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Abstract

This work addresses sensitivity analysis of au-
tonomously oscillating biochemical systems by
extending previous treatments which considered
special cases or empirical approximations to sys-
tem response. Building on results from the engi-
neering literature, an analysis is presented which
addresses sensitivity of key features of the oscil-
latory trajectory: namely the period and local
maximum or minimum values of species concen-
trations and reaction rates. A discussion of sensi-
tivity invariants generalizes results from steady-
state sensitivity analysis to this context.

1 Introduction

Sensitivity analysis plays an important role in the
study of biochemical systems. Mathematical ap-
proaches to such analysis have been introduced
through the fields of Metabolic Control Analysis
(MCA) [11, 6] and Biochemical Systems Theory
(BST) [18]. These analyses have proven useful
both by providing insight into the nature and
function of biochemical systems as well as by
serving as a tool to predict the result of inter-
ventions, e.g. for metabolic engineering or phar-
maceutic purposes.

In the study of biochemical networks, it is often
the case that steady state behaviour is of primary
interest (not least because this is the simplest
behaviour to investigate experimentally). As a
consequence, the sensitivity analysis of systems
at steady state has proven adequate for many
investigations.

However, the dynamic behaviour of biochemical
systems is increasingly coming under investiga-

tion. This is due in part to advances in ex-
perimental techniques which make observation of
time series more readily attainable, and in part to
an increasing awareness that a complete under-
standing of many of the mechanisms within the
cell will only be reached once their dynamic be-
haviour has been described. As a result, a num-
ber of approaches to the extension of classical
(steady-state) sensitivity analysis have appeared.

General definitions of time-varying sensitivity
functions were first given in this context in [1]
(see also [10, 12]). This extension of the stan-
dard analysis allows treatment of systems whose
behaviour is primarily dynamic. While these re-
sults have proven to be useful, there is one form of
dynamic behaviour for which they cannot provide
satisfactory descriptions, namely autonomously
oscillating systems. Such system underly many
of the periodic phenomena which have been iden-
tified in biology (e.g. glycolytic oscillations, the
cell cycle, circadian rhythms, periodic neuronal
signals). See [7] for a review.

It has long been recognized ([2] and references
therein) that the sensitivity of various features of
oscillating systems (e.g. period and amplitude)
could be estimated experimentally (or through
simulation), even if there was no general theory
to provide a means of analytic computation. A
first step towards such a theory was presented
in [13], in which a satisfactory treatment of sys-
tems exhibiting forced oscillations is given. This
theory was complemented by the results in [4]
which address sensitivity of Fourier coefficients.
Autonomously oscillating systems were treated
by this approach in [16]. These works provide vi-
tal contributions to the study of periodic systems.
However, there has yet to appear a general treat-
ment of sensitivity of autonomously oscillating
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biochemical systems. This paper complements
the existing work by providing such an exposi-
tion.

Sensitivity analysis is a crucial aspect of the
study of control systems, and has been exten-
sively treated within the engineering community.
In [3], Buré and Rosenvasser present a method
for deriving sensitivity of features of limit cy-
cle trajectories (namely period and amplitude)
to changes in parameters. The same results were
derived independently in [5, 14]. As the current
paper will demonstrate, this method can be read-
ily applied to biochemical systems and the result-
ing analytic description can be used to provide
additional insight in this setting.

2 Preliminaries

The analysis will treat a general network of n

chemical species (s = (s1, s2, . . . , sn)) involved
in m reactions in a fixed volume. The system
will be modelled as depending on a single scalar
parameter p. The system is described by the n

by m stoichiometry matrix N and the m-vector
valued reaction rate function v = v(s, p). The
dynamics are given by

d

dt
s(t) = Nv(s(t), p) for all t ≥ 0. (1)

The parameter p might represent any of the pa-
rameters of the model (e.g. a Vmax or Km value) or
any particular direction in the parameter space.
The function v is assumed continuously differen-
tiable.

Stoichiometric systems may contain redundant
states (e.g. due to conserved moieties), which cor-
respond to linear dependencies among the rows
of N. In such cases, the number of states can be
reduced for the purposes of analysis and compu-
tation, as discussed in [15]. In order to simplify
the presentation in what follows, we will assume
that no such reduction is called for.

In what follows we will assume that for each
value of the parameter p in the range of inter-
est, the system (1) exhibits a periodic trajectory
sper(t, p), with period T (p), i.e.

sper(t + T (p), p) = sper(t, p) ∀t ≥ 0. (2)

Moreover, it will be assumed that each such tra-
jectory is a stable limit cycle.

3 Sensitivity Analysis

As described in [1] and [12], the general (time-
varying) concentration response coefficient (or
concentration sensitivity function) is defined as
follows.

