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8.1. Introduction

min { Z cexe: v €RF (M)
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Figure 8.1: The undirected relaxation for k-edge connected spanning multi-subgraph. The
unbounded version (N}) is on the left, the bounded version (Af) is on the right.

Further, Goemans & Bertsimas [92] proved that for metric cost functions, the constraint
Vo € V : 2(6(v)) can be added to (N;) without affecting the value of the LP; they called
this the parsimonious property and proved it using the splitting-off operation of Mader
and Lovdsz. We denote the resulting strengthened LP by (N)). We also remark that by
the parsimonious property, any (N))-relative approximation ratio for A~-ECSM implies the
same for subset k-ECSM, in which the vertices are partitioned into terminal and Steiner
nodes, and we require edge-connectivity k only between each pair of terminals.

It is not too hard to show that in (N}), the family (8.4) of constraints can be replaced
by the family

> ww< §(|5| —1), Vo£SCV (8.6)
{u,v}CS

without affecting the feasible region. This shows that (N3) is the same polyhedron as the
subtour relazation for the traveling salesperson problem [51] (TSP), which also equals the
so-called 1-tree bound [112].

There are many network design problems which rely on structural properties of LPs
derived from (N}) and (Nj): Jain [123] for skew-submodular network design, Gabow,
Goemans, Tardos & Williamson [82] for unweighted k-edge connected spanning subgraph,
Goemans [98] and Lau & Singh [180] for bounded-degree min-cost spanning tree, and
extensions [147, 9]. For example, Jain’s algorithm [123] relies on the fact that for every
extreme point x of a certain LP, some edge has x. > 1/2. Motivated by these results, we ask
what other structural properties these LPs have, with an eye to designing approximation
algorithms. We give a new lower bound for k-ECSS and conjecture for k&-ECSM in Section
8.3. Then we give the construction of complex extreme points for (V) in Section 8.4,
followed by some discussion.
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Chapter 8. Extreme Points for TSP LP, and k-ECSS

8.2 Literature Review

8.2.1 k-ECSS and A-ECSM

In this section, we let k&-ECSM denote the version where costs are metric (without loss of
generality). When discussing k-ECSS we do not assume costs are metric, but we include
the more general capacitated version where there is an upper limit d. on the number of
times each edge could be purchased, i.e. z. < d, for all e.

The case k£ = 1. A 1-ECSS or 1-ECSM is just an spanning connected subgraph, hence
the 1-ECSS problem is essentially just the spanning tree problem. The quality of the
relaxations is relatively poor; the integrality gap of (V) can be as large as 2(1—1/n) [92].

The case k = 2. The 2-ECSS problem is closely related to its vertex-connectivity
variant which we denote 2-VCSS, and the TSP problem. Frederickson & Jéjd [74] gave
2-approximation algorithms for 2-VCSS and 2-ECSS — by Jain [123] and we can also
obtain integrality gap at most 2 for (N3), and by Fleischer [65] there is a related LP with
integrality gap at most 2 for 2-VCSS. For unit costs, a 5/4-approximation is known for
2-ECSS [124] (and a 4/3-approximation is known for 3-ECSS [106]).

Using a simple version of splitting-off, Frederickson & Jaja [75] observed that the op-
timal values of 2-ECSS and 2-VCSS are the same for metric cost functions® Frederickson
& Jaja [75] gave 3/2-approximation algorithms for metric min-cost 2-VCSS and 2-ECSS.
Wolsey [195] showed that the integrality gap of (V) is at most 3/2 for metric costs by
providing an LP-relative analysis of the Christofides heuristic [46]; there is a long-standing
open conjecture that the integrality gap is at most 4/3, and this conjecture is supported by
recent exhaustive computational experiments on graphs with at most 12 vertices [14, 21].

General k. Khuller & Vishkin [131] gave a 2-approximation for k-ECSS, and later
results of Jain [123] imply more strongly that (N}) has an integrality gap of at most 2.
Goemans & Bertsimas [96, 92] give a (N)-relative approximation algorithm for (subset)
k-ECSM with ratio % when £ is even, and (% + i) when £ is odd. For unit costs on
simple graphs with unit upper bounds, Cheriyan & Thurimella [40] gave a (1 +2/(k+1))-
approximation algorithm for A-ECSS; for unit costs in general there is a simple (N})-
relative (1+ 2/k)-approximation algorithm for k-ECSS by Goemans et al. [82]. The latter
two bounds were improved by Gabow & Gallagher [81] to 1 + 5= + O(35) and 1 + 2=

‘ 11k’
respectively.

Hardness Results. (We assume k£ > 1.) TSP is known to be NP-complete [126] and
APX-complete [162] even for costs {1,2} in a complete graph. Fernandes [64] showed that

IThe same idea implies that the optimal values of 2-ECSS and 2-ECSM are the same for metric costs,
which simplifies a known (8.1)-relative 3/2-approximation algorithm of [20].
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8.2. Literature Review

2-ECSS is APX-hard for unit costs. Czumaj & Lingas [50] extended this to bounded-degree
graphs and 2-VCSS and simplified the proof. Then, using a simple reduction (adding new
vertices connected to all others), Kortsarz et al. [141] showed that k-VCSS is also APX-hard
for {0, 1,2} costs on a complete graph, or {0, 1} costs. However, this reduction does not
work for edge connectivity. Gabow et al. [82] show that for some € > 0, k-ECSS with unit
costs is (1 + €/k)-hard to approximate, and it appears that hardness of k-ECSM has not
been explicitly studied.

