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The crossing number of a graph G is the smallest number of pairwise crossings

of edges among all drawings of G in the plane. In the last decade, there

has been significant progress on a true theory of crossing numbers. There

are now many theorems on the crossing number of a general graph and the

structure of crossing–critical graphs, whereas in the past, most results were

about the crossing numbers of either individual graphs or the members of

special families of graphs. This chapter highlights these recent advances and

some of the open questions that they suggest.
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1 Introduction

Historically, the study of crossing numbers has mostly been devoted to the

computation of the crossing numbers of particular families of graphs. Given

that we still do not know the crossing numbers for basic graphs such as the

complete graphs and complete bipartite graphs, this is perhaps not surpris-

ing. However, a broader theory has recently begun to emerge. This theory

has been used for computing crossing numbers of particular graphs, but has

also promulgated open questions of its own. One of the aims of this chapter

is to highlight some of these recent theoretical developments.

The study of crossing numbers began during the Second World War with

Paul Turán. In [60], he tells the story of working in a brickyard and won-

dering about how to design an efficient rail system from the ‘kilns’ to the

‘storage yards’. For each kiln and each storage yard, there was a track di-

rectly connecting them. The problem he considered was how to lay the rails

to reduce the number of crossings, where the cars tended to fall off the tracks,

requiring the workers to reload the bricks onto the cars. This is the problem

of finding the crossing number of the complete bipartite graph.

It is also natural to try to compute the crossing number of the complete

graph. To date, there are only conjectures for the crossing numbers of these

graphs (Figure 1 suggests how the Kr,s conjecture arises):
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The former is known to be true for r ≤ 6 and all s, and also for r = 7 and 8

when s ≤ 10. The latter is known for r ≤ 12.

A third family has played an important role in stimulating the develop-

ment of some of the theory. The Cartesian product of two cycles makes a

toroidal grid. The fact that its crossing number grows with the sizes of the
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Figure 1:

Figure 2:

cycles showed that toroidal graphs have arbitrarily large crossing number.

The conjecture (see Figure 2) is that cr(Cr × Cs) = (r − 2)s, for 3 ≤ r ≤ s.

This has been proved by traditional methods for r ≤ 7. The pioneering work

of Beineke and Ringeisen [47], [4] for the cases r = 3 and r = 4 stimulated

the work that leads to much of the theory outlined in Section 6.

We begin in Section 2 by introducing four different crossing numbers.

The rest of this article is about the standard crossing number. Section 3

provides some general lower bounds for the crossing number, while Section

4 gives one of several lovely applications of these bounds to combinatorial

geometry. Section 5 introduces the recently developed structure found in
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crossing–critical graphs. Section 6 describes some theory developed to be

better able to determine the crossing numbers of certain families of graphs —

this has been especially successful for the Cartesian product of cycles. Some

algorithmic questions are discussed in Section 7 and we conclude in Section 8

with a brief look at recent work demonstrating connections between drawings

of the same graph on different surfaces.

There is an impressive bibliography of crossing number papers maintained

by Vrt’o [64].

2 What is the crossing number?

Pach and Tóth [38] ask: what is the ‘right’ definition of a crossing number?

A drawing of a graph G in the plane is a set of distinct points in the plane,

one for each vertex of G, and a collection of simple open arcs, one for each

edge of the graph, such that if e is an edge of G with ends v and w, then the

closure (in the plane) of the arc α representing e consists precisely of α and

the two points representing v and w. We further require that no edge–arc

intersects any vertex point.

We may now try to count crossings of the arcs. We follow Székely’s

lead [59] and give four different ways of doing this. Let D be a drawing of

a graph G. The (standard) crossing number cr(D) of D is the number of

pairs (x, {α, β}), where x is a point of the plane and α and β are arcs of D
representing distinct edges of G such that x ∈ α ∩ β.

The pair crossing number pcr(D) of D is the number of pairs of arcs α

and β of D representing distinct edges of G such that α ∩ β 6= ∅. The point

here is that two edges may intersect many times, but contribute only one to

pcr(D).

