Detectability of Nonlinear Systems under Singular Perturbations
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Abstract— This note addresses system stability un-
der singular perturbations. Specifically, detectabil-
ity for nonlinear systems is considered. We ad-
dress a notion of detectability which has been in-
troduced as a generalization of input-to-state sta-
bility. This work extends previous results in the
literature by determining conditions under which
this property, known as input-output-to-state sta-
bility, is preserved when a system is treated through
singular perturbation.

I. INTRODUCTION

Detectability is a key aspect of the analysis of control
systems. It is rare that full knowledge of the state is avail-
able from measurement, and so basic issues such as stability
must be cast in the context of an output map. The notion
of detectability allows characterization of those systems for
which the output provides sufficient information to deter-
mine stability of the system, and identifies those systems
in which it may be useful to employ dynamic feedback for
stabilization.

The theory of detectability for linear systems is well es-
tablished and provides a very elegant set of analytic results.
Attempts to extend these ideas to nonlinear systems have
met with less success. To begin with, there are a number of
equivalent ways to define detectability for linear systems,
many of which lead to distinct concepts when applied in
a nonlinear setting. Moreover, most of these definitions
generalize to a rather weak concept of detectability: de-
tectability of the zero trajectory only. This weaker notion
is typically referred to as zero-detectability.

One definition of zero-detectability which has generated
some interest is the property of Imput-Output-to-State Sta-
bility (IOSS) [4, 8, 11]. This notion provides a natural ex-
tension of the Input-to-State Stability (ISS) property [12]
to systems with output maps. The ISS framework allows
incorporation of the effects of disturbances on otherwise
stable nonlinear systems [14].

Any new characterization of system behaviour will only
prove useful if it can be incorporated into established an-
alytic procedures. In particular, notions of stability are
especially practical if they are preserved under approxima-
tions by system reduction. This note addresses such an is-
sue. Specifically, the main result provides conditions under
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which the IOSS property is retained under an approxima-
tion through singular perturbation.

Singular perturbation is a standard technique for model
reduction in which a separation of timescales is exploited [6,
7]. A system’s dynamics are separated into “slow” and
“fast” modes, each of which is treated separately while the
other either acts instantaneously or is held constant. An
overview of the stability features of singularly perturbed
systems can be found in [7], see also [5, 6]. The behaviour
of ISS systems under singular perturbations was addressed
by Christofides and Teel [3]. Those authors showed that
under suitable assumptions the ISS property is preserved
(in a practical sense) provided the singular perturbation
parameter is sufficiently small. That work is extended in
this note, in which detectability of systems with outputs
is addressed. The result is a direct generalization of that
presented in [3].

II. PRELIMINARIES

A. Notation

e | - | denotes the standard Euclidean norm in R”, and
I, xn denotes the n x n identity matrix.

e For a signal u(t) defined on [0,7T), where T can be
infinite: for each 7 € [0,T), u, is a signal defined on
[0,T) given by

and for each p € [0,T),u” is a signal defined on [0,7")
given by

e For any measurable function 6 : R>g — R™, ||6] de-
notes ess supser., |0(t)|, whereas ||0[(o,) denotes [|0;]|.

B. Definitions

Definition 1 A function v : R>g — R>q is said to be of
class IC if it is continuous, strictly increasing, and is zero
at zero. It is of class K if, in addition, it is unbounded.
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to be of class ICL if, for each fized t, the function B(-,t)
is of class K and, for each fized s, the function B(s,-) is
nonincreasing and tends to zero at infinity. In this note
it will be further assumed that for any class KL function

06(s,0) > s.

