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B.Mond - B.C. Craven: SUFFICIENT OPTIMALITY CONDITIONS FOR
COMPLEX PROGRAMMING WITH QUASI-CONCAVE
CONSTRAINTS.

J.Monigl - B,.Vdsdrhelyi - A.Baké - L.Kirdly: STUDIES ON ANALYTICAL
TRAFI'IC T"ORECASTING AND ASSIGNMENT.

F.W, Molina: A THEORY OF RESOURCE ALLOCATICN AND A DECOMPOSITION
METHOD FOR MATHEMATICAL PROGRAMMING.
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S.M. Movshovitch: THE STRUCTURE OF LEVEL SETS OF THE DUAL FUNCTION
AND THE CONVERGENCE OF SOME METHODS OF CONVEX
PROGRAMMING.
J.M. Mulvey: DESIGN AND TESTING OF A NETWORK-BASED O-1 INTEGER
PROGRAMMING CODE,
 Katta G. Murty: ON SIMPLE CONVEX POLYTOPES AND ABSTRACT POLYTOPES.
H.Miller-Merbach: DEVELOP-IT-YOURSELF PROGRAMS IN MATHEMATICAL
PROGRAMMING. '
S.C. Mueller - G.V. Reklaitis: OPTIMAL DESIGN OF PROCESSES
MODELLED IN POSYNOMIAL FUNCTIONS USING SEPARABLE
PROGRAMMING, |
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GRADIENT ALGORITHMS FOR A CLASS OF MINIMIZATION
PROBLENS.
Manfred W.Padberg: ON THE COMPLEXITY OF SET PACKING POLYHEDRA. _
C.ven de Panne: CHOICES FOR A FIRST COURSE IN MATHEMATICALPROGRAMMING
U.Pape: CRITEREA FOR THE DESIGN OF AN INTERACTIVE GRAPH MANIPU-
LATION SYSTEM /GRAMAS/.
J.T. Pastor Ciurana: THE ALTERNATIVE THEOREMS AND ITS RELATION
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: LOGICAL PROPIERTIES OF R™. ;
E.L. Peterson: INTRODUCTORY COURSES ON NONLINEAR PROGRAMMING
THEORY. : "
Elmor L.Peterson: THE CONICAL DUALITY AND COMPLEMENTARITY OF
PRICE AND QUANTITY FOR MULTICOMMODITY SPATIAL
AND TEMPORAL NETWORK ALLOCATION PROBLEWNS.

G. Plerra: A NEW ALGORITHII O QUADRATIC PROGRAMMING.
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R.A, Bolak: OTNEPATOPH PEARKCAUUY HA HEAUHEVHOM
MHOT OOBPA3 NI,

M.J.D. Powell: THE AUGMENTED LAGRANGIAN METHOD FOR NONLINEAR
CONSTRAINTS.

J.Ponstein: FENCHEL DUALITY IN BANACH SPACES.

A.Prékopa: APPLICATION OF STOCHASTIC PROGRAMMING TO ENGINEERTNG
DESITGHN,

A.I. Propoi: THE PROBLEMS OF DYNAMIC LINEAR PROGRAMMING.

L.Duane Pyle: THE GENERALIZED INVERSE IN LINEAR PROGRAMMING -
A GENERALIZATION OF THE SIMPLEX ALGORITHM.

P.Randi - M.R. Scalas: AN INTERACTIVE CODE FOR MIXED INTEGER
LINEAR PROGRAMS., APPLICATION TO CREW AND
MANPOWER SCHEDULING PROBLEMS.

A. Recski: MATROIDS AND n-PORTS.

M.J. Rijckaert: SOLVING GENERALIZED GEOMETRIC PROGRAMS BY
PRIMAL CONDENSATION.

R.T. Rockafellar: GREEDY PRICES: A SADDLE POINT CONDITION
CHARACTERIZING OPTIMALITY IN GENERAIL NON-
LINEAR PROGRAMMING.

G.W. Rogerson: A CASE S8TUDY APPROACH TO TEACHING MATHEMATICAL
PROGRAMMING. |

J.B. Rosen: A TWO-PHASE METHOD FOR NONLINEAR CONSTRAINT PROB-
LEMS. :

M.R6ssler: LINEAR PROGRAMMING WITH NONLINEAR PARAMETRIZATION,

M.V.T. Sééksjérvi: VOOD PROCUREMENT AS A COOPERATIVE GAME.
M. Sekarovitch: CONNEXITE DANS LES MATRICES {-1,0+1}
G.Salinetti: GONVERGENCE QUESTIONS IN STOCHASTIC OPTIMIZATION.
C.L. Sendblom: A NONLINEAR DECOMPOSITION ALGORITHM.
R.W.H.Sargent: AN EFFICIENT IMPLEMENTATION OF THE LEMKE
ALGORITHM AND ITS EXTENSION TO DEAL WITH
UPPER AND LOWER BOUNDS.
K.Schittkowki: DISCRETIZATION AND NUMERICAL SOLUTION OF A
TIME=OPTIMAL PARABOLIC BONDARY-VALUE CONTROL
PROBLEMN.
J.F. Shapiro: STEEPEST ASCENT DECOMPOSITION METHODS FOR

MATHEMATICAL PROGRAMMING / ECONOMIC EQUILIBRIUM
MODELS.,
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J.F. Shapiro: MATHEMATICAL PROGRAMMING MODELS AS INTEGRATORS:

INTERDISCIPLINARY COMPUTER SYSTEMS DESIGN AND
USE.
N.Sieber: OPTIMIERUNGSAUFGABEN IM NETZPLANMODELL.
B.J.Singh: OPTIMIZING THE UTILITY OF MULTI-COMMODITY NETWORK
. FLOWS. '
Czeslaw Siemaszko: THE GAME OF PURSUIT IN AN BANACH SPACE.
Leon Slominski: BOTTLENECK ASSIGNMENT PROBLEM: AN EFFICIENT
ALGORITHM. :
R.Slowinski- - J.Weglarz: AN ALGORITHM FOR SOLVING A CERTAIN
: NONLINEAR SCHEDULING PROBLEM.,
C.Smadici: COMBINATORIAL PROPERTIES OF BIMATRIX GAMES.
Y.Sorimachi - H.Mukawa -Y.Okamoto, k- T.Tamai: IMPLEMENTATION OF
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I.M. Stancu-M1n331an ON THE MULTIPLE MINIMUM RISK PROBLEM,
R.M.Stark: ON STOCHASTIC ZERO DEGREE GEOMETRIC PROGRAMMING.
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APPLICATIONS TO SCHEDULING. ‘
B.R.Stonebridge: LEAST-SQUARES WITHOUT NORMAL EQUATIONS.
J.J. Strodiot - N.V.Hien: AN EXPONENTIAL PENALTY METHOD FOR
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TIC PROGRAMMING.,
Jacek Szymanowskl - Andrzej Ruszczynski: CONVERGENCE ANALYSIS -
- FOR TVWO-LEVEL ALGORITMS OF MATHEMATICAL
PROGRAMMING.
Arie Tamir: ERGODICITY AND SYMMETRIC MATHEMATICAL PROGRAMS.
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PROGRAMMING.
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N.N. Abdelmalek, National Research Council, Ottawa,
Ontario, Canada K1A OR6. MINIMUM L-INFINITY SOLUTION .
OF UNDERDETERMINED SYSTEMS OF LINEAR EQUATIONS.

The problem of obtaining a minimum L-infinity
solution of an underdetermined system of consistent
linear equations is reduced to a linear programming
problem. A modified simplex algorithm is then des-
cribed. In this algorithm no conditions are imposed
on the coefficient matrix and minimum storage 1is
required. The algorithm is an efficient and fast one.

A numerical example is detailed.

Christian C.Agunwamba, University College of Wales, Aberystywth

and

University of Nigeria, Nsukka

- NONLINEAR PROGRAMMING : CONSTRAINT REGULARIZATION

This paper.is 6oncerned with the Kuhn-Tucker Necessity Condition

in Mathematical Programming and its various constraint qualificationse.
The main question considered is : "Given that a set of constraints

do not satisfy a given constraint qualification, is it always possible
to modify the set by adding to it redundant constraint and thereby
force it to satisfy the constraint qualification?"

The answer to the above question is shown to be '"Yes" for some, but
"No" for other constraint qualificetions.

Also, necessary and sufficient conditions for the additional set of
constraints to pe finite are given.

Certain consequences of the work, including a new constraint
qualification and a new necessity criteria which are extensions of

the Kuhn-Tucker-Necessity Condition are given.



A.S. Antipin. International Collective of Scientists,
Moscow, USSR

A GRADIENT TYPE METHOD FOR SEARCH OF AUGMENTED LAGRANGIAN
FUNCTION SADDLE-POINT

The convex program

Ax=b,

xeQ
is considered. Here f:Rn—-R is a continuously differentiable
function, A-mxn matrix, ©x€R" , beR™, Q is a given

closed convex set. _
A gradient type method for solving the problem (1),

based on augmented Lagrangian function
M(a,y)=F(@)+ (y,b-Am)+ K| b-Ax|*®

k>0 ,(¢,y)€ QXR™ is discussed. :
It is proposed to use the following iterative pro-
cess for search of a saddle-point of M(X,y) (and hence for

solving the problem (1)):
o™ = Py (e - ax v M3y (2)
ST =yt km M)
wher{gava(oc,g)=Vf(oc)—A*(g+k(b-Aoc)) ,QVg M(z)= b -Aex,

and - projection operator on .