The odd crossing number ocr(D) of D is the number of pairs α and β of

arcs of D representing distinct edges of G such that |α ∩ β| is odd.

The independent odd crossing number iocr(D) of D is the number of pairs
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α and β of arcs of D representing distinct edges of G that are not incident

with a common vertex and such that |α ∩ β| is odd.

It is very easy to see that, for any drawing D of G,

iocr(D) ≤ ocr(D) ≤ pcr(D) ≤ cr(D) .

For each of these crossing numbers, the corresponding crossing number of G

is defined to be the minimum over all drawings of G. For example, pcr(G) =

min{pcr(D)}, where the minimum is over all drawings D of G. Thus,

iocr(G) ≤ ocr(G) ≤ pcr(G) ≤ cr(G) .

In particular, Pach and Tóth ask:

Problem Is it true that, for all graphs G, pcr(G) = cr(G)?

The independent odd crossing number was introduced by Tutte [61],

who proved that if iocr(G) = 0, then cr(G) = 0. He also proved the nice

property that if D and D′ are two drawings of a graph G, then iocr(D) ≡
iocr(D′) (mod 2). In that paper, Tutte wonders whether iocr(G) is equal to

cr(G), for all graphs G. Pach and Tóth [38] proved the following interesting

result.

Theorem 2.1 cr(G) ≤ 2(ocr(G))2.

The proof consists of the non–trivial fact that, given a drawing D of G, there

is a second drawing D′ of G such that if an edge e of G has a crossing in

D′, then, in D, e has an odd number of crossings with some other edge;

see Pelsmajer, Schaefer and Štefankovič [40] for a simpler proof and related

results.

An important recent work [41] by Pelsmajer, Schaefer and Štefankovič

gives the first example of a graph G for which ocr(G) < cr(G). This answers

Tutte’s question in the negative. For each ε > 0, they show that there is a

graph G such that ocr(G) < (
√

3
2

+ ε)pcr(G). It may be that
√

3/2 is the

smallest possible coefficient that can occur here, but this is open.

Pach’s question, “Is pcr(G) = cr(G)?” is still open.
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3 General bounds

Erdős and Guy [15] conjectured the following, which has been proved by

Ajtai, Chvátal, Newborn, and Szemerédi [2] and independently by Leighton

[33].

Theorem 3.1 There exists a positive constant c such that, if m ≥ 4n, then

cr(G) ≥ cm3/n2.

The proof is an easy induction and generalizes the result slightly to allow

m ≥ (3 + ε)n, for any ε > 0, but then c becomes a function of ε. Note that

this result already implies that cr(Kn) ≥ cn4, for some constant c > 0.

Pach, Spencer and Tóth [36] generalized this bound as follows.

Theorem 3.2 Let g be a positive integer. There is a positive constant c =

c(g) such that if G has girth at least 2g + 1 and m ≥ 4n, then cr(G) ≥
cm2+g/n1+g.

A graph property is a set of graphs. A graph property P is monotone if:

• G ∈ P and H ⊆ G implies that H ∈ P; and

• G1 ∈ P and G2 ∈ P implies that the disjoint union G1 ∪ G2 is in P.

For a monotone property P, ex(n,P) denotes the maximum number of edges

in a graph G with n vertices such that G has property P. The following

general statement is in [36].

Theorem 3.3 Let P be a monotone graph property and suppose that there

are positive constants α, c1, and c2 for which

c1n
1+α ≤ ex(n,P) ≤ c2n

1+α .

Then there are positive constants c3 and c4 such that if G ∈ P, G has n

vertices and m ≥ c3n log2 n edges, then

cr(G) ≥ c4
m2+1/α

n1+1/α
.
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The conclusion of Theorem 3.1 is the same as the conclusion of Theorem

3.3 in the case α = 1. However, notice the hypothesis in the latter requires

that m ≥ cn log2 n, rather than m ≥ cn as in Theorem 3.1.

Problem Is Theorem 3.3 still true if the hypothesis is weakened to m ≥ cn?

