Basic Principles of Enumeration.

In this section and the next we’ll see several “basic principles” of enumeration
and apply them to a variety of problems, of both mathematical and general interest.
The basic principles themselves are phrased in the language of sets. For a (finite)
set A we will use the notation |A| or #A to denote the number of elements of A,
also called the cardinality of A. The empty set is denoted by @ — it is the unique
set with no elements.

1. CHOICES — “AND” VvERSUS “OR”.

In the next few pages we will often be constructing an object of some kind
by repeatedly making a sequence of choices. In order to count the total number of
objects we could construct we must know how many choices are available at each
step, but we must know more: we also need to know how to combine these numbers
correctly. A generally good guideline is to look for the words “AND” and “OR” in
the description of the sequence of choices available. Here are a few simple examples.
On a table before you are 7 books, 8 magazines, and 5 DVDs.

e Choose a book and a DVD. There are 7 choices for book AND 5 choices for DVD:
7 x 5 = 35 choices in all.

e Choose a book or a magazine. There are 7 choices for book OR 8 choices for
magazine: 7+ 8 = 15 choices in all.

e Choose a book and either a magazine or a DVD. There are 7 x (845) = 91 possible
choices.

e Choose either a book and a magazine, or a DVD. There are (7 x 8) +5 = 61
possible choices.

Generally, “AND” corresponds to multiplication and “OR” corresponds to
addition. The last two of the above examples show that it is important to determine
exactly how the words “AND” and “OR” combine in the description of the problem.

From a mathematical point of view, “AND” corresponds to the Cartesian
product of sets. If you choose one element of the set A AND you choose one element
of the set B, then this is equivalent to choosing one element of the Cartesian product
of A and B:

Ax B={(a,b): a€ Aand b€ B},
which is the set of all ordered pairs of elements (a,b) with a € A and b € B. In
general, the cardinalities of these sets are related by the formula

|Ax Bl =|A[-|B].
Similarly, from a mathematical point of view, “OR” corresponds to the union

of sets. If you choose one element of the set A OR you choose one element of the

1



2

set B, then this is equivalent to choosing one element of the union of A and B:
AUB={c: ce Aor ce€ B},

which is the set of all elements ¢ which are either in A or in B.

It is NOT always true that |AU B| = |A| 4 | B|, because any elements in both
A and B would be counted twice by |A| + |B|. The intersection of A and B is the
set

ANB={c: ce€ Aand ce B},

which is the set of all elements ¢ which are both in A and in B. What is generally
true is that
|AU B| = |A| +|B| —|AN B|.

(This is the first instance of the Principle of Inclusion/Exclusion, which will be
discussed in Section 8.) In particular, if AN B = @& then |AU B| = |A| + |B|. Thus,
in order to interpret “OR” as addition, it is important to check that the sets of
choices A and B have no elements in common. Such a union of sets A and B for
which AN B = @ is called a disjoint union of sets.

When you solve enumeration problems on your own it is usually very useful
to describe a choice sequence for constructing the set of objects of interest, paying
close attention to the words “AND” and “OR”.

2. PERMUTATIONS.

A permutation of a set S is a list of the elements of S exactly once each, in
some order. For example, the permutations of the set {1,a, X, g} are:

laXg alXg Xlag glaX
lagX algX Xlga glXa
1Xag aXlg Xalg galX
1Xga aXgl Xagl gaX1
lgaX aglX Xgla gXla
1gXa agX1 Xgal gXal

To construct a permutation of S we can choose any element v of S to be
the first element in the permutation and follow this with any permutation of the
set S~ {v}. That is how the table above is arranged — each of the four columns
corresponds to one choice of an element of {1, a, X, g} to be the first element of the
permutation. Within each column the permutations of the remaining elements are
listed after the first element.

Let p, denote the number of permutations of an n—element set S. The first
sentence of the previous paragraph is translated into the equation

Pn=""*Pn-1,
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provided that n is positive. (In this equation there are n choices for the first element
v of the permutation, AND p,,_; choices for the permutation of S~ {v} which follows
it.) It is important to note here that each permutation of S will be produced exactly
once by this construction.

Since it is easy to see that p; = 1 (and ps = 2), a simple proof by induction
on n shows the following:

Theorem 2.1. For every n > 1, the number of permutations of an n—element set
18
nn—1)(n—-2)---3-2-1.

The term n factorial is used for the number n(n — 1)---3 -2 -1, and it is
denoted by n! for convenience.

We also define 0! to be the number of permutations of the O—element (empty)
set @. Since we want the equation p, = n - p,_1 to hold when n = 1, and since
p1 = 1! =1, we conclude that 0! = py = 1 as well.

3. SUBSETS.

A subset of a set S is a collection of some (perhaps none or all) of the elements
of S, at most once each and in no particular order.

To specify a particular subset A of S, one has to decide for each element v of
S whether v is in A or v is not in A. Thus we have two choices ~v € AORv g A
for each element v of S. If S = {vy,v9,...,v,} has n elements then the total number
of choices is 2" since we have 2 choices for v{y AND 2 choices for v9 AND ... AND 2
choices for v,,. Therefore....

