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Chapter 1

Introduction

Let X be a graph with diameter d. We define the distance graphs, X, for r = 1,...d of
X by
V(X,) =V(X), EX,)={(u,v):distx(u,v)=r}.

Note that X; = X.

We denote by Aut(X) the automorphism group of X. We can view this as the set of
permutation matrices P that commute with A(X). Note that if P € Aut(X), then
P e Aut(X,) forr=1,...d.

Set A, = A(X,) and Ag = I. Then P € Aut(X) if and only if P commutes with each
element of {Ay, ..., Aq}. It follows that P € Aut(X) if and only if P commutes with each
element of the matrix algebra (Ag, Aq,..., Aq), generated by {Ao, A1, ..., As}. Roughly
speaking, if (Ay, ..., Ay) is large, then Aut(X) will be small. How small can the algebra
be?

Claim: dim(Ay,...,Aq) > d+1

What if this bound is tight? Then for all 4,5, A;A; € span{Ay, ..., A4}. This implies
that A;A; is symmetric and hence that A;A; = A;A,.

Definition. An association scheme A is a set of n x n 0l-matrices, A, ..., Ag such that
(i) ¥, 4 = J

(iv) A;A; € span{Ay, ..., A}

(v) AT € {Ay,..., Ag).
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The structure is symmetric if Ay,..., Ay are symmetric. The algebra, (Ao, ..., Ay) is
called the Bose-Mesner algebra of the scheme, and is denoted C[.A]. This is a commutative
algebra of matrices.

Recall the Schur product of matrices M and N (of the same size) is given by
(M o} N)ZJ = M'L,sz,j

The identity for this is J.

Claim: The Bose-Mesner algebra is closed under the Schur product.
Proof. {0, Ay, Ay, ..., Ag} is Schur-closed. a

Exercise. Any Schur-closed subspace of Mat,,«,(R) has a 01-basis.

Example.

(a) d=1: Xlan, A1:J—I
(b) d = 2: Strongly regular graphs,

o (5
o L(K,)

(c) Johnson scheme. V is all k-subsets of {1,...,v}, @ and § are adjacent in X, if
lanpl=k—r

(d) Cn
(e) Hamming scheme, H(n, q).

A permutation group G on a set V' is generously transitive if for pairs of points, u,v € V
there is a permutation g € G such that u? = v and v? = w.

Example.

(a) Aut(C,)

(b) Cayley graphs for abelian groups of odd order. Choose a subset C of G such that
0¢C and —C =C. Then X(G,C) has vertex set G and E(X) = {uv:v —u € C}.

(¢) Sym(v) acting on the (}) subset of V' = {1,...,v} with size k. If G is a permutation
group os V| its orbitals are the orbits of acting on V' x V. We see that G is transitive
if and only if the diagonal {(u,u) : u € V'} is a single orbit.



Theorem 1.1. Suppose G is a transitive permutation group on V. Then the non-diagonal
orbitals of G' are graphs if and only if G is generously transitive.

Corollary 1.2. If G is generously transitive its orbitals form an association scheme.

Theorem 1.3. IfT is a set of permutations on V', then the set of matrices that commute
with each element of I' is a matrix algebra which is closed under Schur product.

Proof. Exercise. [

M is normal if and only if M and M* commute.

Theorem 1.4. A matrix is normal if and only if it is unitarily diagonalizable, e.g.
M =LDL*

where L is unitary and D is diagonal.

Note that M is normal if and only if (M, M*) is commutative.

The Bose-Mesner algebra of an association scheme is commutative and *-closed. There-
fore, all matrices in C[A] are normal.

Theorem 1.5. If U < CY and U is C|Al-invariant, then so is U+.

Proof. If y € U and x € U*, then

Hence U+ is C|[AJ-invariant. O

How do we find U? Suppose U is an eigenspace for A in C[A] with eigenvalue \. If
BA = AB and u € U, then
ABu = BAu = ABu

and so Bu € ker(A — \I).

Corollary 1.6. C" has a basis consisting of eigenvectors for C[.A].

An eigenspace for C[A] is a subspace on which each matrix in C[A] acts as a scalar, and
is maximal with this property. If z is an eigenvector for C[A] then for each matrix M we
have

Mz = Ayz.

The map M +— Ay is an element of the dual space C[A]. The dimension of the dual is
d+ 1. If V is a vector space and V = U; @ U; then there is an idempotent linear map
P :V — V with image U; and kernel Us.
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Remark. A linear map L : V — V fixes U; and U, if and only if L and P commute.

We aim to show that the projections onto the eigenspaces of C[A] lie in C[A].



Chapter 2

Spectral decomposition

Suppose A is normal. Then A = LDL* (D diagonal, L unitary). We can write D as
S,
where D; is diagonal, D? = D;, Y. D; = I and Ay, ..., A, are the eigenvalues of D. So

d
A:E:&LDA*

1=0

where )\, ..., A\q are eigenvalues of A. Set E; = LD;L*. Then

i=0
Here,
E? = F;
EE; =0,
Y E=1,
AE; = \E;.

Thus the columns of E; are the eigenvectors for A with eigenvalue A;. If

t— A
pi(t) = .
i A

then p;(A) = E;. Assume A = {Ay,..., Ay} and
A= pi()EY
J

9
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is the spectral decomposition of A;. Then

I = ﬁ <Z Eﬁ) . (2.1)

Note that if £ and F' are commutative idempotents, then FF and F'E are idempotents.
So expresses I as a sum of commuting idempotents. Also if £ and F' are commuting
idempotents, then

F=EF+(I-E)F

expresses F' as a sum of idempotents. An idempotent F' in C[A] is minimal if it can be
written as a sum Fy + F of non-zero idempotents from C[A]. Minimal idempotents are
orthogonal.

Let Ey, ..., E,, be the set of minimal idempotents.

Claims:

(a) The idempotents span C[A],
(b) they are linearly independent (hence m = d),

)
)
(¢) col(E;) is an eigenspace for C[A],

(d) E; € C[A] for all i.

So the Bose-Mesner algebra has two bases, Ay, ..., Aq and Ejy, ..., Fy.

The constant vectors are an invariant subspace for C[A], the corresponding projection is
%J ; we denote this by FEj.

Recall that

=
=

I
~

We also have

(i) Eo=1J,
(i) >, B =1
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(ili) E;o0 E; = Ejo E; for all 4, j,
(iv) ET € A,

(v) Eijo E; € span(Ey, ..., Eqg).

The idempotents E; are Hermitian. There are scalars p;(j) such that
A= p()E;
=0
and scalars ¢;(¢) such that

1 .
Ej = ; Z q](l)Al

We call the numbers p;(j) the eigenvalues of the association scheme and the ¢;(7) the dual
eigenvalues of the association scheme. We also have scalars p; ;(k) such that

AiAj = Z pij (k) Ay

k

called intersection numbers and scalars ¢; j(k) such that
1
EioEj =~ Xk: 4 (k) Ex

called Krein parameters. We define the matrix of eigenvalues by

(P)r,s = (ps(r»
Similarly we define Q by PQ) = vl.
Let v; be th valency of X;. We have v; = p;(0). Also, m; = tr(E;) = rank(E;). Note that

AE; = pi())E; (2:2)
1
v
Denote by sum(M) the sum of the entries of M. Taking the trace of (2.2]) we get
pi(§)m; = tr(p;(§) E;) = tr(AE;) = sum(A] o E;) = sum(A; o E;) = ¢;(i)v;.

Hence,
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The set of m x n matrices over C, Mat,,x,(C) is an inner product space, with inner

product
(M,N) =tr(M*N).

Note that o
tr(M*N) = sum(M o N).

The idempotents, Ay, ..., Az form an orthogonal basis for C[A]; similarly, Ey,..., Eq4 is
an orthogonal basis. Define

Vo mo
A, = ., and A, =
Uq mq

Then we can rewrite (2.4) in matrix form:
PAY = AIQ" (2.5)
Since P(Q) = vl, this is equivalent to

PAJYP* =vA L (2.6)



Chapter 3

Strongly regular graphs

A strongly regular graph is one of the graphs in association schemes with two classes. An
association scheme with d classes is primitive if Xy,..., X, are connected. For strongly
regular graphs X the scheme is primitive if X and X are connected. The only imprimitive
strongly regular graphs are the graphs mK,, (with m,n > 1).

Example. The following graphs are strongly regular.

UZ(Z)’ k=2n—4, a=n-—2 and c=4.

(e) Moore graphs of diameter two (strongly regular with girth five).

Suppose A = {Ag, A1, Ay} with A = A;. Then
A? = k‘AO + ClAl + CAQ,

SO

A2 =kl +aA+c(J—1—A)

and
A?—(a—c)A—(k—c) =cl.

The eigenvalues of a strongly regular graph are k and the roots of t* — (a — ¢)t — (k — ¢).
We denote these by 6 and 7 (# > 7). The matrix of eigenvalues is

13
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CHAPTER 3. STRONGLY REGULAR GRAPHS

(A A A
Ey| 1 kK v—1—k
EFi| 1 0 —0—1
Ey | 1 T —7—1

Now use (2.6) to compute the multiplicities mg, my, ma,

1+m9+(’l}—1—m9):1}’ k+m99+(v—1—m9)7'20.

Computing ) from P

1 k l
1 6 —-6-1
1 7 —17-1

1 1 1 1 1 T
s 1 e/k —(Qd-‘rl) N mTQQ _m9§9+1) N
—(r+1) m—T1 mr(7—1)
1 7/k 5 =

A scheme is formally self dual if P = Q).

Computing p; ;(k), g ;(k)

AiAj = Z Dij (T)AT

1
Ei O Ej = ; Z Qi,j(r)Er

Here, g; j(r) is an eigenvalue of the Hermitian matrix E; o E;, so it is real. Since E; = 0
and E; = 0 their Schur product is positive semidefinite. So ¢; j(r) > 0 (Krein condition).

We have

and

SO

AiAjEs = pi(s)pj<3)Es

(Zpi,j(r)Ar> Es = (Zpi,j(r>pr(8)> Es

pil)ps(s) = Y pig(r)pe(s), (s =0,....d).

AAj = (Zpi(T)Er) (ij(T)Er>
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Mat,,»,,(C) is an inner product space,
(M,N) = tr(M*N) = sum(M o N).

Both Ag,...,A; and Ey, ..., E; are orthogonal bases for C[A]. If M € Mat,x,(C), its
projection onto C[A] is

LN~ (MA) S (ML)
M= ; (A A->Ai :]Z:; (B B;)

1y £1q VR

In practice, M will usually be of the form zz”, where z is the character vector of some
subset V. In this case,

(M, A)) = tr(za” 4;) = tr(a” Ar) = 27 A > 0

and
(M, E;) = tr(za’ E;) = 2" E;2 > 0.

Hence, if M = zz”, then M >0 and M = 0. If Z C {1,...,d} then

X, = UX

i€l
An Z-clique is a clique in Xz; an Z-coclique is a coclique in Xz. Suppose C' C V. Then
C is an Z-clique if zcz5 o A; = 0 for i € Z. Tt is an Z-coclique if zoxl o A; =0 for i € .