One sticking point in the proof of Theorem 3.3 given in [36] is finding

a good estimate on the sum of the squares of the degrees of the vertices in

a graph in P having n vertices — the trivial estimate
∑

v∈V (G) deg2(v) ≤
n

∑

v∈V deg(v) ≤ n2+α is used. Füredi and Kündgen [19] have shown that
∑

v∈V (G) deg2(v) ≤ f(n, α), where:

f(n, α) =







n2 if α < 1/2
n2 log n if α = 1/2
n1+2α if 1/2 < α ≤ 1

.

Unfortunately, this improved estimate improves the hypothesis of Theorem

3.3 only to m ≥ cn log n, for α < 1/2, and to m ≥ cn(log n)3/2, for α = 1/2.

The accuracy of the estimates in [19] suggests that other methods may be

needed to improve the hypothesis to m ≥ cn.

Leighton introduced two other important ideas in [33]. One way to esti-

mate the crossing number of a graph G is to immerse G into another graph

H . An immersion of a graph G into a graph H is a mapping of the vertices

of G to vertices of H and a mapping of the edges of G to paths in H (if

e = vw ∈ E(G), then e is mapped to a path in H whose ends are the images

of v and w). There is no requirement that the edge–representing paths be

disjoint, but no edge–representing path should have a vertex–representing

vertex in its interior. For each edge e of H , we call the congestion of e the

number of paths of H corresponding to edges of G that pass through e. The

crossing number of G can be readily approximated by a function of the cross-

ing number of H and the maximum congestion of the immersion. This idea

has been used by Shahrokhi, Székely and Vrt’o [55] to show that the n–cube

has crossing number at least c4n.
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The other of Leighton’s ideas in [33] we mention here is that of relating

the crossing number of a graph G to its bisection width b(G), which is the

smallest number of edges in a cutset dividing V (G) into two sets, each with

at least a third of the vertices of G. One form of this theorem is the following

[35]:

Theorem 3.4 Let G be a graph with n vertices with degrees d1, d2, . . . , dn.

Then b(G) ≤ 10
√

cr(G) + 2
√

∑n
i=1 d 2

i .

This type of result is used in the proof of Theorem 3.3 and shows why esti-

mates on
∑

d 2
i are wanted.

In a slightly different direction, Pach and Tóth [37] considered a graph

having a drawing in the plane for which no edge crosses more than k other

edges. This obviously restricts the number of edges and they proved that,

for k ≤ 4, m ≤ (k + 3)(n − 2) (generalizing the m ≤ 3n − 6 bound for

planar graphs), while, for general k, there is a universal constant c such that

m ≤ c
√

kn.

4 Applications to geometry

In a beautiful paper, Székely [58] has shown how to use Theorem 3.1 to

provide simple proofs of ‘hard’ problems in combinatorial geometry. The

simplest example is the Erdős–Trotter theorem:

Theorem 4.1 Given n points and ℓ lines in the plane, there is a constant

c for which the number of incidences among the points and lines is at most

c
[

(nℓ)2/3 + n + ℓ
]

.

Proof. Let G be the graph with the n points as vertices in which two ver-

tices are adjacent if they are consecutive points on one of the lines. The

arrangement of points and lines gives a drawing of G in the plane. Since no

two lines cross more than once, we have cr(G) ≤ ℓ2. On the other hand,
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in each line the number of vertices is one greater than the number of edges,

so the number I of point–line incidences is at most m + ℓ. Therefore, by

Theorem 3.1, either 4n ≥ m or cr(G) ≥ cm3/n2, that is, either I ≤ 4n+ ℓ or

ℓ2 ≥ c(I − ℓ)3/n2.

5 Crossing–critical graphs

A graph G with crossing number k or more is k–crossing–critical if every

proper subgraph has crossing number less than k, and G is homeomorphically

minimal. Note that this last condition, together with Kuratowski’s Theorem,

implies that the only 1–crossing–critical graphs are K3,3 and K5. We remark

that there are graphs G (examples are mentioned below) that are k–crossing–

critical for some k < cr(G).

