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Abstract

Steady state sensitivity analysis, as exemplified by work in Metabolic Control Analysis
and Biochemical Systems Theory, has proved a potent tool in the analysis of biochemical
networks. A limitation of this method is that it treats the response of a system only under
step perturbations. Extension of these results to arbitrary disturbances, as addressed in
this paper, can be carried out directly using the frequency domain tools of signal processing
and control theory. This analysis, while it remains linear (and hence local), allows improved
theoretical understanding as well as new ways of describing the behaviour of systems of
interest. The theory can be interpreted as a natural extension of Metabolic Control Analysis
and as such provides generalizations of the Summation and Connectivity Theorems. The
results are illustrated by application to some simple biochemical feedback networks.

1 Introduction

Much work has been devoted to determining the responses of biochemical networks to changes
in their environment or their internal components. These studies have been motivated both
by direct application to metabolic engineering and pharmaceutics as well as by the desire to
improve our understanding of the behaviour of these systems.

This sensitivity analysis has focussed primarily on the steady state (i.e. asymptotic) re-
sponse of a system to constant (i.e. step) changes in parameters. This is in part due to the
relative difficulty of obtaining experimental data on time-varying behaviour as opposed to mea-
surements of steady states. Moreover, in many cases steady state analysis is of primary interest;
mechanisms which are under homeostatic control tend to exhibit uniform behaviour with only
small and often insignificant transients. In such cases, steady state analysis provides a perfectly
adequate description of system behaviour.

However, there are cases in which a dynamic analysis of system response is crucial. This
is clearly the case for mechanisms whose nominal behaviour is time-varying, e.g. the cell cycle.
Furthermore, even systems for which steady state behaviour is the norm exhibit dynamic re-
sponses to time-varying perturbations, and such nonconstant disturbances are ubiquitous in the
cellular environment. Investigation of the transient behaviour invoked in signal transduction
networks or the role of Ca?* oscillations as a second messenger demand a dynamic analysis.
This paper represents a step towards extending the classical steady state sensitivity analysis to
this more general case.

As mentioned, the lack of understanding of dynamic responses is in large part due to ex-
perimental difficulties in dealing with time-varying systems. This situation is improving, as
new technologies are making measurements of time course data easier to obtain. In addition,



now that the molecular mechanisms underlying these networks are being revealed in sufficient
detail, faithful computational models are being developed which can probe a network’s dynamic
behaviour.

Analytic tools for the study of the sensitivity of biochemical systems have been developed
within the fields of Metabolic Control Analysis (MCA)®% % 3 and Biochemical Systems Theory
(BST)?5 27, The analysis is carried out in a linear (or log-linear) regime in which only small
perturbations are addressed. This restriction is necessary since it is only after linearization that
the analysis becomes tractable. In particular, the main results of MCA — the Summation and
Connectivity Theorems — are only valid in the domain of this local analysis.

The same approach is taken in this paper — the linearized response of a biochemical system
is considered. The sensitivity analysis is extended by considering the response not just to
constant parameter changes, but also to time varying perturbations. This is achieved through
a frequency domain analysis which describes the response of the system to a canonical set of
inputs. The response to arbitrary perturbations can be reconstructed from this analysis by use
of the Fourier transform.

This analysis can be interpreted as an extension of MCA by defining control and response
coefficients as functions of the frequency of the oscillatory perturbation. The stoichiometric
nature of the network imposes constraints on the system behaviour which can be expressed by
generalizations of the Theorems of MCA.

Other generalizations of MCA to time-varying behaviour have appeared in the literature.
Analysis of time-varying sensitivity has been carried out® 19 141718 " The work presented in
refs. 4 and 20 is closely related to this paper, as it makes use of Fourier analysis to treat
oscillatory behaviour. In those papers the authors investigate the sensitivity of a forced oscil-
lating system to step changes in its parameter values, which is an orthogonal approach to that
taken here. In the current work, the system is assumed to be at steady state in the absence of
disturbances, and the response to time varying perturbations is examined. A similar analysis
has been carried out in ref 23.

The paper is organized as follows. The linearized model of a stoichiometric network is
introduced in Section 2. This model is interpreted as an input-output system in Section 3. In
Section 4 the frequency response of the system is addressed. Generalizations of the Theorems
of MCA are reported in Section 5. Section 6 describes applications of the analysis to some
simple models. Finally, a brief discussion of the results and relations to other work is presented
in Section 7.

2 Linear Model of a Stoichiometric Network

A key feature that differentiates the study of biochemical networks from general dynamical sys-
tems is their stoichiometric structure. In the results that follow, the terminology and examples
will be drawn from biochemical applications, but the analysis applies to stoichiometric systems
in general.

Consider a stoichiometric network
$(t) = Nv(s(t),p(t)) for all t > 0, (1)

where s is an n-vector of states, p is an m-vector of parameters and v(-,-) is an r-vector valued
function. These describe the species concentrations, internal and external parameters, and
reaction rates, respectively. The n x r matrix N describes the stoichiometry of the system. We



assume that for each initial condition and for each piece-wise continuous parameter history p(-)
the unique solution of (1) is defined for all £ > 0.