It is proved that under noise conditions the process
(2) converges to a saddle-point of M(%,y) . Disturbances
of gradientsv.M(x,y),7M(x,y) as well as of projection
operator at each steg supposed to be less than a specifi-
ed On such that =0n<©° , Furthermore it is supposed
that the step length X satisfies the following condit-
ion o<« 4 2k2|| Y where . is a Lipschitz constant

for Vf (%) »



"0 Universidad Simon Bolivar,

and
Je BEdmons, C.O.R.E, Belgium

MASTER SEMIGROUP POLYHEDRA

Let (S,"\t) be a finite commuticative semigroup and D
an elément of S . We define the Master Semigroup Poly-
hedron E (8,b) as the convex hull of the integer
vegtors (kg€ N t,= 0, 56 8) satisfaying

S~ o t..8=b /where £ is the iteration of3 and

S €& S 's
¢

tgeB =§ S). This definition includes covering poly-

.

wed
hedra: Convex hull of integer solutions t.Z2 O of

AtZ b where A 1is a matrix and b is a vector both
with non-negative integer entries, the columns A, of

A are all the diferents vectors less than of equal to b.
The semigroup here 1is ({S : 0£5<by , S integer vectox},,t
with S, p = min @ + p,b) (the minimum is taken compo-
nent by component). It also includes Gomory’s Master
Group Polyhedra.

Given a polyhedron P, we call de (-polar of P de
set pP = {fvi yjx Z1 for all x € Py. We say that P is
[5> -closed when .P = p0A,

We obtain the following characterization of ® -closed
semigroup polyhedra:
Theorem: E(S,b) is (-closed if and only if there

exists an integer k ~» 1 sluch that b = kb .
Definition: S is & b-complementor of s when
sr 85=Db and sh" = hds=0b implies[ Xh=b.(5)

is b-conplementary when every element in S has a
b-complementor /groups and covering semigroups are b-
complementary and moreover the b-complementors are unigue/.



Vie present several theorems characterizing the facets of
E@,b) as vertices of highly structured polyhedra e.g.

Theorem: Let (ﬁ,t) be a b-complementary semigroup., e have:

1. All the facets of "E(S,b) are of the form
xZ1l or x,Z O,

2+ Wx zZ 1 represent a facet of E(S,b) if and
only if ¥ is a vertex of

{Tz0 : T, = 1,7, +5, 2.~ for all

s ,fles : T+ “; = 1,

for all 5 a b-complementor of S

F.Argentesi EURATOM, Ispra, Italy

DIRECT DIFFERENTIAL IDENTIFICATION OF COMPARTMENTAL SYSTEMS
BY LINEAR PROGRAMMING

A new approach is presented to thé direct differential
method of 1dentif10atlon /method originally proposed by
R.Bellman/ that seems to overcome some of the main objections
formulated against this estimator.
The characteristics of the approach are as follows: 2
l./ The derivatives are estimated by approximating the expe-
rimental data with cubic spline functions. -
2./ The paremeter estimation from the m set of n linear
simultaneous equations is performed by linear programming,

. under the norm Ll.
The main improvement, with respect to the original approach,
seems to be the parameter estimation via linear programming,
which easily permits the introduction of constraints on the
parameters value, to avoid a meaningless solution, and the
derivative estimation via base function, that avoid the error
amplifications of the numerical derivation.
A numerical experiment and an analysis of data are given to-
show the reliability and the practical appllcatlons of the
proposed technique.
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I.M, Asse ,Institute for Social Management,Sofie,Bulgarie,
COMPUTATIONAL FXPERIENCE AND APPLICATIONS WITH THE

GFROFFRION'S ALGORITH!

The peper dcscribes an algorithm for the solution of
dbscrete problems with zero-one variables,The algorithm is
based on the Geoffrion's implicit enumeration technique.The
author introduces several modiiications reducing the compu-
tation time and storage requirements.Imbedded dual linear
program generating surrogate constraints is incorporatéd
within the iterative scheme.Sparsity techniques are employ-
ed using sophisticated comnacting scheme for the non-zero
elements in the integer tableau.Reinversion subroutine with
static ordering of the inverted basis of the dual problem is
developed.,A reordering scheme of the variables in the partial
solution according to the valués of the coefficients of the
current surrogate constraint is also constructed.The algorithm
is tested with different in size and type integer problems and
the computational experience reported.The results presented in
the paper are obtained on ICL I906A and CDC-7600 computers.The

progrem is written in FORTRAN IV language.

’

.A,.Auslender, University of Clermont, Aubiere, France

MINIMIZATION OF CONVEX FUNCTIONS WITH ERRORS

Numerical methods are proposed for solving convex optimization
problems where are known only approximatively the valuses of the
objective function and its sub-differential. Aﬁplications of these

methoﬂs are also given.
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M, Avriel, Technion, Israel Institute of Technology,
Haifa, Israel,

and

S.Schaible, University of Koln,
K6ln, W=Germany

SECOND ORDER CHARACTERIZATIONS OF PsSrUDO-CONVEX FUNCTIONS
A function £(x) is called pseudo-convex in C<R™ if for all x,y € C

(y - 0'VE(x)>0 implies £(y)>£(x).
For twice differentiable functions necessary as well as sufficiént
criteria for pseudo-convexity are derived. In contrast to those
for convex functions these criteria involve not only second order but
also first order derivatives. Special attention is given to

quadratic functions.

P.S.Avles, SCICON Computer Services,Milton Keynes, Ingland
E.M,L.Beale, SCICON Computer Services, Milton Keynes,England
R,C,Blues,SCICON Computer Services, Milton Keynes, England
S.,J.Wild, SCICON Computer Services,Milton Keynes, England

MATHEMATICAL MODELS FOR THE LOCAT ION OF' GOVERNMENT

This paper describes some models to assist with locations of Government
Departments developed for the Property Services Agency.of the British

Government.

The models are concerned with allocating Departments to locations to minimize
the combined costs of accommodation, dislocation (i.e. moving Departments
from their present location) and communication.

Our first model groups partsAof Departments into clusters, using an extension
of Euclidian Cluster Analysis, so that Departmental groups communicating
extensively with each other are allocated to the same cluster as far as
possible. We then use mathematical programming to allocate clusters to
locations. The methods are an extension of t#ose described by E.M.L.Beale
and J.A. Tomlin (1972) "An Integer Programming approach to a class of

combinatorial problems". Mathematical Programming 3 pp 339-344.
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A, Bachem, University of Bonn, Bonn, W.-Germany

INTEGER LINEAR PROGRAMMING OVER CONES USING GENERALIZED
FUNDAMENTAL POINTS

We consider the usual integer linear programming problem,

relaxing some of the nonnegativity constraints, that is
min {e¢'x / A;x < bgl} ,

where A is an (m+n,n) integer matrix and AI is a submatrix
of A containing all rows whose indices belong to the index
set I.

We show that this problem can be rewritten as
min {(d'£f(A,u) / £(A,u) = b, AeX(f), uelN}

where feF and F contains all functions f which are linear
in u and affine in X , and X(f) is a set of special
fundamental points corresponding to f. We show how feF can

be chosen so that the resulting problem attains its minimum

for u=o0, and characterize the corresponding fundamental points.
An algorithm is presented along with computational comparisons
with usual ILPC-methods, and it is shown, that this algorithm
works best if (and only if) usual group methods are not
applicable (because of the size of the determinant).

An extension is proposed for general ILPC-Problems using this
algorithm as a subroutine.



H. Baier, Techn. Hochschule Darmstadt, D6100 Darmstadt, W-Germany
MULTICRITERIA DECISION MAKING IN DESIGN OF ELASTIC STRUCTURES

Though the design procedure as a whole is mostly conceived as

an art, important parts can be formalized and treated by mathe-
matical programming technicues. Such an application is design
of elastic structures, whose main task is to carry loads with a
least amount of materials, minimum cost of construction or high
stiffness while satisfying certain constraints, such as strength
and fabrication limits. In this vector optimization problem

"minimize" {f(x)|g(x) > O, h(x) = O]}
the objective f: Rn -+ Rm, and constraints g: Rn -+ Rp, h: Rn - Rq,
are assumed to be twice continuously differentiable but not
necessarily convex.

It is shown that multicriteria decision making not only reduces
the artistic parts of designing and determines efficient solu-
tions but that also quite general rules applicable to a broad
class of problems can be derived. In this context the performance
of the commonly used appoaches is discussed and suggestions for
most appropriate techniques, such as interactive preference
defining during the computational process, are made. The impact
of multicriteria problems on optimization methods designed for
single criteria problems is studied.