8.2.2 Extreme Points

Existing work on extreme points of (V) and (N}) deals mostly with TSP and the case
k = 2. The min-norm of an extreme point solution x is the minimum of its nonzero values.
The denominator of x is the least integer d for which dx is integral. The support graph
of a solution x is the graph (V, supp(z)) obtained by retaining only edges e with x, > 0;
we abuse notation and identify the mazimum degree and number of edges of the support
graph as belonging to x.

Boyd and Pulleyblank [24, 22] showed that for any ¢ > 3, there is an extreme point of
(N3) on 2t +4 vertices with denominator ¢ and values in {1/t,2/t,1—2/t,1—1/t,1}, hence
min-norm 1/¢. In unpublished work, Cunningham & Zhang [49] observed that in (N3), any
two extreme points with supports G, G can be glued together by identifying one vertex
of G7 with one vertex of Gq; thereby it is easy to get an extreme point of (A53) on 2¢ + 1
vertices with maximum degree ¢, and using the Boyd-Pulleyblank construction, an extreme
point on n vertices with denominator 2(y/n!). However, this gluing construction fails for
(N3). Also, from our approximation-algorithmic perspective, the non-2-vertex-connected
extreme point solution obtained from gluing is not a serious obstacle to a good ratio for
E-ECSS since the algorithm could reduce to 2-vertex-connected components. We further
suggest that any algorithm for arbitrary metric costs which uses the relaxation (N3) may
as well use the relaxation (N3); to support this claim, we note that taking the metric
closure and adding € to every edge cost makes it strictly metric at which point splitting-off
& parsimony imply that every optimal extreme point of (A3) is an extreme point of (N3).
(Observe also every extreme point of (N3) is an extreme point of (N2).) Hence, we suggest
that the central LP for studying bad extreme points should be (Nf).

Cheung [41] showed that extreme points of (N3) can have arbitrarily high maximum
degree. He gave a family of extreme points on ©(?) vertices with maximum degree 4t + 2
and entries in {1/(2t +1),1 —1/(2t +1),1}.

There is substantial literature on the structure of extreme points for various super-
modular network design problems, especially the max-norm since this relates to iterated
LP rounding (e.g., see [80]). We mention one classical result on the max-norm of extreme
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Chapter 8. Extreme Points for TSP LP, and k-ECSS

points for (N3) due to Boyd and Pulleyblank [22]: any extreme point has at least three
edges e with z, = 1.

8.3 Approximability of .-ECSM and k-ECSS

We now focus on qualitative properties of the approximability of k-ECSS. One of the
striking features of the unit-cost version of k-ECSS is that it gets easier to approximate
as k increases [82]. It is natural, therefore, to ask which other versions share this property.
We provide a new lower bound and conjecture a new upper bound that will help to resolve
this question. First, we introduce the lower bound, whose proof we defer to the end of this
section.

Theorem 8.1. There is an € > 0 so that for all k > 2, it is NP-hard to approzimate
k-ECSS within ratio 1 + €.

Our conjectured positive result is the following:

Conjecture 8.2. There is an (N},)-relative (1 + O(1/k))-approximation algorithm for k-
ECSM, i.e. one which produces a solution of value at most (1 + Cy/k)OPT(N) for some
constant C1.

Note that for k£ € {1,2} the conjecture holds with C; = 1. As remarked earlier, a
positive answer to this conjecture would also imply a (14+O(1/k))-approximation algorithm
for subset k-ECSM.

With these results in mind, we now summarize known approximability results. The
lower bounds with ? indicate we think it is plausible they follow from the hardness con-
struction of [82], but we have not yet investigated this in detail.

Unit Costs Arbitrary Costs
lower bound upper bound lower bound upper bound
E-ECSM | 1+¢/k?7 14 0(1/k) 1+ €e/k? 2{+35 Joad r & Conj. 8.2
k-ECSS 1+¢/k 1+0(1/k) | 1+ € (Thm. 8.1) 2

Table 8.1: Approximability of k-ECSS and k-ECSM. Note that all the upper bounds can
be obtained by (N})-relative approximation algorithms. The € represents a small positive
constant independent of k.
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8.3.1 Proof of Hardness of k-ECSS Theorem 8.1

Our hardness reduction uses the following problem.

PATH-COVER-OF-TREE

Input: A tree T'= (V, E) and a set X C (‘2/) of pairs.

Output: A subset of Y of X so that (V, EUY) is 2-edge-connected.
Objective: Minimize |Y|.

We call the problem PATH-COVER-OF-TREE for the following reason. For {x;, 22} € X
let Px denote the unique path in 7" from z; to x5. Then it is not hard to see that ) is feasible
if and only if (J xey = E. The latter problem is essentially equivalent to the problem of
making a connected graph 2-edge-connected, and thus is NP-hard by [74]. APX-hardness
follows from [64]. (More strongly, one can adapt the hardness construction in [86] to show
PATH-COVER-OF-TREE is APX-hard even for trees of depth 2.)

Now we give our reduction. Let T = (V| E), X denote an instance of PATH-COVER-
OF-TREE. We construct a k-ECSS instance on vertex set V. For each e € E, our k-ECSS
instance includes the edge e with multiplicity limit d. = k — 1 and cost ¢, = 0. For each
x = {x1, 22} € X, our k-ECSS instance includes the edge {x1, o} with multiplicity limit
d, =1 and cost d, = 1.

Clearly, there is an optimal solution for the k-ECSS instance which includes k—1 copies
of each e € F, which we denote by (k — 1)E. It is easy to see that ) is a feasible solution
for the PATH-COVER-OF-TREE instance if and only if (k — 1)E' U Y is a feasible solution
for the k-ECSS instance. It immediately follows that an a-approximation algorithm for
k-ECSS would also give an a-approximation algorithm for PATH-COVER-OF-TREE, and
we are done.

Finally, we remark that it is possible to use a reduction in which the k-ECSS instance
is simple with unit upper bounds: we subdivide every zero-cost edge by a vertex.