Theorem 3.1. [Clique-coclique bound]
If C'is an Z-clique and S is an Z-coclique, then |C||S| < v. If equality holds then

T T
roljre - xgEjxg = 0.

Proof. Set M = zczl, N = xgzl. We have

- (M,A)  — xpAac
M= ZT: <AT,AT>AT N ZT: VU, A

A~ :L‘TE*CCS
N=...= SIS o
—
Al Cl|s
v
T T
Al roljxcrglixg
i =y B,
j j
1
= (zGEorcrsEgxs) Ey, (Ey = ;J)
CP[SI?

J

V3
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Further, we have

2 2
US| _ (37 o ) = (17 > 1115

v V2

and so |C||S| < v. O

Theorem 3.2. If M, N = 0 are matrices in C[A] with M o N = o then

sum(M) sum(N) <
tr(M)  to(N) —

and if equality holds, M N = (..

Proof. Exercise. [

Example (Bound on «(X)). Set A = A(X), let 7 be the least eigenvalue of A and set
N=A—7I Then N =0 and

tr(N) = v(—71)
sum(N) = vk + v(—7)
=[5 < v(=7) v (ratio bound).

k—r1 :l—k'/T

(a) Petersen graph; 7 = —2,k = 3,v = 10,

10

S| < =4
151 1+3/2

(b) Kneser graph K.x; |V (Kypx)| = (”), valency = (”;k), T = —(”_k_l), SO

k k-1
v—1
< .
|51 = (k:—l)

To do

Starting from the matrix of eigenvalues - are we using (2.6 to compute the multi-
plicities? Why is the multiplicity of k£ one? Define mg, m.

Computing @) from P - formalize better.

Computing p; ;(k), ¢ ;(k) - are we showing how to compute them?

Should we divide this chapter into sections? Some things are a bit out of context.

Proof of Theorem [3.1] is messy and confusing.



Chapter 4

Kronecker product

The Kronecker product of two matrices, A and B, is defined by
A ® B == (AUB)%J

The Kronecker product has the following properties:

o tr(A® B) = tr(A) tr(B),
e (A® B)(C® D) = AC ® BD,
e AR B=(A®I)(I® B).

We define
Meq
vec(M) = :
Me,,
Then

vec(AMB") = (B ® A) vec(M),

and this can be used to reduce some problems to solving a system of linear equations.
For example, a matrix M commutes with A if and only if M A — AM = 0 and, since

vec(MA — AM) = (AT @ I) — (I ® A)) vec(M)
finding the matrices that commute with A is reduced to finding the kernel of

(AT@I) - (I®A)

If A and B are square, A o B is a principal submatrix of A ® B. This fact leads to a
proof of Schur’s theorem that the product of positive semidefinite matrices is positive
semidefinite.

17
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To do

e This chapter is awkwardly short. Can we make it longer or move it into another
chapter?



Chapter 5

A central identity

Define
w(A® B) =AB, and o¢(A® B)= AoB.

The maps p and ¢ have adjoints p* and o*. We have

(C,AB) = (C,u(A® B)) = (1" (C), A® B),
(C, Ao B) = (C,0(A® B)) = (¢*(C), A® B).

We will use 7 to denote the transpose map on a space of matrices.

Claim. * ® [ is self-adjoint. We have

and

We conclude that (x @ I)p*(I) = (— ® I)o*(J). Let’s assume A is real and symmetric.
Then p*(I) = o*(J).

pi() =Y 1B ® E;
/L'hj

(1), A® B) = (I, AB) — tr(AB)
(W (1), By @ Ej) = 6;m;

19
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and so
1

pi() =Y —E;® E;.

j J

Similarly,

1
7" (J) Z T Ai®
We have thus proved the following identity, due to Koppinen [?].

Theorem 5.1. For any association scheme,

1 1

@ J

If we apply I ® x to this we get
1 1 _

we can produce a number of such variants.

5.1 Clique coclique bound

Define T': C ® D — tr(DX)C. Then
T(E] ® E]) = tl"(XEj)Aj

Let C be a clique and S be a coclique with character vectors y and z respactively. Set
r =y ®z. Then

xT(Az‘ ® Aj)x = (yT ® ZT)(Ai ® Ai)(y ® 2)
=yl Ay 2T Az
=yl Agy 27 Az
=I5,
Also,

CI?ISP?

V2

>
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and so |C||S| < v. If equality holds, y' E;y 2" F;z2 =0, for j =1,...,d. Apply T to both
sides of K’s identity,

- VU; m
1

AL, B

1. A scheme is pseudocyclic if v; = --- = vg and m; = -+ = my, e.g. prime cycles,
Paley graphs.

2. A connected, regular graph is strongly regular if and only if it has exactly three
distinct eigenvalues.

Assume A is pseudocyclic. Then

(1) ZZAi@)Ai =%1+U—112A2®2

- VU
(]

and )
() =BG+ — Y E®E;.
1
J

The matrices A; ® A; form an association scheme. We conclude that >, A®? is strongly
regular.






Chapter 6

Quotients and subschemes

Let M be a matrix. Let p be a partition of the rows of M and let R be the characteristic
matrix of p. Let p* be the partition given by the relation ‘equals’ on the columns of
RTM. Let N be the matrix with the distinct columns of RTM as its columns. If S is a
characteristic matrix of p*, then RTM = NST. We call p* the induced partition.

Theorem 6.1. If the rows of M are linearly independent, then |p*| > |p].

Proof. If 0 = 2" RT M, then 7 RT = 0 and so 27 = 0. Therefore the rows of NS are
linearly independent and so |p*|, the number of columns of N.ST is at least as large as the
number of rows, which is |p|. O

6.1 Equitable partitions

Suppose A is a linear map on V. Then U is A-invariant if and only if there is a matrix B
such that if uq,...,u,, are a basis for U, then

A(u1 um):(u1 um)B.

A partition, 7, of the vertices of a scheme is equitable if the space of functions constant
on the cells of 7 is C[A]-invariant. If P is the characteristic matrix of a partition 7 of
V(X), then 7 is equitable if and only if col(P) is A-invariant.

Lemma 6.2. U = col(P) for some partition if

(a) 1 € U, and

(b) U is Schur-closed.

Example. Choose u € V(A) and set
Cr:={zeV:(A)u # 0}

23
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This gives us a partition. The characteristic vector of C, is A,e,. The characteristic
matrix is then

N = (Aoeu Aleu Adeu)

and its column space is A-invariant. The non-zero vectors Eje, form an orthogonal basis
for the column space of N.

There are matrices, By, ..., By (of order (d + 1) x (d + 1)) such that A,N = NB,. Note
that NTN is invertible and so

B, = (NTN)"'NTAN

(thus it is determined by A,). The map A, — B, extends to a homomorphism from C[A]
to the algebra generated by By, ..., By.

There is a second way of getting the matrices B,: the matrices A; act on C[A] by left
multiplication. Then B, represents A, in this action. Now,

ArAi = Z Drii (])A]
J

and so
(Br)ij = prj(i).

(Exercise.)

6.2 More invariant subspaces

Suppose C' C V(A) with characteristic vector . We form the matrix
N = (AQ.CE Alx Ad.CE)

Then col(N) is A-invariant and the non-zero vectors, E;z, form an orthogonal basis. We
view col(N) as the C[A]-module generated by = and denote it by (x), and (z).

Let A be a scheme with matrix of eigenvalues P. We define a map 7" on {0,...,d} by
A = (A;)T. Then if C C {0,...,d}, CT = {i” : i € C}. Any subscheme determines a
partition of the idempotents Ay, ..., A4 and hence a partition 7 of {0,1,...,d}:

(a) {0} em
(b) If C; is a cell then either C¥ = C; or CI'NC; =0
The problem is to characterize the partitions that give us a subscheme. Set B := )" e, A;.

Then Y. B; = J, By = I and B} € {By,...,B.} for each i. The algebra generated by

B ={Bqy,...,B.} is commutative and B is an association scheme if and only if

dim((B)) = e + 1.
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Let N be the characteristic matrix of the partition 7. The columns of PN give us the
eigenvalues of the matrices B;. The dimension of (B) is the number of distinct rows of
PN. Thus the number of eigenvalues is |7*|. It follows that B is a scheme if and only if
|7*| = |7|. (We have |r| < |7*| because P is invertible.)

If R is the characteristic matrix of 7* then PN = RP; and P, is the matrix of eigenvalues
of B.






Chapter 7

Duality

7.1 Group schemes

Let G be a group. If g € G, let P, be the permutation matrix representing G its right
regular representation. Then

P.=1,
Sr=1
g
(Pg)T = Pg‘lv
PP, = Py,.

This is a representation of the group algebra. If G is abelian we get a so called group
scheme.

Remark. We have that v; = 1 for all g € G. This characterizes group schemes.

A translation scheme is a subscheme of a group scheme. Each Schur idempotent in a
translation scheme is a Cayley graph for G. The Hamming scheme and the forms schemes
are translation schemes.

Suppose A is a group scheme. Assume v = |G|. There exist matrix idempotents £ for
j=0,...,v—1. We have

m; =rank(E;) =1 for all j.
Next, the Schur product of rank one matrices has rank one, so
EioE; = E; for some [.

The matrix of eigenvalues of A is flat and is unitary. Hence E; = z;27 where x; is flat
and has norm one. So B
Ej 9 Ej =J.

27
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It follows that the matrix idempotents form an abelian group G* under Schur multiplica-
tion. It is called the character group of G.

Exercise. We have G ~ G*.

If A and B are the schemes for groups G and H respectively, then the matrices
A, ®Bs,, A, €A B;eB

form the group scheme for G x H.

7.2 Subschemes

We can view G* as a group on the vectors x such that zz* is one of the matrix idempotents.
The matrix of eigenvalues for G* is Q). If we order things so that P is symmetric (this is
possible) then P = Q).

If A is a translation scheme for a group G corresponding to a partition m of G (i.e. of
{0,1,...,v — 1}), the induced partition 7* gives a partition of G*. If 7 is a “good”
partition of G, then it determines a subscheme if and only if |7| = |7*|. Since P is
invertible, (7*)* = 7 (Exercise).

It follows that 7* gives us an association scheme on G* thus translation schemes come in

dual pairs.

Example. Consider the cyclic group, G = (g : ¢° = 1) ~ Zg. Let 7 = {Cy, Cy, Cy, Cs}
be the following partition of G:

Co=A{1}, Ci={¢’}, C={¢"}, Ci={9.9".9"},
(so C;t = Cy and C5' = C3) and let A = {4, Ay, Ay, A3} be the corresponding transla-

tion scheme, i.e.