In what follows it will be crucial to distinguish between
the effect of the perturbation parameter on the system and
the effect of other disturbances. To that end, we take a
system with two separate input channels as our primary
object of study. The following discussion applies to systems
of the form

fzyur, uz) (1)

T =

y =
where the state x € R, the output y € R” and the inputs
u; € R™_ uy € R™2. The dynamics f : R® x R™ x
R™2 — R™ and the output map k£ : R® — R" are assumed
to be locally Lipschitz and to satisfy f(0,0,us) = 0 for
all ug and k(0) = 0. The inputs are assumed measurable
and essentially bounded. For ease of presentation it will
be assumed that the system is forward complete, meaning
for each initial condition 2(0) and each essentially bounded

pair (u1,us2) the resulting state trajectory z(t) is defined
for all t > 0.

Definition 3 System (1) is said to be Globally Asymptot-
ically Stable (GAS), uniformly in (uy,us) if there exists a
KL function 3 so that for each z(0) € R™ and each input
pair (u1, u2),

lz(t)] < B(|=(0)],¢)

for all ¢ € [0, 00).
Our central definition is the following.

Definition 4 [11] A system of type (1) is said to be input-
output-to-state stable (I0SS) if there exist functions 8 €
KL and v1,72,7y € K such that for any initial state (0)
and input pair (u1(-),u2(:)), the resulting state trajectory
satisfies

[z()] < B(z(0)],£) + 71 (lullo,)
+ 2(lluzllfo,g) + 7w lyllo,0)
for each time t € [0, 00).

It was shown in [8] that a system of the form (1) sat-
isfies the IOSS property if and only if it admits an I0SS-
Lyapunov function, defined as follows.

Definition 5 A C! function V : R" — Rxq is an I0SS-
Lyapunov function for system (1) if there exist Koo func-
tions oy, aa, a and K functions o1, 09,03 such that

ar([€]) < V() < aa(l€])

and
VV (&) - f(&, p, p2) < —a(l€])

+o1(|p]) + o2(|p2]) + os(|k(E)])
hold for all £ € R™ and all (p1, p2) € R™ x R™2.
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In system modeling it is often the case that a mathe-
matical description can be simplified by neglected “small”
secondary effects. This process can be formalized by the use
of tools from asymptotic analysis [9, 10]. When neglecting
a parameter has only a direct effect on the dynamics the
perturbation is referred to as regular. On the other hand,
when the parameter appears in the model in such a way
that setting it to zero introduces a singularity, this results
in a singular perturbation and is a much more delicate pro-
cedure (see, e.g. [6]).

In the context of system (1), we introduce a perturba-
tion parameter € which appears as an auxiliary input (us).
The primary input is a disturbance 6(-) (appearing as input
u1). Organizing the system in the standard framework for
addressing singular perturbations, we partition the state
space and dynamics as follows:

flx,2,0,¢), y = k(x)
g(x,z,0,¢) (2)

;’E =

€ =

where z € R™s, z € R™ (ns+ny; = n). The assumption has
been made that the output map depends only on the first
ns components of the state. The functions f, ¢ and k are
assumed to be locally Lipschitz and to satisfy f(0,0,0,¢e) =
0, (0,0,0,¢) = 0 for all € and k(0) = 0.

The decomposition into two subsystems as above allows
exploitation of the separation of timescales which results
from e being small.

To describe the slow or reduced system we begin by set-
ting € = 0 and solving for z as a function of x. That is,
setting € = 0 gives us:

0 = g(:c, 25,0, O)
where z; denotes a quasi-steady state for the fast variable
z. The singularly perturbed system (2) is said to be in
standard form if the algebraic equation g(z,zs,6,0) = 0
admits an isolated root

zs = h(x, ) (3)

such that h and its partial derivatives are locally Lipschitz.
Substituting zs from (3) into (2) with e = 0 gives

= f(x,h(z,0),0,0), y = k(). (4)

System (4) is called the slow or reduced system. This system
is typically more tractable that the full system (2), and one
hopes that it remains an accurate reflection of the physical
system being modeled. In what follows we will address the
question of when detectability of the reduced system implies
detectability of the full system.