8.4 Complex Extreme Points for (N3)

Now we give our construction of a new family of extreme points for the TSP subtour
relaxation (Nj). Let F; denote the ith Fibonacci number, where F} = F, = 1. For a
parameter t, we construct a graph on 2t vertices and 4t — 3 edges with denominator F} and
maximum degree t. Moreover, the min-norm of the extreme point is 1/F;.

The edges of the graph are given in the list below; it is pictured in Figure 8.2.
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Figure 8.2: Our new construction of a complex extreme point for the subtour TSP polytope
(N3), illustrated for ¢+ = 15. Scaled edge values are shown: the label F; on an edge e

indicates that z. = F;/F,. The symbol G; denotes F; — F;, i.e. an edge e with z, =
1 — (F/F).
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8.4. Complex Extreme Points for (N)

e For i from 1 to ¢, an edge (2i — 1, 2i) of value 1
e For i from 2 to t — 1, an edge (1,2i) of value F,_;/F;
e An edge (1,2t) of value 1/F;

For i from 3 to ¢, an edge (2i — 3,2i — 1) of value F,_; 1 /F,

For i from 3 to ¢, an edge (20 —4,2i — 1) of value 1 — F;_; 5/ F}
e An edge (2,3) of value F,_,/F,
e An edge (2t — 2,2t) of value 1 — 1/F,

Theorem 8.3. The solution described above is an extreme point solution for (N3).

Proof. With foresight, we write down the following family of 4¢ — 3 sets:

L= {{i}2,, {2i — 1,20}, {1,...,2i}123).

The plan of our proof is to first show that x is the unique solution to {z(6(7)) = 2 |
T € L}. Tt is easy to verify that x indeed satisfies all these conditions, so let us focus on
the harder task of showing that z is the only solution. (Note, we are not assuming that x
is feasible, so possibly z(d(S)) < 2 for some other sets, but we will deal with this later.)

Consider any solution which is tight for all sets in the given family. We first need a
simple lemma, where for disjoint sets S, T, the symbol (S : T') denotes the set of edges
with one end in S and the other in 7T'.

Lemma 8.4. If S, T are disjoint tight sets and S UT is also tight, then x(5(S : T)) = 1.

Proof. We have §(S) = 6(S : T)W(S : VAS\T') and 6(T") = 6(S : T)Wo(T : VA\S\T). Also,
S(SUT)=46(S:V\S\T)W (T : V\S\T). Thus 2 = z(5(5)) + x(6(T)) —z(6(SUT)) =
2¢(0(S:T)). O

The lemma shows all edges {2i — 1,2i}!_, have value 1 (take S = {2i — 1}, T = {2i}).
Let y; denote the value of edge (2i + 1,2i + 3) for ¢ from 1 to t — 2. The degree constraint
at 3 (i.e., z(6(3)) = 1) forces (2,3) = 1 —y;. The degree constraint at 2 forces the value
of (5,2) to be y;. Note {1,...,2t — 2} is tight since this is just the same constraint as
{2t — 1,2t}. For i from 1 to t — 2, note that the sets 0({1,...,2i} : {20 +1,2i + 2}) and
d(2i + 1) differ only in that the former contains the edge (2i 4 2, 1) and the latter contains
the edges {(2¢ 4+ 1,2i + 2), (2 + 1,2i + 3)}. Thus, using the lemma and degree constraint
at 20+ 1, we see (20 +2,1) = (20 +1,2¢ + 3) = y;. The degree constraint at 2i + 2 then
forces (2i +2,2i +5) =1 —y; for 1 < i <t — 3. The degree constraint at 2¢t — 2 forces
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(1,2t—2) = 1 —1y;_»; the degree constraint at 2t forces (1,2t) = y,_». The degree constraint
at 2t — 1 forces y;_2 = y;_3, and the degree constraint at 2¢ 4+ 5 forces y; = y;11 + Yo for
¢ from 1 to t — 4; together this shows y; = F;_1_;y;_o for ¢ from ¢t — 4 to 1 by induction.
The degree constraint at 5 forces 2y; + yo = 1, so (2F;_o + F;_3)y;—2 = 1 and consequently
yi_2 = 1/F}, which shows z is the unique solution to {z(6(T)) =2 | T € L}.

Now, we show z is feasible using standard uncrossing arguments, plus the fact that
|£| = 4t — 3. For (N3), it is not hard to show that the constraints (8.2) for S and V\S
are equivalent, in the sense that they can be obtained from one another by adding or
subtracting multiples of equality constraints. We fix any root vertex » € V' and keep only
the constraints for sets S not containing r, which does not change the LP. Correspondingly,
we change £ by complementing some sets so that none contain r, and it is easy to see L is
a laminar family on 2¢ — 1 vertices. (This is along the lines of the standard argument by
Cornuéjols et al. [48].) In fact £ is a maximal laminar family, since any laminar family of
nonempty subsets of X contains at most 2|X| — 1 elements, for any set X.