Theorem 3.1. For every n > 0, the number of subsets of an n—element set is 2.

4. PARTIAL PERMUTATIONS.

A partial permutation of a set S is a permutation of a subset of S. More
directly, it is a list of some (perhaps none or all) of the elements of S, at most once
each and listed in some particular order. We are going to count partial permutations
of length k£ of an n—element set.

First think about the particular case n = 6 and k£ = 3, and the set S =
{a,b,c,d,e, f}. A partial permutation of S of length 3 is a list (z,y, 2) of elements
of S, which must all be different. There are:

6 choices for = (since z is in S), AND

5 choices for y (since y € S but y # ), AND

4 choices for z (since z € S but z # x and z # y).

Altogether there are 6 - 5 - 4 = 120 partial permutations of {a,b, ¢, d, e, f} of length
3.

This kind of reasoning works just as well in the general case. If S is an n—
element set and we want to construct a partial permuation (vy, vs, ..., vy ) of elements
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of S of length k, then there are:
n choices for vy, AND
n — 1 choices for vy, AND

n — (k — 2) choices for vx_;, AND
n — (k — 1) choices for vy.
This proves the following result.

Theorem 4.1. For n,k > 0, the number of partial permutations of length k of an
n—element set isn(n—1)---(n —k+2)(n—k+1).

Notice that if £ > n then the number 0 will appear as one of the factors in the
product n(n—1)---(n—k+2)(n—k+1). This makes sense, because if k£ > n then
there are no partial permutations of length k& of an n—element set. On the other
hand, if 0 < k£ < n then we could also write this product as

n(n—l)---(n—k—i—Q)(n—k—i—l):m.

5. k—ELEMENT SUBSETS.

We refine the result of Section 3 by counting subsets of an n—element set S
which have a particular cardinality k. So for n,k > 0 let (Z) denote the number of
k—element subsets of an n—element set S. Notice that if £ < 0 or £ > n then (Z) =0
because in these cases it is impossible for S to have a k—element subset. Thus we
need only consider £ in the range 0 < k < n.

To count k—element subsets of S we consider another way of constructing a
partial permuation of length k of S. Specifically, we can choose a k—element subset
A of S AND a permutation of A. The result will be a permutation of a subset of .
of length k. Since every partial permutation of length k of S is constructed exactly
once in this way, this translates into the equation

(1) =

In summary, we have proved the following result.

Theorem 5.1. For 0 < k < n, the number of k—element subsets of an n—element

set 18
n\ n!
k) Kl(n—k)

The numbers (Z) are read as “n choose k” and are called binomial coefficients.



6. THINK OF WHAT THE NUMBERS MEAN.

Usually, when faced with a formula to prove, one’s first thought is to prove it
by algebraic calculations, or perhaps with an induction argument, or maybe with
a combination of the two. But often that is not the easiest way, nor is it the
most informative. A much better strategy is one which gives some insight into the
“meaning” of all of the parts of the formula. If we can interpret all the numbers as
counting things, addition as “OR”, and multiplication as “AND”, then we can hope
to find an explanation of the formula by constructing some objects in the correct
way.

For example, consider the equation, for any n > 0:

()¢ () () e o) -

This could be proved by induction on n, but many more details would have to be
given and the proof would not address the true “meaning” of the formula. Instead,
let’s interpret everything combinatorially:

e 2" is the number of subsets of an n—element set, {1,2,...,n} say;

° (z) is the number of k—element subsets of {1,2,...,n}, for each 0 < k < n;

e addition corresponds to “OR” (that is, disjoint union of sets).

So, this formula is saying that choosing a subset of {1,2,...,n} (in one of 2"
ways) is equivalent to choosing a k—eclement subset of {1,2,...,n} (in one of (})
ways) for exactly one value of k in the range 0 < k < n. Said that way the formula
becomes self-evident, and there is nothing more to prove.

As another example, consider the equation

n\ (n-—1 n n—1

k) \k—-1 k
where we are using the fact that (T]”) =0if j <0 or j > m. This equation can be
proven algebraically from the formula of Theorem 5.1, and that is a good exercise
which I encourage you to try. But a more informative proof interprets these numbers

combinatorially as follows:

. (Z) is the number of k—element subsets of {1,2,...,n};

° (Zj) is the number of (k — 1)—element subsets of {1,2,....,n — 1};

e (") is the number of k-element subsets of {1,2,....,n — 1};
e addition corresponds to disjoint union of sets.

So, this equation is saying that choosing a k—element subset A of {1,2,...,n}
is equivalent to either choosing a (k — 1)—element subset of {1,2,...n — 1} or a
k—element subset of {1,2,...,n — 1}. This is perhaps not as clear as the previous

example, but the two cases depend upon whether the chosen k—element subset A
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of {1,2,...,n} is such that n € AORn ¢ A. If n € Athen AN {n}isa (k—1)-
element subset of {1,2,...,n — 1}, while if n & A then A is a k—element subset of
{1,2,...,n—1}. This construction explains the correspondence, proving the formula.