In addition to this reduced system, which is of primary
interest, there is also a “fast” timescale on which the com-
plementary subsystem acts. These dynamics can be de-
scribed as follows. Let 7 = é represent the fast time scale,
and define w := z — h(x,0) as a measure of the displace-
ment of z from the position it is assumed to maintain in
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is then described by (again with € = 0)
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ow
E _g(xa h(x,0)+w,9,0), (5)

in which x and 6 are constant.
Having described the system in this standard framework
we are now in a position to state the main result.

IV. MAIN RESULT

There are a number of results that address stability of sin-
gular perturbed systems, beginning with the foundational
work of Tikhonov (see, e.g. [5]). In particular, the mainte-
nance of input-to-state stability under this type of pertur-
bation was addressed by Christofides and Teel in [3]. The
result which follows is a natural generalization of their work
to IOSS. The technique of proof generalizes that of [3].

As mentioned in the previous section, the basic idea be-
hind these results on singular perturbations is to provide
extension of a property derived for the reduced system to
the full system. Of course any such result can only be ex-
pected to hold for small values of the perturbation parame-
ter £. Moreover, there are typically a number of conditions
on the reduced and boundary layer system which must be
satisfied. In this case there are three primary assumptions:

Assumption 1 : The perturbed system (2) is in standard
form.

Assumption 2 : The reduced system (4) is 10SS.

Assumption 3 : The equilibrium w = 0 of the boundary
layer system (5) is GAS, uniformly in x € R™ § € R™.

The first assumption is required for application of the
basic tools of singular perturbation theory. Assumption 2
is the main hypothesis. The last assumption ensures that
the boundary layer system is sufficiently well behaved.

The main result is as follows.

Theorem 1 : Consider the singularly perturbed system
(2). Suppose Assumptions 1-3 hold and that 0(-) is ab-
solutely continuous. Define w := z—h(x,0) and let (o, 7vy)
be the Lyapunov gains on 0 and y provided by Assumption
2. Then there exist functions By, By of class KL such that
the following holds. For each pair of positive numbers (6, d),
there is an € > 0 such that if € € (0, €*],then for all initial
states x(0), w(0) with max{|x(0)], |w(0)|} < the solutions

of (2) satisfy

[2(8)] < Ba(|2(0)],8) + 70 ([16ll10,1)) + 5 ([[9llj0.47) + (6)
lw(t/e)] < Bu(lw(0)],t/€) +d (7)

for all t € [0,00) such that max{[|8ll,4, 10ll(0,1), 1ylljo,0} <
J.

The preceding statement is rather technical but it can
be interpreted easily enough, as follows. The number § is
chosen as a bound on the system data (initial conditions,

pul, il Ubvpyyuwv).e 4o Ul ball Lo LWiivobll Al LI Al i)y

and clearly the larger this bound is chosen the richer the
set of trajectories which will be addressed by the Theorem.
As one might expect, such an increase in the domain of the
result comes at a price: the value of €* depends inversely
on §. Since €* is an upper bound on the allowed values
of the perturbation parameter, it follows that enlarging the
domain of trajectories has the effect of restricting the result
to a tighter range of approximations.

The number d appears as a constant offset in the
bounds (6) and (7). Stability conditions which appear with
this type of relaxation by a constant are often referred to as
practical, so e.g. (6) says that the full system is practically
I0SS. This offset can be chosen arbitrarily, and clearly the
smaller the value of d the stronger the result. Again, as
expected, there is a trade-off involved, since €* is forced
smaller by smaller choices of d.

A final comment on the form of the result is called for.
The restriction on the initial conditions and inputs are stan-
dard for this sort of stability result. The restriction on
the output is needed for the same reasons, but is in this
case rather unfortunate. Specifically, it makes the result-
ing detectability of the full system difficult to apply when
attempting to detect boundedness through output measure-
ments (since this typically involve large values of the out-
put). What is retained is the ability to infer local behaviour,
i.e. that the system is remaining near the equilibrium. It is
this feature which will be exploited in the worked example
in section V.