A
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A, B, PaxynvHckuit = lleHTpaNbHHi SKOHOMMKO-MATEMA TUYE CKIX
mucruryr AH CCCP v, Mockma , CCCP
TIPVHIMIT UTEPATVBHOV PELYJLMPUSALIMU A1 IOCTPOEHWM METOLOB

[NPYBIMAEHHOI'O PEIEHMA MOHOTOHHHX BAPVALIMOHHHX HEPABEHCTB
MHOIr'ME SKCTPEMAJBHHE IPOGJEMH / MUHUMUABAIIMA BHITYKJHX

()YHKITMOHAJIOB, HAXOXIEHAE TOYEK DaABHOBECHS OECKOAIMIMOHHHX HID
n 7.0, / cBOIATCA K pElleHM TaK HABHBAEMOTO BapUAIOHHOTO
HepaBeHCTBa, T.e. HAXOKIEHWA TAKOI'O dleMeHTa X e QR CB

4yTo < F(,x-2> <0 , VzeQ ()

3mech @ BHIYKJIOE BaNKHYyTOE NMOIMHOXECTBO GaHaxoBa npoc'rpanc'r-BaB
F - omeparop u3 B B €ro ConpAXeHHOE B*' o
MHMMAJIBHO HeoOXoIMMOe TpeGoBaHME Ha [= 1A HOCTPOEHNA
COIIEPXaTEJIEHOH Teopuu (-)(-) - MOHOTOHHOCTH OTOODP&XKEHUA F -
<F (xc)—F(x,_) »X=X3> 2 O ,2,%6Q OGHYHO IIpY paspacoTKe
OpUGIUXEHHHX WUTEPaTUBHHX METOIOB DeleHUd (*) TpeCOBAHNE MOHO-
TOHHOCTH YCIWINBAKT TEM MIM MHHM cnocolom . llpemnaraerca
YHUBEPCANbHHI IPUEM IOCTPOEHUA CWIBHO CXOIAUMXCA HTepaTHBHHX
METOIOB PpeElleHNA (:F) B TOM ciydyae, KOrla = IIpocTo MOHOTOHEH

1 HHKaKOI'O yCWIEHWs 3TOoI'0 cBoiicTBa IpelnoJiarath HEJb3d.

9roT mpueM / WTepaTUBHAA DPEryJIpusalms/ COCTOUT B CJeIybleM.
PaccvaTpuBaeTcAd BCIOMOTATENBHOE HEDABEHCTBO . _
LF(E)+e (), x-2><0 2€Q, €>0 (¥ %)
M(x) curbro woHoToHHWEt omeparop u3 B, B B¥ .
HepaBeHCTBO C*x-) OCHYHO OQnaJaeT CYUEeCTBEHHO JydUluMMA CBOiCTBaMA
Op CPaBHEHUMD ¢ (3) . B UacTHOCTH ero yxe MOXHO pemaTh
"craHUapTHEMU" UTEpaTUBHHMA METOLAMU .
[lpepnaraercs , Ha3HAUYUB £-£1 » ClleyaTh OJMH wWar K.J.
ATepaTUBHOT'O METOJA DENCHUT ()¢ *) . 3areM , 3amMeHMB &  Ha
€1 (€, <) crienars war urepaTUBHOTO METOX& C HOBHM £, M T.J.
AUt GOJIBIOTO WHCJHA UTEPATUBHHX METOLOB DELECHWS (#HIMOXHO TaK
anpyopHO Ha3HAYUTDH {fn j v 0, uro monyueHas HOCHELOBATENBHOCTH
TOYEK U3 Q CIWIBHO CXOIATCH K OILHOMY ns' peleHui (.\c) .
gTa o0uRsa CcXeMa NopoxuaeT COJBUOE YUCJIO HOBHX METOIOB pelleHUA
3g1a9 MATEMATHYECKOr0 NPOrpaMMIPOBAHMA, HAXOKINEHNA CeIJIOBHX
TOYEK, TOYEK DABHOBECHA M T.l. , 0ONaJapnUMX CYHECTBEHHO OOJIBIMAMA
BO3MOXHOCTAMA, YEM CYUECTBYIOUME '
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Egon Balas, Carnegie=Mellon University

SOME RECENT DEVELOPMENTS IN ZERO-ONE PROGRAMMING

In recent years a number of interesting results have been
obtained in the direction of characterizing or approximating 0-1
programming polytopes by a system of linear inequalities., We
discuss some of these results and their practical significance.

Particular algorithms are discussed for several classes of 0-1
programs,

Egon Balas, Carnegie-~Mellon University

Nicos Christofides, Imperial College of Science and
Technology, London

A NEW PENALTY METHOD FOR THE TRAVELING SALESMAN PROBLEM

We discuss an algorithm for the traveling salesman problem
based on the approach of solving a sequence of assignment problems
with the cost function successively modified so as to finally make

the optimal assignment a tour. Computational experience will be

discussed,
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MeL. Balinski, International lnstitute for Applied Systems

. Analysis, Laxenburg, Austria,
and
H.P., Young, Graduate Center, City University of New York,

USA

MULTIPLE OBJECTIVES IN APPORTIONLENT: AN AXIOMATIC APPROACH

The problem of appopt%onment 1s to find non-negative
" integers ajjese,a;, =, a; = h (>0) for all h 'pro-
portional to'" the positive /'"populations’/ integers
PpseeesDpy for any such p’s.

Many obJectlves concerning what 1s meant by '"pzpopor-
tlonallty" in this case can be set. Differing ideas of
"fairness'" are implied. Tinis talk will report on some
characterizations of approaches to the problem.

J.L.Balintfy, School of Business Adm.Univ.of MassTAmherst

A STOCHASTIC PROGRAMMING MODEL OF THE SELECTIVE MENU
PROBLEM ° |

Food preferences are represented by preference state
probability vectors and the incidence of choosing or
not choosing an item are represented by two types of
corresponding transition matrices. The first type is re-
ducing the*expected preference in one step while the
second one is increasing it step by step on a dlscrete
time scale. The choice probabilities can be computed

at each stage of this process by Luce’s axiom and it

is proved that the expected preference of’'a choicegroup
is always greater than the convex linear combinations

of the items. The optimal selective menu is planned by
maximizing the expected preference of a set of choice=-
groups while maintaining structural, cost and nutritional
feasgsibility by a musltistage extension of the Armstrong-
Balintfy algorithm of multiple choice programming w1th
joint probabilistic constraints.
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Richard H., Bartels, The Johns Hopkins University,

Department of liathematical Sciences,
Baltimore, Maryland

Christakis Charalambous, The University of Waterloo,
Department of Combinatorcs and
Optimization, Waterloo, Ontario,

and

Andrew R, Conn, The University of Waterloo, Department of

Combinatorics and Optimization, Waterloo, *
Ontario.

MINTI.IZATION TECHNIQUES FOR PIECEWISE DIF#ERENTIABLE : 3
FUNCTIONS: THE 4_, SOLUTION TO AN OVERDETERLINED LINEAR
SYSTEM

An algorithm is presented for computing a vector x
which satisfies a given m by n (> nZ2) linear |
system in the sense that the £_ norm of the residual ’
vector is minimized. That is, letting B1seees@ be the

columns of a matrix A, each column being of length n,
and letting ﬁg,...,b be the components of a vector D,
we wish to find a vector x which minimizes

$ (%) = a%x - bl|_ = max iagx -Al -
-

The proposed algorlthm minimizes the functlon
dlrectly in a finite number of steps. It is related to
Cline’s algorithm for the above problem as well as the .
algorithm due to Conn and Charalambous for nonlinear
optimization.

The algorithm represents an 1mprovement over others
which proceed by directly minimizing the function $

. in that 1t employs recent advances in the use of fast

Givens? transformations to update orthogonal matrix

factorisations. This perumits the work per cycle in the >

algorithm to be reduced from O(ng) operations to 0 (%) .
without sacrificing numerical stability.

The algorithm also incorporates the flexibility and
simplicity of the approach taken to a related problem;
that of finding the &} solution to an overdetermined
linear system by Bartels, Conn and Sinclair.
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A,S.J. Batchelor and E.M,L, Beal SCION Computer
Services LTD, leton Keyness, England,

A REVISED METHOD OF CONJUGATE GRADIENT APPROXIMATION
PROGRAMMING

This paper describes a revision of the method described by Beale (1974)
for solving large-scale nonlinear programming problems. The method
was originally developed as a variant of the Method of Approximation
Programming due to Griffith and Stewart (1961), but it is perhaps more
illuminating to think of it as a variant of the Reduced Gradient
Method, first introduced in Wolfe (1963) and generalized to nonlinear

constraints by Abadie and Carpentier (1969).
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K.Beer,J.Kdschel,Technische Hochschule Karl-Marx-Stadt,

Karl-Marx-Stadt, GDR

SPALTENGENERATION IN DER QUADRATISCHEN OPTIMIERUNG

1.

2.

Im Zusammenhang mit Dekompositionsmethoden vom Typ des
Verfahrens der zul&dssigen Richtungen zur Losung von
groflen linearen Optimierungsaufgaben entsteht beim Auf-
suchen der lokal besten Richtung die quédraﬂische Opti-
mierungsaufgabe '

inf ‘[//a//% t a 6’)F(i) } ; ‘ (1)
wobeil ,

//. /| - die Euklidische Norm des R® bezeichnet

und :

/) FZ{)- eine konvexe polyedrale llenge des RP ist,
von der im allgemeinen nur ein Extremal-
punkt und eine implizite Beschreibung der
Menge 9 F(R) gegeben sind. “3F(X) hat
dabei im allgeméinen eine nicht sehr grofle
Anzehl von Extremelelementen,

Im Vortrag wird die numerische Realisierung eines Algo-

rithmus vorgestellt,der es erlaubt,Aufgabe (1) ohne die

" explizite Gewinnung von 3 F(X) zu lYsen,Der Al gorithmus

stellt eine Erweiterung des bekannten Dekompositionsver-
fahrens von Dantzig/Wolfe auf quadratische Optimierungs-
aufgaben dar und kann mit den meisten Verfahren vom Simplex-
typ zur Losung quadratischer Optimierungsagfgaben effektiv

gekoppelt werden,



LY
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E.N.Belov, V.A.Skokov. Central Economics Mathematidél

Institute, Academy of Sciences of the USSR, Moscow.
A COMPLEX Os OPTIMIZATION ROUTLIN&S.

