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SUMMARY

Misclassification is a longstanding concern in medical research. Although there has been much
research concerning error-prone covariates, relatively little work has been directed to problems
with response variables subject to error. In this paper we focus on misclassification in clustered
or longitudinal outcomes. We propose marginal analysis methods to handle binary responses
which are subject to misclassification. The proposed methods have several appealing features,
including simultaneous inference for both marginal mean and association parameters, and they
can handle misclassified responses for a number of practical scenarios, such as the case with
a validation subsample or replicates. Furthermore, the proposed methods are robust to model
misspecification in a sense that no full distributional assumptions are required. Numerical studies
demonstrate satisfactory performance of the proposed methods under a variety of settings.

Some key words: Misclassification; Odds ratio; Replicate; Unbiased estimating equation; Validation subsample.

1. INTRODUCTION

Correlated data, including longitudinal and clustered data, are common in many fields, includ-
ing epidemiological research and clinical trials. Various models have been developed for analysis
of such data, and a wide variety of estimation techniques have been proposed. In contrast to con-
ditional models such as transition models and mixed effects models, marginal models have been
widely used in analysing longitudinal or clustered data. A compelling feature of such methods lies
in their minimal model assumptions. For example, generalized estimating equations, proposed
by Liang & Zeger (1986), focus on estimation of mean parameters, with association parameters
between outcomes treated as nuisance. Extensions of this approach can be found, for instance, in
Miller et al. (1993) and Molenberghs & Lesaffre (1999), amongst others.

In many epidemiological studies, association structures among repeated outcomes are of scien-
tific interest. For example, understanding the correlation of disease status among family members
is often of primary interest in familial studies. Prentice (1988), Carey et al. (1993) and Yi & Cook
(2002) extended the generalized estimating equations approach to estimate association param-
eters for binary data, by specifying a second set of estimating equations. Those methods are
useful for simultaneous inference about the mean and association parameters. The validity of
these methods requires a critical condition: variables must be precisely measured. However, this
requirement is often violated in practice. Misclassification commonly arises with categorical
data. Neuhaus (1999, 2002) demonstrated that a naive analysis with misclassification ignored
often leads to biased results. With binomial regression models and generalized mixed models
Paulino et al. (2003, 2005) proposed Bayesian approaches to handling misclassification in binary
data. Cook et al. (2000) described a latent Markov model for longitudinal binary data, whereas
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Rosychuk & Thompson (2001, 2003) considered two-state Markov models with misclassified
responses.

Relative to a large body of methods on covariate measurement error, research on error-
contaminated outcomes, such as misclassified responses, has been quite limited (Carroll et al.,
20006), especially under the marginal analysis framework. In this article, we consider marginal
regression models for correlated binary data subject to misclassification. We propose estimating
equation methods that can correct for misclassification effects under a variety of practical set-
tings. The proposed methods have several appealing features. They accommodate simultaneous
inference for both marginal mean and association parameters, and are robust to model misspec-
ification because no full distributional assumptions are required.

2. NOTATION AND MODEL FORMULATION
2-1. The response process

Let Y;; be the binary response for the jth subject in cluster i and X;; be the corresponding

covariate vector i =1, ...,n; j =1, ..., m;), where n is the number of clusters, and m; is the
number of subjects in cluster i. Denote ¥; = (Yiq, ..., Yim,)" and X; = (X[}, ..., XiTm, T Let
wij = E(Y;; | X;) be the marginal mean of the response, and write w; = (i1, ..., Wim)".

A generalized regression model is used to link 1;; to the covariates, where E(Y;; | X;) = E(Y;; |
Xij) is assumed (Pepe & Anderson, 1994). That is,

g(wij) = Xi; B,

where S is a vector of regression parameters, and g(-) is a monotone link function. Typical choices
of g(-) include logit, probit and complementary log—log functions. The variance of the response
Y;; is specified as v;; = var(Y;; | X;) = w;; (1 — u;;) accordingly.

When the mean parameters are of primary interest and association parameters are treated as
nuisance, the approach of Liang & Zeger (1986) is well suited for parameter estimation. However,
to facilitate inference for association parameters that are often of interest for clustered data analy-
sis, one needs to derive a second set of estimating functions to feature association structures. Here
we assume that ¥;; and Yj/ ;s are independent when 7 &', but ¥;; and Y;;» may be correlated for
JEJ Let Zijy =YY, Zi = (Zijjr, j < jO wijjr = E(Zjjjr | Xi), and & = (5, j < jO'.

Odds ratios are often used to facilitate association among correlated binary data (e.g., Lipsitz
etal,, 1991). For j < j’, the odds ratio for ¥;; and Y;; is defined as

Y (Y =1, Y =01 X)pr(Y;; =0, Y =11 X;)

It is often assumed that pr(Y;; = yi;, Yij» = yijy | Xi) = pr(Yi; = yij, Yijr = yijr | Xij, Xij»). The
odds ratios are customarily modelled as
log 1/’;'_;_;'/ = ulTjj,oz,

where u;;;/ is a set of pair-specific covariates featuring various association structures such as
autoregressive or exchangeable structure between Y;; and Y;;. The relationship between p;;;
and v;;; is (Lipsitz et al., 1991; Yi & Cook, 2002)

_ gy —Aaf ;) — 4G — Dy} 21200 = DY (g D,
Pl = s =
Hijlijr (wl]j’ =1),

where a;;;r =1 — (1 — Vi) (ij + wijr)-
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2-2. The misclassification process

When the response Y;; is subject to misclassification, a surrogate version for Y;;, say, S;;, is
observed. Let H;; =I(S;; = Y;;) be the indicator variable for misclassification, where I(-) is the
indicator function. Let H; = (H;1, ..., Him,)", and S; = (Si1, ..., Sim;)". The marginal proba-
bility of misclassifying Y;; is assumed to depend only on the jth outcome, given the covariates in
clusteri,ie.,pr(S;; =11Y;, X;) =pr(S;; =11Y;;, X;). Letro;; = pr(H;; =11 Y;; =0, X;) and
T1ij :pr(Hij =1 | Y,'j = 1, Xi).Alternatively, if we define rij(yij) :pr(H,j =1 | Yij =Vij, X,'),
then 7;; (i) = (1 — yij)T0i; + yijTiij-