A. Sketch of Proof

The complete proof cannot be reported here due to space
constraints. It can be found in [15]. Nevertheless, a short
sketch should give some idea as to the flow of the argument
and the tools used.

The proof is modeled after the argument used by
Christofides and Teel in [3] to prove the analogous result for
ISS (which is included as a special case of Theorem 1). As
in [3], the proof can be efficiently organized around three
main lemmas, which are stated below.

The first preliminary result is a generalization of Lemma
3.2 in [13], which states that if a nonlinear system is in-
ternally stable (i.e. the unforced system is asymptotically
stable), then it can be made ISS through scaling the input
by a function of the state. That result was generalized by
Christofides and Teel in [3] by considering a system with
two input channels. They showed that if the system is ISS
with respect to one channel, then it can be made ISS with
respect to both by scaling the second input by a function
of the state. Lemma 1 below is a direct generalization of
that result to the IOSS case.

Lemma 1 : Suppose that system (1) with uz(t) = 0 ad-
mits an 10SS Lyapunov function with gains o, and oy on
the state and output as in Definition 5. Then there exist
functions au,,,y, € Koo and a nonincreasing continuous
function b(s) : R>g — Rxsg such that 0 < b(s) < 1 and
b(s) = 1 in a neighborhood of the origin which satisfy the
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ur (), B(x(t))uz(t))

satisfies

— ag([§]) + v, (| ]) + oy (1R(E)]) + vu, (Ju2])

for all € € R™, pp € R™ | g € R™2,

The next result again addresses a system with two in-
puts that is IOSS when the second input is held to zero.
It is shown that an IOSS bound on the full system can be
shown to hold provided that the second input is small com-
pared to the other data (i.e. initial condition, first input,
and output).

Lemma 2 : Assume that (1) with uz(t) = 0 admits an
I0SS Lyapunov function with gain 7y, on output (as in Def-
inition 5). Then there exist § € KL, Yu,,Yu, € K and a
continuous nonincreasing function o : R>g — R>q such
that o(s) < 1 for all s > 0 satisfying the following. For
each 2(0) € R™ and each pair of essentially bounded inputs
u1(+),us2(), the solution of (1) satisfies

2@ < Bz(0),) +Yu, (lullfo.n)
+ Yus (luzllfo.e) + vy ([1yll0.17)

for all t € [0,t*) where t* is the largest time for which
[uzlljo,e+) < o(max{[z(0)], lu1lljo,e: Wl })-

The final preliminary result allows modification of a
bound on the trajectory so that the influence of the in-
put over an initial transient can be ignored at the expense
of including an additional constant. The hypothesis of the
Lemma is in line with the result of Lemma 2.

Lemma 3 Referring to (1), suppose that there exist func-
tions B € KL, Yuy,VussVy € K and a continuous nonin-
creasing function o : R>g — Rxsg with o(-) < 1 such that
for each x(0) € R™, and each pair of essentially bounded
inputs up (+), ua(-)

lz(@)] < B(z(0)],t) + Yu, (lurlljo,e)
+ Yuo (12l 10,7) + 7 (19l [0,17)

for all t € [0,t') where t' is the largest time for which
lualloy < otmaxd2(0)], a1 o). N

Then for each pair of positive real numbers (0, d), there
exist functions 3 € KL and ¥y € K and a positive real num-
ber p* such that the following holds. For each p € (0, p*],
if max{|z(0)|, lu1llj0,¢1, luzlljo,e1} < 0, then the solution of
(1) satisfies

lz()] < B(lz(0)],8) + Yus (47 l110,1)) )
+Yus ([451l10,0) + Yy (lylljo.01) +

for each t € [0,t*), where t* is the mazimum time such that
[ua[jo,1] < o(max{|z(0)[ + d, [[u1l[[o,4+1}) holds.
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of the proof. We consider (2) in the (x,w) coordinates. In
the 7 time scale (7 = t/€), the w dynamics are governed by