001000 010101
000100 101010
B .7 000010 |01 0101
Ado=L A=L=1g00001] ™ b=1 01010
1 0000O00O0 010101
010000 101010
Let ¢ := e’ and note that (3 = —1. The character table of G is

1 g9 ¢ ¢ g ¢

1= | 1 11 1 1 1

xi |l ¢ ¢ -1 —=¢C =¢

x2 |1 ¢ —C 1 ¢ ¢

xs |1 —1 1 -1 1 -1

xa |1 ¢ ¢ 1 ¢ ¢

xs |1 —¢ ¢ -1 & ¢
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Denote the character table by M and let R be the characteristic matrix for the partition
m, thus

1 1 1 1 1
S
T4 S S| e re
- ¢ 1 ¢ ¢
—¢ ¢ -1 ¢ <

Now since ¢ — (2 = 1, we get

— = e
|
—_
O OO OO
O oo = OO
O = OO OO
_ O = O = O

11 1 1 1 1
e <1 e <
=11 0 e 1 e
30 0 =3 0 O

The first four columns of RT M are all distinct, column five is the same as column two,
and column six is the same as column three, thus, the dual partition, 7* of G* is

Do ={lg+}, Di={x1,xa}, D2={xe.xs}, D3={xs}
Note that for all x € G we have
Xl(f)fl = x5(), XQ(x)fl = xa(z) and X3<x>71 = x3(x),

i.e. D' = Dy and D;' = Ds. Clearly, this partition defines a translation scheme that is
not isomorphic to A, thus A is not self-dual.

7.3 Duality

First, an example on ZJ. The maps
Vo s x> (—1)@2)

are eigenvectors of the group scheme. Then

P = (1)) :

1
, and  E, = —tty.
a, v

The duality, O, is defined by
O(A) = D puli)A;.
J

This maps C[A] to itself. It is linear and represented by P. Since p;(j) = ¢:(j), (P = Q),
we have



30 CHAPTER 7. DUALITY

Also
O(A,) 0o O(A,) = O(ALA,).

In general, if A is a scheme and P = Q) we define
O(4;) = vE;.
Then ©(/) = J and ©(J) = vI. We have
O(A)O(A;) = v’ E;E; =vO(4; 0 A)).

By linearity,
O(M)O(N)=vO(M o N).

Also

Corollary 7.1. ©*(M) =oMT.

Let A be an association scheme with P = Q. We have
©:C[A] — C[A], ©(A;) =vE;,
then ©(I) = J and ©(J) = vI. Further,
O(MoN) = %@(M)@(N)
O(vE;) = vAL.
Hence ©%(M) = vM?T for M € C[A] and in consequence,
O(MN) =0(M)o©O(N).

In general ©*(M) = v*I. Define

O(M) = —0(M).

S
NG
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Then ©7(M) = M”. We see that the symmetric matrices in C[A] are an eigenspace for
©? with eigenvalue 1, the skew symmetric matrices are an eigenspace with eigenvalue —1.

So if M = M then (€% — I)(M) = 0 and thus
©—-1)(O+I)(M)=0.

Hence (6 + I)(M) is an eigenvector for © with eigenvalue 1 and similarly, (6 — I)(M) is
an eigenvector with eigenvalue —1.

Similarly if M" = —M then (62 + I)(M) = 0 and the eigenvectors are of the form
O(M) £ iM with eigenvalues +i.

Questions and remarks

1. How do we know if a scheme is a translation scheme?

2. If A is a translation scheme, then the matrices M + M7T for M € C[A] form the
Bose-Mesner algebra of a symmetric scheme.

3. If A and B are schemes, then we have the product scheme A ® B. If Pz = Q 4 then
A ® B is a self dual scheme. (It is true that Pagp = P4 ® Pg.)

To do

e Add example of non-selfdual translation scheme.

e Duality section could be better organized.
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Type-I1 matrices

If W is a matrix with all entries non-zero, then we denote by W) the Schur inverse of
W. We say that W is a type-II matrix if W is v x v and WW T = ¢].

Example.

1. Hadamard matrices.
2. The matrix of eigenvalues of a group scheme (character table of an abelian group).

3.
1 1 1

1 -1 -1
I

-1 -t

—_ = = =

Note that examples 1. and 2. are flat, but 3. is not. If W and W5 are type-II, so is
W1 ® Wy. The following operations take type-II to type-II:

(a) Transpose.
(b) Rescaling rows and/or columns.

(¢) Permuting rows and/or columns.

We say that two type-II matrices are equivalent if one can be obtained from the other
using any of the above operations.

Theorem 8.1. Any two of the following imply the third:

(a) W is type-II,

33
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(b) W is flat,

(c) W is unitary.

Unitary matrices M and N are unbiased if M*N is flat.
Example (Potts model). If W = (t — 1)I + J, then W) = (t71 — 1)] + J and
WWE =@ —t—t DI+ (t+t P —240)J

Then W is type-ILif t + (v —2) + ¢+ = 0.

8.1 Nomura algebras
Let W be a Schur-invertible matrix. Define
Wap = (Weg) 0 (Web)(_).
The Nomura algebra, Ny of all W is
{M : W, is an eigenvector for all a, b}.
Then Ny is a matrix algebra.

Lemma 8.2. If W is square and W~ exists then J € Ny, if and only if W is type-II.

If W is invertible, the vectors W, , span C and Ny is diagonalizable and commutative.
If Wy and W, are equivalent, then Ny, ~ Ny,. If W is the character table of an abelian
group G, then Ny is C[G] (the group ring of G).

If M € Nw, let ©(M) be the v X v matrix such that (M), is the eigenvalue of M on
Was. Clearly,
o) =J.

Also,
O(J) =vl.

The set O(Nyy) is Schur-closed (because O(MN) = ©(M) o O(N) and contains J). The
goal now is to prove that Ny is Schur-closed. Choose a vertex a and define

1
F; = ; a/z’(VVi/a)T-

This is a rank one matrix. We have

1

Fify = Wa/iWisa) Wayi(Wisa)".
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Here,

(Wi/a)TWa/j = (Wei o Weg_))T (Wea o Weg-_)>
= Dyt (We,)T(We;)™) Dy,

== véi,j.

It follows that F;F; = ¢, ;F;. Since tr(F;) = 1, we have tr (> F;) = n, and so
2
(Sr) -5
Y1

Hence

Lemma 8.3. If M € Ny then

M = Z G(M)a,zE

Lemma 8.4 (Nomura). We have

®W<M)(WT)T/S = UMS,T(WT)T/S'

This implies that Oy (M) € Nyr and Oy (Opr(M)) = vMT.
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Dual bases

If z1,...,20 € C*and v,...,ys € C% and
(Yi, Ti) = 61

then {y;} is a dual basis for {z;}. In this case the x;y; are idempotents and the sum to
the identity. Also distinct idempotents are orthogonal.

Example. A Schur invertible matrix W is type-II if and only if the columns of W) are
a dual basis to the columns of W.

Suppose W is type-1I of order v x v. We define rank-1 matrices
1
Fij = ;Wz’/j(Wj/i)T-

Then F;; = %J . These matrices are idempotents and

E,rﬂ,s =0, Fr,i-/rs,j = 0.

Also
IETETED Y
Note that
Fiy = Fii
‘Fi(,;‘) _ UQ.F]"Z'

Theorem 9.1 (Nomura). If M € Ny then Oyr (0w (M)) = vM?T.

Proof. Assume M € N'. Then

MF;; =0O(M);;Fi;

37
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and, summing this over ;7 we have

Then
My, == LR e
= g: 2]: O(M);; S//ij
oM gt = Z (M), vaj
O
Consequences

e Oy and Oy r are invertible.
e Ny is closed under transpose.

e Since im(Oyyr) is Schur closed, it follows that Ny, is Schur closed. Hence Ny is
the Bose-Mesner algebra of a scheme, and so is Ny r.

To do

e The last equations are disturbing to look at. Try to write them more neatly.
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Magic unitary matrices

A magic unitary matrix is a n X n matrix whose entries are d x d projections such that
each row and column sums to I;. The projections in a row or column are orthogonal.

Example. Any permutation matrix.

Lemma 10.1. If P is a magic unitary matrix, it is unitary.
Proof. Exercise. O

We will also be concerned with the case where we use idempotents in place of projections.
Graphs X and Y with V(X) = V(YY) = v are quantum isomorphic if there is a magic
unitary P such that

(AX)®I)P=PAY)®1I).
Since P is invertible, A(X) ® I and A(Y) ® I are similar and so X and Y are cospectral.

Lemma 10.2. If P is a magic unitary with index d, then P commutes with J ® I;.

Proof. Exercise. O

Corollary 10.3. If X and Y are quantum isomorphic, they are cospectral with cospectral
complements.

Lemma 10.4. If M ® I anf N ® I commute with P then so does M o N.

Proof. The (i, j)-block of (M ® I)P is

Z Mi,rPr,j

r

39
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and by hypothesis this is equal to the (i, j)-block of P(M & I):
Z Ms,jPi,s-

We have corresponding expressions for N ® I and
Z Mz',rP'r,j Z Ni,sPs,j = Z(M)i,rMi,r>Pr,j-
Similarly
Z M'r,jpi,r Z Nr,j[)i,r = Z Mr,er,ij,r-

O

A coherent algebra is an algebra of matrices that is closed under transpose, contains J
and is Schur-closed.

Example. The commutant of a set of permutation matrices.

A coherent algebra has a unique basis of Ol-matrices. If I is an element of this basis,
the algebra is homogeneous. Any matrix generates a coherent algebra. If X and Y are
quantum isomorphic, the coherent algebras they generate are isomorphic.
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Type-11I matrices and magic unitaries

The v? X v? matrix F with (i, j)-entries equal to F;; is the matrix of idempotents. Since
.ETJ = Fj; we see that F is symmetric. If 7 is partial transpose, then

F—Lr0
02
Let Sacton V@V by S(u®v) =v®u. Then Fyr = SFyS. (Exercise.)

Theorem 11.1. If W is type-II, then Fy is type-11. If in addition, W is flat, then F is
flat and is a magic unitary.

Proof. Exercise. O

For matrices A and B let [A, B] := AB — BA. Note that [A, B] = 0 if and only if A and
B commute.

Theorem 11.2. Assume W is type-1I with matrix of idempotents F. Then the set of
matrices M such that [I @ M, Fw] = 0 is Nw and the set of matrices N such that
[N@],fw] =0 .iSNWT.

Proof. The (i, j)-block of (I @ M)F is MF,;; the (i,j)-block of F(I ® M) is F; ;M.
So I ® M and F commute if and only if M commutes with all idempotents F; ;. So
[(I® M), F] =0if and only if M € Nyy. O

We have F;; = W;/;(W;;)" and F = (F;;). We denote by §;(M) the diagonal matrix
fromed from the i-th column of M. Then W;/; = 6i(W)We§-7) and

Fij = 6(WYWel (Wejy)Ta,(w)~.

Remark. (F;;)rs = (Frs)ij

41
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Remarks and Questions

1. What is the commutant of Fy,? It contains Ny @ Myyr. Could it be equal to this?
2. Could we have Fyyr = S(W @ WT)?

3. Characterize the magic unitaries equal to Fy for some flat type-I1T W.

4. Is there a nice relation between Fy and Fyr?

5. How does © play with Fy,? Can we prove Nomura'’s identity,

(Owr(Ow(M))) =vM"?