Biochemical systems regularly exhibit structural conservations (e.g. conserved moieties)
which make some of the species concentrations dependent on others. In such cases it is prudent
to eliminate such dependent species before proceeding with any analysis.  Following ref 21
(see also ref 12), we note that each structural conservation manifests itself as a row of N
which is linearly dependent upon the others. Removing such rows from N leads to a reduced
stoichiometry matrix Ng, from which N can be recovered through the link matriz L:

N = LNg.

The states which correspond to the rows of Ngr form the vector of independent species s;. The
full set of species concentrations can be recovered from s; through the relation

s(t) = Ls;(t) + T, (2)
with an appropriate choice of the constant vector T. The reduced system is then given by
$i(t) = Nrv(Ls;(t) + T, p(t)). (3)

All analysis can be restricted to this simplified system since the extension to the original network
follows immediately through (2).

Local analysis of system (3) will be carried out in the neighbourhood of a steady state
(s?, p?) of interest. This point is brought to the origin by a change of variables in the states:
x(t) = si(t) — s¥, and in the parameters: u(t) = p(t) — p’. The n-vector x and the m-vector
u indicate the deviation from the nominal state and parameter values of (3), respectively. The
linearized system then takes the form

ov ov
x(t) = INR—L t Nr— t 4
() = [N GeL x(0) + [Ne Y | ulo) (@)
where the derivatives are taken at (s°,p°) := (Ls? + T,p®). By construction, this linearized

system has steady state (x,u) = (0,0).

The behaviour of the original system (3) is approximated by the behaviour of the linearized
system (4) near the nominal operating point. In particular, the linearized model faithfully
represents the response of the original system to small changes in the parameters (i.e. functions
u(-) which remain near zero). Standard sensitivity analysis involves gauging the response of
system (4) to constant (i.e. step) changes in the parameter levels. In extending this analysis
to nonconstant perturbations, it is useful to introduce the terminology used in systems and
control theory for analysing such systems.

3 Input-Output Systems

The standard model of a linear time-invariant input-output system has the form
x(t) = Ax(t) + Bu(t) for all t > 0, (5)

where x is an n-vector, u is an m-vector, and A and B are matrices of dimension n x n and
n x m respectively. The linearized model (4) takes this form with

A:NR—L and B:NR—



The components of the input vector u can play a number of roles in the system. In control
engineering, three of the most common are: reference input, control input, and disturbance.

A reference input provides an external signal which the system is expected to track. This
reference could be either constant (e.g. the set-point of a thermostat) or time-varying (e.g. the
prescribed trajectory of a missile). The input to information-processing systems often plays such
a role. For example, ligand-binding is a reference input for many signal transduction networks
— the associated cellular activity should track the ligand level in an appropriate manner.

A control is an input which is manipulable in some way. System design typically leads to
feedback laws acting through control channels, whereby the control input is chosen as a function
of the state: u(t) = k(x(¢)). In biochemical systems, experimentally manipulable parameters
can be considered as control inputs. A more subtle analogy comes from the conceptual division
of systems into subnetworks acting on one another. For example, thinking of the influence of
genetic networks on metabolism as the action of a controller on a system, one can ask what
measure of authority the controlling system possesses and what sort of feedbacks have been
implemented.

A disturbance input can be included in the model as an attempt to incorporate the effect
of external perturbations on the system. Engineers typically design systems with these effects
in mind; control laws are chosen based on their ability to attenuate the effect of harmful
disturbances. The ability of biochemical networks to continue their function in the presence of
perturbations is a central feature of life. This homeostatic regulation is achieved through the
appropriate use of feedback control.

In system analysis and design, it is often the case that certain functions of the state and
input are of specific interest. These are defined as the system outputs. A common example
is an output consisting of a single component of the state vector, e.g. the concentration of a
particular molecular species. In the linear systems framework, an output vector y is included
by appending the definition

y(t) = Cx(t) + Du(t) (6)

to (5), where C and D are matrices of appropriate dimensions.

In addressing biochemical systems there are several outputs which may be of interest, in-
cluding species concentrations, reaction rates, pathway fluxes, transient times, and rates of
entropy production (cf. section 5.8.1 of ref 11). In what follows, two output vectors of primary
interest will be addressed.

The first is the vector of independent species concentrations, or more precisely, the deviations
of these concentrations from the nominal level. In the linearized model (4), these deviations
are described by the state x. This choice of output is thus characterized by

y(t) = x(t),

which is (6) with C =1 (the n x n identity matrix) and D = 0.

The second output of interest is the vector of reaction rates. Again, it is the deviation from
the nominal rates which is the natural choice for y. This is approximated by the linearization
of the reaction rate function v(-,-) at the nominal point as follows:

ov ov

t) = —Lx(t —u(?
y(t) = SrLx(0) + Slu(o),
where the derivatives are evaluated at (s, p). This output takes the form of (6) with C = ‘g—‘s’
and D = g—;.