Logistic models may be employed to characterize these probabilities:

logit(zo;j) = L;;v0,  logit(ti;;) = Li;n1, (1)

where yy and y; are vectors of associated regression parameters, and L;; is a set of covariates
that reflects various misclassification mechanisms. Let y = (y,, y{')". Covariates L;; may be
specified as various forms to feature different misclassification processes. In some situations,
L;; is the entire covariate vector X;;; while in extreme cases, L;; can be constant 1, that is,
two parameters ) and y; are sufficient to describe the misclassification mechanism. The latter
scenario corresponds to a homogeneous misclassification across all observations and clusters,
with misclassification independent of covariates and the other outcomes: 7p;; = 79 = expit(yp),
and 71;; = 71 = expit(y1), where expit(u) = exp(u)/{1 + exp(u)}.

To describe possible dependence between H;; and H;;/, we invoke the odds ratios
pr(Hij =1, Hyjy=1|Y;=yi, X;) o pr(H;j =0, H;jy =01Y; =yi, Xi)
pr(Hij=1,Hjy=0|Yi =y, X)) pr(H;=0Hjp=1|Y=y,X;)

AijjrDijs Yij)) =

where it is assumed that pr(H;; =h;;, Hijy =h;p | Yi = yi, X;) =pr(H;; = hij, Hijp = h;jr |
Yi; = yij» Yijy =iy, Xi). The odds ratio A;;;/(yi;, yi;») can be modelled by

log{A;;i (vij, yij)} = qiTjj/Vy,»j,yij,,

where g;;; is a vector of covariates that features various types of dependence, and Vyi v
is a vector of regression coefficients that may vary with the values of y;; and y;;.. Let v=
(V1> Vigs Vors Voo) > and n=(y ", v

For j<j', let Cjjjy=H;jH, Ci=(Cijjr, j<j)" &ijjyWij, vij) = E(Cijjr | Yij = yij,
Yijr=yiy, Xi), and & = E(C; | Y;, X;). Again, E(Cijp|Y;, Xi) = E(Cyjpr | Yij = yij, Yijr =
vijr» Xi) is assumed. The relationship between &; ;7 (yij, vij) and A;; i (vij, yijr) is

bijj ij» yij) — &ijjr Vijs Yijr)
XijjrGijs yij) F 13,

Sijj ijs Yij) = 2y Wij, vij) — 1} VI
Ti; (Vij) Tijr (Vi) {Xijjr ij, yiy) =1},

where b (vij, yij) =1 —{1 = Xijr vij» iy )Ty i) + 1 (vij)},  and - g (vij, vijr) =
[bizjj/(yijs yij) — 4hiji Oijs vii) — BWhajyr Gijs vii) i Qi) Ty 012

Let M,S] = E(S;i;S;j | X;i) be the marginal mean of S;;S;; given covariates. It can be shown
that ,ufj i #+ u;jjy7. Even under the independence assumption such as pr(S;; =s;;, S;jr =s;j |
Yi, Xi) =pr(Si; = sij | Yi, X)pr(S;jr = sijr | Yi, Xi), ;ijj, is not equal to w;;;7. As a conse-
quence, replacing Y;; with S;; in the marginal analysis often leads to biased inference.
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3. ESTIMATING EQUATIONS
3-1. Estimating equations under the true model

Let 0 =(B",a")" be the vector of response parameters, Di; =9u;/9p, and Bj; =
diag(vi1, ..., vim;). When the response variable is free of misclassification, estimates of mean
parameters B can be obtained by solving first-order estimating equations (Liang & Zeger, 1986)

> Uu®)=0, (2)
i=1

_ 1/2 1/2 .
where Uy;(0) = Dy Vi 'er, €1 =Y — i, Vii=cov(Y;)=B,/*Ri;(0)B,*, and Ry;(6) is

the correlation matrix of ¥; with off-diagonal entries p;;;r = (g7 — ijreij) < [{iij
(1= M2 iy (1 = )21

Let Dy; = 3§ /dc. Then the second-order estimating equations (Prentice, 1988) for associa-
tion parameters « can be written as

> Ui (0) =0, 3)
i=1

where Uy; (0) = Dy; szlez,-, and e3; = Z; — &;. Here V»; is a working covariance matrix for
Z; which is commonly taken as an independence matrix Vy; = diag{u;;;'(1 — pij;1): j < j'}.
Choosing an independence working matrix might incur some efficiency loss, but it has the appeal
of not requiring additional model assumptions for third and fourth moments of the response
variables. Moreover, this treatment still retains the unbiasedness of estimating functions Uj; (0)
and U»; (0), which ensures a consistent estimator of # under regularity conditions, e.g., Prentice
(1988); Yi & Cook (2002). Let U; (0) ={U{;(0), U;;(6)}".

3-2. Estimating equations in the presence of misclassification

When responses are subject to misclassification, the estimating functions in (2) and (3) with
Y;; replaced by the observed surrogate S;; are no longer unbiased, and the resulting analysis usu-
ally yields inconsistent estimates of 8 and « (Yi & Reid, 2010). To conduct valid inference, one
must correct the bias induced by misclassification. We propose modified estimating functions
Uy (0) and Uy;(0) using the observed data (S;, X;) so that their conditional expectations recover
those in (2) and (3), i.e.,

E{U0) |1 Yi, Xi} =U(0),  E{U3;0) | Yi, Xi} = Ui (). 4)

Unbiasedness of U; (9) is immediate from that of Uy; () (s = 1, 2). As aresult, by the estimating
function theory, under mild regularity conditions, solving
> (L) o
2 0
gives a consistent estimator for 6.
Now we describe a way to construct U (f) for s =1,2. Recognizing that response

components appear in Uy; (6) and Up; (9) merely through the linear term Y;; and pairwise product

Z;jj» =Y;;Y;;, we construct unbiased surrogates for ¥;; and Z;;;/, namely

ijj’s
« Sy — 1+ 70 « a0+ (S —a)(S;y — a)

* = Lz, =
T T+ T — 1 I as

’
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where

ap= (1 —ap)tg;js + (1 —a2)7oi; — &ij;7(0,0) — (1 —a)(l — az),
ar ={7oij + toij’ + T1ij — 1 = &57(0, 1) — §;5(0, 0)} /(150 + 7050 — D,
ay ={zoijr + toij + T1ij — 1 — &7 (1, 0) — &350, 0)}/ (7155 + T0ij — 1),

az =ap +araxy — aity; — axtii; + &y (1, 1).