6. If W is a real Hadamard, then Fy is a Hadamard matrix of Bush type.

7. If Fi; € Ny then O(F;;) is a permutation matrix, so they are dual permutations.
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Spin models

12.1 Knots and braids

We will not give a formal definition of a braid, but define them by illustations. Figure
shows a braid on eight strands.

/Kxj
/A%/h

There is only one braid on one strand but infinitely many on two (or more) strands (see

Figure [12.2]).

N—

VA

/

Figure 12.2: Four distinct braids on two strands

-~
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The set of braids on n strands forms an infinite group, B,. The identity of this group is
obvious, and it is not too hard to see what the multiplication looks like. To see that every
element has an inverse, we note that the braid group, B,, is generated by n — 1 elements,
01,...,0n-1, shown in Figure [I2.3] Their inverses are depeicted in Figure [12.4

In Figure we have the identity of By to the far left, then oy, 0? and o3 respectively.
Note that oy has infinite degree.

The generators for a general braid group is depicted in Figure [12.3]

40 0 T IR VA I Y
/ / /

Figure 12.3: 01,09,...,0,_1

Now it is not too hard to see what the inverses of these elements are (see Figure [12.4)).

20 R N TRV I
\ \ \

Figure 12.4: o', 05" ... 07!

Given an arbitrary braid, 3, the corresponding link is shown in Figure [12.5

) B

Figure 12.5: Link of a braid
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Question. When do two braids give the same link?

Let 8 be an arbitrary braid. The following two operations preserve its link (here, 7 is any
arbitrary braid):

Figure 12.6: Link-preserving operations

Theorem 12.1 (Markov). Two braids have the same closure if and only if they are
related by a sequence of these operation.

If we have a finite dimensional matrix representation, ®, of B,, then the map

B = tr(®(5))

will give a link invariant if it behaves nicely under the second Markov move.

12.2 Braid relations

There are two sets of relations on the generators of B,,:
(1) 005 = 0;0; if |Z —j| > 1.
(2) 0,0410; = 0,410:0441.

We call this second identity the braid relation.

If aba = bab then
(aba)? = abaaba = ababab = (ab)?.

If we have p(a) = (12) and ¢(b) = 23, then

(12)(23)(12)

(23)(12)(23).
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12.3 A generalization of the Nomura algebra
Let A and B be two n x n matrices. Then
Nap={M: Ae; o (Bej)(’) is an eigenvector for all 4, j}

(so if A exists, then Ny = NAyA(f)). If M € Nyp then ©4 (M) is the matrix of
eigenvalues of M. We have

@A,B<MN) == @A,B(M) o ®A,B(N>‘
Again, N p is a matrix algebra and © 4 5(N4 g) is Schur-closed. As before, ©4 5(I) = J.

Lemma 12.2. If A~' and B exist then N p is a commutative matrix algebra.

Proof. Exercise. O

Lemma 12.3. W is type-II if and only if J € Ny y ).

12.4 Braid relation

Let A, B,C by n x n matrices and define linear maps on Mat,,,,(C) by
Xu(M) =AM, Ap(M)=BoM, Yo(M)=MCT.
Using the isomorphism Mat,, ., (C) — C" @ C" we see that

Xa=1®A
Ye=C®I

Ap - diagonal operator.
If Ae Nyp, At exists, ©4 5(A) = B and

XaApXa = ApXaAp,

then the map
g1 — XA, g9 — AB

is a braid representation.
Lemma 12.4. Suppose A, B € Mat,»,(C). Then R € Nyp and S = ©4 5(R) if and

only if
XRABXA = ABXAAs.
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Proof. Apply each side to e; ® e; (note that Ay(e; ® e;) = M, j(e; ® €;)). Then
XAeie;fF = Aeie;fr
ApXaeie] = Bo (Aee])
= (Bej o Ae;)e]

XRABXAeieJT = R(Be, o Aei)ef. (12.1)
On the other hand,
Ageie;‘»r = Si,jeie;r
XAASeie? = SmAeie?
ABXAASeie;‘.F = 5, j(Bejo Aei)ejr. (12.2)

Comparing ((12.1)) and (12.2)), yields the result. O

Relative to the trace inner product,
(Xa)" = Xur, (Ap)"=Ap
Theorem 12.5 (Exchange relation). Let A, B,C,Q, R, S be v X v matrices. Then
XaApXe = AgXrAsg
if and only if
XaAcXp = ApXgAgr.

Proof. Apply each expression to eieJT. [

Theorem 12.6. Let A be a v x v type-II matrix. THen © 4 is a bijection from N, to
Nyr and if R € Ny then © 4r(Qa(R)) = vRT.
Proof. Suppose R € Ny and ©4(R) = S. Then
XrA X4 = Ay X4Ag

and the transpose of this is

XarA g Xpr = Asg X r Ay
If we apply the exchange identity to this, we get

XarApr X g) = Aur XgA yor
Multiply this on the left by A 4)r and on the right by X ,-)-1 to get

XsA jr X g-1 = A yyr Ayr Apr.
As A1 = %AT, this yields
XA jor Xar = Ay yr XarAygr.

Hence S € Nyyrqr = Nyr and © 47 (S) = vRT. O
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12.5 Duality

We say that W is a spin model if W € Ny,. If W € Ny then WT € Ny and Oy (WT) =
WET, Hence

Denote either side of this by A
Theorem 12.7. If R € Ny and S = Oy (R) then
A 'XpA =Ag, and A 'AgrA = Xp.
Remark. If X;ApX4 = AgXAp then
(X4AB)? = X A XAApX4Ap = (X4ApX4)?

from which it follows that (X,ApX4)? commutes with X,ApX 4 and X4Ap, and hence
it commutes with X4 and Ap.

Proof. Since R and W7T commute,

A71XRA = XW—lAWXW—TXRXWTAW(,)XW
== walAwXRAW(—)XW
= Ag.

Similarly, AT'Agr A = X5. ]

If A_IXRA = Ag and A_lASTA = Xg then
A2AgrA? = Ag.

Similarly, A=2XzA? = Xgr. In consequence, A* commutes with X5 and Ag.

If A7'XzA = Ag then
S = Ag(J) = A XgA(J)

and here
AT) = Ay XwAyor(J).

Since W € Ny, its diagonal is constant and so
AW<7)XWAW(7)T(J) = AW(f)XW(W(f)T)
= Ay (W)
= ’UAW(f) (I)
= 0ol

for some 4. Therefore S = A~(R).
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To do

e Try to illustrate links.
e Define links (maybe pictures are enough).

e There are two sections with the name Braid relation.
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Galois theory

13.1 Bose-Mesner automorphisms
A linear map ¢ : C[A] — C|A] is a Bose-Mesner automorphism if

(a) (MN)¥ = MYNY
(b) (Mo N)¥ = MY¥o NY.

It follows that
(¢) 1 is invertible.

Since J o J = J, we have
JVo JV = Jv

and so JY is a 01-matrix. As J? = vJ,

vJY = (J¥)?
and thus J¥ = J.
Next, (A,)¥ is a 0l-matrix and as J = > A,,

Jh=Y"AY

and therefore ¢ must permute the minimal Schur idempotents. This means that 1) maps
a basis to basis, whence it is invertible (so (c) holds).

Claim: (A;A;) oI # 0 if and only if A; = A?. (Exercise)
It follows that

o1
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(d) (M*)¥ = (M?)* for all M € C|A.

Example. The transpose map.

Let A be an association scheme, let L be the splitting field generated by the eigenvalues
and let K be the field generated by the Krein parameters. We define I' := Gal(L/Q) and
H = Gal(L/K). Then H <T.

If o €T and M, N € L[A] then (MN)° = MoNo and (M o N)? = M° o N? but o is not

a Bose-Mesner automorphism - it is not linear.

If 7 € T, define a map 7 on L[A] as follows: if

M = ZMiEi

M™ =) wE].

then

This is linear over L.
Example. If 7 is complex conjugation, then 7 is the transpose.

Theorem 13.1. Let A be an association scheme with splitting field L. If T € Gal(L/Q)
then 7 is an algebra automorphism if and only if T fixes K (i.e. 7 € H).

Proof. There are a number of steps.
(1) If M € L[A] and M = }_ p; E; then since £} = E; we have
(M) = WiE] = (M)
J
(2) As noted above,
(MN)? = M?N°,
(MoN)”=M°oN°
Since (E;)7(E;)" = (E;E;)7, we have
(MN) = M"NT™.

(3) We show that 7 commutes with Schur multiplication if and only if 7 € H. On one
hand,

;1 #
(Ei o Ej) :;Zqi,j(r)Er

= % > i i(r)E]



13.1. BOSE-MESNER AUTOMORPHISMS 93

while on the other hand,

= (E;0 ;)"
1

= =N g ET
v q?](r) T

So 7 commutes with Shur multiplication if and only if ¢; ;(r)” = ¢;; for all 4, j, .

Lemma 13.2. H < Z(I').

Proof. Assume o € I’ and 7 € H. Then
oT TO 1 N\NOT
EjT = L7 = ;Z%’(Z) A;
and similarly,
To TO 1 N\TO

Next,
(Z qj<z'>Ai> = > a4}

Here the first term is £77 and the second is E]7 hence ¢;(1)7" = ¢;(1)7 for all i,5. [

Theorem 13.3. Let A be an association scheme with splitting field L and let H =
Gal(L/K). Let F be a subfield of L that contains K Then the matrices in L[A] with
eigenvalues and entries in F' are the subscheme fixed by elements of Gal(L/F).

Proof. Let F be the set of matrices in L[A] with eigenvalues and entries in . If M € L[A]
and M = > p; E; then

M7= R

It follows that 7 fixes M if and only if 7 fixes the eigenvalues of M. m
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Distance regular graphs

A graph with diameter d is distance regular if its distance matrices form an association
scheme.

Example.

e Strongly regular graphs.

e Cycles.

Johnson graph, J(v, k).
e Hamming schemes, H(n,q).

Bilinear forms.

e Grassmann

Lemma 14.1. If A is an association scheme with d classes and Y is a graph in the
scheme, then diam(Y) < d. If equality holds, then Y is distance regular.

A scheme with d classes is metric (P-polynomial) if some graph has diameter d.

14.1 Three-term recurrence
Assume A is metric relative to X;. Then there are polynomials, pg, ..., pq such that
AT‘ = pr(Al)

and deg(p,) = r. The product, A; A, is a linear combination of A, 1, A, and A, ;. Define
scalars, a;, b;, ¢; such that

AlAz' = bi—lAz’—l + aiAi —+ Ci+1Al‘+1,
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or equivalently,
1

Cit1

A =

((Al — CLZI)AAz — bi—lAi—l) .

14.2 Distance partitions

There is a module isomorphism from C[A] — C**! given by
M — Me, ueV(A).

(Think of u as the first vertex, so Me, is the first column of M.)

The vectors A;e, for i =0,...,d are linearly independent. Set
N = [Aoeu, ..., Agey).