4 Frequency Response

Sensitivity analysis is concerned with determining the steady state response of a system to
constant (i.e. step) disturbances, e.g. an instantaneous change in the activity of an enzyme
from one constant level to another. Extending that analysis to determination of the asymptotic
response to arbitrary time-varying perturbations may seem a daunting task. Indeed, this is
an intractable problem in general. However, when restricting to linear systems, a satisfactory
result can be achieved.

There are two features of linear systems which allow this analysis. The first is simply the
linear nature of their input-output behaviour which implies an additive property: provided the
system starts with initial condition x(0) = 0 (which corresponds to the nominal steady state
of the biochemical network), the output produced by the sum of two inputs is the sum of the
outputs produced independently by the two inputs. That is, if input u;(-) elicits output y1(-)
and input ug(-) yields output ys(-), then input u; () + ua(-) leads to output yi(-) + ya(-).

The additive property allows a reductionist approach to the analysis of system response: if
a complicated input can be written as a sum of simpler signals, the response to each of these
simpler inputs can be addressed separately and the original response can be found through
a straightforward summation. This leads to a satisfactory procedure provided one is able to
find a family of “simple” functions with the following two properties: 1) the family has to be
“complete” in the sense that an arbitrary signal can be decomposed into a sum of functions
chosen from the family; and 2) the asymptotic response of a linear system to an input chosen
from the family must be easily characterized. The family of sinusoids (sines and cosines) satisfies
both of these conditions.

That the set of sinusoids is sufficiently rich to allow any function to be written as a combina-
tion of these functions was recognized by Fourier in the early 19th century and is a cornerstone
of the theory of signal processing!® 2. In general, if a function f(t) is periodic with period
27, then one can write

f(t) = ap + ay cos(t) + by sin(t) + ag cos(2t) + by sin(2t) + - - -,

where

1 s ™
a = — f(t) cos(kt) dt and b = — f(t)sin(kt) dt.
T ) T
That these coefficients can be found so readily is a consequence of the orthogonality of the
family of sinusoids. A more concise decomposition can be reached by expressing the sinusoids
in terms of exponentials through

1 . , . .
cos(t) = 5(6” + e and sin(t) = — (e —e™™)

where ¢ = v/—1. Rewriting in this form leads to the decomposition
o0 1 T
flt) = Z cpet™ where Ch =5 ft)e * dt. (7)
k=—00 TJn
Such a decomposition allows an alternative characterization of the function f(-) in terms of the
list of Fourier coefficients ...,c_o,c_1,cg,c1,co,.... These coefficients describe the frequency



Figure 1: Functions f(t) = H% and g(t) = Cos(4t)ﬁ

content (or spectrum) of the function, recording the “density” of the corresponding sinusoid
within the signal f(t).

Functions which are not periodic demand an extended analysis since they cannot be ex-
pressed as a sum of sines and cosines at discrete frequencies. Such functions can only be
expressed as a combination of sinusoids by allowing components at all frequencies. The discrete
list of frequency content is thus extended to a function F'(w) which describes the content at each
frequency w. This function is known as the Fourier integral or Fourier transform. The contin-
uum of components expressed in F(w) can be “summed” by integration to yield the original
function f(t) as follows,

F(t) = / T Rt de  where  F(w) = % /_ T et dr, (8)

—00

The analogy between (7) and (8) is immediate.

In both cases the record of the frequency content of the function (i.e. the transform) is
an alternative characterization of the original function. While complete recovery of a signal
from its transform involves computation of the integral on the left-hand side of (8), important
aspects of the nature of the signal can be gleaned directly from the graph of the transform. In
particular, one can determine what sort of variations dominate the signal (e.g. low frequency
or high frequency). As an example, consider the functions f(t) = 14—% and g(t) = cos(4t)1+%
shown in Figure 1. These functions share the same basic “profile”. However, f(t) follows a
slowly varying path, while g(¢) varies much more rapidly. This difference in their nature is
evident in comparison of their Fourier transforms, shown in Figure 2. The transform of f(-)
is dominated by content at near-zero frequencies (corresponding to slowly varying sinusoids)
while the content of g(-) is concentrated at w = 4, which is the frequency of its quasi-periodic
behaviour. (The introduction of “negative frequencies” is a consequence of the exponential
description of the sinusoids. The symmetry of the transform allows attention to be restricted
to positive values of w in what follows.)
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Figure 2: Fourier Transforms of f(t) and g(t)

Now that it has been shown that any function can be decomposed into sinusoids, and that
linearity can be used to exploit such a decomposition, one question still remains. How is it
that the response of a system to these “simple” sinusoidal inputs can be recorded in a useful
way? After all, the procedure outlined above demands that one “sum” over a continuum of
responses to arrive at the response to a given signal. This will only be a useful strategy if
the “simple” responses are easily characterized. The second crucial property of linear systems
which will be used is that, as mentioned above, their response to sinusoidal inputs can be very
easily described. (Indeed, it is this property of sines and cosines which makes Fourier analysis
a useful tool for analysing linear time-invariant systems. There are many other complete and
orthogonal families of functions into which one can decompose arbitrary signals as described
above, but only the sinusoids produce appropriately convenient outputs from linear systems.
The widespread use of Fourier analysis by electrical engineers is not due to the ubiquity of
alternating (i.e. oscillatory) electrical signals but rather to mathematical necessity.)