This principle — interpreting equations combinatorially and proving the for-
mulas by describing explicit correspondences between sets of objects — is one of the
most important and powerful ideas in enumeration. We’ll have a lot of practice
using this way of thinking in the next few weeks.

Incidentally, the equation in the second example above is a very useful re-
currence relation for computing binomial coefficients quickly. Together with the

facts
G):HWﬁkﬂ:mfkﬂiim—@N:<nﬁJ

and (0) = (") = 1 it can be used to grind out any number of binomial coefficients

without difficulty. The resulting table is known as Pascal’s Triangle:

n\k[O1 2 3 4 5 6 7 8
01
1011
201 2 1
3/1 3 3 1
414 6 4 1
501 5 10 10 5 1
6/1 6 15 20 15 6 1
711 7 21 35 35 21 7 1
8/1 8 28 56 70 56 28 8 1

7. MULTISETS.

Imagine a bag which contains a large number of marbles of three colours — red,
green, and blue, say. The marbles are all indistinguishable from one another except
for their colours. There are N marbles of each colour, where N is very, very large
(more precisely we should be considering the limit as N — oo). If I reach into the
bag and pull out a handful of 11 marbles, I will have r red marbles, g green marbles,
and b blue marbles, for some nonnegative integers (r, g, b) such that r + g+ b = 11.
How many possibile outcomes are there?

The word “multiset” is meant to suggest a set in which the objects can occur
more than once. For example, the outcome (4,5,2) in the above situation corre-
sponds to the “set” {R,R,R,R,G,G,G,G,G,B, B} in which R is a red marble,
G is a green marble, and B is a blue marble. This is an 11-element multiset with
elements of three types. The number of these multisets is the solution to the above
problem.
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In general, if there are t types of element then a multiset of size n with elements
of t types is a sequence of nonnegative integers (my, ..., m;) such that

mp+mo+---+my=n.

The interpretation is that m; is the number of elements of the multiset which are of
the —th type, for each 1 <1 < t.

Theorem 7.1. For anyn > 0 and t > 1, the number of n—element multisets with

elements of t types is
n+t—1
t—1 )

Proof. Think of what that number means! By Theorem 5.1 ("j_tzl) is the number
of (t — 1)—element subsets of an (n + ¢ — 1)—element set. So, let’s write down a row

of (n+t — 1) circles from left to right:

OO00O0O0O00O0O0OO0O0O0O0O0
and cross out some t — 1 of these circles to choose a (¢t — 1)—element subset:
O00O0OXO0O0O0OO0O0OXO0O0

Now the t — 1 crosses chop the remaining sequence of n circles into t segments of
consecutive circles. (Some of these segments might be empty, which is to say of
length zero.) Let m; be the length of the i—th segment of consecutive O-s in this
construction. Then my +msg+- - -4+ my = n, so that (my, ma, ..., m;) is an n—element
multiset with ¢ types. Conversely, if (mq, mo, ..., m;) is an n—element multiset with
t types then write down a sequence of m; O-s, then an X, then msy O-s, then an
X, and so on, finishing with an X and then m; O-s. The positions of the X-s will
indicate a (¢t — 1)—element subset of the positions {1,2,...,n +¢ — 1}.

The construction of the above paragraph shows how to translate between (¢ —
1)—element subsets of {1,2,...,n + ¢t — 1} and n—element multisets with ¢ types of
element. This one—to—one correspondence completes the proof of the theorem. [

To answer the original question of this section, the number of 11-element

multisets with elements of 3 types is (11;_3; 1) = (123) = 78.

8. THE PRINCIPLE OF INCLUSION/EXCLUSION.

In a vase is a bouquet of flowers. Each flower is (at least one of) fresh, fragrant,
or colourful:
(a) 11 flowers are fresh;
(b) 7 flowers are fragrant;
(c) 8 flowers are colourful;
(d) 6 flowers are fresh and fragrant;



frosh fragrant

4

colourful

FIGURE 1. A Venn diagram for three sets.

(e) 5 flowers are fresh and colourful;

(f) 2 flowers are fragrant and colourful;

(g) 2 flowers are fresh, fragrant, and colourful.
How many flowers are in the bouquet?

The Principle of Inclusion/Exclusion is a systematic method for answering
such questions, which involve overlapping conditions which can be satisfied (or not)
in various combinations.

For a small problem like the one above we can work backwards as follows:
(h) from (g) and (f) there are 0 flowers which are fragrant and colourful but not
fresh;

(i) from (g) and (e) there are 3 flowers which are fresh and colourful but not fragrant;
(j) from (g) and (d) there are 4 flowers which are fresh and fragrant but not colourful;
(k) from (c)(g)(h)(i) there are 3 flowers which are colourful but neither fresh not

fragrant;
(¢) from (b)(g)(h)(j) there is 1 flower which is fragrant but neither fresh nor colourful;
(m) from (a)(g)(i)(j) there are 2 flowers which are fresh but neither fragrant nor
colourful. The total number of flowers is counted by the disjoint union of the cases
(g) through (m); that is 24+0+3+4+3+1+2=15.