Although significant progress has been made, it is still not known what

the 2–crossing–critical graphs are. Richter [45] determined the eight cubic

2–crossing–critical graphs and Vitray [62] presented the following result:

Theorem 5.1 If G is 2–crossing–critical, then either cr(G) = 2 or G =

C3 × C3.

Since cr(C3×C3) = 3, so not every 2–crossing–critical graph has crossing

number 2, Theorem 5.1 can be stated in a less precise way: there is a constant

c such that if G is 2–crossing–critical, then cr(G) ≤ c. This suggests the

following result, proved by Richter and Thomassen [46]:

Theorem 5.2 If G is k–crossing–critical, then cr(G) ≤ 5
2
k + 16.

Lomeli and Salazar [34] have shown that there is a constant c such that, if

G is sufficiently large and k–crossing–critical, then cr(G) ≤ 2k + c.

The important point is that the crossing number of a k–crossing–critical

graph is bounded by a function of k. If n ≥ 5, then the complete graph Kn
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(for example) is k–crossing–critical for some (unknown) k. Since k is of the

order of n4, some edge must cross about n2 edges, so the deletion of any edge

reduces the crossing number by about n2. Thus, Kn is k–crossing–critical for

some k that is about cr(Kn)−
√

cr(Kn). This means that there are examples

of k–crossing–critical graphs G for which cr(G) is about k +
√

k.

Question 1 Is there a positive constant c for which cr(G) ≤ k + c
√

k when-

ever G is k–crossing–critical?

Equivalently, one may ask if there is a constant c′ such that every graph

G has an edge e for which cr(G − e) ≥ k − c′
√

k. Recently, Fox and Tóth

[18] verified this for dense graphs. More precisely, they proved the following.

Theorem 5.3 For any connected graph G with n vertices and m edges, and

for every edge e of G, cr(G − e) ≥ cr(G) − 2m + 1
2
n + 1.

Fox and Tóth also investigated the effect on crossing numbers caused by

the removal of a substantial number of edges in a sufficiently dense graph:

Theorem 5.4 For each ε > 0, there is a constant n0, depending on ε, such

that, if G has n > n0 vertices and m > n1+ε edges, then G has a subgraph G′

with at most (1 − 1
24ε

)m edges for which cr(G′) ≥ ( 1
28

− o(1))cr(G).

Geelen, Richter and Salazar [22] proved that if G is k–crossing–critical,

then G has bounded tree–width, thereby directly relating crossing–number

problems to graph minors. Crossing numbers are not monotonic with respect

to contraction, since contracting an edge might decrease, increase, or not

change the crossing number, so this is a significant relationship.

(We comment that Robertson and Seymour [48] have found the 41 for-

bidden minors for those graphs H that are minors of some graph G with

cr(G) ≤ 1. However, there are such H for which cr(H) > 1.)

At the same time, Salazar and Thomas made a conjecture that has since

been proved by Hliněný [27]:
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Theorem 5.5 There is a function f such that if G is k–crossing–critical,

then G has path–width at most f(k).

We do not wish to get into a discussion of path–width here, but essentially

what Theorem 5.5 means is that k–crossing–critical graphs are long and thin.

There are several known examples of infinite families of k–crossing–critical

graphs, for fixed k, and they are all composed of small pieces ‘stuck’ together

in some circular fashion, with more and more copies of the pieces to make the

different examples. These have small path–width, which here is essentially

the number of vertices in the pieces.

These examples suggest a refinement of Theorem 5.5. The bandwidth

bw(G) of a graph G is the least integer k for which there is an assignment of

1, 2, . . . , n to the vertices such that

max
{

|f(v) − f(w)| : vw ∈ E(G)
}

≤ k .

(Essentially, each neighbour of the vertex i must be one of the numbers

i − k, i − k + 1, . . . , i − 1, i + 1, i + 2, . . . , i + k.) We make the following

conjecture in a formulation by Carsten Thomassen.

Conjecture 5.1 For each integer k, there is an integer B(k) for which

bw(G) ≤ B(k) if G is k–crossing–critical.

Since bw(G) ≤ k implies that G has path–width at most 2k, Conjecture

5.1 refines Theorem 5.5. It also implies the following, which itself seems to

be challenging.