(Delsarte called this the “outer distribution matrix”.) The column space of N is A;-
invariant, hence A-invariant. But N is a characteristic matrix of the distance partition
relative to w. Thus this partition is equitable. If 0, denotes this partition, then

(a) 0, is equitable for each u € V.
(b) The quotient X/0, is independent of u. (V(X/0,) ={0,1,...,d}.)

Claim: If (a) and (b) hold for some graph, then X is distance regular. Since 9, is a
distance partition, X/0, is a weighted path.

Since 0, is equitable, there are (d + 1) X (d + 1) matrices
Bo..... B,
such that
This is a homomorphism from C[A] to Mat (g4 1)x(a+1)(C); in fact an isomorphism.
We calculate

AjAjeg = (bi1Aim1 + aiAi + civ1Airr)eo

=bi1A;i1e0 + a;Ajeg + cir1Aiieo

which implies
0 by O
1 aq bg N
B, = | = AX/0.).

0 Cy Q9
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Lemma 14.2. Let X be distance regular with diameter d. Then

(a) bg > by >+ > by

(b) 01§CQ<---<Cd

(c) The sequence vy, ..., vy is unimodal.

Proof. Exercise. [

14.3 Completely regular subsets

Suppose A is a scheme and C' C V(A) with characteristic vector . Let C; denote the
set of vertices of A that are i-related to a vertex in C' (so Cy = C'). We say that C is a
completely regular subset of V(A) if the partition {Cy, ..., Cy} is A-equitable.

Example.

1. C'is a vertex in a distance regular graph.
2. X is distance regular and C' is the set of vertices at distance d from u.

3. C'is a coclique in a strongly regular graph X and |C| meets the ration bound, then
C' is completely regular.

To do

e We use 0 for the distance partition. I think I used § for the same later. Find it and
change it.

e We haven’t defined i-related.

e In the definition of a completely regular subset, is {Cp, ..., Cy} necessarily a parti-
tion? Should C; be the set of vertices at distance ¢ from C?
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Imprimitivity

An association scheme is primitive if X1, ..., X are connected, otherwise it is imprimitive.
(Our main interest will be metric schemes.)

Example. If A is metric and X is bipartite, then A is imprimitive.

Suppose A is a scheme and X, is not connected (r # 0).

Lemma 15.1. A connected graph X is regular if and only if there is a polynomial, p
such that p(A) = J.

Given this, there is a polynomial, ¢ such that ¢(A,) is block diagonal with each block equal
to J. Since ¢(A,) and J commute, it follows that all components of X, have the same
size. An immediate consequence is that the partition by X,-components is A-equitable.
Let K = q(A,) be the block-diagonal matrix of J’s.

Claim: The matrices A; such that A; o K # 0 sum to K, and generate a Schur-closed
subalgebra of C[A]. (Exercise.)

The components of X, are completely regular subsets.

15.1 Imprimitivity in distance regular graphs

Theorem 15.2. If X is distance regular, imprimitive and not a cycle, then either X is
bipartite or antipodal.

Remark. In the second case X, is not connected, it is a disjoint union of complete graphs.

Proof. If X, is not connected, then either X is bipartite or complete multipartite (exer-
cise). Now assume X is imprimitive, X; and X, are connected and let r be the smallest

29
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number such that X, is not connected. We show that if » = d then X is a cycle. We say
X has (7,7, k) triangle if p; ;(k) > 0.

We consider three cases:

(a) a, = 0. Suppose not. Then there is a (1,r,7) triangle and so p,,.(1) # 0. Let u be a
vertex and let C' be the component of X, containing u. We can assume u is adjacent
to v in X;. It follows that each neighbour of v in X; lies in C. Since X; is connected,
this is impossible.

(b) b,y = 1. If b,_; > 1 then there is a (2,r,7) triangle in X;. Since X5 is connected
this is impossible.

(¢) ¢ry1=1. If ¢;41 > 1, there is a (2, r,r) triangle and again this is impossible.

Now,
1= Cr41 > Cr, 1= br—l > br

and so
b,=c¢.=1, a.=0
and therefore the valency of X is 2.
Suppose X, is not connected, and d > 3. Then each vertex is adjacent to at most one

vertex in any Xg-component that does not contain it. If u is adjacent to v in a second
component, then it is at distance d — 1 from the remaining vertices in that component.

Assume u ~ v and x is in the X -component of X; that contains u. Then we have a
(d,1,d — 1) triangle. Hence there must be a triangle

and so if two components are joined by an edge, they are joined by a matching. O]

We will refer to the components of Xy, d > 3 as fibres.

Lemma 15.3. FEach fibre is completely regular - the distance partition relative to a fibre
is equitable.

If C C V(X) for some X then the covering radius of C' is
min{dist(z,C) : z € V(X)}.
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The packing radius is the maximum value of r such that balls of radius about distinct
vertices in C' are disjoint. A code is perfect if its packing radius is equal to its covering
radius.

Claim. A fibre in an antipodal distance regular graph is a perfect code (Exercise).

To do

e Should the definitions of covering / packing radius and perfect code be moved to
chapter 19 - Codes? (We haven’t defined codes yet.)






Chapter 16

Orthogonal polynomials

A distance regular graph can be viewed as a combinatorial realization of a family of
orthogonal polynomials. We use inner products on the vector space of real polynomials.

Example.

L ta) = [ pltlgtea
2. (p,q) = Zwip(ﬁi)q(é’i), where w; >0, Y w; =1

3. (p,q) = tr(p(A)q(A)), for a symmetric matrix, A.
4. (p,q) = tr(p(A)q(A)M), for a symmetric matrix, A and a positive semidefinite

matrix, M.

The inner product must satisfy

(a) (tp,q) = (p,tq)

(b) If f > 0 then (1, f) > 0 and if equality holds, f = 0.

Note that (a) says that multiplication by ¢ is self-adjoint. Given an inner product we can
apply Gram-Schmidt to the polynomials 1,¢,¢2, ... and obtain a sequence of orthogonal
polynomials pg, p1,.... We can normalize the latter sequence; three typical ways are

L. <pn>pn> =1

2. pn(a) =1 for some specified a.

3. pp is monic for all n.
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16.1 Real simple

Suppose (p;)r>o is a sequence of orthogonal polynomials. Then for each n the zeros of p,
are real and simple.

Lemma 16.1. Let (p,),>o be a sequence of orthogonal polynomials. If f(t) | p,(t) and
f(t) >0 then f is constant.

Proof. Note that (p,,t™) = 0 if m < n by construction. Suppose p, = fq. If deg(q) < n,
then

0= (pn,q) = (fa.a) = (L. f&*).
But f¢* > 0, hence f¢* = 0. O]

16.2 Three-term recurrence
Assume (p,)n>0 is a sequence of monic polynomials. Then
tPn = @oPn+1 + @1Pp + -+ - 4 Any1Do-
Since p, and p,; are monic, ag = 1. Next,
{tpn, Pm) = (Pn, tpm)
and hence (tp,, pm) = 0 if m < n — 2. So one expression for tp, can be written as
tPn = P41 + GnPn + bnpn—1.

Equivalently,
Pny1 = (t - an)pn - bnpnfl-

The matrix representing multiplication by ¢ is

a 1 0 0
b1 aq 1 0
0 b2 a9 1

0 0 bg (05}

We can express a,, and b, in terms of (p,, p,) and (tp,, pn). Assume (p,),>o satisfies
Pn+1 = (t - an)pn - bnpn—l-
Taking inner products with p,, yields

(tPn: Pn) — (P, Pn) = 0
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whence a, = (tpn, Pn)/{Pn, Pn). Next, take the inner product with p,_1,

0= <tpn7pn—1> - bn<pn—17pn—1-

Here
<tpmpn—1> - <pmtpn—1> - <pmpn>7
and so
b (PnDn)
" (Pue1, Pat)

16.3 Tridiagonal matrices

If T is given and ¢, is the characteristic polynomial of the leading r x r submatrix of T
then

Qry1 = (t - aT‘)QT - err—l

and hence ¢, = p,.

Lemma 16.2. Suppose D is diagonal with positive diagonal entries and S = D™'TD.
Then

Sit1,i i1 = Tig1i Tiipr  and  S;; =Ty,

This implies that tridiagonal matrices give sequences of polynomials satisfying a 3-term
recurrence. If X is distance regular, u € V(X) and 4, is the distance partition relative to
u, then X/6, is a weighted path and A(X/d,) is tridiagonal.

It is always possible to choose D so that D~'T'D is symmetric. In fact, if By = 1, and

5., = I
j=1

then
ap \/E 0 0
\/E ai \/E 0
B-l2pRl/2 — 0 by as b3

00\/Ea3

One consequence of this is that the zeros of p,_; interlace the zeros of p, and that
ged(pn-1,pn) = 1.
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16.4 Eigenvectors

We have the equation

0
Po Po .
T =1 : — pd(t) O
Prn-1 Pd—1 1
and thus if pg(f) = 0, then
po(0)
pn—l(e)

is an eigenvector for 7' with eigenvalue 6. Let 7' be the symmetric form of T'; assume
T = B7'*TBY?

so if Tz = Az then
TB Y2y = B2,

Set

G (1) P (1)

If 0,7 are distinct eigenvalues for T' then the vectors ¢(f) and ¢(7) are orthogonal. It
follows that

Z pr(gpr(’]—) = 0.

In other words, the matrix, ((1(91) e (j(@n)) is orthogonal, hence its rows are orthogo-
nal, i.e.

S p0)a0) =0, (r#s).
0
This translates to an orthogonality relation on the polynomials p,,

S wep O)pa(0) =0, (r#5).



Chapter 17

Locally distance regular graphs

A graph X is locally distance regular if the distance partition d,, relative to the vertex u
is equitable for all w.

Theorem 17.1. Let T be an nxn tridiagonal matrix with polynomial sequence py, . . . , pn
(so p, = det(tl —T')). Then these polynomials are orthogonal relative to

(p.a) = tr (p(T)q(T)eoey ) -
Proof. Exercise. O
If we have an inner product on then we call
(1,t"), n>0

the moment sequence. Note that if

(p,g) = / p(t)a(tyw(t) dt

then (1,t") = [¢"w(t)dt. The moment sequence determines the polynomials. Now
suppose X is a graph, u € V(X)) and the distance partition is equitable. Let T'= A(X/4,).
Then T is tridiagonal.

Lemma 17.2. W, (X, t) = W, ,(X/d,,1).
“Proof”. |[Tikz] O

Note that the number of closed walks at u of length m in X/é, is
el T™me, = tr(T™eyel).
So the coefficients of W, ,, are moments.
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Theorem 17.3. If X is locally distance regular then either

(a) X is distance regular, or

(b) X is bipartite and semiregular and its halved graphs are distance regular.

Denote by k, the degree of u.