A Venn diagram is extremely useful for organizing this calculation. Figure 1 is
a Venn diagram for the three sets involved in this question. Item (g) in the original
data gives the number of flowers (2) counted in the central triangle. The subsequent
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F1GURE 2. A Venn diagram for four sets.

steps (h) to (m) calculate the rest of the numbers in the diagram, moving outwards
from the center.

The above works very well for three properties (fresh, fragrant, colourful)
but becomes increasingly difficult to apply as the number of properties increases.
Consider this alternative formula:

(@) +0)+(c)—d)—(e)=(f)+(g)=11+T7+8—-6—-5—-2+2=15.

This looks much easier to apply, and it gives the right answer, always. Why? That
is the Principle of Inclusion/Exclusion, which we now explain in general.

Let Ay, As,... A; be finite sets. We want a formula for the cardinality of the
union of these sets A1 U A; U --- U A;. First a bit of notation: if S is a nonempty
subset of {1,2,...,t} then let Ag denote the intersection of the sets A; for all i € S.
So, for example, with this notation we have A 35 = A N Az N As.

Theorem 8.1. Let Ay, As,..., A; be finite sets. Then

IATUAsU---U 4| = Z (—1)\5\71|As‘.
2#SC{1,2,...,t}

(In this formula the summation is over all nonempty subsets of {1,2,..,t}.)

We’ll prove this theorem a little bit later on.
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9. COMBINATORIAL PROBABILITIES.

We can reinterpret counting problems in terms of probabilities by making
one additional hypothesis. That hypothesis is that every possible outcome is
equally likely. The exact definition of what is an “outcome” depends on the par-
ticular problem. If 2 denotes a (finite) set of all possible outcomes, then any subset
E of  is what a probabilist calls an event. The probability that a randomly cho-
sen outcome from Q is in the set F is |E|/|Q| exactly because every outcome has
likelyhood 1/|€2| of being chosen, and there are |E| elements in E. Here are a few
examples to illustrate these ideas.

e What is the probability that a random subset of {1,2,...,8} has at most 3 elements?
Here an outcome is a subset of {1,2,...,8}, and there are 2° = 256 such subsets.
The number of subsets of {1,2,...,8} with at most 3 elements is

() ()+()+0)-rvevmvsm

So the probability in question is

93
— = (0.363281...
556 0.36328

to six decimal places.

o What is the probability that a random permutation of the set {a,b,c,d e, f} con-
tains the letters fad as a consecutive subsequence?

Here an outcome is a permutation of {a,b,c,d, e, f}, and there are 6! = 720 such
permutations. Those permutations of this set which contain fad as a consecutive
subsequence can be constructed uniquely as the permutations of the set {b, ¢, e, fad},
so there are 4! = 24 of these. Thus, the probability in question is

24 1
720 30 0.03333...

e What is the probability that a randomly chosen 2—element multiset with t types of
element has both elements of the same type?
The outcomes are the 2—element multisets with ¢ types, numbering

-7 () -

in total. Of these, exactly t of them have both elements of the same type — choose
one of the t types and take two elements of that type. Thus, the probability in



question is

26 2
(t+Dt  t+1

11

The values for the first few ¢ are given in the following table to four decimal places:

t

1 2 3 4 ) 6 7

1.0000 0.6667 0.5000 0.4000 0.3333 0.2857 0.2500
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Examples and Applications.

Here is a collection of examples and applications of the Basic Principles of
Enumeration presented in the previous section. Our explanation of the Binomial
Theorem in particular is meant as a warm—up towards the general definition of a
“generating function”, which is the last main topic of the first part of this course.

1. THE VANDERMONDE CONVOLUTION FORMULA.

For natural numbers m, n, and k:

(52 ()6

For example, with m = 4 and n = 2 and k£ = 3 this says that

5)-6)6)+(C)- G0+ G6)

In general, this can be proven algebraically by induction on m + n but the proof is
detailed and doesn’t give much insight into what the formula “means”. (The formula
can also be deduced easily from the Binomial Theorem, as we shall see below.)
Here is a direct combinatorial proof, illustrating the strategy of thinking
about what the numbers mean. On the LHS, (m:”) is the number of k—element
subsets S of the set {1,2,...,m +n}. On the RHS, the number can be produced as
follows:
e choose a value of j in the range 0 < j < k, and
e choose a j—element subset A of {1,2,...,m}, and
e choose a (k — j)—element subset of {m + 1,...,m + n}.
(Notice that the set {m+1,...,m+n} has n elements, so it has (
k—j.)
Now the formula is proved by showing a one—to—one correspondence between
the k—element subsets S of {1, 2, ..., m+n} counted on the LHS, and the pairs (A, B)
of subsets counted on the RHS. This correspondence is easy to describe: given a
k—element subset S of {1,2,...,m + n} we let

A=5n{1,2,..,m}

k” ) subsets of size
—j

and

B=SNn{m+1,m+2,...,m+n}.
Conversely, given a pair of subsets (A, B) satisfying the conditions on the RHS of
the formula, we let S = AU B. After some thought you’ll see that these construc-
tions match the objects on the LHS with the objects on the RHS in a one-to—one
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correspondence S < (A, B). Since there are the same number of objects on each
side, the formula is proved.