Consider the case of a system for which the input and output are scalars, referred to as
a Single-Input-Single-Output (SISO) system. For such systems, an oscillatory input elicits an
asymptotic response which can be characterized by just two numbers, as follows. The output
of a linear SISO system whose input is a sinusoid of frequency w tends asymptotically to a
sinusoid of frequency w. More precisely, an oscillatory input of the form u(t) = e produces
an output y(¢) which converges asymptotically to Aet@t¢)  This asymptotic response can be
described by two numbers: A, the amplitude of the oscillatory output, known as the system
gain; and ¢, the phase of the oscillatory output, known as the phase shift. For systems which
are not SISO, there is one such pair of numbers which characterizes the response of each output
“channel” (i.e. component) to each input channel. In the current context, this extension is
simply a matter of bookkeeping.

The conclusion of this discussion is that the behaviour of the system can be completely
described by the values of the gain A and phase shift ¢ at each frequency w. These two numbers
can be conveniently described in terms of a single complex number Ae® with modulus A and



argument ¢. The system, then, can be characterized by a complex-valued function defined
over all frequencies. This function, called the frequency response of the system, can be derived
through an algebraic calculation involving the Laplace transform of the system, cf. e.g. ref 20.
(The Laplace transform is an extension of the Fourier transform, see e.g. ref 26). The frequency
response for system (5) with output given by (6) is

H(iw) = C(iwl — A)"'B + D, for all real w.

This function will in general be matrix-valued but is scalar-valued in the SISO case. The
frequency response is usually derived as the restriction of a function of a complex variable z
to the imaginary axis. The complete function H(z) is known as the transfer function of the
system.

Considering the two outputs of interest indicated above, the corresponding frequency re-
sponse functions are found as follows. For the independent species concentration output, we
have C =1 and D = 0, and so the frequency response takes the form

. . ov_ . _ ov
H,, (iw) = (iwl — NR%L) 1NR%. (9)
For the reaction rate output, C = g—‘S’L and D = g—; give
ov ov ov  Ov
H,(iw) = —L(iwl = Ng—L) 'Nr~— + —. 10
o(iw) Os (i R 9s ) Rop + op (10)

These expressions define matrix-valued frequency responses of systems which have multiple
output and input channels. Each element of such a matrix-valued function is a scalar-valued
function which describes the response of one output channel to one input channel. For each such
input/output channel pair, the complex-valued function which describes the system behaviour
can be plotted in a number of ways. Perhaps the most useful of these visualizations is the Bode
plot, in which the magnitude and argument of the frequency response are plotted separately.
The magnitude of the function value (the system gain) is plotted on a log-log scale, where the
gain is measured in decibels (dB) (defined by x dB = 20log;«). The argument of the function
value (the phase shift) appears on a semi-log plot, with log frequency plotted against phase in
degrees. Examples of Bode plots are shown in Section 6.

The response of a system to a constant input (which can be thought of as a sinusoid with
frequency zero) is characterized by the frequency response at w = 0. Making this substitution
into (9),(10) the response of the system is found as

ov ov ov ov

H, (0)= - (Ng—L) 'Np=— and H,(0)=-—L(Ng—L) 'Ng

ov ov
Os op Os Os '

—_— 4+ — 11
8p+8p (11)

These expressions can be derived from a standard sensitivity analysis of system (3). A frame-
work for such an analysis is provided by MCA, which is addressed in the next section.

5 Metabolic Control Analysis

The expressions of system sensitivity in (11) are called response coefficients in MCA. This
definition can be generalized to address the entire frequency response as follows.



Definition 5.1 The (frequency dependent) unscaled concentration response coefficients of sys-
tem (3) are the elements of the matrix function
ov_ . _ ov

R, (w) := Hy(iw) = (iwl — NRgL) 1NR%. (12)

The (frequency dependent) unscaled rate response coefficients of system (3) are the elements of

R, (w) := H,(iw) = g—VL(iwI - NRZV

S S

ov  oOv

L) 'Ngp— + —. 13

) R op + Ip (13)

Further, define the (frequency dependent) unscaled concentration control coefficients and rate

control coefficients as the elements of
0

C,,(w) = (il — NRa—‘S’L)*lNR and  C,(w) = ZoL(iwl - Nr L) 'Nr + L (14)

a

These response coefficients exhibit the frequency response of the system. For nonzero frequency
w, these coeflicients will in general be complex-valued, describing both the gain and the phase
shift of the system response. The control coefficients (which can be thought of as a special case

of the response coefficients in which g—; = I) describe the response of the system to oscillatory

perturbations in the individual reaction rates (since g—; = I implies that there are r parameters,

each of which has a direct effect on a single reaction). While the response coefficients are useful
in investigating the behaviour of the system under external influences, the control coefficients
are often more relevant in addressing system design and function.