A compiex of routines eLraporateo by the authors is
uescribed. The routines are intended ror numerical uncou-
strained minimization of aroitrary functions and of runce
tions wveing the sums of squares and 1or soviution ox
linear, quadratic and nonlinear programming proolems.

A zero-order and a rirst-order algoritnms are sugzes-—
ted ror the unconstraiunca minimization. ''ne zero-ovrqaer
aigoritnm uses the coordinate descent, the conjugate-
~graaient method, the gradient being caliculated by means
of the ruuction values, and the quadratic method of ovary-
centric coordinates. ‘l'he algorithm takes use ox the ad-
vantages of each method, the switching or the methods
being provided by the algorithm itseli. The accuracy of
the solution obtained is rather high. The first-order
algorithm is based on the conjugate-gradient method that
can be used for the solution of the iLarge-scale problems.
the estimations of the extremal eigenvalues-ot the object
tunction Hessian are calculated according to the current
1nformatxon. A variable-metric conjugate-gradient algo--
rithm is suggested to accelerate the process. .o

This algorithm reyuires large memory but ivs convergenp
ce is faster than that or the preceding algoritnm. It is
intenaed for solving ot small size. A moditication ot
Gauss-Newton's method is suggested for minimization of
sum of squares. In the modiried method a quadratic func-
tional being the result of the original functional lineari-
zation is minimized instead of solving a system of normal
equations used in the most schemes. The new algorithm is
stable with respect to computational errors and provides
convergence for wider domain.

Iterative algorithms suggested for the solution of li-
near, quadratic and nonlinear programming problems are
based on the conjugate-gradient method applied to a modi-
fied Lagrange function. Here the two-side conditions on
the variables are not involved in the penalty terms and
they are taken into account by the conjugate-gradient me-
thod itself.

The compact representatlon of data enables us to solve
the large scale problems. The performance of each algo-
rithm is illustrated by test solutions results together
with comparison between the methods.
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E.,Beltrami, State University of New York at Stoﬁy Brook,
Stony Brook, New York, USA

SOME RECENT APPLICATIONS OF NONLINEAR PROGRAMMING IN MUNICI-
PAL SERVICES

This talk reviews some of the mathematical models developed in the
last few years to improve the delivery of labor-intensive public services,
such as sanitation and fire protection. In each case one 1s faced with
nonlinear and integer valued programs whose solutions have ylelded signif-
icant insights into the operation of these services. Most of this work
was performed for the city of New York, but the basic ideas are applicable
In a number of contexts. Since much of it was also implemented, result-
ing in substantial cost benefits to the municipality, we believe that an
acquaintance with these models 1s of interest to mathematical analysts
who wish to apply their work to societally relevant problems.

In the two main examples to be discussed the mathematical program is
developed from the basic fact that both men and equipment are limited
and costly resources to be allocated in such a way that some net benefit
be optimized. 1In actuality, the objective function is vector valued and
the solution constitutes a trade off between conflicting goals. However,
we formulate the problems in terms of equivalent scalar valued programs.
For example, the work crews necessary to pick up uncollected refuse on
certain days of the week, when demand is high, are such that other ser-
vices are degraded as a consequence. The optimal allocation, spatially
and temporarily, is therefore one which accommodates between inequities
in different sectors of the city and at the same time maximizes service
levels where they are most needed. The allocation also requires that a

number of restrictions be met, based on labor pracfices and legal regulations.

Solution techniques are discussed for the models we present, including
a way of converting into a linear format problems of the form

?ﬂJI}E fJ(nl,...,nk), where fj+l(n1,...,nk) = max (fJ(nl,...,nk),O).
n
2 |

o

o
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A.Ben-Israel, A,Ben-Tal and S. Zlobec, McGill University,
Montreal, Canada

CHARACTERIZATIONS OF OPTIMALITY IN CONVEX PROGRAMMING
WITHOUT A CONSTRAINT QUALIFICATION

L ]
Popular theorics of convex programming (such as

the Kuhn-Tucker and rFritz John thecories) do not characterize
optimality unless a certain hypothesis, known as “constraint
qualification", is assumed. This talk presents the basic

jdeas of a recent theory of convax programming wnere the ‘optimal
solutions are characterized without any reference to a
constraint qualification. The optimal solutions are characteriz~d
by a family of lincar inequalities and cone relations.

' The importance of these ‘characterizations is demonstrated
by examples from multicriteria optimization. Also a new class

of feasible direction methods is formulated. Unlike the classical
feasible direction methods, these new methods can not terminate
at a nonoptimal point snd they solve convex programs whether

or not 3later's condition (or any other constraint qualification)
is satisfied.



18

' O,Benli, Middle East Techn,Univ,.Ankara,Turkey
- P,Nanda, Syracusa University,Syracusa,New York,USA

2N
l_,.\

\ A SOLUTION PROCEDURE FOR LOCATION-ALLOCATION-PRODUCTION

e

A solution procedure based on decomposition principles is
presented for location-allocation-production prob? 'ms. The
problem basically is to dfermine the location of plants /on
a point-set/, and their production levels, which receive
several raw materials at given proportions from a number of
possible supply points and, subject to minimum and maximum
production capacities, produce several commodities demended
at /piecewise-linear/ production and transportation costs,
The problem is formulated as a mixed-integer programming
problem. A solution procedure is developed -based on "pro-
jection, outer linearization/relaxation" /Bender’s Partiti-
oning /, whose subproblems can then be solved either by a
produce based .on "projection/piecewise" /Rosen’s Partiti-
oning/ or another procedurée based on "projection, outer
linearization/relaxation", Some computational results on
steel plant location in the Soviet Union are given.

In addition to the dpplicationg of this model in plant
location problems, this formulation is particularly suited
to resource allocation problems in economic planning, inter-
preting plants as sectors of the economy, raw materials as
inputs to sectors and commodities as outputs of vectors,
with appropriate dinterpretation of the costs.

i John M,Bennett, University of Sidney,Sidney, Australia

\

\ QUADRATIC PROGRAMMING AND PIECEWISE LINEAR NETWORKS, WITH STRUCTURAL
‘ENGINEERING APPLICATIONS

Some linear network problems such as the elasto-plastic analysis
of structures can be cast in the form of a quadratic programming
optimizations problem. In such cases, the structure of the
constraint matrix and of the quadratic form to be optimized

can be exploited and lend themselves to a number of computational
economies., The process can be looked upon as one which invokes
restrictions only when they are relevant, and which does not
require the updating of these restrictions. An efficient method
for updating the triangular factors of a symmetric matrix

wvhich may be regarded as the equivalent of the basis matrix is
used. '
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M, Benichou, J.M. Gauthier, G, Hentges, G. Ribiere, IBM,
Paris, France

THE EFFICIENT SOLUTION OF LARGE SCALE LINEAR PROGRALMING
ggg%g%gS' SOME ALGCRITHMIC TECHNIQUES AND COMPUTATIONAL

First, this paper presents the results of experiments with algorithmic
techniques for efficiently solving large scale linear and mixed integer
programming problems. The techniques presented here are either original
or recent. They are mainly:

. L/U format of the inverse,

. keeping of the L/U format during the primal iteratioms,

. inserting starting solutions defined by variable values rather than
by their status (basic or non-basic). A specific algorithm is able
to retrieve a basic solution,

. quickly building a start1ng basis by a new crashlng algorithm,

. accuracy checking using new scaling algorithms and dynamic tolerances,

. choosing the incoming or the outgoing variable by Devex criterions,

. using pseudo-costs for efficiently solving MIP problems with a low
proportlon of integer variables,

. grouping the integer variables into Special Ordered Sets.

The solution of a great number of large scale problems have shown that
efficient problem solving requires automatic adaptation of algorlthmlc
techniques upon problem characteristics. For instance:

. use of L/U Primal for very dense problems and non-L/U Primal for sparse
problems,

. use of distinct strategies for searching for lnteger solutions. depending
on the percentage of integer variables, compared w1th continuous variable

. decomp051t1on techniques for block models

The second part of this paper describes an attempt to provide a powerful
Mathematical Programming Language, allowing an easy programming of
specific studies on medium-size models. In particular, this language
permits:

. recursive use of L.P., i.e. the ability to analyze the results in
program arrays and to accordingly modify the model before reoptimizing
it,

. inexpensive build-up of Mathematical Programming algorithms based on
the simplex method. Examples of use are given (Reduced gradient,
Cutting plane additional constraints, ...). :

All these features have been implemented in MPSX/370, a Mathematical
Programming code able to solve large scale LP and MIP models. Extensive
numerical results and comparisons on real-life problems are provided

and commented upon.



20

B.Bereanu, Center of Math,Stat.Bucharest, Romania

STOCHASTIC -~ PARAMETRIC LINEAR PROGRAMS

In this paper it is developed the theory of stochastic-pa-
rametric linear programs and some of its applications., This
theory leads to the generalized distribution problem of
stochastic linear programming, i.e., the problem of finding:
the distribution and/or some moment of the random variables
of a multiparameter stochastic process which represents the
optimal value as a stochastic-parametric linear program., A
gpecial type of optimal control problem -for such stochastic
processes leads to various decision type problems of stochas-
tic programming while the usual distribution problem becomes
an esgential post-optimal analysis.