Conjecture 5.2 For each integer k, there is an integer D(k) such that the

maximum degree of G is at most D(k) if G is k–crossing–critical.

We do not believe that Theorem 5.5 and Conjecture 5.2 together imply Con-

jecture 5.1.
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Until recently, the following construction gave all known examples of in-

finite families of crossing–critical graphs.

A tile is a triple T = (G, L, R) for which G is a graph and L and R are

finite sequences of distinct vertices of G. A tile drawing of such a tile is a

drawing of G in the unit square [0, 1]× [0, 1] so that the vertices of L appear

on {0} × [0, 1] in order with decreasing y–coordinates and the vertices of R

appear on {1} × [0, 1] in order with decreasing y–coordinates.

If L and R have the same length, then we can glue two copies (G1, L1, R1)

and (G2, L2, R2) of T together by identifying R1 with L2 (in order) to create

a new tile T 2 = (G1∪G2, L1, R2). Gluing q copies of T together in this linear

way gives the tile T q.

The tile crossing number tcr(T ) of a tile T is the minimum value of cr(D)

over all tile drawings D of T , and T is planar if tcr(T ) = 0. If T = (G, L, R)

is planar, then G is planar, but the converse is not true in general.

Let T = (G, L, R) be a planar tile and consider the planar tile T q =

(H, L′, R′). By identifying L′ with R′, but now in the reverse order, we

typically create a non–planar graph, denoted by ⊗(T q). For example, Richter

and Thomassen [46] proved that, for the bow–tie B illustrated in Figure 3,

cr(⊗(Bq)) = 3 if q ≥ 3. This can also be proved by a much simpler method,

which we now describe.

It can be shown that if T is a planar tile, then there is a number N1 such

that if q ≥ N1 and D is a drawing of ⊗(T q) with at most some fixed number

c1 of crossings, then there is another drawing D′ of ⊗(T q) with c1 crossings for

which some copy of T in ⊗(T q) is drawn as a tile drawing with no crossings.

This means that cutting out that copy of T leaves a tile drawing of a tile T̃ q−1

obtained by gluing together q − 1 tiles, q − 2 of which are T = (G, L, R) and

the other is (G, L, R−1) — that is, T , but with R in the reverse order. Since

cr(⊗T q) ≤ tcr(T̃ q) and tcr(T̃ q+1) ≤ tcr(T̃ q), we easily deduce the following

result (see [44]):

Theorem 5.6 If T is a planar tile, then tcr(T̃ q) = cr(⊗(T q)) for large q.
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Figure 3:

It is easy to prove that cr(⊗Bq) = 3. There are four edge–disjoint paths

in B from some Li to Ri: from ‘top’ to ‘bottom’ label these P1, P2, P3, and

P4. Thus, P1 is disjoint from P3 and P4 and P2 is disjoint from P4. In any

tile drawing of B̃q, the union of all the P1–paths must cross both the union

of all the P3–paths and the union of all the P4 paths, and similarly the P2s

must cross the P4s. This implies that there are at least three crossings.

All examples of infinite families of k–crossing–critical graphs known before

2006 can be explained by variations of these arguments; in particular, this

is true of the infinite family described in [32]. Oporowski (unpublished) has

shown that there is a number N such that, if G is 2–crossing–critical and

has more than N vertices, then G is constructed in just the manner of ⊗T q,

except that now combinations of 13 different tiles are used.

In recent work, Bokal [7] has introduced the zip product of graphs. Among

other things, he has used this to give infinite families of k–crossing–critical

graphs, enough such families to show that, for each rational number r ∈ (3, 6),

there are infinitely many numbers k for which each member of an infinite

family of simple k–crossing–critical graphs has average degree r. Salazar [51]

observed that such a rational r must be in interval (3, 6], so the only open
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case is r = 6. Richter and Thomassen [46] showed that, if the infinite family

of k–crossing–critical graphs are all r–regular, then r is 4 or 5. No example

of a 5–regular family or a family with average degree 6 is known. Bokal’s

families are not made up only of tiles: rather, they decompose into smaller

crossing–critical graphs across edge–cuts, which is the operation inverse to

the zip product.