It is readily shown that E(Yl’; | Yi, Xi) =Y, and E(Z;“jj/ | Y, Xi) = Z;;; for j & j'. Let Y =
Yy, ..., Yi’;nl_)T, and Z} = (Z},,,, j < j)". Define

ijJ
(U;*,. (9)) DV e )
U;;0) ~ \Dyvyles )
where €]; =Y* — p; and €5; = Z — &. It is immediate that U{;(6) and UJ;(0) satisfy (4)
because, given Y; and X;, the conditional expectation of Y¥;* and Z equals ¥; and Z;, respectively.
We note that parameter 7 for the misclassification process comes into play in constructing Y;*

and Z. Now we explicitly indicate this by writing U (0, n) ={U;/ (6, n), U3 (0, m}'. If n is
known to be 19, say, then under regularity conditions, solving the estimating equations

n
> UF©O.1m0)=0
i=1

leads to a consistent estimator, say 6, for 6. Under suitable regularity conditions, n'!/? 6 —0)
has an asymptotic normal distribution with mean 0 and covariance matrix Fo_lEg‘(Fg_l)T,
where I'§ (0, no) = E{dU;" (6, 10)/96"}, and Z5(0, no) = E{U; (6, no)U;" (0, n9)}. The proof is
sketched in Appendix 1.

4. INFERENCE METHOD WITH A VALIDATION SUBSAMPLE AVAILABLE

In order to use (5) to perform inference about 0, it is critical that parameter n associated with
misclassification is known. In practice, however, 7 is often unknown and must be estimated from
an additional source of data. It is then important to accommodate induced variation in inferential
procedures for 6. In this and next sections, we develop modified estimation algorithms to cover
two practical situations, either a validation subsample or replicates of surrogates are available for
estimation of 7.

One may use the validation subsample to estimate the parameter 1 as well as to improve
the efficiency of estimating 6 for the mean and association parameters, as opposed to using
surrogate observations for every subject. If the values of all misclassification indicators H;;s
were observed, estimates of 1 could be obtained as the solution to estimating equations (e.g.,
Lipsitz et al., 1991; Yi & Cook, 2002)

zn: Gilylen) 0

—\ Goi W5 e ’
1/2 1/2
where .Gli =0t/ /dy, Go; =0¢' /ov, e =H;i —ti,ei=Ci — &, Wiy = B,,{,- Rﬂlqu{i’
By =diag[ti1 (viO{l — i} - -+, Timg Gim ) — Tim; (Vim;)}] and Ryy1; is the correlation

matrix of H;. Analogous to V3; in (3), matrix Wy; is often assumed to be the independence
working matrix to avoid specification of higher order moments.
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However, we do not observe the values of H;;s unless subject j is in the validation subsample.
Let §;; =1 if the jth subject in cluster i belongs to the validation subsample and §;; =0
otherwise. Here we assume that selection for a subject to be included in the validation sub-
sample is noninformative. Let §; = (81, ..., 8im;)". Then estimating functions for n can be
constructed from the measurements in the validation subsample. We now add a superscript
8 to each vector and matrix to indicate the components corresponding to the validation sub-
sample with §;; = 1. To be specific, let Q1;(7) = GS, (W) e, 02 (n) = G5, (W3,)~1eS., and
0i(m) ={071,(n), Q3;(n)}", then unbiased estimating equations for the 7 parameter are

> 0im=0. (6)

In constructing valid estimating functions of 6, one can incorporate the available true response
measurements in the validation subsample to improve efficiency, as opposed to using (5). To this
end, we define Yl] =(1- l])Y* + i Vi), and Zl]]/_{l —(1=6;)(— lj/)}Ylj YZJ/ +(1—46;5)

(1=68;;)Z} 72 . Thus, ¥; 7 =Y;; if the jth subject in cluster i is in the validation subsample,

Y,]—YZJ otherwise; Z,,]/_Y,,Y o if either ¥;; or Y;;» or both are available, and Z,],rz

Zl*]], otherwise. Denote ¥; = (Y,l, e Y,ml.)T and Z; _(Z,]J , j <j"". Define Uy; (0, n)= Dy,

Vii '€, and Usi(0, m) = DaiVy; ' &, where & =Y — p; and &, = Z; — &. Let U;(0,1) =
{U};0,n), Uy, (6, n)}", then the augmented estimating equations for 6 are

> Ui@.m=0. (7)

Consistent estimators for 1 and 0 can be obtained by jointly solving (6) and (7). Details are
given in Appendix 2, where we also account for variation induced by the estimation of 7.

5. JOINT ESTIMATION AND INFERENCE WITH REPLICATES

In this section we describe an inferential procedure for the case with replicates. Here
we use notation slightly different from that in the previous sections. Let S;;- be the rth
replicate measure for Y;;, 7 =1, ..., d;;, where d;; is the number of replicates for subject j in
clusteri, j=1,...,m;,i=1,...,n. Let S,'j = (S,'j], e Sijdij)T, and I'Iijr II(Sl'jr = YU) be
the misclassification indicator variable. For (j, r) &(j’, 7’ ), conditional independence between
Hijr and H;j,s is assumed, given Y; and X;. For r +r', H; Jr and H;j,» are assumed to have
the same conditional distribution, given ¥; and X;. Also it is assumed that pr(H;;, = h;;, |
Yi, Xi) —Pr(Hz]r _hle I ijs Xi). Let Tlijr :pr(l—lijr =1 | Yij =1, Xi) and T0ijr :pr(liijr =
1|Y;; =0, X;). Suppose that 71;;, and ¢, are modelled by (1).