Finally, suppose for the sake of contradiction that x is not feasible, so there is a set S,
with r ¢ S, having z(5(5)) < 2. Clearly S & L. Two sets S, T, neither containing r, cross
if all three of S\T', T\ S, and T'N S are non-empty. Take S that crosses a minimal number
of sets in L. If S crosses zero sets in £, then £U{S} is laminar, but this is a contradiction
since S € L and, crucially, £ was maximal. Otherwise, set S crosses some tight set T" € L,
then since

z(6(9)) +z(0(T)) > x(8(SUT)) +z(0(SNT)),

either x(d(SUT)) <2or z(6(SNT)) < 2. It is easy to verify that both SUT and SNT
cross fewer sets of £ than S, contradicting our choice of S. 0

8.4.1 Methodology

To investigate extreme points of (N3), we first used computational methods to try to find
the most “interesting” small examples. There are a number of properties that the support
graph must have, e.g. no more than 2n—3 edges, 3-vertex-connected (or else it is essentially
a 2-sum of smaller solutions), and our method was to compute all extreme points on all such
graphs. See Boyd [14, 21] for more discussion of how these steps can be implemented. We
used nauty [159] to generate the graphs, and the Maple package convex [73] to enumerate
extreme points. Maple does not currently have a good interface for laying out graphs, so we
created a procedure [169] to export the graphs to GeoGebra [117], which is well-suited for
layout (and exporting for diagrams in this document). We found the following interesting
examples, which are pictured in Figure 8.3. Note “unique” means unique up to graph
isomorphism.

(a) for n <6, there is a unique extreme point with denominator > 2
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5; there is a unique solution on 10 vertices that attains both simultaneously

We found that there was some primal structure and dual structure to the 10-vertex example
which was shared with the smaller examples (a) and (c); these observations led to the family
described in Section 8.4. We remark that the extreme points pictured, and more generally
our new construction, do not coincide with the families of Boyd and Pulleyblank [22] or
Cheung [11] for any choice of parameters.

8.4.2 Discussion

The construction given shows that extreme points on n vertices of the Held-Karp relaxation
may have maximum support degree as big as n/2 and min-norm as small as 1/F, ,, for
even n. A natural question is whether these bounds are maximal. Boyd, with Benoit [14]
and Elliott-Magwood [21], has computed and posted online [23] a list of all vertices of the
subtour elimination polytope for up to 12 vertices. Filtering through that data, we find
the following facts.

Remark 8.5. For 11-vertex solutions, the largest mazimum degree is 6, the largest denom-
inator is 8, and of 11-vertex solutions with maximum degree 6, the mazimum denominator
1s & which is uniquely attained. For 12-vertex solutions, the largest maximum degree is
6, the largest denominator is 9, and of 12-vertex solutions with maximum degree 6, the
mazimum denominator is 8§ which is uniquely attained.

Hence for even n, I, 5 is not the maximum possible denominator. Based on the available
data, we conjecture the following.

Conjecture 8.6. The mazimum degree of extreme points on n vertices is exactly [n/2].

The best upper bound we are aware of is n — 3, which follows from the fact that each
basic solution has at most 2n — 3 edges, plus an easy argument to eliminate degree-2
vertices.
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Figure 8.3: Six extreme points for the subtour TSP polytope (N3) with extremal properties.
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Chapter 9

LP-Relative Approximation Scheme
for k-Dimensional Knapsack

In this chapter we give a new LP construction for packing (or covering) nonnegative integer
programs with at most k constraints. Specifically, for any fixed integer k and any ¢ > 0,
we get a polynomial-size linear program admitting an LP-relative (1 + €)-approximation
algorithm, and hence integrality gap at most 1 + €.

9.1 Introduction

The classical knapsack problem is the following: given a collection of items each with a value
and a weight, and given a weight limit, find a subset of items subject whose total weight is
at most the weight limit, and whose value is maximized. If n denotes the number of items,
this can be formulated as the integer program {max> " | z;v; | x € {0,1}", > xw; < {}
where n denotes the number of items, v; denotes the value of item ¢, w; denotes the weight
of item ¢, and ¢ denotes the weight limit.

In the more general k-dimensional knapsack (or k-constrained knapsack) problem, there
are k different kinds of “weight” and a limit for each kind. An example for k& = 3 would be
a robber who is separately constrained by the weight, volume, and mercury content of the
items he is stealing. An orthogonal generalization is that the robber could take multiple
items of each item ¢, up to d; copies. We therefore model the k-dimensional knapsack
problem as

{maxcx | x € Z",0 <z <d, Ax < b} (9.1)

where A is a k-by-n matrix, b is a vector of length k, and d is a vector of length n, all
non-negative. If d = 1 we call it the 0-1 knapsack problem. If d = +oo, we call it the
unbounded knapsack problem; otherwise we call it the bounded knapsack problem.
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9.1. Introduction

Another natural generalization is the k-dimensional knapsack-cover problem,
{mincx |z € Z",0 < x < d, Az > b}

which has analogous bounded, unbounded, and 0-1 variants.

On the positive side, for any fixed k, all above variants admit a simple pseudo-polynomial-
time dynamic programming solution. Chandra et al.[35] gave the first PTAS for k-
dimensional knapsack in 1976, and later an LP-based scheme was given by Frieze and
Clarke [76]. See the book by Kellerer et al. [128, §9.4.2] for a more comprehensive literature
review. Also, for any fixed k, all above variants admit a polynomial-time approximation
scheme (PTAS). But whereas the case k = 1 also admits a fully polynomial-time approxi-
mation scheme (FPTAS), for k& > 2 there is no FPTAS unless P=NP. This was originally
shown for 0-1 k-dimensional knapsack by Gens & Levner [87] and Korte & Schrader [139]
(see also [128]) and subsequently for arbitrary d by Magazine & Chern [158]. For any
optimization problem with a polynomially bounded objective the following is known: if it
is strongly NP-hard, it has no FPTAS unless P=NP [85]. We remark that the converse is
false, as shown by k-dimensional knapsack.

We recall for comparison a result of Lenstra [1419]: for any fixed integer k, integer
programs with k& constraints can be solved in polynomial time. Compare this with the
unbounded k-dimensional knapsack problem {maxcx | x € Z™, x > 0, Az < b} which has
k constraints in addition to nonnegativity constraints. Lueker [157] showed this is NP-
complete even for k = 1; so the nonnegativity constraints make an important difference.