Lemma 17.4. Suppose X has diameter d, u € V(X)) such that §, is equitable and v ~ wu.
Then

1
(ey, ATey) = k—(eu,A’"“eu).
Proof. Let U be the cyclic module generated by e, — i.e., the span of the vector A”e,,

r > 0. Let z; be the characteristic vector of the i-th cell of §,,. Then the vectors z; are an
orthogonal basis for U. If u € R", the projection of w onto U is

p <Zi, Zz)

If v € V(X) and dist(u,v) = j then

vy ~J 1
6y = G Zj>zj _ -,

Zj7 Z]> <Zj, Z]
and if v ~ u then 1

év - k_uAeu
Hence 1 "

<6U’Areu> = <év,Ar€u> = —<Aeu7A""€u> _ <e’u7 € >
k., k.
O
If 0, is equitable, it follows that
u Ar-‘rl v " Ar—i—l .
{ew, A eu) _ (en, A" ey) -

ku ky ’

If w and v have the same valency then
(eu, ATey) = (ey, Aey)

for all » > 0. This implies that if X is locally distance regular and regular then the
quotients X/d, (u € V(X)) are equal. Hence X is distance regular.

Suppose v, w ~ u and u and v have exactly a neighbours in common [Tikz]. Since the
neighbourhood of w is regular, w has exactly a neighbours in common with u, and as ¢, is
equitable, w has k, — 1 —a neighbours at distance two from u. Therefore, deg(w) = deg(v)
and so the vertices at distance two have the same valency (X, is regular).
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Spectral excess

This theory is based on work by a bunch of people, centered on Fiol and Garriga []. Sup-
pose X has n vertices and eigenvalues 6y, ..., 6;. Then there are orthogonal polynomials
pr relative to the inner product

(p,q) = tr(p(A)q(A)).

It will be convenient sometimes to view p and ¢ as polynomials on {6y, ...,60;}. We scale
our orthogonal polynomials so that

tr (pi(A)?) = npi(6o).
For this to work, we need
pi(6)) #0 for i=0,1,...,d

but if p;(6y) = 0 then (6p — t) is a non-negative factor of the orthogonal polynomial p;.
Hence, p;(0y) is not zero. We note that py and p; are multiples of 1 and ¢. Further, if
j > 1 then p;(A) o Aj = 0. Hence A; = A(X;); we are not assuming that X is distance
regular.

Lemma 18.1. If X is distance regular, then p;(A;) = A;.

Lemma 18.2. If X is regular and has girth g, and 2i < g, then p;(A) = A;.

Proof. Exercise. O

Theorem 18.3. Assume X has and exactly d 4+ 1 distinct eigenvalues. If the spectral
idempotents are Ey, ... E4 then
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Proof. Let m; be the multiplicity of §;. Then p,(A)E; = p;(§;)E; which implies that
tr(pi(A)E;) = m;p;(6;). Consequently,

AT (a) = 30 ), )

(pi(A),pi(A)) npi(6o)

d
J

=0
In particular, mg = 1, thus

Fo= 3" pi(4).

If i < d we have Ao p;(A) =0, so this implies that
1
Ad o} EO == EAd Opd(A>

Assume X is regular, then > p;(A) = J. Now assume that the number of distinct eigen-
values D is equal to the diameter, d. Then

pi(A)o A; =0, ifj>i.
It follows that Ay o py(A) = Ag, hence we can write
pi(A) = Ag+ S
where Aj0S5 = 0.

Theorem 18.4 (Fiol & Garriga). Suppose X is k-regular, has diameter d and d + 1
distinct eigenvalues. Then py(k) > %sum(Ad) and if equality holds then p;(A) = Ag.

Proof. Let kg = L sum(Ay). Recall that (pi(A), pi(A)) = np;(k). Then

npa(k) = (pa(A), pa(4))
= (Ag+ S, A+ 5)
=sum((Ag+ S) o (Ag+9))
= sum(AS? + Ago S+ S o Ag+ S°?)
= sum(Ay) + sum(S°?).

]

Corollary 18.5. If X is k-regular with diameter d and py(k) = l%d, then X is distance
regular.
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Proof. The polynomials, po, ..., pq satisfy a three-term recurrence. There are polynomi-
als, pg, - - ., pj; such that

Pa-s(A) = pPi(A)pa(A) = p(A)(Aqg).

If r <d— s, then
<Arapdfs(A)> = 0.
Also, if r > d — s, then (A, pg_s(A)) = 0. Therefore

Adfs = p: (A)Ad = pdfs(A)-
]

Lemma 18.6. Suppose X is connected, k-regular with D + 1 distinct eigenvalues and
girth g. If ¢ > 2D — 1 then X is distance regular.

Proof. If r < D, then p,(D) = A, (induction). Also, there is a polynomial ¢ of degree D
such that ¢(A) = J. It follows that A, is a polynomial in A; of degree at most d. O
18.1 Twisted Grassmann graphs

The Grassmann graph J,(d, e) has the e-dimensional subspaces of V(d, ¢) as its vertices
and two subspaces are adjacent if their intersection has dimension e — 1. In particular,

Jo(d,1) = Kiq, where [d] =

The Grassmann graphs are distance transitive. They are g-analogs of the Johnson graphs
J(d,e). We define

q" —1
==k o=
(]! =[n]ln 1! n>1
[n} _ [n]!
k|l [k n— KU

The last is the g-binomial coefficient and [n]! is the g¢-factorial. The number of k-

dimensional subspaces of V(n,q) is [}].

Remark.

(a) [}] = [n]; this is the number of 1-dimensional subspaces of V (n,q).
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() [} ="+ [oy] and [] = ¢"[".'] + [24]. check!

From these recurrences, we can prove the claims about subspaces.

We define a graph related to J,(2e+1,¢e). Let V = V(2e+1, q) and let H be a hyperplane
in V. Then vertices of our new graph are

e the (e + 1)-dimensional subspaces of V not in H, and

e the (e — 1)-dimensional subspaces of H.
The edges are as follows,

e If a, B are not in H then a ~ f is dim(a N ) = e.
e [f visnotin H and g < H, then a ~ fif § < a.

o If a, < H then a ~ g if dim(anNf) =e — 2.

We call this the twisted Grassmann graph and denote it by G.

Theorem 18.7 (Koolen, Van Dam). The twisted Grassmann graph is distance regular
with the same parameters as J,(2e + 1,e + 1).

We have
\V(@)!={d_1]+{ I }—{d_l], (d=2e+1).

e—1 e+1 e+1
d d - 1 . d—6—1 d - 1
e+1 e+1| 1 e
by the first recurrence. Now,
d—1 d—1 d
pr R A |
e—1 e e
We construct a partial linear space. Let V and H be as above. The points are the
e-dimensional subspaces of V. There are two sorts of lines,

Here,

(a) the (e + 1)-dimensional subspaces not in H,

(b) the (e — 1)-dimensional subspaces in H.
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The lines in (a) are incident with with their own subspaces and the lines in (b) are incident
with the e-dimensional subspaces of H that contain them. Note that the number of points
is equal to the number of lines.

Claim. If « and g are points, they are collinear if and only if dim(a N g) =e — 1. (So
the distance-two graph on the points is J,(d, e).)

Claim. The distance-two graph on the lines is G.

We have J,(d,e) ~ J,(d,d — e). We can use a non-degenerate bilinear form to produce
an explicit isomorphism.

To do

e (Citation missing






Chapter 19

Codes

A code is perfect if its packing radius is equal to its covering radius. An e-code is a code
with packing radius e. If the code C has a packing radius e, then the minimum distance
0 of C is at least 2e + 1.

By way of example, a perfect 1-code in a k-regular graph is a subset of C of the vertices
such that any two vertices in C are at distance at least 3, and the “balls” of radius partition
the vertices of the graph.

Example. A fibre in a drackn.

If C is a perfect 1-code, then the partition (C, V(X)\C) is equitable with quotient
0 k
1 k—-1)°

Lemma 19.1. If X is regular and contains a perfect 1-code, then —1 is an eigenvalue. If

the valency of X is k, the size of the code is ‘:(Jer”

Here, —1 is an eigenvalue.

Delsarte’s temptation: there are no perfect 1-codes in J(v, k). (True if v < 22%0.)

The Hamming graphs contain perfect 1-codes in some cases. Assume X = H(n,2) (binary
codes), and suppose there is a perfect 1-code. Then

(a) —1 is an eigenvalue of H(n,2) if and only if n is odd.

(b) If a perfect 1-code exists, then n + 1 | 2"
If (b) holds, a perfect 1-code exists, in fact a linear code. Let G be the n x (2" — 1)
matrix with distinct non-zero binary vectors as its columns. Let C = ker(G). Note that

rank(G) = n and so |C| = 27! —n.
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Claim. The minimum distance of G is three.

We have equality in the sphere-packing bound, so C is perfect. There are (many) perfect
1-codes that are not linear. If C is a perfect 1-code, then the words of weight three in C
are the characteristic vectors of the blocks of a Steiner triple system.

19.1 Completely regular codes

A code in a distance regular graph is completely regular if its distance partition is equi-
table. Perfect codes are completely regular.

Theorem 19.2. Suppose C is a completely regular linear code in H(n,q). Then if the
minimum distance is at least three, the quotient of H(n,q) over the cosets is a distance
regular graph.

Proof. The key is that each vertex in the quotient is completely regular. Since the quotient
is regular, it is distance regular. O

19.2 Outer distribution matrix

Let C be a subset of V(X) with characteristic vector z¢. Assume we have an association
scheme with d classes on V(X). The outer distribution matrix N is

(Aol’c cee Adl'c) .
The column space of N is A-invariant — it is the cyclic module generated by z¢.

The vectors Ejz¢, (j = 1,...,d) that are non-zero form an orthogonal basis for col(V).
The dual degree s* of C is rank(/N) — 1. (If C is linear, s* is the degree of the dual code,
ct)

Lemma 19.3. Let C be a code in a distance regular graph with covering radius t and
outer distribution matrix N. Then N has at least t + 1 distinct rows, and equality holds
if and only if C is completely regular.

Proof. The supports of the vectors (A + I)"x for r = 0,1,...,t are a strictly increasing
sequence of subsets of V. Thus N has at least ¢ + 1 distinct rows, and these rows are
linearly independent. Therefore t + 1 < s* 4+ 1, and so t < s*.

If the distance partition of C is equitable, relative to X7 then it is an equitable partition
of X, for r = 1,...,d. Because the scheme is metric relative to X, it follows that the
vector

(S;(n) N Co){_,
is determined by dist(u, Cy). But the vector is the u-row of N. Hence if C is completely
regular then ¢ = s* and N has exactly ¢ + 1 distinct rows. O]
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Lemma 19.4. The column space of N is spanned by the first s* + 1 columns or by the
first s* columns and 1.

Proof. 1f i < d with A;x € span{x, Ay, ..., A;_1x}, then rank(N) =i so i = s* 4+ 1. For
the second part, suppose

J
i=0
Then ¢(A;)z = 1, where deg(q) < j and if [ # 0,
0= Elﬂ = q(@l)EliL'

There are s* + 1 values of [ such that Ejx # 0. Here, ¢ vanishes on s* + 1 eigenvalues so
deg(q) > s* + 1. O

Theorem 19.5. Let C be a code in a distance regular graph with minimum distance
and dual degree s*. If § > 2s* — 1, then C is completely regular.