Define y;;r (Sijr — 1 + 70ijr)/(T0ijr + T1ijr — 1). Then the average version y;;. =
zrzly;;,/d-j is unbiased for Y;;, ie., E(JJ;} | Yi, X;) =Y. Let VF=( i"‘l,...,yi*mi)T,
and Z; =5V, j <Jj)". Define Ui(0,y) =Dy Vy;'e1i, and Ui (6, y) = DoiVy; e,
where &1, =) —n; and &; =ZF —§& are residual vectors. It is readily seen that
E{U;0,y) 1Y, Xi}=U01(0,y) and E{hi0,y) Y, Xi}=Ux,y). If U@, y)=
{L{IT,. @, v), Z/IzTi (0, ¥)}", then a consistent estimator of & can be obtained by solving

> U6, ) =0,
i=1

provided y is given.
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However, y is unknown here, and must be estimated. In the case with replicates S;;;,
estimation of y and 6 typically interacts, and a joint estimation procedure is required to
simultaneously estimate y and 6. We generalize the discussion in White et al. (2001), who con-
sidered univariate logistic regression models with a misclassified binary covariate. Let 4;j; =1

if Zle Sijr =k and A;jx =0 otherwise, k=1,...,d;;, j=1,...,m;, i=1,...,n. Define
A[j = (A,'j], ey Aijdij)T, and Al' = (A}-l, ey A;-rmi)T. Let Tijk = E(Aijk | X[) be the marginal
mean of ;. Let 7;; = (7ij1, . . ., Wija;;)", and 7 = (€SP AL

»im;
Now we describe estimating functions for y. For ease of exposition, we consider the case with
djj = 2. The method can be easily extended to cases with d;; > 3. Noting that

pr(d;j1 =11Y;, X;) ={1 — ;) 71852 + (1 — T1352) 11351} Y35
+ {1 — w0i; 1) 70152 + (1 — T0i2) T0ij1 1(1 — Yij),
pr(dij2=11Y:, X;) = tiijitiij2Yij + (1 — w0;10) (1 — 70i52) (1 = Yij),
we write the marginal means of 4;;1 and 4;;, as
mij1t ={(1 = t;0t2 + (1 — T152) T1ij1 ki
+ {(1 — 7o) T0ij2 + (1 — 70ij2)T0ij1} (1 — 1ij),
7ij2 = T1ij1 712147 + (1 — 70;;1) (1 — 7oi;2) (1 — i),

respectively. Define Q; (0, y) = g,-w;‘ (A; — m;), where G; = dn/ /9y, and W; = cov(4; | X;).
Let W O, y) ={Q] (0, y), U, y)}". Now we solve

n
> WO, y)=0
i=1

for y and 6 using an iterative procedure. Details are given in Appendix 3, where we also establish
asymptotic properties.

6. NUMERICAL ASSESSMENT OF THE PROPOSED METHODS

6-1. Design of simulation studies

We conduct simulation studies to assess the performance of the proposed methods in contrast
to the naive method which ignores misclassification. We consider a longitudinal study with m; =
m=23fori=1,...,n The mean response model is given by

logit(;;) = Bo + B1Xij1 + B2 Xij2 + B3 Xij3,

where X;;1 = X;y is 1 if the ith subject is randomized to the treatment group and 0 otherwise,
and X;;» =1(j =2) and X;;3 =1(j = 3) describe temporal effects. An exchangeable structure,

10g lﬁ[jj’ =, (8)

is considered for second-order association. The regression parameters are specified as exp(f8o) =
2,exp(B1) =1/2, exp(B2) =2/3, and exp(B3) = 1/3, and the association parameter is specified
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as o = log(3). We generate binary response vectors from the joint distribution

pr(Yi1 = yi1, Yio =yi2, Yis = yi3)

3
B iy e ij — wij)Wijr — Mijr)
—||l/«,-j(1_ﬂz/) 7|+ Z Pijj T 200l — o2 |
s 1<j<)'<3 {/-’Ll](l Ml/)} {/fh]’(l Mz]/)} /

where p; ;- is the correlation coefficient between Y;; and Y; ;. This is a special case of the Bahadur
representation (Bahadur, 1961), where only the marginal means and the second-order correlations
are involved, and higher order correlations are constrained to be zero.

We consider both independent and correlated misclassification processes. For the indepen-
dent case, we use a simple misclassification model that depends only on two parameters. The
indicators H;;s are generated under model

vo (Yi;=0),

9
v (Yij=1. ®

logit(r,'j) = {

Surrogate responses S;; are then recorded as Y;; if H;; =1 and 1 — Y;; if H;; = 0. Three settings
for y are considered:

(1) yo =logit(0-95) and y; = logit(0-95);
(i1) yo = logit(0-9) and y; = logit(0-9); and
(iii) yo =logit(0-8) and y; = logit(0-8),

which represent different levels of misclassification rates.

The performance of the proposed methods is assessed under three scenarios. For the first
scenario where y is known, each simulated sample contains » = 200 subjects. For the second
scenario where y is not known but an internal validation subsample is available, we take n = 400,
and randomly select 30% of the subjects to be in the validation sample. For low misclassification
rates as in setting (i), large sample size is usually necessary to obtain a valid estimate of y. For
the third scenario where y is not known but replicates are available, the sample size is set to be
n =200 and two replicate surrogates are used for each Y;;.

For cases where misclassifications within the same subject are correlated, the mean model is
(9), and the association model is

log{Aijjrijs yij )} =vil(vij = yij) + vl £y A<j<j <3;i=1,...,n).