6 Other families of graphs

We continue the tile theme. It is clear that, if T is a tile and p and q are

positive integers, then

tcr(T p+q) ≤ tcr(T p) + tcr(T q) .

A simple standard result about such sequences, sometimes referred to as

Fekete’s Lemma, gives a nice limit result:

Theorem 6.1 For each tile T , limq→∞ tcr(T q)/q exists.

The average crossing number acr(T ) of a tile T is limq→∞ tcr(T q)/q. We

note that acr(T ) ≤ tcr(T ). In the next result, from [43], the graph ◦(T q)

is obtained from T q by identifying L and R in the same order. (If T is not

planar, then we do not need to reverse R in order to create crossings.)

Theorem 6.2 Let T be any tile for which T q exists, for every q. Then there

is a constant c = c(T ) such that, for all q,

tcr(T q) ≥ cr(◦(T q)) ≥ tcr(T q) − c .

In particular, limn→∞ cr(◦(T q))/q = acr(T ).

If we knew acr(T ), then it would follow that cr(◦(T q)) is asymptotically equal

to n · acr(T ).
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Problem Is there any general method for computing (or estimating) acr(T )?

Let Tp be a tile for which ◦(T q
p ) is the Cartesian product Cp × Cq of two

cycles. It follows from [1] that acr(Tp) = tcr(Tp) = p−2. Thus, for all q ≥ p,

cr(Cp × Cq) lies between (p − 2)q − c(p) and the conjectured value (p − 2)q.

An important improvement for this graph has been obtained by Glebskĭı

and Salazar [24]. It is based on [1], but includes some additional arguments:

Theorem 6.3 If q ≥ p(p + 1), then cr(Cp × Cq) = (p − 2)q.

Theorem 6.2 opens up the possibility of getting the right order of magni-

tude for the crossing numbers of families of graphs. One natural candidate is

the generalized Petersen graph P (p, k), obtained from Cp by adding a pen-

dant edge to each vertex and then joining each pair of pendant vertices that

are k apart. Theorem 6.2 implies that there is a function f(k) such that

cr(P (p, k)) is essentially pf(k). Salazar [50] has proved that f(k) ≤ 2 + o(k)

and f(k) ≥ 1
4

+ o(k). It follows that, roughly, 1
4
p ≤ cr(P (p, k)) ≤ 2p.

In a different direction, it would be interesting to get some handle on

cr(P (q2, q)), as q gets large. It is an easy consequence of Theorem 3.4 and

the main result of [11] that the crossing number of the random cubic graph

with n vertices is at least cn2. It would be nice to have actual examples of

such graphs.

Finally, Bokal [8] has used his zip product to compute the crossing number

of the Cartesian product of the star Sp with p leaves and the path Pq with q

vertices. His proof is the most succinct argument we know of to show that a

particular graph has a given crossing number. An extension of this method to

compute the crossing numbers of other Cartesian products of K1,n or wheels

with trees or paths is given in [9].
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7 Algorithmic questions

In this section, we consider algorithmic aspects of crossing numbers. The

basic result in the area is the following, due to Garey and Johnson [21]:

Theorem 7.1 The problem, ‘Given a graph G and an integer k, is cr(G) ≤
k?’ is NP–complete.

Hliněný [28] has recently proved that computing the crossing number of

cubic graphs is NP–complete, thereby answering a long–standing question.

This proves that the minor–monotone version of crossing number is also NP–

hard (see [10]). The NP–completeness of crossing number for cubic graphs

also follows from a recent result by Pelsmajer, Schaefer and Štefankovič, who

proved that determining the crossing number of a graph with a given rotation

system is NP–complete [42].