Remark. (a) Since r < s*, we have 6 < 2s* + 1

(b) If § = 2s* + 1, then C is perfect.

Proof. We first prove that s* =r. We have 2r +1>§ > 2s* — 1 and so s* > r > s* — 1.
But if r = s* — 1, then 2s* — 1 = 6 = 2r + 1 and so C is perfect, implying » = s*, a
contradiction. Thus r = s*.

Now, since the 6 > 2r — 1, the balls of radius » — 1 about the vertices in C are pairwise
disjoint. If i <7 —1 and u,v € C, it follows that el N = el N.

If dist(x,C) > r — 1 then dist(x,C) = r, so Nx; = 0 for i = 0,...,r — 1. It follows that
N has exactly r+1 distinct rows. Consequently, C is completely regular. m

19.3 Perfect codes in H(n,?2)

If there is a perfect code in H(n,2), then

1. |c|| 27,

2. p(X/0(C),1) | p(X,1)
Assume that e = 2.

LICl-(T4+n+(3)=2"
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2. (add tikz?)

0n O
AX/0)=|1 0 n—1
0 2 n—-2
t —-n 0 t—n —n 0
-1 ¢t —(n-=-1) |~|t—=m t —(n-1)
0 -2 t—(n—2) t—n -2 t—(n—2)

det (t+n —(n—l))

n—2 t—(n—2)

The zeros of this are £(—24+/4n — 4) = —1£+/n — 1. Since these must be the eigenvalues
of H(n,2), we deduce that n — 1 is a perfect square.

The sphere-packing condition gives n? +mn + 2 | 27!

n?+n+2

4

8

14
22
32
44
58

O ULk W RS

19.4 Linear Codes

If C is linear, H(n,2) is a distance regular graph with diameter e. For e = 2 we have a
strongly regular graph.

If n = 5 we get the Clebsch graph. If n = 10 then v = 56. This is the Gewirtz graph.
(But there is no perfect code.)

To do

e Define packing and covering radius.
e We are using both r and ¢ as covering radius — maybe don’t.
e Everything from Theorem 19.5, go over again.

e [ don’t know if I'm confusing § and 9 in some places.
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Representations

Let X be a graph with an eigenvalue 6 and spectral idempotent E. Let U be the n x k
matrix with columns forming an orthonormal basis of col(E) = ker(A — 0I), so UTU = I

and
AU =60U, E=UU".

Let ug(i) = el U. The map on V(X), defined by
s U@(Z)
is a representation of X. Notice that

Ou(i) =Y " ulj)

i
and
(u(@),u(f)) = (ef U,ejU) = ¢; UU" e = Eyj.
We define . ‘
_ (ug(i), ue(4))
Wy = 7~ v
(ug(i), ug(i))
where r = dist(4, j), and call wy, ..., wy the sequence of cosines belonging to 0.

Remark. wy = 1.

The vector Uuy () is an eigenvector for A with eigenvalue @ which is constant on the cells
of the distance partition relative to the vertex 1. If P is the characteristic matrix of this
partition and

Wo

Wq

79
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then Uuy(f) = Pw and so
0Pw = APw = PBw

whence Bw = fw, i.e w is an eigenvector of B,

0 b 0 O
1 aq bg 0
B = 0 Cy Q9 bg
0 0 C3 Qs

Theorem 20.1. Let wy,...wy be the sequence of cosines for the eigenvalue 6 of the
distance regular graph, X. If 0 is the i-th largest eigenvalue of A, then the sequence has
exactly i sign changes; if © > 2 then the sequence of differences,

(wr — wr+1)f;(1)

has exactly i — 2 sign changes.

Remark. The proof of this theorem includes Sturm sequences.

This implies that the sequence
wo(ﬁl), Ce ,wd<61>

is non-increasing.

20.1 Johnson graphs

Define incidence matrices, W; j(v) indexed by i-subsets and j-subsets of {1,...,v}, by

1 ifaCp

0 otherwise.

(‘/Vi,j)a,ﬂ = {

Define (Z) X (Z) matrices C, by

Cr =W Wy, (r=0,...,k).

As a test case, Cp = J. We need some properties of the matrices W ;.

1. We have

v—1
Wi,jo,k = (l{? . l) Wi,k-

One consequence of this is that row(W;, k) < row(W;, k).
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2. We have
—s—t
WS,kWEk = Z (U > >W3;m,t

v—1i—Kk

Proof of 2. First,

. B vV — ‘O(U5|
(W eWik)as = (k —lauUp|/)

(WiWit)as = ('a : 6')-

(4

One the other hand,

Now,
v—s—t\[lanp]\ _ v—s—k+|ang]
Z(U—i—k))( i )_Z< v—Fk
and
lan Bl =la|+[8] = [aUp]=s+t—|aUp|
and the result follows. O

A consequence of this is that

v — 2t
Wl =>" ( ) WWis.

v—Fk—1

Note that W;; = I and the right hand side is positive definite. Therefore vk(W, ;) = (3).
We have

(Cr)a,ﬁ = (WZkWnk)a,ﬁ = (|Oé : m),

-5 ()

Jj=i

hence

and thus Cy, ..., Cy lie in the Bose-Mesner algebra of J(v, k). Since the change of basis
matrix is backward triangular, we see that we can express Ay, . .., Ay in terms of Cp, . . . C.
Therefore Cy, ..., C} is a basis for the Bose-Mesner algebra. In fact,

Apr =) (Z1Y (7]0) Cj.

J

We can prove this using generating functions
Shc= Y ¢ (J,)Ak_j
i ijyzi N
=Y (1 +t) Ay
J

From this, it is straightforward.
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C’-C’»—g v—i—g\[(k—7r\[(k—1 o
’ J_r:() v—k—r)\i-r)\j—1r) "

Theorem 20.2.

Proof. We have

CiCj = WZ;Wz,kM/kaJ»k

v—1—9
=> Wk <U . _jr) W, We i Wik

Since .
—r
Wr,jVVng = < . >Wr,k

j—=r

and L
W’/‘z = ( a T>W7‘k
i—r

we get the stated result. O]

We have a chain of subspaces, col(W/,); these are invariant under R[A]. The subspaces
COI(VVinl,k)l N COI(W&)

form an orthogonal decomposition of R

It follows from Theorem that the matrix representing the action of C; (by multiplica-
tion) on R[A] = span{C,} is lower triangular. We can read off the eigenvalues of C; from
this and thus we can get the eigenvalues of Ay, Aq,..., A,. We derive these in another
way.

Let E; be the orthogonal projection onto
col(I/VjT;l’/,f)L N col(W),).

Note that E;W;, = 0if ¢ < j and so E;C; = 0 if 7 < j. If we multiply both sides of
Theorem by E;, we thus get

v—i—7j\ (k-7
Gt = (v— k—j) <¢—j)CjE’”

Therefore the columns of
CiE; = W\ W, E;

are eigenvectors for I;.
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20.2 t-designs

Let x be the characteristic vector of a set, D of k-subsets of {1,...,v}. Then D is a
t-design if and only if
Wt,]fllf =\l

v—1t
1= 1
Wei (k:—t)

and so x is the characteristic vector of a t-design if and only if

-1
Wi <A—1x - (Z:E) 1) —0

and therefore, x is a t-design if and only if

C ()\‘1 — (”_t>11> —0
t X L—t = 0.

Corollary 20.3. D is a t-design if and only if
—1
E; ()\_lm— (” _t) 11) —0
k—t

(No proof yet). So D is a t-design in J(v, k) if and only if the eigenvalue support of D
does not contain 61, ...60;.

for some positive integer, A. Also,

fori=1,...,t.

20.3 Eigenspaces

The eigenspace for 6y in the Johnson graph J(v, k) is spanned by 1. The column space of
WY, is a sum of the eigenspaces for 6y and ;. The 6;-eigenspace is 17 Ncol(WY, ). Hence
the columns of

sk

W J

L ——
T
span the #;-eigenspace. We can view the rows of the above matrix as providing a repre-
sentation of J(v, k). If the columns of the matrix M are linearly independent, define

E=MM"M)"*M".

Then £ = ET and E? = E and col(E) = col(M), i.e. E represents an orthogonal
projection onto col(M). So

Fj = Wj,k (WTkW]k)_IVVJTk

J
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represents an orthogonal projection onto col(I/ka). Consequently,
Bj = Fj— Fj,

where F; is a projection on the j-th eigenspace.

20.4 Representations

Suppose i — ug(i) is a representation of a graph X on an eigenspace with eigenvalue 6.
Then

jrvi
and the inner products are given by entries of the idempotent E = Ej.

Lemma 20.4. X is walk-regular if and only if for each spectral idempotent E we have
E ol =~I (for some 7).

Definition. X is 1-walk-regular if it is walk regular and for each idempotent, there are
constants vy such that £ o A = yA.

Clearly any graph in an association scheme is 1-walk-regular, as is any arc-transitive
graph.

In a 1-walk-regular graph we have

O(ug(1), ug(1)) = D (ug(i), ug, (1))

i1

= k(uo(i), up(1)), i~1.
Therefore wy = 0/k.

Suppose C'is a clique in X and let 7 be an eigenvalue of X. Then the submatrix of E;
with rows and columns indexed by vertices in (' is a scalar multiple of

]_ w1 s Wy
w1 1 w1

= (1 —w1)1+w1J = 0.
w1 (o R 1

Therefore the row sums of this matrix are non-negative;
T
1+ (|C] - DE > 0.

Assume 7 < 0. Then
—T

12 (|c]- 1)~
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and so k:
0] <1—-— (ratio bound).
T

We can prove that

1
Wo = k‘_bl(02 — a10 — k?),

from which it follows that
(k—0)0+1)

kb,

W) — Wy =

Theorem 20.5. Let 6 be an eigenvalue of the distance regular graph X. The correspond-
ing representation is not injective if and only if one of the following holds:

(a) 0= 90

(b) 8 =0, and X is bipartite

(c) 0 =0,,r is even and X is antipodal.

Corollary 20.6. If 6 # 6y,0,, then the representation is locally injective — images of
vertices at distance two are distinct.

20.5 Spherical designs

Let © be the unit sphere in R% A subset, ® of  is a spherical t-design if, for any
polynomial f of degree at most ¢,

1w = [ pa

zed

(average values of f over 2).

The maximum value of ¢ for which this works is the strength of the design. We will use
(1, f)o to denote the left hand side and (1, f) to denote the right hand side. Thus ® is a
1-design if and only if

If Uisn x dand UTU = I then
UTU = Zulu;f, u; = (Ue;)T.
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Corollary 20.8. The image of an injective representation of a distance regular graph is
a spherical design.

If {z1,..., 2} is a 2-design, then {£xy,...,+x,,} is a 3-design. The degree of a finite
subset ® of € is

{{z,y) r 2,y € G # y}

20.6 s-distance sets

We want to get a good upper bound on the size of a subset ® of {2 with degree s. For
this we need information about polynomial functions on €. Let Pol(£2) denote the space
of polynomial functions on €2 and let Pol(€2, d) be the space of such functions with degree
at most d.