Definition 3.1 Given a nominal parameter
value p0 and a corresponding periodic trajectory
sper(·, p0), define the response coefficient as the
n-vector valued function Rs(·) given by

Rs(t) :=
∂sper(t, p)

∂p
|p=p0

∀t ≥ 0. (3)

The evolution of this sensitivity function is de-
scribed by the first order linear differential equa-
tion

d

dt
Rs(t) = N

∂v(t)

∂s
Rs(t) +N

∂v(t)

∂p
∀t ≥ 0. (4)

The partial derivatives ∂v(t)
∂s

and ∂v(t)
∂p

are evalu-

ated along the trajectory sper(t, p0).

The response of system (1) to perturbations in
parameters which affect only the initial condi-
tions is straightforward, as was discussed in [12].
Henceforth we will assume that a change in the
parameter p has no effect at time t = 0, and so
we will take initial condition Rs(0) = 0 in equa-
tion (4).

In standard sensitivity analysis, the response co-
efficients are used directly to determine the sys-
tem behaviour under perturbations. However, as
discussed in [13], the sensitivity functions for au-
tonomously oscillating systems grow unbounded
in time and hence are of little direct use in ad-
dressing asymptotic behaviour. Nonetheless, as
described in [3], these sensitivity functions can be
use to describe the asymptotic response of certain
properties of the oscillations, as outlined below.

Before addressing sensitivity, we make a remark
regarding equation (4). Observe that when eval-
uated along the periodic trajectory sper(t, p) both

N
∂v(t)

∂s
andN∂v(t)

∂p
are T (p)-periodic. The homo-

geneous part of equation (4), whose fundamental
matrix H(·) is the solution of

d

dt
H(t) = N

∂v(t)

∂s
H(t) H(0) = I, (5)

can thus be addressed by the tools of Floquet
Theory (see, e.g. [8]). The result is a solution of
the form

H(t) = D(t)eBt (6)
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where the matrix D(·) is T (p)-periodic. The
eigenvalues of the matrix B are called the char-
acteristic exponents of the system. Under our
assumption that the system (1) admits the T (p)-
periodic solution sper(·, p), it follows that the dif-
ferential equation in (5) likewise admits a T (p)-
periodic solution. Comparing with (6), one con-
cludes that the matrix B must have at least one
eigenvalue with modulus one.

We now make the assumption that all of the other
characteristic exponents are in the unit circle,
which is consistent with the fact that the periodic
trajectory sper(·, p) is a limit cycle. Under this
assumption, the fundamental matrix H(·) can be
expressed as

H(t) = Hper(t) +Htrans(t) ∀t ≥ 0,

where limt→∞Htrans(t) = 0 and Hper(·) is T (p)-
periodic.

As mentioned earlier, the unbounded nature of
the sensitivity function means that it cannot be
used directly to describe the asymptotic system
response. However, the variation in the sensitiv-
ity function over the period T (p0) is a solution of
equation (5), and hence is better behaved. This
variation proves useful, as shown below.

3.1 Sensitivity of Oscillatory Characteris-

tics

In addressing the sensitivity of autonomously os-
cillating systems, it is the asymptotic response
which is of primary interest. In the case of
asymptotically stable systems, the response coef-
ficients as defined above tend to the steady-state
sensitivity coefficients as time grow large. For au-
tonomously oscillating systems, this interpreta-
tion cannot be exploited since the response coeffi-
cients diverge. However, their values do converge
to a description of the asymptotic behaviour of
the extreme points on the periodic trajectory, as
shown below.

Sensitivity of Local Extrema

The oscillatory behaviour of systems is often de-
scribed in terms of local extrema, e.g. maximal
or minimal levels of chemical species. The ex-
treme levels of flux through a pathway are also
of interest in addressing periodic systems.

Having identified such extrema as of interest, one
can then ask how they may be affected by a pa-
rameter variation. A satisfactory answer can be
given provided one characterizes the point by the
time at which it occurs. That is, having fixed
a time t0 of interest on the periodic trajectory

sper(·, p0), one can describe the response of the
system at time t0 to a change in p, provided
this time represents a local maximum or mini-
mum value for the variable of interest, as we now
demonstrate.

The following is a straightforward extension of
results in [17]. The proof is omitted due to lack
of space.

Let Y : Rn×R → R be some function of the state
and the parameter, and identify a time t0(p0) ∈
[0, T (p0)) at which the function Y (sper(t, p0), p0)
achieves a local extremum. Then, for integers m,

d

dp
Y (sper(t

0(p), p), p)

∣

∣

∣

∣

p=p0

= (7)

lim
m→∞

∂Y

∂s
Rs(t0(p0) + mT (p0)) +

∂Y

∂p
, (8)

where the partial derivatives of Y are evaluated
at (sper(t

0(p0), p0), p0).

In addressing biochemical networks, the most
common choices for the function Y are spe-
cific species concentrations or reaction rates.
This second choice leads to sensitivity functions
known as flux response coefficients, denoted by
the vector Rv(·). Using Rs∗ and Rv∗ to denote
the asymptotic response of the species concen-
trations and reaction rates, respectively, (7) pro-
vides the following. For any species si or reaction
rate vj which achieves an extreme value at t0,

Rsi∗(t0) = lim
m→∞

Rsi(t0(p0) + mT (p0))

Rvj ∗(t0) = lim
m→∞

∂vj

∂s
R(t0(p0) + mT (p0))

+
∂vj

∂p

where the partial derivatives are evaluated at
(sper(t

0(p0), p0), p0).