Feasibility, existence and stability in this general frame-
work are investigated together with various types of control,
Computational problems are also discussed.

Bernau Heinz, Computer and Automation Institute of the
Hungarian Academy of Sciences, Budapest,

Hungary

UPPER-BOUND-TECHNIQUES FOR QUADRATIC PROGRAMMING

In quadratic programming the developing of the upper-
bound-techniques is important mainly as computational
method. The source of difficulty is the dimension of the
tableaux to be transformed. In this subject only a very
few publication has been written. Two methods are known;
a./ an application of the Dual-lMethod of Whinston and
b./ a Primal-Dual- Method- of Concalves.

In this paper presentln 3 methods we show that the
upper-bound-technique of llnear programming can be 1in-
corporated directly into the procedures of Beale, Wolfe
and Jagannathan for solVving quadratlc programmlng prob-
lems w1th upper bounds. ‘

Furthermore, for these modified algorithms a comparison
1s presented according to .some parameters, which are the .
following; The rank of the positive semidefinite matrix
in the objective function; the lengths of -intervals
from which we choose the components of the vector in the
objective function, of the right hand side vector and of
the upper-bound vector unlformly dlstrlbuted.f

The test problems were solved on a CDC-3300 computer.
~In all the % methods the product form of inverse 1s used.
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T.D.Berczneva. Central Economics Mathematical Institute,
Academy of Sciences of the USSR, Moscow.

THE STRUCTURE OF EQUILIBRIUM LYVELS IN VON NEUMANN TYPE
MODELS.

The purpose of this revort is to investigate arrange-
ment of equilibrium levels in the von Neumann type model.
The von Neumann type model ( or model M ) is a linear
closed dynamic production model determining by means of
the pair matrices A, B ( of the same dimension m n),
which can contain nezative elements, i.e.

Ax, £ BXy,, 20, w=1,...,T,

- m=Jdimnensional vacktons,

"

t

Tat us deunote S(oC) { x20: LAxeBx S , 5, =
={*ca=0 A,x&“},W(d):{p;O:,cpA;{L‘-sj ,w,,_
= l?’O pB *’O_f ”o ={1 ooo,n! ’?”p =I peoee m}.
n( el {1e?7.-‘3xes(.l.5=>( )¢>O],md.5

The triplet (&£ >0 , X, p ) will be called equili-

brium if
x € S(L)y, P e W(at), PBx >0,

A scalar o 1is called an equilibrium Ilevel.

We shall consider the models satisfying the follow-
‘inz conditions -
1. Ifx & S(at )y ol 20 , theh Bx = 0,

20 If pe Wt )y &£ 20 , then pA = O.

Let us note that if there exists such ol» that oe=
=maxel>0 ( B =min B > 0 ) and n(, ) = 77,
St)NSe AP WR)NWe g

( m( B. ) =M. ) then there exists only one equilibrium
J.evel. Otherwise diferent levels exist. However the nam—
ber of equilibrium levels does not exceed n, if .conditi-
on 1 holds, and m, if condition 2 holds.

Let us denote
ol = Suf ,'
S(R)NSCEP

N =, - n(dy, ), S = )_' x20; (4x), > O for some
kG%;’j i: 1,.-.,1‘41’1.

Theorem. If model M satisfies 1, then L is the
equilibrium level of M iff Q= ,Lt >0 for some 1.

Analogic theorem is true if model M satisfies 2.
WVhen M satisfies 1 and 2 we cannot require the existense
max o , but we can construct a sequence of appro-
SE)Ns: P
priate submodéls maximal ‘equilibrium levels of which de-
fine the equilibrium levels of the given model.



22

D.P. Bertsekas, University of Illinois, Urbana, Illinois, USA

MULTIPLIER METHODS: A SURVEY

The purpose of this paper is to provide a survey of
convergence and rate of convergence aspects of multiplier
methods for constrained minimization. Recent advances will
be emphasized including global ' convergence and rate of
convergencé analysis of second order multlpller methods,
treatment of two-sided inequality constraints, approxlmatlon
methods for nondifferentiable optlmlzatlon, and proximal
point algorithms. Detailed exp081t10ns may be found in a
survey paper appearlng in Automatica, March, 1976 and in the
literature qnoted in this paper.

M,J.Best, Department of Combinatorics and Optimization,
University of Waterloo, Waterloo, Ontario, Canada

A RELATIONSHIP BETWEEN METHODS OF CONJUGATE DIREDTIONS AND
QUASI-NEWTON METHODS

In a recent paper McCormick and Ritter consider two clasges
of algorithms, namely methods of conjugate directions and quasi-.
Newton methods, for*the problem of minimizing a function of n variables
F(x). They show that the former methods possess an n-step
superlinear rate of convergence while the latter are every step
superlinear and therefore inherently superio#. In this paper a
simple and computationally inexpénsive modification of a method
of conjugate directions is presented. It is shown that the
modified method is a quasi-Newton method and is thus every step
superlinearly convergent. It is also shown that under certain
assumptions on the second derivatives of F the rate of convergence
of tﬁe modified method is n-step quadratic.

e
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J. Bisschop and A, Meeraus, Development Research Center, World Bank,

Washington, D.C. EFFICIENT UPDATING OF THE BASIS INVERSE IN LINEAK
PROGRAMMING VIA PARTITIONING.

Matrix modifications, such as column interchanges, row inter-~
changes or column and row additions, are viewed as matrix augmentations.
Primal simplex iterations are treated as a special case, and an extremely
compact updating procedure based on partitioning methods 1s developed.

The method is especially suited for large sparse linear programs that are
sclved entirely in core. The procedure 1s not related to any of the

methods based on the LU decomposition or the product form of the inverse.

. The new method has the distinct advantage that the growth of additional
nonzero elements is not related to the size of the problem but only to the
number of iterations following reinversion. It is shown that the representa-
tion of the updated inverse does not grow monotonically in size, and that it =
may actually contract during certain simplex iterations. Implementation of
the new procedure is straightforward, and does not require any involved data
manipulation activities. Computational requirements differ from iteration

to iteration. There is every indication, however, that the method requires
on the average more computations per simplex iteration than other existing
methods. Stability properties of the new method are considered. Compari-
sons are made on the basis of real-world problems using a commerical code
designed for large sparse linear programming problems.
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J.Billheimer, SYSTAN Incorporated, Los Altos,California,USA

TRANSPORTATION NETWORK DESIGN -

Different approaches .to the design and analysis of trans-
portation networks are discussed. A route selection algorithm
is presented that balances fixed link construction costs and
variable user costs in a network having a fixed set of nodes
and a static service—depenéent demand for inter-node service.
The algorithm alternately applies link elimination and link
insertion criteria which converge to a local optimum. Simpli-

fied representations of transportation networks, more amenable

to rapid design and analysis, are also discussed.

G.R,Bitran, University of Sao Paulo, Brasil
Arnoldo C,Hax, Massachusetts Institute of Technology,Mass.USA

ON THE SOLUTION OF CONVEX KNAPSACK PROBLEMS WITH BOUNDED VARI-

ABLES

In this paper we present a recursive method to solve separable
differentiable convex knapsack problems with bounded variables. The
nethod differs from the classical optimization algorithms of convex
programming and determines at'each iteration the optimal value of at
least one variable, Applications of such problems:are frequent in
resource allocation and have recently shown to be useful in hierarchical

production planning. Comautational results are presented.
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R.G.Blcnd, CORE, Belgium and Stete Unive.of New York,Binghamton, N.Y.
{

COMBINATORIAL GENERALIZATIONS OF LINEAR PROGRAMMING DUALITY THEORY

Matroids are a well-known combinatorial abstraction of real matrices,
Recently a notion of orientability of matroids has been introduced.

We will show that many familiar concepts from linear programming duali-
"ty theory generalize in the context of dual pairs of oriented matroids.
In particular we will discuss an-algorithmic proof of a combinatorial /
generalization of the linear programming duality.theorem; in the con-
text of dual pairs of oriented matroids that are representable over the
reals, this algorithm specializes to a new finite variant of the

simplex method.

N.Bonde, Odense University, Odense, Denmark
J.Tind, University of Aarhus ‘

BOUNDS IN SET PARTITIONING

In this paper we shall discuss different lower bounds for

the optimal value of a set partitioning problem, These bounds
have been implemented in an implicit enumeration algorithm for
this kind of problems, Some experiments have been'performed,
and they show that the use of such bounds often reduces the
total compution time substantially. Additionally a comparison
of the relative computational influence of these bounds is
given,
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V.J.Bowman, Graduate School of Industrial Administration,
Carnegie=Mellon University,Pittsburgh,Pa.
J.H.Starr, Bell Telephone Laboratories,Murry Hill,N,dJ.

COMPUTATIONAL RESULTS ON LARGE SCALE SET COVERING PROBLEMS
USING A SEQUENTIAL GREEDY ALGORITHM

This paper discusses recrnt computational results on large scale
set covering problems using a sequential greedy algorithm developed
by the authors. The performance of the algorithm is analyzed accord=- °
ing to differing cost structures, problem size for obtaining both

the optimal solution and 'good" approximations to the optimal solution.