We set v; =log(2) and vy =log(1-5). Misclassification vector H; is then generated from the
joint model given by the Bahadur representation in the same manner as that for the response
vector. Again, we consider two scenarios. In the first scenario we assume that  is given, and set
the sample size to be n =200. In the second scenario, 7 is treated as unknown and estimated.
The sample size is set as n =400 in this case, and 30% of subjects are randomly selected to
be included in the validation subsample. For each specific combination of parameter values, we
evaluate the performances of the approaches based on 2000 simulation replicates.

6-2. Simulation results

Table 1 shows the simulation results for the first and second scenarios for cases where the
misclassification process is independent. The column under each approach represents the rel-
ative percentage bias, empirical variance, average of model-based variance, and coverage rate
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Table 1. Simulation results for the independent misclassification process
Naive method (n = 200) Proposed method with known y  Proposed method with unknown y
(n =200) (n =400)
Bias%' EV AMV CP% Bias% EV AMV CP% Bias% EV AMV CP%
(1) yo = logit(0-95), y1 = logit(0-95)
po —10-8  3-0 32 935 0-3 3-8 4.1 96-2 0-6 2-1 2-1 95.5
B1 -96 38 4.0 93-8 2-0 4.9 5-1 95-2 0-4 24 2.5 95-5
B —119 3.2 33 94.5  —1-2 4.0 4.2 957 —1.0 1-8 19 95-2
ps —10:6 35 3-6 90-3 0-8 4.6 4.7 95-6 0-7 2-1 2:2 95-8
o —23.3 45 4.4 75-0 0-1 82 81 95-4 0-4 3.5 3-8 95-7
(i1) yo = logit(0-9), y1 = logit(0 - 9)
Bo —21-1 29 31 86-6 1-0 5.0 52 95.7 0-2 2.7 2.7 95-6
B —204 36 3.7 89-1 2-4 6-2 62 94.8 0-5 29 29 95-0
B —219 35 3.5 923 —04 57 57 95-0 —1-6 2.3 2.5 96-5
B3 212 36 37 76-0 1-4 6-2 6-5 95-8 0-4 29 29 953
a —41-8 4.1 4.0 36-6 09 140 138 954 1-0 6-1 6-1 955
(ii1) yp = logit(0-8), y; = logit(0-8)
Bo —415 29 29 59-1 23 9:5 95 96-0 1-4 5-0 5-1 959
p1 —413 32 32 63-6 35 104 104 953 1-2 4.5 4.5 95-8
B —41-1 3.7 37 85.5 2-0 11-4 114 956 0-1 4.2 4.5 96-3
Bz —41-6 39 39 36:5 31 13-1 133 958 19 53 5-6 96-1
a —-69-3 3.3 34 24 4.1 469 539 966 2.5 179 19-6 95-7

T Bias%, relative percentage bias, i.e., 100x (average estimate — true value)/true value; EV, empirical variance
multiplied by 100; AMV, average of model-based variances multiplied by 100; CP%, coverage rate (%) of 95%
confidence interval.

of 95% confidence intervals. We first look at the results under known y. One can see that the
naive analysis leads to downward biased estimates of response parameters even under a small
proportion of misclassifications. Under setting (i) where the misclassification proportion is 5%,
for example, both the mean parameters and the association parameter are attenuated by a non-
ignorable amount. As the misclassification proportion increases, attenuation becomes more sub-
stantial. When the misclassification proportion is increased to 20% in setting (iii), coverage rates
for the naive estimates of the mean parameters and association parameter are far below the nom-
inal value 95%. In contrast, the proposed method performs reasonably well for all parameter
configurations. For settings (i) and (ii) with small and moderate misclassification rates, the rela-
tive biases associated with the estimates of the mean parameters are fairly small. Relative biases
increase slightly as the misclassification rate becomes higher. The coverage rate for « is slightly
over the nominal 95%. The variance estimates of the estimators are larger than those of the naive
estimators and increase as the misclassification rate increases, but they agree reasonably well
with the empirical ones. For the case of estimated y, similar patterns are observed.

Simulation results for the case with replicates are shown in Table 2. The relative biases and
coverage rates for the naive estimators are similar to those in Table 1. The proposed method
performs well. The relative biases of the estimates are small for the first two settings where
misclassification rates are low and moderate, and the coverage rates are close to the nominal
95%. For setting (iii) with the highest misclassification rate, the relative biases in both the mean
parameters and the association parameter are the largest. The coverage rate is slightly over the
nominal 95% for the association parameter.

The results for correlated misclassifications are reported in Table 3. It is seen that ignoring
misclassification leads to seriously biased estimates and considerably low coverage rates. The
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Table 2. Simulation results for the case with replicates where the misclassification process
is independent

Naive method using the 1st Naive method using the 2st Proposed method (n = 200)
replicates (n = 200) replicates (n = 200)
Bias%' EV AMV CP% Bias% EV AMV CP% Bias% EV AMV CP%
(1) yo = 1ogit(0-95), y; = logit(0-95)
Bo -99 32 32 92-6 -99 31 32 92-8 1-6 4.7 4.9 95-2
A1 —10.0 4.0 4.0 929 —103 4.0 4.0 93-3 1.7 4.8 4.8 94.5
B —105 34 33 94.1 —10-5 33 33 94.4 0-8 3.7 3.7 95-1
Bz —10:6 3.6 36 90-7 —102 36 3-6 90-8 1-1 4.1 4.1 959
o —224 43 4.4 765 =219 46 44 76-5 13 6-3 6-4 95-3
(i1) yo = logit(0-9), y1 = logit(0-9)
Bo —207 32 31 8-0 —-21-1 3.0 3.1 86-6 2-6 7-7 7-8 94.9
p —21.0 38 3.7 87-1 =209 38 3.7 88-0 20 5-4 53 94.9
B 210 3.7 3.5 912 =211 34 3.5 92.5 0-7 4.5 4.5 95-2
B =217 4.0 3.7 743 =215 36 3.7 76-2 0-9 5-0 4.9 95-0
o —41.5 39 4.0 366 —413 43 4.0 37-5 1.3 8.7 8.8 94.8
(iii) yo = logit(0-8), y1 = logit(0-8)
Bo —409 29 29 60-8 —41.8 2.8 29 60-0 5-1 222 23.5 959
p —415 33 32 633 —42.6 33 3.2 61-8 3.7 7-7 7-6 94.7
B —417 3.7 3.7 854 —41-1 3.7 3.7 859 2-8 7-5 7-6 955
Bz —423 41 39 35:1  —41.6 3-8 39 36:5 35 8-8 8.7 955
o —-69-3 3.7 3.4 26 —686 3.5 3.4 2-8 6-8 242 24.8 96-6