This chapter draws on a recent paper of Bienstock [17] which gives an LP-relative ap-
proximation scheme for the standard (1-dimensional) knapsack problem, using disjunctive
programming. This chapter also draws on the earlier LP-based approximation schemes for
k-dimensional knapsack and knapsack-cover. A key technique in both is to exhaustively
guess the g max-cost items in the knapsack for some constant g, which we extend. Bien-
stock & McClosky [18] extend this line of work to covering problems and other settings,
and also give an LP of size O((1/€)'/*n?) with integrality gap 1+ ¢ for (1-dimensional, 0-1)
knapsack. In this chapter we give a much more general result, but with size O(no(k/ e)).
There is some current work [28] on obtaining primal-dual algorithms (that is, not need-
ing the ellipsoid method or interior-point subroutines) for knapsack-type covering problems
with good approximation ratio and [18] reports that the methods of [28] extend to a combi-
natorial LP-relative approximation scheme for 1-dimensional covering knapsack. It would
be interesting to see if these methods also apply to the work stated in this chapter.

We give two other recent developments in this field. There is a line of work in counting
the number of feasible solutions to a given k-dimensional knapsack problem (in which case
there is no objective function ¢) and Dyer [55] recently gave a simple dynamic programming-
based FPRAS (fully-polynomial time randomized approximation scheme) to count the
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Chapter 9. LP-Relative Approximation Scheme for k-Dim. Knapsack

number of feasible solutions for k-dimensional bounded packing knapsack. Separate from
this, there is a line of work on maximizing constrained submodular functions. For non-
monotone submodular maximization subject to k linear packing constraints, the state of
the art is by Lee et al. [148] who give a (5 + €)-approximation algorithm. For monotone
submodular maximization the state of the art is by Chekuri & Vondrak [37] who give a
(e/(e — 1) + €)-approximation subject to k knapsack constraints and a matroid constraint.
We note in the latter case it is NP-hard to obtain any factor better than e/(e — 1) even for
unconstrained monotone submodular maximization [63], so much like maximizing a linear
objective, the knapsack constraints only affect the best possible ratio by e.

9.2 Rounding

We follow the exposition of [128] and generalize the construction of [17]. Each knapsack
instance (9.1) is determined by the parameters (A,b,c,d). The natural LP relaxation of

the knapsack problem is
{maxcx |0 <z <d, Ar < b}. K(A,b,c,d)

In the following, fractional means non-integral. We omit the easy proof of the following
lemma.

Lemma 9.1. Let x* be an extreme point solution to the linear program (IKC(A,b,c,d)).
Then x* is fractional in at most k coordinates.

Therefore, we obtain the following primitive guarantee on a rounding strategy. Let
Cmax -— IMax; C;.

Corollary 9.2. Let x* be an extreme point solution to the linear program (K(A,b,c,d)).
Then c|z*| > cx* — kcpax-

Now the idea is to take z* to be an optimal solution, and use a standard exhaustive
guessing step to turn the additive guarantee into a multiplicative factor of 1 4+ €. Let
denote a parameter, which represents the size of a multi-set we will guess. For a non-
negative vector z let the notation ||z|| mean ). z;. A guess is an integral vector g with
0 <g<dAg <band |g]| <~ Itiseasy to see there are no more than (n + 1)”
possible guesses, so for constant v we can iterate through all guesses in polynomial time.
First, we can therefore determine the guess with best objective value in polynomial time.
Second, this simplifies the task of determining an approximately-optimal solution, as we
now explain.

From now on we assume without loss of generality (by reordering items if necessary)
that ¢; < ¢y < -+ < ¢,. For a guess g with ||g|| = v we now define the residual knapsack
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9.3. Disjunctive Programming

problem for g; under the restriction that the v most profitable! items chosen (counting
multiplicity) are g, the residual problem models how to optimally select the remaining
objects. Let p(g) denote min{i | g; > 0}. Define d? to be the first pu(g) coordinates of
d — g followed by n — u(g) zeroes, and b9 = b— Ag. The residual knapsack problem for g is
(A,b9,c,d?). The residual problem for g only permits taking items with index at most p(g)
and so essentially has its cyax value bounded by ¢y, which is at most c- g/||g|| = ¢~ g/7.

If a guess ¢ has ||g|| < v, define b9 and d9 to be all-zero. Then Corollary 9.2 gives the
following.

Corollary 9.3. Let OPT be an optimal integral knapsack solution for (A,b,c,d). Let g be
the ~v most profitable items in OPT (or all, if there are less than 7). Let z* be an optimal
solution to IC(A,b9,¢,d9). Then g+ |x*]| is a feasible knapsack solution for (A,b,c,d) with
value at least 1 — k/~ times optimal.

By taking v = k/e and solving K(A, b9, ¢, d?) for all possible g we get the previously
known PTAS for k-dimensional knapsack; we now refine the approach to get a single LP
with small integrality gap.

9.3 Disjunctive Programming

In this section we give a brief introduction to disjunctive programming, e.g. see early work
of Balas [7]. For our purposes we will only derive one central result, that it is possible to
write a compact LP for the convex hull of the union of several polytopes, provided that we
we have compact LPs for each one.

Suppose we have polyhedra P! = {z € R" | A'z < b'} and P? = {z € R" | A%z < b?}.
Both of these sets are convex and it is therefore easy to see that the convex hull of their
union is the set

conv.hul(P'UP?) ={z € R" |z = Az + (1 = \)2%,0 < A < 1, A2t <b' Al2? < b}

However, this is not a linear program, e.g. since we multiply the variable A by the variables
x'. Nonetheless, it is not hard to see that the following is a linear formulation of the same
set:

convhul(PrUP?) = {z e R" |z =a2" +22,0 < A < 1, Ala! <21 Al2? < (1 - M)}

A similar construction gives the convex hull of the union of any number of polyhedra; we
now apply this to the knapsack setting.