Theorem 20.9. If ® is a subset of §) with degree s, then
|®| < dim(Pol(£2, s)).

Proof. Let 7, ...,7s be the inner products of distinct elements of ®. Define

S

F) =T =2

el el

Also, if a € 2, define f, by
fa(z) = f((a, z)).
Then {f, : a € ®} is a linearly independent subset of Pol(€2, s). If a,b € ® then

fa(b> = 5a,b-

We need to compute dim(Pol(€2, s)).

1. The monomials of degree k (in d variables) are linearly independent on R? and there
are (d+z_1) of them.

2. The restrictions of these monomials to the unit are linearly independent.
3. If f is a polynomial, deg(f(a? + - -- + 22)) = deg(f) + 2.

Theorem 20.10 (Absolute bound). We have
d —1 d -2
dim(Pol(©, s)) = ( N ) + ( M )

S s—1
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()« (157) e

(dgl) +d_@.

The image of a strongly regular graph under a representation is a sperical 2-design with
degree two. So if the eigenvalue has multiplicity m, then

For s = 1, we get

and for s = 2, the bound is

v < M)

There is a lower bound on the size of a t-design. Suppose ® is a sperical t-design, de-

fine m = |t] and let {g1,...,gn} be an orthonormal basis for Pol(Q,m). Note that

deg(gig;) <t. Then

51;,]' = <gi,9j>
= (1, 9i9j)
= <gi7gj>‘1>7

so the restrictions g;|¢ are pairwise orthogonal and therefore form a linearly independent
subset, R?. Thus m < |®|.

Theorem 20.11. If ® is a spherical t-design, then

@] > dim Pol (Q ED

Remark. If ® has degree s and strength ¢ then ¢ < 2s. (Exercise.)

Theorem 20.12. If a representation of a strongly regular graph X is a 3-design, the
neighbourhoods of a vertex in X are strongly regular graphs.

Remark. The image is a 3-design if and only if a;,;(7) = 0. [Tikz?] Suppose deg(f) = 2.
Consider the average of g, on ®, where

g(t) = (t — )/,

and use this to show that the neighbourhoods are 2-designs.

Theorem 20.13. Let X be a distance regular graph with diameter d and eigenvalue 6
with multiplicity m > 1. If d > 3m — 3, then X is a cycle.

Corollary 20.14. There are only finitely many distance regular graphs that are not
cycles with an eigenvalue of multiplicity m.
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Remark.

1. If 6 is an eigenvalue of X and 6 = £k, then the #-representation is locally injetive
— the images of vertices at distance two are distinct.

2. The dodehedron is distance regular with d = 5 and mult(f;) = 3. It follows that
the bound in the theorem is tight.

Proof of Theorem [20.13 Assume d > 3m — 3. Let ug, uy, ... uq be a geodesic path in X.

Claim: b,,_; = 1 (for proof, see [?]).

Recall that if i + j < d then ¢; < b; (ref: exercise). Also, the sequence b,...,bs; is
non-increasing and ¢y, ..., ¢4 is non-decreasing. If d > 3m — 3, then ¢y, o = 1.

Claim: If b; = ¢;4, = 1 then X has no odd cycle of length 2r + 1. If it =r =m — 1, then
we get a,,_1 = 0. Hence
k= Ap—1 + bmfl + 1 = 2.

To do

e Define walk-regular
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Cometric schemes

If A is an association scheme with d classes and X is a graph in the scheme, then
diam(X) < d. If equality holds, X is distance regular and we say that A is metric
(P-polynomial).

The diameter of X is the least integer r such that all entries of (A + I)" are non-zero, i.e.
it is the least integer r such that (A 4 I)" is Schur invertible.

If p(t) = pot™ + - - - + D, then
po(E) = poE°" + - -+ + pm J.
The Schur diameter of a matrix M is the least integer r such that there is a polynomial

p of degree r and py(M) is invertible.

If M € R[A] and the Schur diameter of M is r, then A has at least r classes. If A has d
classes and E in R[A] has Schur diameter d then we say that A is cometric (Q-polynomial)
relative to E.

21.1 Degree of functions

Each eigenvector of a graph is a function on its vertices. We can multiply functions, the
corresponding operation will be Schur product. The 6;-eigenspace is col(E;). We have

1
k

Consider the Schur powers (Ey+Ey)°". If (E1+ Ey)°® is invertible, then (E1+Ey)**-E; # 0
for j = 0,...,d. The Schur diameter of E; is finite if and only if the 8;-representation
is injective. If A is cometric relative to #;, then there are polynomials ¢, ¢1, ..., gq such
that

E;=qo(E), j=01,...4d

89
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(This is the usual definition of cometric.)

Equivalently, the eigenvectors in the §;-eigenspace are polynomials in ;-eigenvectors with
degree j.

metric translation schemes,

)
)
c) J(v, k), H(n,q) — most metric schemes with names,
) any strongly regular graph,

)

a drackn is cometric if and only if r = 2.

How de we prove that J(v, k) is cometric?
The column space of I/Vf;C is the sum of the first ¢ + 1 eigenspaces of J(v, k). Let F; denote
the orthogonal projection onto Wﬂ, — thus

Fy = WE}C(WMWEL)‘IWM

Claim: Fj is a Schur polynomial in F of degree .
Finally, E; = F; — F;_; and hence Ej; is a Schur polynomial of degree i in Ej.

If the scheme A (on d classes) is cometric with respect to E7, then there are polynomials
Do, - - -, pa such that deg(p;) = j and E; = p; o Ey. Relative to the inner product,

<fvg> = <fOE17gOE1>

these polynomials are orthogonal. If a scheme is metric anre cometric, it has two associ-
ated families of orthogonal polynomials. Leonard proved that the parameters of a scheme
that is metric and cometric is determined by a set of only six parameters. Reference?
- Leonard 485 - 1992 section 8.1 BCN The corresponding polynomials are members
of the Askey-Wilson family.

If A is cometric and S C V(A) with characteristic vector =, then we say that S is a
t-design if
Eix=0, j=1,....t

(For J(v, k) and the unit sphere, this is equivalent to the usual definition.)
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Eigenvalues of the Johnson graph

Note that J(v,1) = K, with eigenvalues
v—10 1D,
The valency of J(v, k) is k(v —k). To get the eigenvalues in general, we use two equations:
Wit Wi sy = (v — k)T + A1 (k)
W eaWigar = (k+ DI + Ay(k + 1),

where A;(7) is the adjacency matrix of J(v,7). Since the matrices on the left have the
same non-zero eigenvalues with the same multiplicities, we can compute the eigenvalues

of J(v,k+ 1) from those of J(v, k).

o1 v=1 (=) (5)-0)
1] v—-1 -1

21 2v—4 v—4 -2

313v—9 20—9 v—7 -3

22.1 Delsarte cliques

We say that if X is 1-walk regular with valency k£ and least eigenvalue 7, then

k
wX)<1-—-—.
T
We investigate the case of equality in distance regular graphs. Assume A is a metric
scheme with d classes and let C' be a clique in X;. Then the image of C under a repre-
sentation gives a submatrix of £ of the form ol + 3.J. Here,

ot f= m(6;)

91



92 CHAPTER 22. EIGENVALUES OF THE JOHNSON GRAPH

and
B b;
«Q

:wlzg.

Since this |C| x |C] matrix is a Gram matrix, it is positive semidefinite. Its row sum is
an eigenvalue, whence 1+ w;(|C| — 1) > 0. (This is useless if §; > 0.) So

(—w)(IC]=1) <1
C]—1< %Hj

$|C|§1—£.
0;

It follows that w(X;) < 1 — k/6, (ratio bound for cliques). A clique of size 1 — % is a
Delsarte clique.

Lemma 22.1. A Delsarte clique in a distance regular graph is a completely regular
subset.

Recall that the covering radius r of a subset is bounded above by the number of distinct
rows of its outer distribution matrix,

N:(Agx Az - Adx).

If equality holds in the ratio bound the image of a Delsarte clique under the 6;— repre-
sentation is a regular simplex centered at zero. In particular, the images of the vertices
sum to zero.

Claim: If y is at distance r from the Delsarte clique, C, and there are exactly «, vertices
in C' at distance r from y then

Brw'r + (|C| - ﬁr))wr—i-l = 0.

This implies that the sequence fy, ..., G4 is determined by the cosine sequence, and con-
versely.

To complete the proof, we must first show that the covering radius of C'is d — 1.

22.2 Width and dual width

Let X be a distance regular graph. The width of a subset C' of V(X)) is the maximum
distance between two vertices in C'. If z is the characteristic vector of C, then the degree
is

{oT Az r=1,....d}.

We denote the width by w and the degree by s. (Note that w(C') is the maximum value
of r such that 7 A,z # 0.)
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Some of the motivation comes from the EKR problem: bound the size of t-intersecting
family of k-subsets of a v-set and characterize the sets that achieve the bound. A t-
intersecting family is a subset of vertices of the Johnson graph with width k — ¢.

There are dual concepts s* and w* to s and w. The dual degree, s*, is
{j:1<j<d,a"Ejx#0}.
The dual width, w*, is the maximum value of j such that 27 E;z # 0.

Remark. Let S be the set of k-subsets of {1,...,v} that contain {1,...,t¢} with charac-
teristic vector z. Then the projection of zz” onto the Bose-Mesner algebra is

v
()

(Exercise.) It follows that s* = w* =t.

Theorem 22.2. Let A be a metric scheme with d classes. Let C be a subset of its
vertices with width w and dual degree s*. Then

w+ st >d.

Remark. Our canonical t-intersecting family S satisfies this with equality.

Proof. Let = be the characteristic vector of C. Then the projection of xz” onto the

Bose-Mesner algebra is
d

d
vafol Zx Em

1=0

Here, the left hand side is a polynomial in Al, say f( 1) where deg(f) = w. Since the
eigenvalues of f(A;) are f(6p), ..., f(04), we have

*TE.x

my

f(er) =

and as deg(f) = w, at most w of the values f(0,)can be zero. The numbers of non-zero
terms on the right hand side is s* 4 1, hence w + s* > d. O]

The dual of this theorem

Theorem 22.3. Let A be a cometric scheme with d classes. If C C V(A) with degree s
and dual width w*, then
w*+s>d.

Proof. Exercise. O
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Since we have the inequalities

it follows that
w+w'>d

and if equality holds, w = s and w* = s*. If w+w* = d we say that C is a narrow subset.

Example. A Delsarte clique is narrow. So is the canonical intersecting family.

22.3 Equality in the width bound

Theorem 22.4. Suppose A is metric and C C V(A) with width w and dual degree s*.
If w=d — s* then C' is completely regular.

Proof. Let B be the outer distribution matrix of C. If u € V(. A) with dist(u,C) = and
y € C, then
[ < dist(u,y) <1+ w.

Since w + s* = d, we have r = s*. (THINK!)
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type-ii matrix, [33] width,
unbiased,
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