V.J. Bowman, Graduate School of Industrial Administration,
Carnegie-Mgllon University, Pittsburgh, USA.

and
T,C. Gleason, Wharton Business School, University of
Pennsylvania, Phlladelphla, USA

NECESSARY AND SUFFICIENT CONDITIONS FOR PSEUDO-CONVEXITY
USING EIGENVALUES

A necessary and a sufficient condition for pseudo-convexity for

. a twice continuously differentiable function are given in terms of
eigenvalues of the Hessian of the function. The results are that the
Hessian can never have more than one negative eigenvalue and that

the negative eigenvalue is constrained in value by the gradient of

the function.
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S.P.Bradley - Naval Postgraduate School,Monterey,California

USA
R.D.Shapiro - Massachusetts Institute of Technology,Cambridge,
’ Massachusetts,USA
JeM.Mulvey - Harvard University,Boston,Massachusetts,USA

INNOVATIONS IN MATHEMATICAL PROGRAMMING EDUCATION

Although mathematical pkogramming (especially linear programming)
has been taught ih colleges and universities for over 20 years, there has
been little progress in designing and developing new pedagogy for teaching
these subjects. The majority of courses still adhere to the age-old lecture
system in conjunction with homework, quizzes and tests; In contrast, a
number of progressive schools are in the process of introducing new tech-
niques into the "classroom." These innovations take a variety of forms:

(1) a learning center where the students utilize professional audio-visual
aids; (2) a highly interactive linear'programming-timeshare system where
students can formulate, display and update linear programming models with-
out requiring previous computer programming experience; (3) a self-paced,
individually tailored course in mathematical programming fundamentals; and
(4) a highly portable audiéycassette-based system which can be used anywhere.
Each of these systems cater§ to the specific, and widely varying, needs of
the students and the pedagogical styles of the faculty. In this paper, we
survey these innovations as well as the effective use of cases in the class-

room and other improvements to the more traditional lecture system.
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Gordon H. Bradley, Gerald G. Brown, Naval Postgraduate School, Monterey,
California, United States and Glenn W. Graves, University of California,
Los Angeles, California, United States.

LARGE SCALE NETWORK OPTIMIZATION

The successful development of a large scale primal network computer
program for the capacitated transshipment problem is described. The
capacitated transshipment problem is the most general of the minimum cost
flow models that include the capacitated and uncapacitated transportation
problems and the personnel assignment problem. The mathematical development
treats networks as a special case of large scale linear programming. Special
emphasis is given to the choice of data structures that support efficient
computations. Extensive computational results using the authors' widely
distributed computer program, GNET, are described. Large scale (more than
25,000 variables) applications are discussed.

-

E.R.Brocklehurst and K.,Dennis, National Physical Laboratory,
Teddington,Middlesex, England.

COMPUTATIONAL EXPERIENCE WITH HEURISTIC ALGORITHNMS FOR THE PURE
AND MIXED INTEGER PROGRAMMING PROBLEMS

Recent experiments have shown that heuristic algorithms can find
an optimal solution to an integer programming problem extremely
rapidly. The improvements recently made to the algorithm proposed
by BROCKLEHURST will be described. Computational experience on a
variety of problems will be presented in order to compare the
algorithms of BROCKLEHURTS, HILLIER, IBARAKI and TOYODA.
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A,H.O,Brown, Rolls Royce Ltd.,Bristol, IEngland

THE DEVELOPMENT OF A COMPUTER OPTIMIZATION FACILITY AND ITS
USE IN PROJECT SUPERSONIC ENGINE. DESIGN

Many design processes are seen to be ones of consgstrained op-
timization using functions developed empirically by sub=groups
of an overall design team. The generalization of these proces-
ses in a form suitable for the application of non-~linear
constrained optimization techniques is examined. The Recursive
Equality Quadratic Program algorithm due to M.C.Biggs of the
National Optimization Centre,Hatfield,U.K. was selected and
adapted for purposes of the investigation,

It is illustrated by application to the project design of a by~
pass engine replacement for the Olympus 593 in the Concorde
supersonic aeroplane, A discussion follows, taking the form of
a commentary on the development and running of this related
problems making more general points as they arise.

Topics covered include permisgible simplification of the User
program,saving computing time in the numerical assembly of the
irtial derivatives, the application of the routine when re-
gions exist in the fiield where the penalty function is incal-

culable, scaling,the effects of the inter-relation between
step lenghts in the partial differencing routine and toleran-
ces within the sub-programs,and the data and logic interface
between controlling routine and function sub-programs,
Pinally some discussion follows on the specification of the
related sensitivity analysis problem as seen by the user. It
is realised that particularly in the field of constrained op-
timization this provides a problem not necessarily met by the
usual eigenvalue approach, Some experiments are detailed ma-
king use so far as possible of the original optimization
routines,
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P. J. Brucker, University of Oldenburg, Oldb; Federal Republic
of Germany

SEQUENCING UNIT-TIME JOBS WITH TREELIKE PRECEDENCE ON M MACHINES
TO MINIMIZE MAXIIUM LATENESS

The problem treated is one of Jjob sequencing on m identical
machines, where there is a précedence ordering between certain

jobs, as given by a directed grazph which is a tree or more generally
a forest. The processing times of all jobs are assumed to be equal.
Associated with each job i there is a due date di' A simple al-
gorithm is given for finding a schedule which minimizes maximum
lateness. It generalizes Hu's "Cutting the Longest Queue" algo-
rithm which deals with the case in which di = 0 for all jobs i.
However, the optimality proof developed for the more general al-

- gorithm is much shorter.

A second algorithm solves the problem of minimizing make-span
under the restriction that no job is late.

For the two machine case it is shown that the scﬁedule produced
by the first algorithm also minimizes average completion time.
Thus, to solve the problem of minimizing completion time under the
restriction that no job is late a schedule with maximum lateness
not exceeding zero has to be constructed. |

The algorithms may also be applied to corresponding preemtive
scheduling problems with jobs having processing times which are
not equal.
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AN ALGEBRAIC APPROACH TO COMBINATORIAL OPTIMIZATION PROBLEMS
By an algebraization of the objective function is

achieved that combinatorial optimization problems with
different kinds of objective functions (e.g. sums or
bottleneck objective functions) now occur as special ,
cases of one general problem. The algebraization respects
not only the structure of the underlying problems but

also the structure of algorithms for solving these problems.
Combinatorial optimization problems, which can be formulated
without real variables (e.g..assignmenf'problems), can be
considered now in totally ordefed semigroups, where (S,*,g?
obeys additionally a strong combatibility axiom and a
divisibility axiom. For problems with real variables some

additional combatibility axioms between the domain Q of the

variables and the semigroup S have to be fulfilled.

After discussing the structure of the systems (S,*,<) and
(8,*,<;0) gene?al assignment probléms and maximal flow prob-
lems in networks with generalized costs will be considered
and algorithms will be given for solving these problems. Td
derive algorithms for the general problems "admissible trans-
formations" will be introduced and will be characterized for

the above mentioned problems.

The algebraic approach allows not only an insight in the struc-
turé of the problems but expiains also the different numerical
behaviour of the different kinds of objective functions. For
example can be shown, why bottleneck problems are faster to

solve than sum problems.
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PRODUCTIVE EFFICIENCY MEASURES

. The efficiency of a firm is generally interpreted to be a measure
of its success in producing as large as possible an output from a given set
of inputs. If the production processes are linear, and all the inputs and
outputs of the firm are specified in physical units, then the measure of
this Farrell type productive efficiency is easily achieved within a linear
programming framework.

In the primal estimation technique the columns of matrix F are
the Leontief production functions of firms, and the right hand side is the
factor use by firm ¢, and vector q details the outputs of each of the n
firms in the set being studied.

zr = g
, = maxqz
8.t
Fi1, Fi12 ... F1, Fi1p x Fig
| x2
Fia Fxt» Frn L3 <
) Frt
and x 3 0 ) x,

-

The functional Z* is clearly the maximum output with known
technologies that can be produced from input F 4. In game theory language
the linear program determines if a mixed or pure strategy of other firms in
z* can dominate firm ¢ strategy while using the same resources as firm ¢.

The measure is- sensitive to the specification of inputs, outputs
and the population of technologies or firms. In the paper a sensitivity
analysis is applied to these three factors and the analysis has been developed
to include non-linear and the Boles approach to von Neumann technologies. The
measure is dimensionless, avoids index number problems, and does not assume
firms face common input prices.

e
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P, L.Buzytsky,Central Economics lMathematical Institute,Academy of Sci.
of the USSR,Moscow,USSR -

ON THE FINITENESS OF THE pRIMAL INTEGER PROGRAMMING ALGORITHMS

L]
Consider the following integer programming problem:
maX (aoo - ao X :
subject to jan
. Z 8, .X. £ 80 1=14000,ym
I *bx% 5 0 $5il 5« oy 11 (1)
xy- Integors, j=l1,ee.,n

where e, 8jj, 80 are arbitrary real numbers and Qo 20, 1=1,.-4"™
The primal algorithms' scheme of solving the problem (1) con-
tains the steps as follows: '

1., Select a A< 0, J=Tpront

2, Select a derivative row v and construct the cut

JZPJ] < {a‘”l @)
=1 L%ys 3vs :

3, Fulfil pivoting with pivot column s and pivot row (2)
where the rules of selecting the pivol column and the derivative
row are fixed.