A graph is almost planar if there is an edge whose removal leaves a planar

graph. Hliněný and Salazar [30] have proved that there is a polynomial–time

algorithm for approximating (within a constant factor) the crossing number

of an almost planar graph with bounded degree. Gutwenger, Mutzel and

Weiskircher [26] have shown that if G is planar and if e is an edge not in

G, then there is a linear–time algorithm for finding a planar embedding of

G such that the number of crossings that result from the insertion of e is

minimized. Cabello and Mohar [13] have proved the surprising result that

computing the crossing number of an almost planar graph is NP–complete.

For fixed k, there is an easy polynomial–time algorithm to determine

whether cr(G) ≤ k: try all possible ways of inserting k vertices of degree 4

as the crossings and then test each possibility for planarity. Much better,

Kawarabayashi and Reed [31] have shown the following.

Theorem 7.2 For each integer k, there is a linear–time algorithm for de-

termining whether cr(G) ≤ k.
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They improve Grohe’s [25] original quadratic–time algorithm. Both begin

by reducing G to a graph with bounded tree–width but with the same crossing

number, and then test whether the crossing number of G is at most k. (The

first part works because crossing–critical graphs have bounded tree–width

[22].) Closely related is one of the most important algorithmic problems

involving crossing numbers, posed by Seese (see the open problems section

in [49]).

Question 2 Does there exist a polynomial–time algorithm for computing the

crossing numbers of graphs with bounded tree–width?

It is interesting that the problem ‘Is cr(G) ≤ k?’ is trivially in NP, while

related problems are not obviously so. For example, consider the rectilin-

ear crossing number rcr(G) of a graph G; this is the minimum number of

crossings in any drawing of G in which each edge is a straight–line segment.

Bienstock [5] has shown that there is an infinite family Gn of graphs with

the property that any straight–line drawing of Gn with rcr(Gn) crossings

must have a vertex whose coordinates require more than polynomially many

bits. Thus, if we wish to prove that the problem ‘Is rcr(G) ≤ k?’ is in NP, it

does not suffice to exhibit a suitable drawing. However, a suitable drawing

does suffice to show the problem ‘Is cr(G) ≤ k?’ is in NP.

While we are on the subject of rectilinear crossing numbers, Bienstock

and Dean [6] have proved the following remarkable results.

Theorem 7.3 (a) If cr(G) ≤ 3, then rcr(G) = cr(G).

(b) For each positive integer n ≥ 4, there is a graph Gn such that cr(Gn) = 4

and rcr(Gn) ≥ n.

The pair crossing number problem is also not trivially in NP, since it

is not known in advance that if pcr(G) ≤ k, then there is a polynomially

describable drawing of G in the plane that demonstrates this. It is now

known that there is such a drawing for which each edge has at most 2m
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crossings [54]. Note that pcr(G) is closely related to the weak realizability

problem, which provides as input both G and a set R of pairs of edges, so

that crossings may only occur between pairs that are in R. The following is

a consequence of [53]:

Theorem 7.4 The problem, ‘Given a graph G and an integer k, is pcr(G) ≤
k?’ is in NP.

Pach and Tóth [38] have observed that the proof of Theorem 7.1 carries

over to prove that ‘odd crossing number’ is also NP–hard.

8 Drawings in other surfaces

In this section, we consider crossing numbers for drawings of graphs in sur-

faces other than the plane.

Böröczky, Pach and Tóth [12] recently investigated the (plane) crossing

number of a graph G embeddable in a surface with Euler characteristic χ.

Settling a conjecture of Peter Brass, they proved that G can always be drawn

in the plane with at most cχ∆n crossings, where cχ is a constant depending

on χ and ∆ is the maximum degree of G. Examples show that, up to the

value of cχ, this is best possible. They actually proved a stronger statement:

there is a constant c′χ such that, if d1, d2, . . . , dn are the degrees of the vertices

of G, then G can be drawn with at most c′χ
∑n

i=1 d2
i crossings.

This last result is also implied by a recent result of Wood and Telle [63],

who proved that every graph with bounded degree that excludes a fixed graph

as a minor has linear crossing number. They also proved that every graph

with bounded degree and bounded tree–width has linear rectilinear crossing

number (cf. Question 2 above).