T Bias%, relative percentage bias, i.e., 100x (average estimate — true value)/true value; EV, empirical variance
multiplied by 100; AMV, average of model-based variances multiplied by 100; CP%, coverage rate (%) of 95%
confidence interval.

Table 3. Simulation results for the correlated misclassification process

Naive method (n =200) Proposed method with known Proposed method with unknown 7,
(n =200) (n =400)
Bias%' EV AMV CP% Bias% EV AMV CP% Bias% EV AMV CP%
(i) yo = logit(0 - 95), y; = logit(0-95)
Bo —104 3.0 32 93.2 0-8 3.5 3.7 95-4 0-1 19 19 95-2
pr —109 3.8 4.0 941 0-4 4.5 4.7 95.7 0-1 23 2-4 952
p —100 3.2 33 94.4 1-1 3-6 3.7 95-1 0-2 1-8 1-8 94-5
B3 —102 3.6 36 90-5 1-0 4.2 41 94.8 0-3 2-0 2:1 95.7
o —222 43 4.4 766  —1-0 99 9-8 95-2 0-6 33 34 95-4
(ii) yo = logit(0-9), y; = logit(0-9)
Bo 215 1.5 15 77-3 0-2 2-1 2:1 95-4 0-2 2:2 23 95-4
g —217 19 19 80-1 0-4 2.7 2.7 94.4 0-4 27 27 94.2
B 219 1.7 1.7 894 —0-8 21 22 952  —0-8 2-1 22 95-3
B3 216 1.8 1-8 57-5 0-4 2-4 2:4 95-0 0-4 2:4 2:5 95-4
o -36-5 21 2-0 20-4 0-8 89 85 94.9 1-1 5-4 53 94.2
(iii) yo = logit(0-8), y1 = logit(0-8)
Bo —422 1.5 1-5 33.4 0-1 31 32 954  —0-1 3.5 3-6 95-9
g —425 17 1.7 38-4 0-6 3.7 3-8 94.7 0-6 3-8 3.8 95-0
B —426 1.8 1-8 742 —13 35 34 950 —1-2 3.5 3.5 95-4
B3 —423 19 19 7-6 0-5 4.0 4.0 95-0 0-6 4.2 4.2 95-0
o -57.0 1.7 1-8 0-3 0-7 246 251 96-4 0-8 169 17-1 95-9

Bias%, relative percentage bias, i.e., 100x (average estimate — true value)/true value; EV, empirical variance
multiplied by 100; AMV, average of model-based variances multiplied by 100; CP%, coverage rate of 95% con-
fidence interval in percent.



Correlated binary data with misclassified responses 657

proposed approach yields quite satisfactory estimates of the mean and association parameters,
regardless whether parameter 1 is taken as known or estimated.

In summary, the simulation studies demonstrate that the proposed method works well in var-
ious situations, and it produces reliable point estimates as well as standard errors for both mean
and association parameters governing the response process. Finally, we comment on a numeri-
cal issue related to estimation of association parameters v for the misclassification process. If
the size of a validation subsample is small, then estimation of v could be unstable, which in turn
influences estimation of the response parameters. In this case, we may ignore possible correlation
between misclassification indicators but just model the marginal misclassification probabilities.
Our numerical experience shows that this approach can help overcome instability of estimation
of the response parameters.

7. APPLICATION

We apply the proposed method to a dataset arising from the Canadian Community Health
Survey cycle 3-1 conducted in 2005. This is a large-scale on-going survey targeting individuals
aged 12 and older in the Canadian population. The design of the survey is fairly complex, with
three sampling frames being used to sample households: an area frame, a list frame of telephone
numbers, and a random digit dialing sampling frame. For each sampled household, an individual
aged 12 and older was randomly chosen for interview.

The objective of our study is to explore the relationship between obesity and some risk factors.
We consider a sample of 2699 respondents aged 18 and older in the Toronto health region. These
respondents were from 435 clusters based on postal codes with size varying from 2 to 15. Among
them, 150 were included by randomization as a validation subsample for which body mass index
was directly measured, and the resultant obesity status was regarded as the true response value
for each subject in this subsample (Shields et al., 2008). For other individuals, the obesity status
was determined by the self-reported information, and therefore was subject to error. Covariates
include age, sex, and physical activity index. There are three levels of physical activity index:
active, moderate, which is treated as a reference category, and inactive. Let Y;; denote the binary
obesity status for subject j in cluster i. We assume that ¥;; follows the logistic model

logit i;; = Bo + B1Xij1 + BaXij2 + B3 Xij3 + BaXija,

where X;;1 is the subject’s age, X;;» is 1 if the subject is male and 0 otherwise, X;;3 is 1 if physical
activity index is active and 0 otherwise, and X4 is 1 if the physical activity index is inactive and
0 otherwise. The association between Y;; and Y;;/, measured by odds ratio ¥;;;/, is modelled
by (8). Because the surrogate responses are obtained from self-reporting, misclassifications in
obesity are typically independent for different individuals and clusters.