The definitions given above describe unscaled sensitivities, as opposed to the more commonly
used scaled sensitivities of MCA. This “scaling” refers to the the treatment of relative, rather
than absolute, sensitivities. These relative sensitivities can be recovered from the definitions
above through multiplication by a scaling factor. To that end, define the diagonal matrices

D% = diag[s)] D' =diag[v(s’,p’)]  D” = diag[p],

as in ref 12. The scaled response coefficients describing the relative sensitivities are then given
by

R, (w) = [D"]"'R, (w)D” R, (w) = [D’] 'Ry (w)D”

where the tilde (~) denotes the scaled coefficient. Scaled control coefficients are defined simi-
larly.

5.1 MCA Theorems

The stoichiometric nature of a biochemical system enforces certain relations on the sensitivities
of the system with respect to parameter perturbations. For step perturbations, such relations
are described by the Summation and Connectivity Theorems of MCA. These relations can be
extended beyond the w = 0 case to the frequency response defined above. These generalized
Theorems are stated below as algebraic conditions involving the control coefficients, following
statements found in refs 11 and 19. The statements can be translated into results involving
scaled coefficients by the appropriate multiplications.



Theorem 1 : Summation Theorem If a vector k lies in the nullspace of Ngr (and hence of
N), then

for all w > 0. ]

The statement follows directly from the definition of the control coefficients (14). This result
can be interpreted in terms of the system response as follows.

Interpretation: If the vector of parameters p is chosen so that the columns of g—; lie in the
nullspace of Ngr then the responses are given by

_Ov

R, (w) =0 and R,(w) = o

for all w > 0.

This result is immediate from the form of the linearized system (4), since such a parameter
p leads to B = NRg—; = 0. In this case the species concentrations are completely decoupled
from changes in p, leading to the output responses indicated.

Theorem 2 : Connectivity Theorem For the control coefficients as described above,

0 0
C,, (w)a—:L = T+ iw(iwl — NRa—:L)‘l
and
ov o ov_ . ov_._,
Cv(w)gL = zng(zwI - NRgL) .
|
Proof. We note that since
ov ov
jwIl — Np—L) ' (iwl - Ngp—L) =1
(1w R L) (w rg L) =1
it follows that
ov ov ov
jwI — Ngp—L) 'iwI — (iw]l - Ng—L) 'Ngp—L =1
(i R 9s )7l = (iw R 9s ) R 9s ’
SO
(iwl — NRg—:L)lNRg—:L = I+ (iwl — NRg—:L)liwI,
which gives the first statement. The second follows directly. n

Interpretation: Note that if the parameter vector p is chosen so that the columns of g—; lie

in the span of the columns of ‘g—‘s’L, then there exists a matrix M so that g—; = %L M. In this
case the system response is described by

. . . aV -1 . 8V . aV -1
R, (w) = [-I+iw(iwl — NR%L) M and R,(w) = zng(zwI — NR%L) M.

10



This result is not as easy to interpret as that provided by the Summation Theorem. It is
insightful, at the least, in the limiting case of low frequency disturbances. For the case w = 0
the responses are given by

R, (0) = —-M and R,(0) =0,

which agrees with the standard statement of the Connectivity Theorem'2. Thus for step distur-
bances (i.e. w = 0), the Connectivity Theorem provides a result orthogonal to the Summation
Theorem in that it indicates which perturbations will affect the species concentrations while
leaving the reaction rates unchanged. This conclusion can be extended by observing that for pa-
rameters which satisfy the condition above, slowly varying inputs (i.e. consisting of frequencies
w small compared to the eigenvalues of NR‘g—‘S’L) will have only a small effect on the reaction
rates.

Considering the form of system (4) provides an immediate derivation of the standard Con-
nectivity Theorem (i.e. the w = 0 case). Under the condition that g—; = ‘g—‘S’LM the system
reduces to

% = |Na2L|x+ |[Np VL] Mu
Os Js
= N 2L (x + Mu)
= R(‘)s u).

If NR%—‘S’L is assumed nonsingular, a constant input u yields a unique steady state of x = —Mu,
corresponding to the form of the species response R, (0). Moreover, in this case the reaction
rate output takes the form

y = g—:L(x + Mu)

and so is necessarily zero at steady state.

It can be noted that the limiting case of high frequency oscillations has an interpretation
for general perturbations. Considering the definitions of the response coefficients (12), (13), we
see that

lim Ry, (w) =0 and lim Ry(w) = —.

w—00 w—00 ap

These are precisely the responses produced under the Summation Theorem condition that
NRg—; = 0, i.e. no effect on the species concentrations and direct effect on the reaction rates.
This response to high-frequency oscillation is characterized by the system’s bandwidth — the
frequency above which the states of the system are insensitive to oscillatory inputs. Perturba-
tions with frequencies above the bandwidth act more quickly than the timescale of the system.
Essentially, the state cannot “keep up” with the perturbations, and so reacts only to their
average — in this case the zero input.