2. COMMON BIRTHDAYS.

Let p(n) denote the probability that in a randomly chosen group of n people,
at least two of them are born on the same day of the year. What does the function
p(n) look like?

To simplify the analysis, we will ignore the existence of leap years and assume
that every year has exactly 365 days. (This introduces a tiny error but does not
change the qualitative “shape” of the answer.) Moreover, we will also assume that
people’s birthdays are independently and uniformly distributed over the 365 days
of the year, so that we can use the ideas of combinatorial probability theory. (This
is a reasonable approximation, since twins are relatively rare.)

To begin with, p(1) = 0 since there is only n = 1 person in the group. Also,
if n > 365 then p(n) = 1 since there are more people in the group than days in a
year, so at least two people in the group must have the same birthday.

For n in the range 2 < n < 365 it is quite complicated to analyze the probabil-
ity p(n) directly. However, the complementary probability 1 —p(n) is relatively easy
to compute. From the definition of p(n) we see that 1 — p(n) is the probability that
in a randomly chosen group of n people, no two of them are born on the same day
of the year. This model is equivalent to rolling “no pair” when throwing n indepen-
dent dice each with 365 sides. If we list the people in the group as P;, Ps,..., P, in
any arbitrary order, then their birthdays must form a partial permutation of the 365
days of the year, of length n. There are 365!/(365 — n)! such partial permutations.
Since the total number of outcomes is 365", we have derived the formula

1 () = 365!

P =365 — n)1365m"
Therefore 265!
pn) =1- '

(365 — n)!365™

To give you some feeling for what this probability looks like, here is a table of p(n)
(rounded to six decimal places) for selected values of 2 < n < 365. Figure 3 gives a
graph of this function.
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FIGURE 3. The probability of a common birthday among n random people

p(n) n | p(n) n | p(n)
0.002740 || 25 | 0.568700 || 70 | 0.999160
0.008204 | 30 | 0.706316 || 80 | 0.999914
0.016356 || 35 | 0.814383 || 100 | 1.
0.027136 || 40 | 0.891232 || 150 | 1.

10 | 0.116948 | 45 | 0.940976 | 200 | 1.
15 | 0.252901 || 50 | 0.970374 | 250 | 1.
20 | 0.411438 | 60 | 0.994123 | 300 | 1.

It is a rather surprising fact that p(23) = 0.507297 — so that if you randomly choose
a set of 23 people on earth then there is a slightly better than 50% chance that at
least two of them will have the same birthday. (Actually, since we have ignored leap
years the true probability is slightly smaller — if you’re going to make a bet it would
be better to wager on the existence of common birthdays among a random group of
n = 30 people. In this case you are better than a 7 : 3 favourite to win the bet.)

Tk W NS

3. AN EXAMPLE WITH MULTISETS.

A packet of Maynard’s Wine Gums consists of a roll of 10 candies, each of
which has one of five “flavours” — Green, Yellow, Orange, Red, or Purple. 1 especially
like the purple ones. What is the chance that when I buy a packet of Wine Gums I
get exactly k purple ones (for each 0 < k£ < 10)7

This example is designed to illustrate the fact that the probabilities depend on
which model is used to analyze the situation. There are two reasonable possibilities
for this problem, which I will call the dice model and the multiset model.
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In the “dice model” we keep track of the fact that the candies are stacked
up in the roll from bottom to top, so there is a natural sequence (c1, ¢z, ...., c19) of
flavours one sees when the packet is opened. For example, the sequences

(G,P,R,Y.Y,G,0,R,Y,0)

and

(Y,G,O0,P,R,R,Y,G,0,Y)
count as different outcomes in this model. We have a sequence of 10 candies, and a
choice of one of 5 flavours for each candy, giving a total of 5! = 9765625 outcomes.
(This is equivalent to rolling a sequence of 10 5-sided dice, hence the name for the
model.)

In the “multiset model” we disregard the order in which the candies occur in
the packet as being an inessential detail. The only important information about the
packet is the number of candies of each type that it contains. For example, both of
the outcomes in the previous paragraph reduce to the same multiset

{G,G,Y,Y,Y,0,0,R, R, P}

or (2,3,2,2,1) in this model. Thus we are regarding the packet as a multiset of size
10 with 5 types of element, giving a total of (1[];_5;1) = (144) = 1001 outcomes.

Notice that the number of outcomes in the dice model is much larger than in
the multiset model. It should come as no surprise, then, that the probabilities we
compute will depend strongly on which of these two models we consider. (The true
values for the probabilities depend on the details of the manufacturing process by
which the packets are made. These cannot be calculated, but must be measured
instead.)

