroup of &,,. Let z (a) = 1122 ... 4ligl. .. with a =
[1i1,2i2, o } s 0! = 91'92' -« - where 0 = (91,92, . ) and h® = |Ca| .

Let my be a monomial symmetric function, pg be a power sum symmetric
function, hg a complete symmetric function and sp a Schur function.

We begin by constructing a character that contains the information that we
want.

Lemma 8.1 Let a,0 Fn and let x € Cy. Then
118 () = [me] pa-

49
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Proof: Let ¢y (x) =1 Tg; . From Lemma 7.7, for z € C,,

b (2) = —9n! 3 1:Zéf)| Co N Gyl

|60| ha 2€C,NGy

We now determine [Co N Sg|. Let m1 € Co N Sy, and let 7 have a;j cycles
of length k on the set (g, y..46, ,+1,..0,+..+6;}- Then A = [a;x] ., where
r =1(0), satisfies the two conditions

)Y kaj,=06;forj=1,...,r
> ajk =i fork=1,...,n
In the sums that arise the attachment of the symbols I and II to the summa-
tion conditions indicates which of these conditions is to be applied. The cycles
of m can be selected in

T
|
11 §
1451, ..n“f«naj,l! . --ajn!

j=1 Js

ways. Thus
0.

K
Canol= > I g :
l1a.1 . nai,naﬂ! .. -ajm!

A>0;(1,1T) j=1

Then, after some routine simplification,

o () = ) H T a.!
G @t
A>0;(1,IT) =1 J '
= 2 H<a e )
A>0;(I) =1 1,05 s Um,l
_ B} tan.
A ] A1,0,- -5 m,l
A>01=1
— ?1 :L.f7 H E U lay ,Tﬁ«aTl
aii, Am,1
I=1a1,+"ar1=0
n
6 0, 1 1\u 0
= [ofr e JTL @0l = [a 0] o = [ma] po
=1
which completes the proof. 0

To obtain the irreducible characters, we will use the following facts about
the ring A of symmetric functions in the ground indeterminates 1, o, .. .. For
a e N let

a, = det [x?] ]

nxn '’
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Let 6 =(n—1,n—2,...,1,0). Then
as = H (xj — i),
1<ij<n
the Vandermonde determinant. The Jacobi-Trudi Identity states that

A5+
as

sx(m,...,2p) =
A form (-,-), on A defined by

(Paspp)y = 2 (a) da,p

for |a| = |8], extended linearly, is an inner product on A. Moreover, (sq, 53) , =
a8, 50 {89:0 F n} is an orthonormal basis of A(™ | the ring of symmetric func-
tions of degree n.

Recall that R (G) is the set of all class functions in C¢. Let £ € R (G) . Then,
from Theorem 5.4, £ = c1x”* + - - - + cxx”* where p1, ..., px are the irreducible

representations of G and ¢y, .. ., ¢ € C, and k is the number of conjugacy classes
of G. We call € an arbitrary character of G. If ¢y, ..., ¢k are integers, then & is
called a generalized character of G. If ¢1,..., ¢, are non-negative integers, then

there is a representation of G for which £ is the character.

Lemma 8.2 Let { be a generalized character of G. If (§,&)ce =1 and £ (1) >0
then & is an irreducible character of G.

Proof: ¢ is a generalized character of G so & = nyx”* + - -+ + ngx?* where
ni,...,ni are integers. Now (£,&)ce = 1, so nf + -+ +ni = 1, by the orthog-
onality of the irreducible characters. Thus k = 1, whence n? = 1 so n; = +1.
Then £ = £x”*. But £(¢) > 0, and x”* (¢) = degp; > 0 so & = x”*, and the
result follows. O

Since we are now considering only &,,, we will adapt the notation for ir-
reducible characters. For an arbitrary finite group G there are k irreducible
characters, where k is the number of conjugacy classes of G. For &,,, k = p(n),
the partition number (the number of partitions of n). Thus {6:0 F n} is an in-
dex set for the irreducible characters of G,,. In fact, it is a natural index set
for these characters, in the sense that a 6 is a natural index for the conjugacy
classes of &,, and the irreducible representations can be constructed from the
conjugacy class. We do not need to go so far as constructing the irreducible
representations for the purposes of these Notes. Thus {xe: 0+ n} is a complete
set of irreducible representations for &,,. If z € &,,, the value of x? at 2 € C,
is denoted by x?. From Corollary 3.20, x% € R for all a I n.

It will be useful to have the orthogonality relations for the irreducible char-

acters of &,, rewritten in this notation. The result is simply a rewriting of
Theorem 6.2.
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Theorem 8.3 [Orthogonality relations]

1. % 2akn hX8x% = 69,4 where 0, + n,
2. 1 Xorn Xix% = h%0q, where o, B F n.

The next result gives the celebrated expression of Frobenius for the gener-
ating series for the values of an irreducible character of the symmetric group in
terms of a Schur function.

Theorem 8.4 Let A+n. Then

1 a A
SA:EZ}L Xapa-

abn

Proof: From Lemma 8.1, [my] po = ¢* (z), for € C,, where ¢* = 1185 .
Let P (x) be a symmetric function of homogeneous degree r over C, and let
B F n+r Then [x°] P(x)pq is the evaluation of an arbitrary character of
&, at x € Cu. Now select P(x) = as. Then *: &, — C:x — [x)‘H} asPa
is a generalized character of &,,. Let ¢ denote 1* (z) where z € C,. Now
{s9:0 F n} is an orthonormal basis of A so there exist unique Ca,p such that

Do = E Ca,050-

On

Thus, by the Jacobi-Trudi Identity,

Pals = § Ca, 06546 -
O-n

Then, ) = [x’\""s} a5Po = Ca,x, Whence

Pa = 21/}350-

oFn
From the orthogonality of the sy we have (pa, sx), = ¥2, so
sy = Z L1//\170
oFn z (9) ’

by the orthogonality of the pg, with (pg, pe), = 2z (6).