We conducted analyses under two different assumptions for the misclassification process, the
first assuming that misclassification is independant of covariates, and the second assuming age-
dependent misclassification. Table 4 shows the results for the first analysis. We also report results
from a naive analysis ignoring misclassification. The estimated coefficient of age is 0-016, indi-
cating that older subjects have higher probability of developing obesity. The probability of devel-
oping obesity is not significantly different between males and females at the 5% level. There
is some evidence that active subjects have a smaller chance of developing obesity compared
to moderately active subjects. In contrast, the subjects in the inactive group are more likely to
develop obesity compared the those in the other groups. The association parameter « is esti-
mated to be 0-106, which corresponds to an odds ratio of 1-11 between obesities of two subjects
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Table 4. Analysis with misclassification independent of covariates

Naive method Proposed method

Est. SE p-value Est. SE p-value
Response models
Intercept —2.798 0225 <0-001 —2-652 0372  <0-001
Age 0-014 0-003  <0-001 0-016 0-005  <0-001
Sex male 0-006 0-124 0958 0-003 0-152 0-982
Activity active  —0-421 0-191 0-027  —0-550  0-265 0-038

inactive 0-345 0-153  0-025 0-427 0-189 0-024

Association: («) 0-073 0-114  0-521 0-106 0-170 0-532
Misclassification models
pr(S=0]Y=0) 0-984 0-712 0-076
pr(S=1|Y=1) 0-667 0-408  <0-001

Est., estimate; SE, standard error.

Table 5. Analysis with age-dependent misclassification

Naive method Proposed method
Est. SE p-value Est. SE p-value
Response models
Intercept —2.798 0-225 <0-001 —4-356 1-113  <0-001
Age 0-014 0-003  <0-001 0-048 0-022 0-028
Sex male 0-006 0-124 0958 —0-057 0-197 0-771
Activity active —0-421 0-191 0-027 —0-211 0-397 0-596
inactive 0-345 0-153  0-025 0-731 0-351 0-038
Association: () 0-073 0-114  0-521 0-124 0-228 0-585
Misclassification models
pr(S=0]Y=0)
Intercept 3-885 2-063 0-060
Age 0-005 0-046 0-912
pr(S=1]Y=1)
Intercept 5-904 2-324 0-011
Age —0-094 0-039 0-017

Est., estimate; SE, standard error.

in the same cluster. However, there is no strong evidence for this association. Compared with the
proposed method, the naive approach generally produced attenuated estimates of the regression
parameters. Table 5 shows the results for the second analysis. There is no evidence that age is
associated with misclassification from non-obesity to obesity. However, age is significantly asso-
ciated with misclassification from obesity to non-obesity at the 5% level. Older people who are
obese tend to underestimate their body mass index, leading to false self-reported non-obesity.
The probability of developing obesity is not significantly different between active subjects and
moderately active subjects, while conclusions for the other covariates remain the same. Com-
paring Table 5 with Table 4 we observe some inflation of standard errors associated with the
estimated regression parameters in the response model, perhaps because the validation subsam-
ple is relatively small. This phenomenon has been a long concern in correction for misclassifi-
cation in binary responses, e.g., Luan et al. (2005). When the validation subsample contains a
very small number of misclassifications, it may be preferred not to fit a complex misclassifi-
cation model involving covariates, because parameter estimates are usually unstable under such
scenarios.
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8. DIscuUSSION

Misclassification arises commonly with binary or categorial data. Ignoring it often results in
biased inference. In this paper we propose a method to correct for bias induced by misclassified
binary responses with a complex association structure. We focus on modelling both marginal
mean and association structures for the response process, and develop a marginal analysis method
based on unbiased estimating functions that are expressed in terms of surrogate responses along
with other observed measurements. The proposed method in terms of surrogate responses along
with other observed measurements. The proposed method is motivated by the unique feature of
the generalized estimating functions Uy; and U,; under the situation that no misclassification
is present. Recognizing that response components appear in Uj; and Uy; solely via linear and
cross-product terms, Y;; and Z;; 1, we construct unbiased surrogates Y[; and Z l*J 1 and use them to
respectively replace Y;; and Z; ;7 in Uy; and Ua;. Yi’s and Wu's replacement differs from the naive
method that directly substitutes the Y;; with S;;. This approach can not only make the resulting
estimating functions computable but also preserve their unbiasedness. The proposed method is
attractive in that it is conceptually simple and easy to implement. Furthermore, it makes the best
use of the model setup without requiring additional distributional assumptions.

Since misclassification parameters are often unknown, additional information such as
validation data or replicated measures is often needed to obtain estimates of these parameters.
A validation subsample may be available in two-stage designs for which cost- and time-efficiency
would be a primary concern. In those studies, the (S, X) are measured for al subjects at the first
stage of the study, and in the second stage, Y is also measured for a subset of the study partici-
pants. In other situations such as the survey context, validation data can be collected by assigning
more experienced interviewers to a subset of randomly selected individuals, while other individu-
als’ measurements are obtained based on self-reported questionnaires. In circumstances where no
validation data nor replicates are available, one may conduct sensitivity analyses to evaluate the
impact of misclassification on inference about the response parameters. The method discussed
in § 3-2 can be applied for this purpose.
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APPENDIX 1

Consistency and asymptotic distribution of 6

Because Uj (0, no) satisfies E{U(0,no) | X;} =0 at the true value of 6, by Theorem 3.4 of
Newey & McFadden (1993) and under the regularity conditions specified there, we have that with proba-
bility approaching 1, there is a unique solution, denoted by 0, to >_7_, U# (6, n9) = 0 that satisfies

0=n"'2% U7 O n0) +n"" D 0U; 0, 10)/00"n' (0 = 0) + 0, (1)

i=l1 i=1
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This is equivalent to
n'2(0 — 0) = —[E{dU; (0,10)/96")1"'n "2y " U0, m0) + 0, (1) (A1)
i=1

as under regularity conditions, E{0U;*(6, n9)/90"} exists and is invertible and var{U; (6, no)} is finite and
positive definite. The law of large numbers leads to that n~! i UF(6, no) converges to E{U;(6, n9)} =

0 in probability as n goes to infinity, and the consistency of 4 is immediate by Slutzky’s lemma. By applying
the central limit theorem to (A1), the asymptotic distribution of n!/2(9 — 6) can be established.