6 Illustrations of the Frequency Response

The frequency response will now be illustrated by application of the analysis described above
to some simple biochemical networks. The first example will be a toy model of an unbranched
metabolic chain. This trivial system will serve to demonstrate the Theorems of MCA. Next,
simple models of two biological processes will be addressed — tryptophan biosynthesis and
regulation of bacterial chemotaxis — which employ distinct feedback mechanisms. The effect of
feedback structure on the system’s behaviour will be considered.

11



Figure 3: Simple pathway

6.1 TIllustration of Theorems: Unbranched Metabolic Pathway

Consider the simple network shown in Figure 3 with linear kinetics given by

V1 kl
v=| vy | = | kasy — k_289
V3 /6382
Thus
ov 0 0
aﬁ - kQ —kfg
S 0 ks

The Connectivity Theorem can be illustrated by considering changes in the parameter ko, as
p = ko yields

ov 0
a_ — S1 ’
op 0

which is a scalar multiple of the first row of g—‘s'. (Note L is the identity matrix in this case.)
With nominal parameter values of

k1:6, ]{7222, k'_2:1 and ]{73:3,

the steady state concentrations are (s3°,s5°) = (4,2). Setting x = (x1,22) = (51 — 4,52 — 2)
and u = kg — 2, the system can be written in the form (4) as

x(t) = :NRg—ﬂ x(t) + [NRZ—;] u(t)
S| E Y RO e | I
<[5 e[

The asymptotic response of the system to the input u(-) is described by the Connectivity
Theorem. In particular, for a step increase (i.e. w = 0) there will be a steady state decrease in
s1 while so and all reaction rates will tend to their nominal steady state values. This result is
evident in the Bode plots for the outputs.

Frequency responses for s; and s are shown in Figure 4 (constructed by choosing C = [1 0],
D =0and C=[0 1], D =0, respectively). These plots verify the expected behaviour of the

12
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Figure 4: Bode plot of species concentration response

system. For low frequency inputs, the concentration of s; responds asymptotically with a 180
degree phase shift and a gain of 6.02 dB. This corresponds to the output being —2 times the
input (as —2 has argument 180 degrees in the complex plane, and 20log;,(2) = 6.02). As
described by the Connectivity Theorem, the asymptotic response of ss to this input tends to
zero at low frequencies (and indeed is zero at w = 0 though this cannot appear on the log scale).
Both species concentrations show a reduced response to high frequency inputs, characterizing
the system’s bandwidth.

The asymptotic response of the reaction rates is shown in Figure 5 (found by taking C =
[2 —1], D = 4 for vy as output and C = [0 3], D = 0 for v3). As the Theorem indicates, the
asymptotic response of both reaction rates vanishes as the frequency tends to zero. At high
frequencies, the nature of the response is dominated by the “feedthrough” term D, which is 4
(= 12.04 dB) for vy and 0 for vs.

In addition, the Theorems describe the response of the system to two other sets of in-
puts. The Connectivity Theorem indicates that if k_o and k3 are perturbed appropriately, the
asymptotic response to low frequency inputs will be zero for s1, vo and vs. This can be easily
verified, yielding Bode plots which are similar to those presented above. The coordinated input
prescribed by the Theorem can be achieved by replacing k_o with k_o 4+ u and k3 with k3 + 3u
(so any change in k_o is accompanied by a three-fold greater change in k3).

Finally, the effect of the Summation Theorem can be reached by replacing k; with k; + 4u,
ko with ko 4+ u and k3 with k3 + 2u. In this case the dynamics are independent of the input,
as B = 0. The frequency responses are then constant across all frequencies (0 for species
concentrations, 4, 1 and 2 for reactions rates vy, ve and vz respectively) as described by the
Theorem.

The input-output behaviour of feedback structures will be considered in the next subsections.
In each case, it is the gain of the system which is of primary interest, so attention will be
restricted to the magnitude part of the Bode plot. (The phase shift of the system is of major
importance in addressing the interconnections of systems, a topic which will not be addressed
here). In the interests of brevity, a single input/output pair will be addressed for each system.
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Figure 5: Bode plot of reaction rate response

A more complete analysis would address the response of several components of the system
(outputs) to various inputs and disturbances, the choice of which must be tailored to the
particular features of the network which are under investigation.

6.2 Negative Feedback: Regulation of Tryptophan Production

The effect of negative feedback on a system will be illustrated by an analysis of the trp operon
of bacteria, which is responsible for tryptophan production. A number of models of bacterial
tryptophan biosynthesis have appeared in the literature, originating with the work of Goodwin®.
The model of Xiu et al.?® will be considered here. (A more complete model, including explicit
time delays, has recently appeared?*.)