We complete the argument by showing that 1 is an irreducible character
of G,,. Now

1 = (sx,sx), (orthonormality of the sg)
_ 1 1 PNTEY
- Z z(a)z(ﬁ) <Pa7PB>A¢a¢3
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1
= Z Y2 (orthonormality of the pg)
akFn # (CY)

= Y Y V@@

atFnxeCq

= Y P @e

" abn z€Cq

= <"/J)\u "/J)\>C6n :

Thus <w’\,w’\>cgn = 1. Moreover, ¢* (1) = [my] p? > 1. Then, from Lemma 8.2,
Y is an irreducible character of &,,. Thus ¥* = x*, and the result follows. [

This completes the tasks of expressing the connexion coefficient [K.,] KoK
for the class algebra of &,, in terms of the irreducible characters xg‘, and deriving
the generating series for (Xé\3 0+ n) , for fixed A, as a symmetric function.

8.2 The genus series for maps

The proof of Theorem 1.1 follows, after some enumerative work has been done.
Let p be a pre-map. Let ¢; be the number of vertices of p of degree ¢, let j; be
the number of faces of p of degree ¢, for t = 1,2,..., and let n be the number
of edges of p. Let x; mark vertices of degree ¢, let y; mark faces of degree t,
and let z mark edges. Let R (x,y|z) be the generating series for the number,
Ti,j,n, for rotation systems v € &g, such that ve,, has cycle-type j, where €, is a
fixed fixed-point free involution in G,,. We adopt the convention for generating
series that the arguments before the “|” are ordinary indeterminates, while those
following it are exponential. Let 2 be an operator on Q [[x,y, z]]with the action

Qf (x,y,2) = 22f (x,y,32) .-

Let m;; » be the number of rooted maps in orientable surfaces with vertex-
distribution i,face-distribution j and n edges. Let M be the genus series for
rooted maps in orientable surfaces, so

M (Xaya Z) = Z mi,j,nxiy\izn'

1j>0,n>0

Lemma 8.5 Let M (x,y,z) be the genus series for rooted maps in orientable
surfaces. Then

1. M (x,y,2) =Qlog R (x,y|z), where
n ¢ v
2. R(x,¥12) =X 00 m2" v sron 7o (Kol KuKpn)) x"y?.

Proof: 1) Let m be arooted map with n edges. Let X = {171,17,... . n™,nT},
be the set of labels for the edge-end positions (of which there are n). Let
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the edges of m correspond to {1_1, 1+} ,.-»{n~,nT}. Then m is uniquely
encoded, up to diffeomorphisms of the surface, by a permutation v € Ga,
specifying the vertex cycles, and the fixed fixed-point free involution &, =
(17117) -+ (n7n™) € Gap specifying the edges. Since m is connected, the group
(v, e,) acts transitively on X. For an arbitrary v € &, the corresponding struc-
ture is a union of maps, namely a pre-map. The set of maps is recoverable from
the set of pre-maps as the primes (the maximal connected premaps.

Let ¢; j,» be the number of transitive rotation systems among those counted
by 7ijn. Let C (x,y|z) be the generating series for (cjjn:1,j > 0,n > 0). But
maps are the primes among all maps, so R = expC. Now each rooted map
with n edges has 1 assigned by convention to the root edge, and the root edge
has a prescribed orientation. The remaining edges can be labelled in (n — 1)!
ways and can be oriented in 2"~ ways. Thus ¢;j,, = t (n) mjn,where t (n) =
271 (n —1)!, so

n

. .z
C(X,y|2> = Z t (TL) mi,j,nxly\lmv

n>0

whence

Qlog R (x,y]2) = QC (x,y[2) = M (x,y,2).

2) Now 7ijn = |Cue, NCy| where v = [17,2%2 . ] and ¢ = [171,272,. . ].

Then
(a,b)€CL X {en },abEC,

1
AP Z 1
(a,b)eC, XC[gn] ,abeCy
ho
= 27 Z 1
(a,b)€Cy X Clany,ab=c,c fixed

X4

This completes the proof. O

The final proof may come as something of an anticlimax, now that all of the
necessary representation theory has been completed! However, if this is what
you feel, return to the Introduction and review just how much was needed to
reach this point.

Proof: [Theorem 1.1] The proof follows immediately from Lemma 6.3, that
gives the connexion coefficients if the class algebra of CSs, in terms of the
irreducible characters of &g, and from Theorem 8.4 that gives the generating
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series for the values of these characters at the conjugacy classes in terms of a
Schur function. O

Properties of the ring A(,) can be used to proceed further in the investi-
gation of maps. Moreover, the approach can be generalised to deal with the
enumeration of rooted maps in all surfaces, both orientable and non-orientable.
In this case it is necessary to use the double coset algebra the hyperoctohedral
group embedded in &y, as the stabiliser of a single matching. This algebra
replaces the class algebra of the symmetric group.

8.3 Additional topics

At some point I intend to include additional topics. These will be motivated
partly by combinatorial questions, and will include some more of the classical
material on representation theory.

1. The commutant algebra.
2. Tensor products of representations, the characteristic map.
3. Frobenius reciprocity, Fourier analysis on groups, Gel’fand pairs.

4. The Gel’fand pair (Sa,,,%B,,) ; combinatorial aspects of the Hecke algebra;
orthogonal idempotents.

5. Maps in locally orientable surfaces, embedding theorem, genus series.