APPENDIX 2

Consistency and asymptotic distribution of 6,
Define W; (0, 1) = {QI (), U (6, n)}". Then solving

> wi0.)=0 (A2)
i=1

using the Fisher scoring algorithm yields consistent estimators for  and 6. To be specific, let

Ji(n)zE{aQ,T(n)}=<Ju<n) 0 ) M(@)zE{zwg(e,m}:(Mu(e) 0 )

an Jai(m)  J2i(n) 06 My (0) M (0)

where Ji;(n) = =G5, (W)™ (GY,)', Jani(n) = =GS,(W3) 71 0¢} /oy ™), Ju(n) = =G5, (W3) (G,
M,y (0) = —Dy; V;;' DI, Ma;(0) = — Do Vs; ' (3% /B"), and Ma;(8) = — Dy; Vs; ' D3, Estimates of n and
6 can be obtained via an iterative equation

(n“*“) _ (n(’)> N ( — S ™) 0 >-1
fUry 0 — 2o EQUO, m/0n"} g0 oy — Do1_; Mi(0©)

X Y owO. ") (¢=0,1,..),

i=1

until convergence. Let (7),, 6,) denote the resulting limit. y }

Let ;(0,n)=U;©®,n) — E@U;©,n)/0n"}[E{dQi(n) /80"~ Qi(n), and T(©, n) = E{dU; (6, n)
/00"}. Following arguments similar to those in Chen et al. (2010), because E{W¥;(6, n)} =0 when the
response and misclassification models are correctly specified, under standard regularity conditions there
is a unique solution, (7, 6,) to (A2), with probability approaching one. By the first-order Taylor series
approximation, we have

12 (=n\ _ _ ( EQi(n/on") 0 s
" <9u—9>_ <E{8Ui(e,n>/anT} E(0,0, m/oe7y) <" ;sz,nwop(n.

It follows that n'/2(9, — 6) equals

—n"V2[E{0U;(0, n)/00"}] ! {Z U0, n) — E(QU:0, n)/9n"}

i=1

x[E{Q:(m)/on" 17" Qi<n>} +o,(1)=—n""PT710,m) > Qi6, n) + 0, (1).

i=1 i=1
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Then applying the central limit theorem, one can show that n'/2(6, —0) is_asymptotically nor-
mally distributed with mean 0 and asymptotic covariance matrix given by I-'2(@ YT, where ¥ =
E{:(0. )QL©. ). ) )

Define A;(0,n) =[{Dy; Vlj @Y;:/9n")}", { Dy sz @Z;/an")}']". As n goes to infinity,
E{BU (@,n)/0n"}and E{0 Q;(n)/dn"} can be consistently estlmatedby A(Gv, fly)=n"" Zl I A (Qv, M)
and J(H,) =n"" S i), respectively The matrices ¥ and ' can be consistently esti-
mated by S=n"'Y", 0, 1,)QO,,7,) and T=n"'37_ Mi(0,), respectively, where
Qi 6y, 1) = Ui Oy, ) — Ay, 1)L (Hy) Qi (7). Therefore, the empirical version 7 A S A LT
a consistent estimator for the asymptotic covariance matrix of 6.

APPENDIX 3

Consistency and asymptotic distribution of 6,
Let J0,y)= _gz lg,T, Ai(0,y) = —ginl(aﬂi/aeT), and  Aj(0,n)=[{Dy Vﬁl
@Y /dn)Y, (Do Vy (32 /an )}']". Given initial estimates 8 and y©, we update the estimates
via

t+1) ® n (O® ., 0 n (o® 0N "L
Y ) _ (V > (Zi:l Ju @, y'") Zizi A (07, y )) \I'*(Q(Z) 0) _
| =\ g0 | — oA o) 0 NG E FOY, ), 1=0,1,...,
(9 ¢ Yo A0V, ) Yo M (6) —

until convergence. Let (3, ér) denote the resulting limit.

Note that £{W/ (0, y)} = 0 when both the response and misclassification models are correctly specified,
since E(A4;) = m;. Therefore (y,, ér) are consistent estimators for (y, 0), and the asymptotic distribution
of é, can be established in a similar manner to that in § 4-2. However, there is an important difference
arising from the interplay of 6 and y in both U; (@, y) and Q;(0, y). Specifically, applying the Taylor
series expansion, we obtain

7= v\ _ _ (EW0Qi6.7)/0y") E{Q0.7)/06\ " 15N g
" (9—9) (E{au,w,y)/aﬂ E{auiw,y)/am}) w2 WO oD

It follows that n'/2(9, — 0) equals
n~ 2(E@U; 6, y)/30") — E{0U: (0, y)/dy NE{8Q:(0, v)/dy N ' E{(8Q; (0, y)/90™H ™!

x (Zwe, y) — EQ@U:0, y)/0y LE(0Q; 0. v) /0y 17> (0. y)) +o,(1)

i=1 i=1

=n"PT N0, ) Y Q10 v) + 0, (D),

i=1

where Q7 (0,y) = U0, y) — E{dU;©0,y)/dyE{9Qi(0,y)/dy™}]7'Qi(6,y), and T*@0,y) =
E{0U;(0,y)/00"} — E{oU; (0, ) /0y HE(9Q: (0, y) /0y }]™ 'E{0Q,;(0,y)/00"}). Thus, the Central
Limit Theorem yields that 7'/2 6, —0)is asymptotically normally distributed with mean 0 and covariance
matrix T*~12*(0*~1)7, where £* = E{Q} (9, )10, y)}.

As n goes to infinity, I'* and £* can be consistently estimated by their empirical counterparts
P =n= S0 [IM; 0,) — AfBr 9T Br, 9} AF G, P)] and B =0~ ST QF 6y, PR B 90"
respectively. A consistent estimator for the asymptotic covariance matrix of 6, is given by | DO d BB L
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