ow
5 = g(x, h(z,0) + w,0,¢)
oh Oh -
—€ a—xf(ar:7 h(z,0) +w,0,€) + %9

In this timescale, x, 6 and 6 are treated as constants. We
begin by showing that that this system is ISS with respect
to €. We next turn our attention to the slow system (4). As-
sumption 2 assures us that this subsystem is IOSS. Lemma
1 is used twice to extend this IOSS property to the system
with two scaled inputs: the first being a displacement of z
from h(zx,6), the second the perturbation parameter e. It
can be noted that the scaling used on these inputs can be
explicitly bounded for early times, since B(x(t)) = B(z(0))
for small ¢. This leads to a practical IOSS statement which
holds for a small time interval.

Next, Lemma 2 is applied to the slow system. The con-
clusion is that it satisfies an IOSS bound provided that the
two inputs (w and ¢) are sufficiently small. Then Lemma
3 is used to rewrite this IOSS bound so that the effect of
the inputs over an initial time interval can be ignored (in
exchange for an offset).

Finally, the timescale on which the fast system relaxes is
identified. The results from Lemma 1 are used to guarantee
the IOSS bound during the transient, while the results from
Lemmas 2 and 3, which allow the size of the fast transient
to be ignored, are used to provide an IOSS bound from
that time on. Together, these constructions provide the
final statement.

V. APPLICATION
We next illustrate the main result by the analysis of a

circuit containing a tunnel diode (a nonlinear element).

F‘H L F\’Q ig

E "= J A1
— < & o £

Fig. 1. Example circuit with a tunnel diode

Refer to Figure 1 (after an example in [6]). Using Kirch-
hoff’s Current Law at nodes v; (atop Cs) and vy (atop Cy)
and Kirchhoff’s Voltage Law around the closed loop formed
by the voltage source E and the C; capacitor (current i)
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vo(t) = —Ldil(tt) ~ Ryi(t) + E + va(t)

) dva(t) n v (t) —v1(t)

o () — v1(8) dv (t) -
S = Co—— +&(u1(t)) +iaz(t)

where £(v) is a function which models the i-v characteris-
tic of a tunnel diode, as in Figure 2, and vy, ig1, and igo
describe disturbances or exogenous inputs.

\Y

Fig. 2. Tunnel diode i-v characteristics (for positive v)

We identify an equilibrium point (vp1, vo2,%9) and intro-
duce a change of variables to shift it to the origin:
V1 — Vo1 _ U2 — o2 i —1g

Ty = ——, T2 —_—, A= .
Vo1 Vo2 20

The perturbation parameter, which in practice will be
small, is defined as € = m. When this parameter is
small the current in the loop formed by E and C; goes
rapidly to equilibrium. Setting a = %, k= Cy/Ch,
b = igR2/vo1 and noting that F = vge + igR1, the above
equations can be simplified to

Ty = —x1— n(xl) + (1 + b)l‘z + 6,
. 1 b
Ty = k(1+b)x17kx2+k(1+b)z+02
. 1
€ = ——x9—2z+ 03,
a

where 61, 6 and 63 are the normalized disturbances, and
n(-) is defined as

n(z1) = &[5(331001 +wo1) — &§(vor)]-
Vo1

In most commercial electronic devices with circuits, phys-
ical circuit board space is an extremely valuable commodity.
Consequently, it is often impossible to allocate board space
for voltage or current measurement points. This renders
the task of circuit verification very difficult. It is advanta-
geous to be able to determine the behaviour of some of the
circuits without having to insert measurement test points
at every possible location. Supposing that the circuit of
Figure 1 is part of a larger electronic device and that it is
only possible to have a single measurement point, we choose
that value to be the voltage across the tunnel diode v;. The

resulting system is detectable, as we now show.