Sensitivity of the Period

In addition to maximal and minimal values, the
asymptotic response of the oscillation can also be
characterized by the change in the period. An
auxiliary definition will be needed.

Definition 3.2 Given a solution Rs(·) of (4),
define the variation of the sensitivity over the pe-
riod of the nominal oscillation by

∆Rs(t) = Rs(t + T (p0))−Rs(t), ∀t ≥ 0.

As described in [3], assuming T (·) is differen-
tiable, the sensitivity of the period can expressed
as follows: for any i = 1, 2, . . . , n, let ∆Rsi(t)
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denote the i-th element of ∆Rs(t), let Ni be
the i-th row of N, and choose any unbounded
increasing sequence of times {tk}

∞

k=1 such that
Niv(sper(tk, p0), p0) 6= 0 for all k. Then

dT (p)

dp

∣

∣

∣

∣

p=p0

= lim
k→∞

−
∆Rsi(tk)

Niv(sper(tk, p0), p0)
. (9)

3.2 A Remark on Computation

In previous treatments, the sensitivity coeffi-
cients derived above have only been treated an-
alytically in special cases (e.g. [1]). More com-
monly, they have been approximated through
simulation, e.g. by making a 1% change in a pa-
rameter and observing the resulting behaviour
(e.g. [2]). Such investigations can provide accu-
rate estimates provided the perturbation is suffi-
ciently small, but suffer from numerical difficul-
ties, since the sensitivity coefficient is derived as
a ratio of small numbers (leading to errors in-
troduced by limits in precision). The derivation
presented here does not suffer from this numeri-
cal handicap.

4 Sensitivity Invariants

When systems are subjected to sensitivity analy-
sis, their form often imposes certain restrictions,
known as sensitivity invariants, on the resulting
sensitivity functions [17]. Within the MCA com-
munity, the standard description of sensitivity in-
variants of biochemical systems are the Summa-
tion and Connectivity Theorems. In the classical
case of steady-state analysis, these Theorems de-
scribe algebraic constraints on the sensitivity co-
efficients [15]. An equivalent statement of these
results can be given as a description of the re-
sponse of the system to perturbations in parame-
ters of a particular form. In the current context,
generalizing these results leads to the following
statements regarding the asymptotic response co-
efficients.

Summation Theorem: If the parameter p is

chosen so that ∂v(t)
∂p

lies in the nullspace of N for

each time t during the oscillation sper(t, p), then

Rs∗(t) = 0

Rv∗(t) =
∂v(t)

∂p
,

for each t ∈ [0, T (p)). Moreover, dT
dp

= 0.

Connectivity Theorem: If the parameter p is
chosen so that there is some n-vectorm for which

Figure 1: Abstracted glycolytic chain

∂v(t)
∂p

= ∂v(t)
∂s

m for each time t during the oscil-

lation sper(t, p), then

Rs∗(t) = (Hper(t)− I)m

Rv∗(t) =
∂v(t)

∂s
Hper(t)m,

for each t ∈ [0, T (p)). Moreover, dT
dp

= 0.

Note that in these special cases the sensitivity
at arbitrary times t is derived, not just at the
extremal points. The proofs are omitted due to
lack of space.

5 Application: a simple model of

glycolytic oscillations

The simple two-species model shown in Figure 1
has been developed as an abstraction of the gly-
colytic pathway [9]. The kinetics are described by
mass-action, with the activation by S2 appearing
multiplicatively (i.e. the rate of production of
S2 is given by k1S1(1 + S

q
2)). Provided the pa-

rameters lie in an appropriate range, the system
exhibits limit cycle behaviour, as shown in [9].

With nominal parameter values of v0 = 8, k1 = 1,
k2 = 5, k3 = 1, and q = 3, we consider the effect
of perturbations in k3, which is a measure of the
external consumption of S1. Simulations lead to
the behaviour shown in Figure 2, where we see
the oscillatory behavior of S1, its sensitivity func-
tion Rs1 , and the corresponding variation∆Rs1 .
Further analysis provides the sensitivity values in
the table below. The only flux sensitivity which is
reported is that of the reaction producing S2 (de-
noted v3) – the other nonconstant reaction rates
are linear functions of the species concentrations.
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Figure 2: S1, the sensitivity function Rs1 , and its

variation ∆Rs1

w.r.t. k3 sensitivity relative sensitivity

S1 max -1.3 -0.44
S1 min 5.7 4.8
S2 max -4.4 -2.4
S2 min 0.61 0.83
v3 max -33 -3.3
v3 min 4.7 1.3

The sensitivity of the period with respect to
k3 was found to be: −1.2 (relative sensitivity
−0.56). A complete analysis would determine
the sensitivities with respect to the remaining pa-
rameters in the model.
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