'To simplify the description, even if ¢;;1 = ¢; we think of item i 4 1 as more profitable than item 3.
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Chapter 9. LP-Relative Approximation Scheme for k-Dim. Knapsack

It is convenient to “shift” the LP K(A, b7, ¢, d%) of each residual problem by taking
the Minkowski sum with g¢; feasible integral solutions of the shifted version correspond
to knapsack solutions in which the v most profitable items are g. The shifted LP is
{y=x+g|zeR",0<2<d% Ax < b} (in which g is a constant).

Let G denote the set of all possible guesses g. Then the convex hull of the union of the
shifted polyhedra is

{y =393 N = LA >0,y = o + Mg, Vi:0<a? < N, Ay’ < Agbg}. (K)
g€eg geg

We also think of () as a linear program by giving it the objective function maxc - y.
Finally, we complete our analysis. (We break with the convention in the rest of the thesis
and say ratio 1 — € instead of 1/(1 — ¢€) for simplicity.)

Theorem 9.4. If v = k/e, there is a polynomial-time (K)-relative (1 — €)-approzimation
algorithm for the (0-1, unbounded, or bounded) k-dimensional knapsack problem.

Proof. Let y be an optimal extreme point solution for (IE) It is easy to argue that any
extreme point solution has A9 = 1 for some particular ¢*, and \9 = 0 for all other g. Hence
y = 29 + g* where 29 is an optimal extreme point solution to K(A,b9 ,¢,d?" ). We now
show that |y] is a (1 —e€)-approximately optimal solution, re-using the previous arguments.

If ||g*|| < 7, then 29" = 0 so y is integral, hence y is an optimal knapsack solution.
Otherwise, if ||g*|| = v, then Corollary 9.2 shows that

* *

c- c-
g +c-gt=cy—k J

colyl=c- 29| +c-g">c-a? —k >(1—¢€)c-y,

which completes the proof. O

A proof along the similar lines gives an LP-relative approximation scheme for the
knapsack-cover problem. Let g be an integral vector with 0 < g < d,||g|| < ~v; we de-
fine 1(g),d? as before and call g a guess if A(g + d?) > b, in which case we set b to be
the component-wise maximum of 0 and b — Ag. Informally, this excludes g’s for which the
residual problem would be infeasible. Then the approach goes through as before, except
we round up instead of down.

Somewhat imaginatively, we see it possible that the LPs constructed in this section
could have applications; for example, we have seen before (the use of Jain’s algorithm
in Theorem 6.1(b)) that LP-relativity can be a crucial property when using an LP as a
building block in a larger scheme. However, we do not see a concrete application, and the
large size n°®*/9) of the LPs makes them seem mostly of theoretical interest.

171






Glossary of Common Symbols

Ce) Ca

Subgraph of GG induced by vertex set U, 15, 79
Set of all partitions, 13

All partitions of RUV(S), 17

All partitions of R, 37

All edges with both endpoints in S, 76
Number of connected components of GG, 30, 79
Most refined partition (into singletons), 39
Join of two partitions, 42

Meet of two partitions, 42

For a set X, max{0, |X|—1}, 41, 79
r-Steiner ratio, 10

Least refined partition, has rank 1, 39

Bidirected cut LP, 41

Cost of full component K, 16, 37
Zn yﬂ(r(ﬂ-) - 1)7 84

Cost of edge e or arc a, 9, 35

All edges with ends in different parts of parti-
tion 7, 13

Harmonic number 1 + % 4+ %, 40

A subset of R, or a cheapest full component
with terminal set K, 16, 37

All full components, 16, 37

Directed hyperedge K with head i € K, 65

Minimum spanning tree LP, 13
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Glossary of Common Symbols

m(r,S)

MST

Partition obtained from 7 by merging parts
meeting S, 45

Output of minimum spanning tree algorithm,
14

Cost of minimum spanning tree, 19

Steiner nodes in full component K, 73, 77

Bounded variant of (P},,), 81

Hypergraphic multidirected cut LP, 66
Bounded partition-full component LP, 38
Partition LP for full component set S, 18
Power set — all subsets of X, 71

Unbounded partition-full component LP —
same as (P?), 38

Required /terminal subset of V' for Steiner
tree, 9, 35

Explicitly, terminals in full component K, 73,
7

Rank contribution of full component K to par-
tition 7, 17, 38

Steiner rank of partition 7, 17

Rank (number of parts) of partition 7, 13, 37
Robins-Zelikovsky algorithm, 11

Set of full components, or graph consisting of
only those full components, 19

Subtour-full component LP, 41

Support of a vector, {i | z; # 0}, 48
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Appendix A

Integrality of Cost-Polytope from
Section 4.2.3

restart: with(convex): with(combinat): with(networks):

# compute all maximal laminar families on a ground set S
LF := proc(S) local mg, rep, result:
if nops(S)=1 then return {{S}}: end:
rep := rand();
result := NULL;
for mg in choose(S, 2) do
result := result, op(map(e->e union {{mg[1]}, {mg[2]}},
subs (rep=(op(mg)), LF(S minus mg union {repl}))));
end:
return {result}:
end:

# convert list of vertices in a path to list of edges in a path
PathHelper := L -> seq({L[i], L[i+1]}, i=1..nops(L)-1):

# find all edges on the unique s-t path in tree G
Path := (G, s, t) -> PathHelper(path([s, t], shortpathtree(G, s))):

# find all edges on subfullcomponent for terminal set S in full component G
FullComp := (G, S) -> {seq(Path(G, st[1], st[2]), st in choose(S, 2))}:
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# check whether the polyhedron for terminals {1,...,k}, laminar family Q,
# Steiner node set N, and edge set e is integral