Theorem. A primal algorithm of solving the problem (1) is finite
if and only if.it is Finite Tox the Tollowinyg knepsack problem:
Mal £ €.,
. =1 37
subject to
A% s
=1 JJd
I X, = 6, integers, j=1,.¢.,n
Where &37 O, j:O,’l,...,n;:aj,Cj are iIltC‘},":Z‘I‘S.

< Qe
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A.Cambini, P.Carraresi, F.Giannessi, University of Pisa,
Pisa, Italy

SEQFENTIAL METHODS FOR MATHEMATICAL PROGRAMMING

The general convex quadratic pro§ramm1ng problem /C.Q.P./
is considered, for which a lot of algorithms have been pro- -
posed.

Initially, such algorithms appeared to be efficient to
solve real problems. This notwithstanding, during last years
the number of real situatuons formulated as C.Q.P. has
gone quickly increasing.

The main consequence of this fact is the necessity to be
able to computationally handle large-scale structured
C.Q.P.. Another consequence 1s that, generally, the number of
constraints is not a pr10r1 known; more precisely, in every
real problem the constraints are lelded in classes of
different importance.

Thus, to be able to treat real problems it is necessary to
have methods of resolution which -be able to take into account
such aspects and the structure of the problem,

O Here the idea is considered to obtain an optimal solution
of a C.Q.P. by determining sequentially an optimal
solutlon for a sequence of subproblems /having less
constrains of the C.Q.P./, the laBest of which has only the
constraints, which are binding in X .

The particular case of linear programs is considered,
and i1t 1s shown how to handle by a sequential method the
structured cases.

Extensions to other nonlinear problems are discussed.
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P.M.Camerini and F.lMaffioli, Centro Telecomunicazioni Spaziali CNR,
Politecnico di Milano,20133 Milano, T.

POLYNOMIAL BOUNDING FOR NP-COMPLETE MATROID PROBLENMS

A large class of NP-complete combinatorial optimization problems
may be reduced efficiently, i.e. by a polynomial algorithm, to
k-parity matroid problems and these to the problem of finding an
optimum intersection of three matroids, two of which are partition
matroids LI] « Branch-and-bound or heuristically-guided-search
E{] methods are currently used to solve NP-complete problems Lj]
and are particularly interesting for this class of matroid prob-
lems, since it is possible to use subgradient techniques in order
to obtain possibly tight bounds to the optimum which are quite
suitable to guide the search L4] . However subgradient methods
are not polynomial bounded. In this work a polynomial bounded
method is proposed for estimating the value of the optimuwa, that
is the minimum weight of an intersection of three matroids, two

of which are partition matroids. At the i-th iteration the method
adds to the lower bound, initially set equal to zero, the value of
e minimum weight intersection I of the two partition matroids. The
cycles of I in the other matroid are then contracted, producing
three new matroids over a smaller set of elements. This procedure
generalizes the method presented in L5] for computing lower
bounds to the lenght of a shortest hamiltonian cycle of a network.

References:
[ij E, L, Lawer, "Polynomial~bounded and /apparently/non-polynomial-
bounded matroid computations'", in Combinatorial
: Algorithms /R.Rustin ed./Algorithmics Press /1973/.

[2) U.Montanari, "Heuristically guided search and chromosome
matching",Artificial Intelligence 1/1970/.

Ef] R.M.Karp, "On the computational complexity of combinatorial

problems", Networks,5/1975/.

QJ P.M.Camerini and F.Maffioli, "Bounds for 3-matroid intersection
problems", Information Processing Letters 3/1975/.

[B] H.Christofides, '"Bounds for the traveling salesman problem",

Operations Resezrch 20/1972/.
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N.Maculan F., CUPPE and Ili, Universidade Federal do
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BRANCH AND BCUND APPROACH TO A FIXED-CHARGE NETWORK EXPANSION

Planning the expansion of a transmission power system
involves decisions on the location and spcc¢flcatlon of addi-
tional lines to the network, to satisfy fortcouming loads with
the required degree of rblldbllltyo

Investment costs are high and the number of possible
alternatives to be studied, oftcn on a short time, are
considerable.

The purpose of this paper is to suggest a simple model
for solving capacity expunsion problems in network, when
there 1s a fixed-charge assoclated with the expansion of
each are of the related graph.

Some alternstives have been tested for the choice of
the nodes to be expanded 1in branch-and-bound methods used.

It 1s also oresented some computational comparisons,
concernling a glven example,

P, Carraresi, University of Pisa,

Pisa, Italy

SEQUENTIAL METHODS FOR MATHEMATICAL PROGRAMING. THE
GENERAL CONVEX QUADRATIC CASE., APPLICATIONS TO STRUCTURED
PROBLELIS.

The aim of this pper is first of all to briefly review
the sequential method for strictly convex quadratic programs
and to extend 1t to the general convex quadratlc case. llore
precisely, it 1s shown how to handle the semi-definite case
and degeneracy case., Some renarks are made about the linear
case. .

lloreover the linear and convex quadratic structured
programs are considered. It is shown how the sequential
method can be extended to such cases in order to take ad-
vantage of the structure., The decomposition algorithms are
devased.
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R, Chandrasekaran, University of Texas, Dallas, US4

MINIMAL RATION SPANNING TREES

The minimal spanning tree problem is well-known
and efficient algorithms for solving it exist. One of them
is called the "greedy" algorlthm by Edmonds. In this
paper we consider the following problem:

For a given undirected connected graph G (v, E)

with node set N and edge set E and given numbers
Ce and De e E find a spanning tree T such that

the ratio
> G

eeT ecT

D 1s minimized.

An example is provided to |[show that an immediate
generalization of the "greedy algorithm will not work.
The problem 1s solved parentnetically via a series of mi-
nimal spanning tree problems. The algorithm described for
solving the above problem 1s polynomlally bounded.

G.Castellani, Univ. of Venice, CA' Foscari, VENICE, ITALY.

F.Giannessi, Univ. of Pisa, Piazza dei Cavalieri,2 PISA, ITAL

DECOMPOSITION METHODS FOR MIXED INTEGER PROGRAMS.
APPLICATIONS TO STAFFING PROBLEMS.

§y means of Farkas' theorem the method of Benders for mixed
integef programs is reviewed and used to generate cuts having
particular properties. More precisely, a condition is given for a
given hyperplane be a Benderginﬁu It is shwn how to use such a
condition in a resolution procedure.

An application is made to a staffing prdblem by an airline;
such a problem is formulated as an all- integer nenlinear program,
which can be decomposed into a set of linear all -integer programs,

so that Benders' procedure may be applied.
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J.Chatelon, D.Hearn, T.J. Lowe, Department of Industrial
and Systems Engineering, University of Florida,

Florida, U3A

AN ALGORITHM FOR MIXED NORM MINIMAX LOCATION PROBLELIS
We consider locating n new points in the plane relative
to.m existing points such that the maximum weighted distance
between any pair‘of points is minimized. The distance measure
between pairs of points can be any Ep norm, 1 < p < =, We
state the problem in the form minx maxi i(x) where x = (xl,

2
Xps eees xn) ¢ E", and the f, are convex, not necessarily

i
differentiable, functions involving Lp norms. We prove con-
vergence, to an e€-optimal solution, of a subgradient algorithm

which relies on the special properties of the functions fi‘

G.Christov, Institut of Matematics and Mechanics, BAS
Sofia, BULGARIA

HYPERBOLIC OPTIMIZATION PROBLEM

In the present paper some properties of an hyperbolic
optimization problem are d?scussed
. P_:_B.él )

h ' i
whoever _D__ = EXIA'X’EJ, A"xéff)z

On the basis of these properties an algorithm is designed.
The algorithm is so arranged that to allow a full mathematical
investigation of the problem and either an optimal solution or
suboptimal and asymptotic solutions, .if any at all, are found.

A distinction from the known algorithms is that no preli-
minery. knowledge of additional information concerning the
function H(X) and its region .0 is necessary.
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B. Cherkasskiy, Central Economics Mathematical Institute,
Academy of Sciences of the USSR, Moscow

EFFICIENT ALGORITHMS FOR THE MAXIMUM FLOW PROBLEM

This report presents algorithms for maximum flow
problem, This problem was formulated in [1] .Also there
was suggested algorithm for its solution called Ford-
-Palkerson algorithm (AFF3.But in some cases AFF can
lead us to computatinal difficalties.J.Edmonds and
R.M.Karp suggested AFF-modification needs 0O(np# )}
primitive operations for solving this problem (n -
number of nodes, p - number of arcs in the network).
E.Dinic suggested another algorithm for solving maximum
flow problem of 0(n?p) operations. Dinic's algorithm
decomposes the solving of the problem for sequence of
steps.Auxiliary network called reference-network (RN)
ig found before each of these steps.Reference-network
helps more efficient computations [2] . A.Karzanov
suggested algorithm of O(n3 ) operations using a new
method of flow computation in one RN.By using Dinict's
and Karzanov's methods the auther succeeded in
suggesting the new algorithm of 0O(n?-yp') operations.
This boundary is the best of those known to the author.
In the report are also the results of experimental
computational comparison of these algorithms.

1 - L.R.Ford,D.R.Fulkerson.Flows in networks,
Princeton University Press,Princeton,New Jersey.