The following was proved by Salazar [52], building upon results of Garcia–

Moreno and Salazar [20]. The representativity of a graph G embedded

in a surface Σ is the minimum number of intersections with G of a non–
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contractible closed curve γ in Σ, the minimum being taken over all possible

curves γ.

Theorem 8.1 Let Σ and Σ′ be surfaces. Then either every Σ–embeddable

graph is Σ′–embeddable, or there is a constant c such that, if G is a graph

embedded in Σ with representativity r, then crΣ′(G) ≥ cr2 + O(r).

In the case Σ is the real projective plane and Σ′ is the sphere, it should be

possible to get a better result. The dual–width of an embedding of a graph

in a surface is the length of the shortest non–contractible cycle in the surface

dual graph.

Problem Find a good estimate for the (plane) crossing number of a projec-

tive planar graph in terms of the dual–width of the embedding.

In [23], it is proved that the desired estimates exist for projective graphs of

bounded degree.

An algorithmic version of this question can be given.

Problem Is computing the planar crossing number of projective planar

graphs NP–complete?

Part of the motivation for this problem is the fact that the genus of projective

planar graphs can be computed in polynomial time (see [17]).

Problem Find a good estimate for the (plane) crossing number of a toroidal

graph in terms of the dual–width of the embedding.

Within a constant factor, this is done for toroidal graphs with bounded

degree [29].

One expects that the right estimate for the planar crossing number of a

toroidal graph is d1d2, where d1 and d2 are the lengths of transverse non–

contractible dual cycles, chosen to minimize the product d1d2.
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Širáň [56] introduced the (orientable and non–orientable) crossing se-

quence of a graph G. The orientable surface of genus g is denoted by Sg and

the non–orientable surface of genus g is denoted by Ng. The orientable cross-

ing sequence is crS0
(G), crS1

(G), crS2
(G), . . . and the non–orientable cross-

ing sequence is crS0
(G), crN1

(G), crN2
(G), . . . . Evidently, if the genus of G

is γ(G) and if γ ≥ γ(G), then crΣg
(G) = 0, and, if g < γ(G), then

crΣg
(G) > crΣg+1

(G).

The main result of [56] is that if the (finite) sequence a0 > a1 > a2 > . . . >

ak = 0 of integers is convex (that is, ai+1 − ai+2 ≤ ai − ai+1 for each i), then

there is a graph G whose orientable crossing sequence is (a0, a1, a2, . . . , ak, 0, 0,

0, . . .). There is also a graph H whose non–orientable crossing sequence is

(a0, a1, a2, . . . , ak, 0, 0, 0, . . .).

Archdeacon, Bonnington and Širáň [3] showed by example that not every

crossing function is convex. Furthermore, they proved that if a0 > a1 > 0,

then there is a graph G that embeds in the Klein bottle satisfying crNi
(G) =

ai, for i = 0, 1. In the orientable case, DeVos, Mohar and Šámal [14] have

proved that if a0 > a1 > 0, then there is a graph G that embeds in the

double torus and crSi
(G) = ai, for i = 0, 1. Archdeacon et al. [3] suggested

the following conjecture:

Conjecture 8.1 Any strictly decreasing sequence of positive integers is the

orientable crossing sequence of some graph and the non–orientable crossing

sequence of some graph.

9 Conclusion

We have attempted to highlight recent work about crossing numbers that

demonstrate the growth of the theory. We have seen:

• relations with extremal graph theory;

• Székely’s simple proof of the Erdös–Trotter theorem, which connects

crossing numbers with several areas of mathematics;
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• our understanding of k–crossing–critical graphs grow substantially;

• intimations of how to get good estimates for the crossing numbers of

the members of families of graphs;

• many advances in algorithmic and complexity questions.

Despite these exciting results, there are still many easily stated problems to

motivate further work.
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[18] J. Fox and C. Tóth, On the decay of crossing numbers, J. Combin.

Theory (B) 98 (2008), 33–42.
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[39] J. Pach and G. Tóth, Thirteen problems on crossing numbers, Geombi-

natorics 9 (2000), 194–207.

[40] M. Pelsmajer, M. Schaefer and D. Štefankovič, Removing even crossings,
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