Let us consider the dice model first, and let d(k) denote the probability of
getting exactly k purple candies in a packet. There are (1ko ) choices for the positions
of these k purple candies, and (5 — 1)!°~* choices for the sequence of (non—purple)
flavours of the other 10 — k& candies. This gives a total of (1]3) 410-k outcomes with
exactly k purple candies in this model. Therefore,

10 410-*
d(k) = < k ) S0
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for each 0 < k < 10. Here is a table of these probabilities (rounded to six decimal
places).

k[ d(k) kT d(k)
00.107374

110.268435 || 6| 0.005505
210.301990 | 7 |0.000786
310.201327 | 8|0.000074
410.088080 | 9 |0.000004
5| 0.026424 | 10 | 0.000000

Next let’s consider the multiset model, and let m(k) denote the probability of getting
exactly k purple candies in a packet. If we have k purple candies then the rest of
the candies form a multiset of size 10 — k with elements of 4 types, so there are
(loff_ﬁ%l) = (13; k) such outcomes in this model. Therefore,

(13—k)

m(k) = (134)
4

for each 0 < k < 10. Here is a table of these probabilities (rounded to six decimal
places).

k| m(k) k| m(k)
01]0.285714

110.219780 || 6 | 0.034965
210.164835 || 70.019980
310.119880 || 8] 0.009990
410.083916 || 9| 0.003996
51 0.055944 || 10 | 0.000999

The differences between the two models are clearly seen in these tables.

In closing, I'd like to make two points about these models.

First, given a multiset (mq,...,m;) of size n with elements of ¢ types, the
number of outcomes in the dice model which “reduce” to this multiset is

( n ) n!
= )
My eeny T my!l - ma! - my!

called a multinomial coefficient. This can be seen intuitively by arranging the n
elements of the multiset in a line in one of n! ways, and noticing that since we can’t
tell the m; elements of type 7 apart we can freely rearrange them in m;! ways without
changing the arrangement. (A more careful argument goes by induction on ¢ using
the case t = 2 of binomial coefficients.)
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For the second point, the above analysis of the multiset model can be gener-
alized to prove the following identity: for any integers n > 1 and ¢t > 2:
n+t—1 " n—k+t—2
()20
k=0
(This is a good exercise — think about what the numbers mean!)

4. POKER HANDS.

Poker is played with a standard deck of 52 cards, divided into four suits (Spades
&, Hearts O, Diamonds <), and Clubs &) with 13 cards in each suit:
A (Ace), 2,3,4,5,6,7,8,9, 10, J (Jack), Q (Queen), K (King).
An Ace can be high (above K) or low (below 2) at the player’s choice. Many vari-
ations on the game exist, but the common theme is to make the best 5—card hand
according to the ranking of poker hands. This ranking is determined by how unlikely
it is to be dealt such a hand. The types of hand are as follows:

e Straight Flush: this is five cards of the same suit with consecutive values.

For example, 80 90 100 JO QO©.

e Four of a Kind (or Quads): this is four cards of the same value, with any fifth
card.

For example, 78 7Q 75 Td 4.

e Full House (or Tight, or Boat): this is three cards of the same value, and a pair
of cards of another value.

For example, 9# 99 9O AO Ad.

e Flush: this is five cards of the same suit, but not with consecutive values.

For example, 30 70 100 JO KOQ.

e Straight: this is five cards with consecutive values, but not of the same suit.

For example, 80 9& 10é JO Q<.

e Three of a Kind (or Trips): this is three cards of the same value, and two more
cards not of the same value.

For example, 8# 80 8O K Héb.

e Two Pair: this is self-explanatory.

For example, JO J& 6> G AM.

e One Pair: this is also self-explanatory.

For example, Q@ Q< 8 Td 2.

e Busted Hand: this is anything not covered above.

For example, K& Q< 8O Téde 2.

Of course there are (552) = 2598960 possible 5—element subsets of a standard deck
of 52 cards, so this is the total number of possible poker hands. How many of
these hands are of each of the above types? The answers are easily availabe on the
WWWeb, so there’s no sense trying to keep them secret. Here they are: N is the
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number of outcomes of each type, and p = N/ (552) is the probability of each type of
outcome.

Hand N|p

Straight Flush 40 | 0.000015
Quads 624 | 0.000240
Full House 3744 1 0.001441
Flush 5108 | 0.001965
Straight 10200 | 0.003925
Trips 54912 | 0.021128
Two Pair 123552 | 0.047539
One Pair 1098240 | 0.422569
Busted 1302540 | 0.501177

The derivation of these numbers is an excellent exercise, so we will do only
three of the cases — Flush, Straight, and Busted — as illustrations.
e To construct a Flush hand there are 4 choices for suit, and (153) choices for 5 cards
from that suit. However, 10 of these choices (A2345, 23456, ... up to 10JQK A) for
card values lead to straight flushes and must be discounted. Hence the total number
of flushes is 4[(’) — 10] = 5108.
e To construct a Straight hand there are 10 choices for the consecutive ranks of the
cards (A2345, 23456, ... up to 10JQK A), and 4° choices for the suits on the cards.
However, 4 of these choices for suits give all five cards the same suit — these lead
to straight flushes and must be discounted. Hence the total number of straights is
10 - [4° — 4] = 10200.
e To construct a Busted hand there are (153) — 10 choices for 5 values of cards
which are not consecutive (no straight) and have no pairs. Having chosen these
values there are 4° — 4 choices for the suits on the cards which do not give all
five cards the same suit (no flush). Hence the total number of busted hands is
() — 10] - [4° — 4] = 1302540.