The model of Xiu et al. involves three state variables: the concentration of tryptophan P;
the concentration of mRNA transcribed from the ¢rp operon M, and the amount of expressed
enzyme F. (It is an abstraction of the model that tryptophan synthesis is catalysed by a single
enzyme). The dynamics of the model describe production of mRNA, enzyme, and tryptophan,
as well as the degradation and dilution (due to cell growth) of each of these species. Cellular
consumption of tryptophan is also included. In addition, two negative feedbacks are incorpo-
rated. The first is the inhibition of enzyme E by tryptophan. The second is the repression of
transcription of mRNA, also tryptophan dependent. This genetic regulation is achieved through
the activity of a repressor molecule R which, when bound to two units of tryptophan, interacts
with an operator region of the operon, thus blocking transcription. The interactions are shown
in Figure 6.

The dynamics are as follows

dM Oi(P + Ky)

— = KpnD————F— — (K1 + )M
dt Pt Ky+ fep (B p)
dE
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dp K?

da PRIy P?

R.P _
P+ Ky

(K3 + p)P — 2k; (P + Bu)pnC

P+ K,

The parameters in the model are: the gene concentration D, the total operator concentration
O, the total repressor concentration Ry, the growth rate of the cells u, the maximum protein
concentration P, the influence of growth rate on cellular protein concentration 3, the mo-

lar percentage of tryptophan in cellular protein C, dissociation constants Ky, K, and Kj, a
saturation constant K, and rate constants K,,, K¢, K,, K1, K2, K3 and ks.

Nondimensionalizing and taking appropriate parameter values (see ref 28) leads to the
equations
dx(t) z(t) +1
1+ (T+r)z(t)

— 0.909 z(t)

L = 2(t) — 0.0293y(t)

dz(t) 5210000 2(t) 0.008702(¢)
il SORT — 0.00936 z(t) — 0.024 -
Y1) 5310000 + 2172 () 20+ 1 %) + 0.00500°

where z, y, and z are dimensionless concentrations of mRNA, enzyme, and tryptophan respec-
tively. The behaviour of the system under changes in the value of a5 will be addressed, with a
nominal value of as = 430. The effect of the enzyme inhibition on this response will be illus-
trated by considering two values of the parameter r: strong feedback is exhibited with r = 10,
while weaker feedback will be addressed by taking r = 5. The concentration of tryptophan (x)
is taken as the output of the system.

The (magnitude) frequency responses to changes in a5 are shown in Figure 7. As discussed
in ref 28, as describes the effect of cellular demand for tryptophan. The behaviour shown
in the Figure is typical of a negative feedback system. With weak feedback (r = 5), the
effect of the input on asymptotic tryptophan levels decreases monotonically as the frequency
grows larger. Strengthening the feedback (to r = 10) has two effects. The first is that the
low frequency response is improved: as a standard sensitivity analysis would show, increasing
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Figure 7: Frequency response for trp operon model

the feedback reduces the effect of perturbations on the output. The other feature of stronger
negative feedback is an increase in sensitivity at higher frequencies — to the point that the
feedback actually makes the system more sensitive to disturbances over a certain frequency
range.

The knowledge that negative feedback can introduce such resonance effects is crucial to
the design of feedback systems. The unavoidable tradeoff between improved response at low
frequencies and increased sensitivity at higher frequencies can be made explicit (for certain
linear systems) by a constraint known as Bode’s Integral Formula®. System designers work
around this “performance constraint” by implementing feedback which introduces increased
sensitivity only at frequency ranges over which the system is unlikely to be excited. One
could postulate that the same is true of feedback mechanisms within the cell: they have been
crafted by natural selection in such a way that a trade-off is made between improved response
to common low-frequency inputs and amplification of rare disturbances at higher frequencies.
(Such an analysis has recently been applied to a model of glycolysis®)

6.3 Integral Control: Regulation of Bacterial Chemotaxis

Lastly, a system employing integral feedback will be addressed. It was argued in ref 29 that
the signal transduction network responsible for regulating bacterial chemotaxis achieves perfect
adaptation through negative feedback involving an integral of the regulated variable. This
powerful design is a regular feature in engineered feedback systems and no doubt is a common
scheme in biochemical regulation. The analysis below is based on a model presented in ref 2.
A simplification of the model which retains the feedback structure has been derived® as shown
in Figure 8. The model describes four states for the receptor complex R, which can be bound
or unbound by ligand L, and methylated or unmethylated. The reaction rates are given as

V1 = l{il[R] [L]—klm[RL]
va = kr([R] + [RL])[R] — kp a1 [Rm]
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Figure 8: Model of regulation of bacterial chemotaxis

vs = ke([R]+ [RL])[RL] — ky af[RmL]
Vg = kl[Rm] [L]—klm[RmL],

where k,(-) is a function which will be defined below. Nominal parameter values are chosen as
k1 = 1000, kiy =1000, ky=1, af =1, af =0.25.

Initial conditions are chosen so that the total receptor complex concentration (which is invari-
ant) is unity. The response to changes in the ligand concentrations will be considered, with a
nominal value of [L]=1. The output of interest is the system activity level, which is taken as

A = af[Rm] + a{[RmL].