60 T

h(xz,o); %, reduced

e
40 H

-80 L I
0 05 1 15
¢

Fig. 3. z compared with the zero trajectory zs with zg for
comparison

Normalizing the measurement, the output can be taken
as y = x1 = (v1 — vp1)/vo1. Using standard perturbation
techniques, we divide the system up into a slow subsystem
x = (x1,72) and a fast subsystem through the transfor-
mation w = z — h(z,0). It can be shown that the sub-
systems satisfy Assumptions 1-3 (see [15] for details). If
we assume that the disturbances are absolutely continuous
then, by Theorem 1, we have that there exist KL func-
tions 3., B, and a K function 7, such that for each pair
of positive numbers (4, d), there is an €* > 0 such that if
max{|xz(0)], |w(0)],10]l,116]|} < ¢ and € € (0, €*] then

[z < Be(lz(0)]6) + 70 (I0ll0.0) + Yo (lyllfo.0) + d
(w(t/e)] < Bu(lw(0)],t/e) +d

for all ¢ € [0, 00) which satisfy [|y||j0, < 0.

The result can be illustrated by choosing particular
parameter values and inputs. Set Ry = 40092, Ry, =
600¢2, C; = 10uF,Cy = 20pF, L = 200mH, £ = 1V and
suppose the tunnel diode i-v characteristics are described
by

A

£(v) = 12503 — 80v% + 15 mA v >0
Y770 v <0

This choice of component values gives a value of € = 0.04.
The point (vo1, vo2,%0) = (0.1283V,0.7247V,0.6883mA) is
an equilibrium of the resulting system, which we can nor-
malize against.

The root (there is only one in this case) for the boundary
layer system is z; = h(x,0) = —%xg + 65. Figure 3 shows
a boundary layer trajectory z converging towards its root
(in the absence of disturbances). The figure also shows x4
converging to the origin with a change of behavior around
t = 0.2 as z starts to increase after having dipped to a local
minimum.

With the above component values, the boundary layer
variable w is defined by w := z—h(x, §) = 2+2.63227x2—05.
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for all max{|z(0)|,|w(0)|} < 1 there exists an €* such that
for all € < €* the states are bounded by

lz(t)] < |z(0)]e” +0.428||0]|10. + 1.17|lyll[o, + 0.1
lw(t/e)l < Bu(lw(0)],t/€) +0.1
for all ¢ € [0, 00) which satisfy ||yl < 1.

The proof does not provide a construction of the XL func-
tion By, (s,t). At the least, we can be sure that it dominates
se~*/¢, which is the response of the boundary layer system.

Figure 4 shows some sample runs with disturbances 6; =
sin(t), 62 = cos(t), and 05 = 0. Parameter values are as
above, so the perturbation parameter is € = 0.04. The size
of the state is shown together with the bound provided by
the measurement output.

|x(t)| vs. bound, X, = (0,-1), w,=1,8=0.04

1.6 T T T
- = Il
—— bound on |x(1) B

[X(®] vs. bound, x, = (0,0), w, = 1,€=0.04
16 T T T

[X(O)
—— bound on [x(t)|

0.4t , \

0.2 ~ V -~ _

6 8 10 12

Fig. 4. Comparing the size of x trajectories with upper bound for
different initial conditions

VI. CONCLUSION

It has been shown that the property of detectability,
when characterized by the IOSS bound, is well-behaved
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put to good use in the modeling of systems with negligible
or “parasitic” dynamics. It is an assurance that detectabil-
ity results derived for a reduced model will still apply to
the full system (under the appropriate conditions).

There is room for improvement in this result: the con-
struction of €* in the proof does not allows for a precise cal-
culation, and so it can be difficult to estimate the accuracy
of approximation which is required for the result to hold.
Nevertheless, even a general existence result is useful, since
it is an assurance that the system performance (in this case
detectability) can be ameliorated by decreasing the effect
of negligible parameters.
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