# It prints out any non-integral vertices found, and is silent otherwise.
is01 := proc(k, Q, N, e)

local result, E, R, A, P, G, 8, fc, P1, i, ineq, V;

R := {seq(i,i=1..k)};

A := [op(e), op(map(x->[x[2], x[11], e))];
E := map(x->{op(x)}, e);

P := [op(Q];

G := graph(N union R, E):

ineq := NULL:

for i from 1 to k do ineq := ineq, [seq(0, i=1..nops(E)),
seq(‘if ‘(i in P[j], 1, 0), j=1..nops(P))] = 1; end:
for S in combinat [powerset] (R) do
fc := FullComp(G, S):
ineq := ineq, ([seq(‘if‘(E[i] in fc, 1, 0), i=1..nops(E)),
seq(‘if‘ ((nops(P[j] intersect S)>0), -1, 0), j=1..nops(P))] >= -1);

end:
P1 := intersection(ineq, convert(posorthant(nops(E)+nops(P)), affine));
result := true:

for V in convex|[vertices] (P1) do
if (nops({op(V)} minus {0, 1})>0) then
print(Q, N, e, V):

result := false:
end:
end:
return result:
end:
# check all possible laminar families for terminals {1,...,k},

# Steiner node set N, and each edge set e in E
Test := proc(k, N, E) local W, R, i, e, result:

R := {seq(i,i=1..k)};
W := LF(R):
result := true;

for i from 1 to nops(W) do for e in E do
result := result and is01(k, W[i], N, e):
end: end:
if (result) then return "Testing Complete, all 0-1"
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Appendix A. Integrality of Cost-Polytope from Section 4.2.3

else return "Testing Complete, not all 0-1": end:
end:

### end of preliminary procedures, start of main session
# this fails to be integral and demonstrates laminarity is needed

is01(3, [{1, 2}, {1, 3}, {2, 3}, {a}, [[1, al, [2, al, [3, all);

(1,25, 41,35 {2 3, {a (1, al, 2.0 B, al) 0,50 30 50 5 5]
(1,2}, {1, 3%, {2 3}, {a 11, ), 2.0, B al) 5 5,0, 50 51 5]
1,2}, {13}, {2 3}, {a) [ ), 2.0, B.al) 5,0, 5, 50 51 5]
1,2}, 1,3}, {2,3)) {oh, (L o, 2 al. Boall I3 1 7 30 5 5

false

# now try with a laminar family

is01(3, [{1}, {2}, {3}, {1, 2}, {1, 2, 3}1, {a}, [[1, al, [2, al, [3, all);

true

Test(3, {a}, [[[1, al, [2, al, [3, alll);
“Testing Complete, all 0-1”

Test (4, {a, b}, [[[1, al, [2, a], [a, b], [b, 3], [b, 4111);
“Testing Complete, all 0-1”

Test(5, {a, b, c}, [L[1, al, [2, a], [a, b], [b, 3], [b, cl, [c, 4], [c, 5]111);
“Testing Complete, all 0-1”

# this laminar family on 6 terminals fails to be integral

# it is taken from Figure 4.2 in the thesis

iso1(6, [{1, 6}, {2, 3}, {4, 5}], {a, b, c, d},
[[1, a], [2, al, [a, bl, [b, cl, [c, 31, [c, 4], [b, d], [d, 5], [d, 6]11);

[{1, 6}, {2, 3}, {4, 5}], {a, b, ¢, d},
(L, al, 2, a], [a, b, [b, ¢, [¢, 3], ¢, 4], [b, d], [d, 5], [d, 6],






Appendix B

Enumerating Vertices of (P)

# helper to compute partitions
allAugs := proc(list_of_sets, elt) local res, i, j, tmp;
res := NULL;
for j from 1 to nops(list_of_sets) do
tmp := NULL;
for i from 1 to nops(list_of_sets) do
if (i=j) then tmp := tmp, (list_of_sets[i] union {elt});
else tmp := tmp, list_of_sets[i]; end;

end;

res := res, {tmp};
end;

return res;
end:

# compute all partitions of set S

partitions0f := proc(S) local elt, rec, Sprime, i, res;
if (nops(S)=1) then return [{S}]; end;
elt := S[1];
Sprime := S minus {elt};
rec := partitionsOf (Sprime);
res := NULL;
for i from 1 to nops(rec) do res := res, ({{elt}} union rec[il]),

allAugs(rec[i], elt); end;
return {res};
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end:

# lexicographic & length-graded lexicographic sorting

grlex := (X,Y)->(‘if‘(nops(X)<nops(Y), true, ‘if‘(nops(Y)<nops(X),
false, lex(X, Y)))):

lexi := proc(X, Y, C);

if (C in X and not (C in Y)) then return true;

elif (C in Y and not (C in X)) then return false;

else return lexi(X, Y, C+1); end;

end: lex := (X, Y) > lexi(X, Y, 1):

# convert partition to a list
P2L := proc(p) local n, i, j, r, q;

q := [Op(p)];
n := ‘+‘(op(map(nops, q)));
r := NULL;

for i from 1 to n do
for j from 1 to nops(q) do
if evalb(i in q[j]) then r := r, j;
end;
end;
end;
return [r];
end:

# convert list to a partition
L2P := proc(l) local p, r, u, n, i, j;

n := nops(l);
u = {};
r := NULL;

for i from 1 to n do
if not evalb(l[i] in u) then

p := {i};
for j from 1 to n do if 1[jl=1[i] then
p := p union {j};
u := u union {j} end; end;
r :=r, p;
end;

end;
return {r};
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Appendix B. Enumerating Vertices of (P)

end:

# join of two partitioms
wedge := (p, q) —-> L2P(ListTools[Transpose] ([P2L(p), P2L(q)]1)):

# meet of two partitions
vee := proc(pl, p2) local m, n, s, i, j, k, r, p;
n := ‘+‘(op(map(nops, [op(p1)1)));
m := Matrix(n, n);
for r in {p1, p2} do
for s in r do
p := [op(s)];
for i from 1 to nops(p)-1 do

m[p[i]l, p[i+1]] := 1;
mlp[i+1], pl[il] := 1;
end;
end;
end;

for k from 1 to n do for i from 1 to n do for j from 1 to n do
if m[i, k]=1 and m[k, jl=1 then m[i, j]:=1; end;

end; end; end;

r := NULL;

for i from 1 to n do
p = 1i;
for j from 1 to n do if m[i, j]=1 then p := p, j; end; end;
r :=r, {p};

end;

return {r};

end:

with(LinearAlgebra) :

# rank of a set, denoted rho in the thesis
rank := x -> max(0, nops(x)-1):

# rank-contribution of pi and k
rc := proc(pi, k) local i, res;
res := 0;
for i from 1 to nops(pi) do
if (nops(pil[i] intersect k) > 0) then res := res + 1; end;
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end;
return res-1;

end:
sc := (S, T) —> rank(S intersect T):
# all maximal chains of partitions on items {1, 2, ..., i}

PC := proc(i) option memo; local res, j, k, 1, t, u, T, U, sq, krange;
if (i=1) then return [[{{1}}]]; end;
res := NULL;
for j from 1 to i/2 do
for T in PC(j) do
for U in shift(PC(i-j), j) do
krange := map(x->{op(x)}, combinat[choose] (i-2, j-1));
if (j*2 = i and i>2) then krange := select(elt->(1 in elt), krange); end;
for k in krange do
t = 1;
u :=1;
sq := {{seq(x, x=1..1)}}, (T[t] union U[ul);
for 1 from 1 to i-2 do
if 1 in {op(k)} then t:=t+1; else u:=u+l; end;
sq := sq, T[t] union U[u];

end;
res := res, [sq];
end;
end;
end;
end;
return [res];
end:

shift := (exp, sh) -> ‘if‘(type(exp, numeric), expt+sh, map(shift, exp, sh)):

# used to eliminate multiple isomorphic items
containsSimilar := proc(set, item) local p;
for p in combinat[permute] (nops(R)) do
if subs({seq(r[i]=r[p[il], i=1..nops(R))}, item) in set then return true; end;
end;
return false;
end:

# terminal set
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R := {1, 2, 3, 4}:

# nonempty subsets of R
S := sort([op(combinat [powerset] (R) minus ({{}, op(map(x->{x}, R))}))], grlex):
K := 8S:

# partitions of R

PI := [op(partitionsOf(R) minus {{R}})]:

# pre-compute rank-contribution and partition rank

RC := Matrix(nops(PI), nops(K), (i, j)->rc(PI[i], K[jl1)):
PR := Vector(nops(PI), i->(rank(PI[i]))):

# iterator for non-singular square submatrices

nextBasis := proc(L, supp) local m, n, res, pos, i, j;
m := op(1, L)I[2];
n := op(1, L)[1];

if (supp = 0) then
res := [seq(0, i=1..n)];

pos := 1;
else

res := supp;
pos := n;
end;

while (true) do
if (pos = 0) then return 0; end;

res[pos] := res[pos]+1;
if (res[pos] > mt+pos-n) then pos := pos-1;
else

if Rank(SubMatrix(L, [1..n], res[l..pos])) >= pos then
if (pos = n) then return res; end;

res[pos+1] := res[pos];
pos := pos+l;
end;

end;

end;

end:

# pretty-printing routines

pr := x->printf("%a\n", x):

foo := e -> ‘if‘(type(e, numeric), e, ‘if‘(type(e, set),
{cat(op(e))}, map(foo, e))):

bar := pt -> foo([op(subs({seq(r[il=i, i=1..nops(R))}, [op(pt)]))1):
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### end of preliminary procedures, start of main session
foundpoints := {}:
usedchains := {}:
count := 0:
printf("’%d chains to check\n", nops(PC(nops(R)))*(2" (nops(R)-1)-1)):
for chO in PC(nops(R)) do
for chain in {op(combinat[powerset] (chO[2..nops(ch0)]))} minus {[]} do
count := count+l;
printf ("checking chain number %d\n", count);
if (not containsSimilar(usedchains, chain)) then
usedchains := usedchains union {chain};
n := nops(chain);
Kco := Matrix(n, nops(K), (j, i)->rc(chain[jl, K[i]));
supp := nextBasis(Kco, 0);
while supp <> 0 do
x := LinearSolve(SubMatrix(Kco, [1..n], supp),
Vector([seq(nops(chain[i])-1, i=1..n)]1));

valid := true;
for i from 1 to n do
valid := valid and x[i]>0 and x[i]l<=1;
end;
pt := {seq(x[i]l*map(e->rle]l, K[supp[ill), i=1..n)};
valid := valid and not containsSimilar(foundpoints, pt);

for i from 1 to nops(PI) do

tmp := ‘+‘(seq(x[jJ*RC[i, suppljl]l, j=1..n)) - PR[i];
valid := valid and tmp >= O;

end;

if valid then

printf ("foundpoints = %d\n", nops(foundpoints)+1);

pr (bar (pt));
pr(subsop(seq(suppl[jl=x[jl, j=1..n), [seq(0, j=1..nops(K))1));
foundpoints := foundpoints union {pt};
end;
supp := nextBasis(Kco, supp);
end;
end;
end;

end;
pr(map(bar, foundpoints));
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