Two choices for the function k,(-) will be addressed. As described in ref 2 and ref 29
the system exhibits integral control action provided that the methylation reaction proceeds at

saturation. This can be achieved by taking &, ([R] + [RL]) = m. In this case a simple

calculation shows that

%([Rm] 4 RmlL]) = —A4 102,

so that the steady state value of A is clearly independent of [L]. The magnitude Bode plot
showing the response in A to changes in [L] is shown in Figure 9. As expected, the response
tends to zero at low frequencies and is zero at w = 0. The response reaches a maximum over a
range of frequencies before dropping again at the system’s bandwidth.

Alternatively, the methylation reaction could be chosen as non-saturated. This can be
implemented by choosing linear dynamics with k,.(-) = 0.2. This choice leads to the second
frequency response shown in Figure 9. The behaviour at higher frequencies is very similar to
that described above. However, at low frequency a nonzero response is exhibited, indicative of
negative feedback which does not employ integral action.
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Figure 9: Frequency response of chemotaxis model

Other dynamics can be considered by alternative choices for the function k,.(-). By choosing
saturable nonlinear dynamics (e.g. Michaelis-Menten type) one can explore the range between
the frequency responses shown here. Such an analysis might capture the “true” nature of the
chemotaxis control system. Although the system appears to exhibit an integral controller, there
can be no doubt that the implementation is through a “leaky” integrator, and so the behaviour
will be somewhere between the two extremes considered above.

7 Discussion

As mentioned in the Introduction, the results in this paper join a growing list of generalizations
of steady state sensitivity analysis to time-varying behaviour. In the standard analysis, both
the perturbation and the response are treated as constant (i.e. the asymptotic response to step
inputs is addressed). This treatment can be generalized to include a description of time-varying
behaviour in either of two ways.

Firstly, the time-varying response of the system to a constant disturbance can be addressed.
The result of such an analysis will be a description of the sensitivity of the system as a function
of time (e.g. time-varying response coefficients (Rs(¢)). To be consistent with the classical
analysis, these time-varying responses must converge to the steady state responses as time gets
large. This approach to the study of time-varying behaviour has been taken in several papers
1,4, 10, 14, 17, 18, 22

Alternatively, one can restrict attention to the asymptotic behaviour of the system, but allow
time-varying disturbance inputs, as was done in this paper. This is standard practise in the
study of linear input-output systems, but has seen only limited use in addressing biochemical
networks. One example of a study employing frequency domain techniques is described in ref
23 in which the authors address the filtering properties of biochemical systems in an attempt
to elucidate their function. For such analyses to be consistent, the asymptotic response to an
input with frequency zero (i.e. w = 0) must coincide with the steady state response of classical
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sensitivity analysis.

The results in this paper provide a means to describe the (linearized) asymptotic response
of a biochemical system to arbitrary perturbations. However, in addressing inputs with no
regular structure, the analysis must be interpreted carefully, as it may not be straightforward
to even define the asymptotic response in such cases. Fortunately, there are several classes of
disturbances for which the technique provides direct results.

The first is the class of constant (i.e. step) inputs, in which case the frequency domain
technique simply recovers the results of steady state sensitivity analysis at w = 0. A second
natural set of inputs are periodic or near-periodic signals. For example, a perturbation which is
nearly sinusoidal has the bulk of its frequency content at a single frequency, say wg, and so the
response of the system can be described by a single (complex) number (e.g. R(wp)). Periodic
behavior is common at both the cellular and multicellular levels (e.g. mitotic, circadian, and
Ca’T oscillations” and periodic action potentials'®). The behaviour of cellular networks which
respond to (or are perturbed by) the resulting periodic signals can be elegantly described by
frequency domain analysis.

A more general approach treats classes of inputs which exhibit some regularity in their
frequency content. For example, disturbances which are slowly varying have most of their con-
tent at low frequencies. Such signals are approximately bandwidth limited. The corresponding
system behaviour can be discovered by considering the frequency response at low frequencies
only. Disturbances which have their content mostly at high frequency or in other frequency
bands can be treated similarly. Many biochemical systems lend themselves well to this kind of
catagorization due to the often widely different timescales on which dynamics occur. Signals
produced by systems evolving on ‘slow’ timescales will be dominated by low frequency content,
while disturbances produced by ‘fast’ systems may have most of their content in a relatively
higher frequency band. As an example, variations in enzyme concentrations (produced at the
genetic level) would in most cases be low frequency inputs to metabolic systems. Conversely,
variation in the level of metabolic products might appear as a high frequency disturbance to a
genetic network.

8 Conclusion

Local dynamics of biochemical networks can be faithfully modelled by linear differential equa-
tions. Identifying relevant input and output channels leads to a linear control system model.
The behaviour of this system under general time-varying disturbances can be characterized
by the frequency response — the system’s response to a family of canonical (oscillatory) dis-
turbances. This theory has been presented as a natural extension of the sensitivity theory of
biochemical networks, and as such provides generalizations of the Summation and Connectivity
Theorems of Metabolic Control Analysis. The results were used to illustrate the role of feedback
in simple biochemical systems.
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