Here is another example problem from a poker variation called Texas Hold’em.
(Since the 1970s this has become the most popular form of “serious poker”.) In this
game the cards are dealt as follows:

e cach player is dealt two cards, and there is a round of betting;

e three cards are dealt in the middle of the table (the “flop”), and there is a round
of betting;

e another card is dealt in the middle of the table (the “turn”), and there is a round
of betting;

e a fifth card is dealt in the middle of the table (the “river”), and there is a final
round of betting.
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After this, on the showdown each player can choose the best 5—card hand from
among the seven cards (s)he can see (the two in hand and the five on the table).

Flushes are strong hands in Texas Hold’em — especially Ace-high flushes. Let’s
suppose that you have been dealt the A9, What is the chance that the flop
comes with at least two diamonds? Since you hold two cards, so there are 50 cards
remaining in the deck. Three of these cards will appear on the flop, so there are
(530) = 19600 possible flops. (Some of these 50 cards are in your opponents’ hands
and thus can not appear on the flop — but you have no information about which
cards they hold, so that given the information you know each of the (530) flops is
equally likely.) Of the 50 remaining cards 11 are diamonds (since you hold two
diamonds). The Vandermonde convolution formula with m = 11 and n = 39 and
k = 3 implies that

50\ /11 39+11 39+11 39+11 39

3) \0/\3 1)\2 2 )\ 1 3)\0)
These four terms correspond to the cases that the flop comes with 0, 1, 2, or 3 of
the remaining 11 diamonds. Working out the numbers gives

19600 = 9139 + 8151 + 2145 + 165.

That is, there are 2145 4+ 165 = 2310 flops with at least two diamonds. The proba-
bility of the flop “hitting” your hand in this way is 2310/19600 = 0.117857, a little
better than one chance in nine, or very close to 8 : 1 odds against.

If you want to continue this example further, here are some good questions
with relevance to the actual play of the game. Suppose that you hold A$9IO as
above and the flop has in fact come with exactly two diamonds.

e What is the probability that the turn card is a diamond?

e If the turn card is not a diamond, then what is the probability that the river card
is a diamond?

(In the above two cases you make your flush, and have a very strong hand.)

e Assume that the turn card is a diamond, and that after the turn there is no pair
showing among the six cards you can see. What is the probability that the river
card will pair one of the four cards already on the table?

(This could result with your flush being “rivered” by someone else making a full
house or quads with the last card.)

5. DERANGEMENTS.

A group of eight people meet for dinner at a fancy restaurant and check their
coats at the door. After a delicious gourmet meal the group leaves, and on the way
out the eight coats are returned to the eight people completely at random by an
incompetent clerk. What is the probability that no-one gets the correct coat? This
is a “classical” example, known as the derangement problem.
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Of course, we want to solve the derangement problem not just for n = 8 people,
but for any value of n. To state the problem in mathematically precise language,
imagine that the people are listed P, P, ..., P, in any arbitrary order. We can
record who gets whose coat by a sequence of numbers (¢, ¢g, ..., ¢,) in which ¢; = j
means that P, was given the coat belonging to P;. The sequence (cq, ca, ..., ¢;,) will
thus contain each of the numbers 1,2,...,n exactly once in some order. In other
words, (¢, ...,¢,) is a permutation of the set {1,2,...,n}, and we assume that this
permutation is chosen randomly by the incompetent clerk. Person ¢ gets the correct
coat exactly when ¢; = 7. Thus, in general the derangement problem is to determine
— for a random permutation (cy, ..., ¢,) of {1,2,...,n} — the probability that ¢; # i
forall 1 <i<n.

For small values of n the derangement problem can be analyzed directly, but
complications arise as n gets larger. In fact, this example is perfectly designed to
illustrate the Principle of Inclusion/Exclusion. To see how this applies, for each
1 <i < nlet A; be the set of permutations of {1,...,n} such that ¢; = i. That is,
A; is the set of ways in which the coats are returned and person i gets the correct
coat. From that interpretation, the union of sets A;UA,U---UA, is the set of ways
in which the coats are returned and at least one person gets the correct coat.
Therefore, the complementary set of permutations gives those ways of returning the
coats so that no-one gets the correct coat. The number of these derangements of
n objects is thus

It remains to apply the Principle of Inclusion/Exclusion to determine |A; U
-+ U A,|. To do this we need to determine |Ag| for every nonempty subset & #
S C {1,2,...,n}. Consider the example n = 8 and S = {2,3,6}. In this case
Aga 361 = A2 N A3N Ag is the set of those permutations of {1, ...,8} such that ¢, = 2
and ¢ = 3 and ¢g = 6. Such a permutation looks like [1 2 3 [J [0 6 [0 [J where
the boxes are filled with the numbers {1,4,5,7,8} in some order. Since there are
5! permutations of {1,4,5,7,8} it follows that [Ars36| = 5! = 120 in this case.
The general case is similar. If @ # S C {1,2,...,n} is a k—element subset then the
permutations of {1,2,...,n} in Ag are obtained by fixing ¢; = i for all i € S, and
permuting the remaining n — k elements of {1,...,n} ~ .S among themselves. Since
there are (n — k)! such permutations we see that |Ag| = (n — k)!.

Since |Ag| = (n— k)! for every k—element subset of {1,2,...,n} — and there are
(”) such k—element subsets — the Principle of Inclusion/Exclusion implies that

k
|AjU---UA,| = > (=1 Ag]

B#SC{L,...n}

_ En: (Z) (—1)F(n — k) = n! zn: %
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Finally, it follows that the number of derangements of n objects is

LD R D
k=1 k=0

Since the total number of permutations of n objects is n!, the probability that a
randomly chosen permutation of {1,2,...,n} is a derangement is

" (-1
p,=y L
k=0

The following table lists the first several values of the function D,, (with the decimals
rounded to six places).

D, D,

1/1 1.

0/1 0.000000
1/2 0.500000
1/3 0.333333
3/8 0.375000

11/30 0.366667
53/144 0.368056
103/280 0.367857

2119/5760 | 0.367882
16687,/45630 | 0.367879
10 | 16481/44800 | 0.367879

Notice that for n > 7 the value of D,, changes very little. If you recall the
Taylor series expansion of the exponential function

e k
ooy
k!

k=0

then it is easy to see that as n tends to infinity the probability D,, approaches the
limiting value of e™! = .3678794412....

In summary, for the original n = 8 derangement problem, the probability that
no-one gets their own coat is very close to 36.79%.

© 00O UL W R OIS

6. THE BINOMIAL THEOREM.

For any natural number n,

(z+y)" = i (Z) ahy"F,

k=0
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This formula is an identity between two polynomials in the variables x and y. You
probably have seen a proof of it by induction on n, but we are going to prove
it here in a completely different way. This way of thinking is a first step toward
understanding the method of generating functions which will be the last major
concept in this half of the course.

To begin with, look at what the formula specializes to when £ =1 and y = 1.
We get

k=0
which we proved by counting the subsets of {1,2,...,n} in two different ways. This
suggests that we use the same idea here, but keep track of more information.

When we showed that {1,2,...,n} has 2" subsets we argued as follows. In
order to construct a subset S C {1,...,n} we have to make a choice for each element
1 <i < n:eitheri € Sori¢&S. Since there are 2 choices for each element and
there are n elements of {1,...,n}, the result is a total of 2" possible choices for S.
Now let’s record these choices by a sequence (ay, as, ..., a,) in which a; = z if i € S
and a; =y if i € S. So, for example, with n = 9 the sequence (x,y,y,z,y,x,z,y, )
records the choices for the subset {1,4,6,7,9}.

To prove the Binomial Theorem we multiply the entries of such a sequence
together, and sum the result over all subsets of {1,2,....,n}. Foreach 1 <i <n
we can choose either a; = = or a; = y, giving a contribution of x + y. Doing this
for each 1 < < n multiplies these contributions together, yielding (x 4+ y)™. Each
of the 2" subsets of {1,2,...,n} corresponds to one way of choosing a term from
this product of binomials, explaining the LHS of the formula. To interpret the RHS
notice that each of the k—element subsets S of {1,2,...,n} will contribute z*y"=*
to the summation (since we choose an z for every i € S and a y for every ¢ ¢ 5).
There are (Z) k—element subsets of {1,...,n}. As k ranges from 0 to n this counts
every subset of {1,...,n} exactly once. Since every subset of {1,...,n} contributes
the same amount to both the LHS and the RHS, the two sides of the formula are
equal.

Once you are comfortable with the idea of the above argument, you can see
that it is summarized nicely by the following “one-line calculation”:

Cryy= 3 Sy =3 (Z) e

SC{1,...,n} k=0

As mentioned above, the Binomial Theorem easily implies the Vandermonde
Convolution formula. To see this, begin with the obvious identity of polynomials

(x+1)""=(z+ 1" (x+1)"

and use the Binomial Theorem (with y = 1) to expand each of the factors.
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=S )
k=0 j—0 \J k=

(The last step is accomplished by re-indexing the double summation.) Since
the polynomials on the LHS and on the RHS are equal, they must have the same
coefficients. By comparing the coefficients of ¥ on both sides we see that

k
m—i—n)_Z(m)( n )
=200,

as claimed.

The Binomial Theorem can be generalized to more than two variables, and
the result is known as the Multinomial Theorem:

n
($1+$2+"'+$t)n: E (m m)xgnlg;;”t
1y ooy 10E

mi+--+me=n
The summation on the RHS is over all multisets of size n with elements of t types.

It is a good exercise to generalize the above proof of the Binomial Theorem to prove
this.