[é] - G.M.Adelgon-Velskiy,E.A.Dinic,A.V.Karzanov,
Flow algorithms (russian) ,M,,"Nauka",1975..
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OPTIMIZATION OF A WATER RESOURCHS SYSTEM BY STOCHASTIC PROGRAJ-

MING WITHOUT RECOURSE AND LINEAR RULES

Water resources problems have been of great interest to many researchers in various fields
such as mathematical programming, hydraulic engincering, power engineering and economics. In
each walter resources project, there are three distinct phases:  planning, allocation and operation.
In this paper, we have studied the Khuzestan water resources system in southwestern Iran.
Assuming that the first two phases have been completed for this system, the primary concern is

then the optimization of its operation phase.

Modeling of such systems depends strongly on the characteristics of such systems and the data
available. On one hand, due to the fact that water is allocated at various locations of such systems
over fixed durations of time, a multi-period model is preferred over a continuous-time onc. On the
other hand, the inputs to such systems, i.e. river inflows, are stochastic by nature and would
eliminate the use of deterministic models. Aside from many deterministic modeling attempts, few
efforts have been made on the stochastic approach. The common scheme for stochastic program-
ming models uses chance constraints and linear decision rules. However, we have proposed a
stochastic programming model with fixed recourse, which is more adaptive to the observed data
during the decision process compared with the chance-constraints model. In this approach, a
multi-period model is considered for the problem. For the end of cach period and for any
reservoir, we consider two decision variables: target reservoir levels, and amount of water relcases
(recourse actions). The former will be determined at the beginning of the period based on forecast
inflows, while the latter will be determined at the end of the period based on actual observations.
For the inflow statistics of our particular system, we have found that it is appropriate to assume
linear decision rules in determining the target reservoir levels based on observed data of the two
previous periods. First, from the solutions of a set of lincar programming problems, the cost
function associated with the set of recourse actions is obtained along with corresponding distrib-
ution policies for the downstream arcas of the system. Then, the resulting nonlincar deterministic

. v

problem can be solved by existing computer packages. . . R

The Khuzestan water resources system consists of three major rivers, five reservoirs, five
power plants, seventeen irrigation areas, and fourteen municipal and/or industrial centers. A great
deal of data and information were gathered and received through the regional authorities. Among
other data, the monthly historical water flows as.far back as seventy-two years are used to estimate
the relevant probability distributions of the river inflows. The mathematical model includes many
constraints associated with power and irrigation demands, flood damage, recreation, navigation
and other physical operating constraints. The cost criterion is formulated as functions of penalties
and benefits corresponding to water shortages and surplusses, respectively.
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Sel «Chung, University of Hong Kong, Hong Kong

GLOBALLY .ND SUPLLLIDE..RLY CCIVERGENT .LGORITHIS FOR NOILINEAR
IROGRALLILG .

In this paper o pgroup of zlob-lly and superlinearly convergent
alporithns are presented for the general nonlinear progran

mininize f£(x) subject to g, (x) 2 Oy j = 1, ease-, m &nd
CJ(X) = 0, J=m+1, ewe 4 k J

vherc f, . .4e0es, ) denote re~l v-lued functions on the n-dimensional
Luclidein sSpices Ve assume that the gradients of £y go9ee0ey &y
exist and are Lipchitz continuous on the BEuclidean space.

The adgorithms minimize the exact penlty function which has
been studiecd by Zangwill, Pietrzyliowski, and Howve

m .k
vi(x) + > nax (0, g.(x)) + 2 |g.(x)|, v O
=1 J J=n+1 J

when the iterates ~re far ~uiey from the optimal solution. Gradient
methods for the unconstrained mininizetion of differcnticble
functions .re gencralizmed to hindle the nondifferenti:ble excct
pen:lty functione. The ..rnijo stepsize procedurc, or the rninimum
stepsize proccdure is uscd to determine the stepsize. Another
contribution is a new nethod for updating the penalty parameter

v of the exzct vpen:lty function.

The algorithm switches cutomatically to quasi-Newton algorithms
which ore closely related to the the cuisi-llewton zlgorithms having
been studied by Vilson, Robinson, Garcin, Mrngesgricsn ond Hen when
the iterates ure necar the optimal solution. '

Fast numerical experience is obteined for the alporithmse

acknovledrenentse. This moterisl forms part of my PheDe thesis -
under the supervision of Professor C. L. lengosariane I wish

to express my sincere ocppreciation to him for his guidance,
encour=serent ¢nd =dvice in the preparation of this material. -

‘I would like to thank Professor C. lie Cryer, Yrofessor R. R. Meyer,
~nd Professor S. ll. Robinson for their volucble sugrnestions.
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P. KOSEWSKI, Institute of Teleelectronics, Warsaw
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THE APPLICATION OF BIVALENT NONLINEAR PROGRAMMING TO THE
LINEAR ELECTRONIC NETWORK SYNTHESIS PROBLEMS

The basic steps in computer-aided electronic network
design are: i) the modelling of components; ii) the topo-
logical synthesis in which an initial network is found;
and iii) the numerical synthesis in which the designable
parameters are adjusted go as to achieve the desired
performance. If the design is unacceptable the process is
repeated from either step (ii) or (iii) This paper deals
with the topological synthesis problem . The solution is
searched by a suitable nonlinear bivalent programming
problem. : )

Any network found in step (ii) has to satisfy the
following conditions: a) its graph is two-connected; and
b) the actual transfer function of the network has non-
zero coefficients if, and only if the corresponding
coefficients of the desired transfer functioén are non-zero.
The topological synthesis problem may be stated as follows:
it is .-desired to find a class of the two-connected weighted
graphs. In addition, the unknowns which are related to
the edges of the graph have to satisfy several linear in-
equality constraints (condition (a)) and nonlinear constra-
ints (condition (b)). The values of unknowns are restricted
to 0,1 . If an optimization criterion is defined the
problem of topological synthesis is converted to the typical
nonlinear bivalent programming problem, and we solved it
with a slightly modified version of the lexicographic
enumeration algorithm of Lawler and Bell.

The main disadvantage of the method is the large storage
needed. It is necessary to store very long expressions
(condition (b)). If the designed network is allowed to have
two types of components only e.g. R and C, then the problem
of topological synthesis is greatly simplified. It is poss-
ible to substitute the checking of nonlinear constraints
by the process of searching for trees and 2-trees with the
maximun and minimum weight in a epecially constructed family
of graphas. The modified method requires only minimum storage.

The final section of the paper will present results of
numerical computations. '
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ON TIIE USE OF ZKRO-ONE PROGRALTIING FOR FINDING AN OPTIMUM
SOLUTION OF A SCHEDULING PROBLEII IN STELLWORKS ENVIROMENT

A mathematical formulation of a-scheduling algorithm
for the heat treatment problem of a high alloy steel manufacturer
will be presented. The algorithm is based on the zero-one
programming model with the criterion of meximizing production
trhoughput of heat treatment furnaces.,

The computer outputs of the developed algorlthm will be
analyzed and an alternative approach to the prablem solution
(simulation approsch) will be showne °

V, Clocotici, Computing Centre, "al. I. Cuza" University,
Iasi, Romania

SOME PROBLEMS CONCERWING THE STRUCTURE Cl' ATROIDS

This paper deals with the Structure of a matroid and
contains some matroid construction probleus.

The main result of the Tirst part 1s a necessary and
sufficient condltlon for the existence of a circuit with
cardinality r+l 1n a matroid of rank r. The condition
found has connection with an exchange property of bases.
In this condition some circuilts constltute the fawily of
bases of a matroid. The connection with the bases grapf
of a matroid is put in evidence,

In the second part we investigate the problem if
certaln families of sets, given or constructed, form a
matroid. Some quuntitative estiwations of the maximum
number of bases of a matroid with ruank T satisf ying
certain conditions are obtained.
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C.Cohen and B.Robinson, Northwestern University, Evanston,
Illionis, USA

AN INTEGRATED SYSTEL. FOR INTERACTIVE NON-LINFAR PROGRALLIING
COMPUTATIONS

Existing optimization algorithms are highly formalized and do not allow
much human intervention or interaction. This paper dealswith the design
and development of software for nonlinear optimization using a collection
of well-known nonlinear programming codes: SUMT (Sequential Unconstrained
Minimization Techniques), GRG (Generalized Reduced Gradient), GPM (Gene-
ralized Projection Methods), and MCL (Method of Centers Linearized).

The system has evolved from "stand-alone'" programs to an integrated
package which allows the user to define objective function and constraints
in a simple FORTRAN subroutine and call one of the algorithms to initiate
the solution process. The user can also interact with the process by
changing strategies in mid-stream through the use of different algorithms.

Because of this algorithm interrupt mechanism, one can study the structure
of the problem or observe the solution process (for example, monitoring
precision/convergence/number of function or gradient evaluations). As an
experimental tool, it may also be used to study the interaction of algorithms
and the best matching of an algorithm to a given class of problems.
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A GENERALIZED CONJUGATE GRADIENT METROD FOR CERTAIN LARGE
STRUCTURED PROBLEIS

We consider a genefalized conjugate gradient method for finding the
minimum of-a non-quadratic function in finite dimensions that has a positive
definite symmetric Hessian. The method is based on splitting off from the
equiyalent system of nonlinear equations for the vanishing of thé gradient
an approximating positive-definite system that is easily solvable, and then‘
accelerating the associated iteration using- (nonlinear) conjugate gradients.
The method, which is an extension of our earlier one for the quadratic case,
finds applicapidh in the solution of ﬁroblems.érising from.the discretization
of nonlinear elliptic partial differential equations. Its behavior is
illustrated for the minimal surface equation, with spiittings'corresponding
to symmetric extrapolated block Gauss-Seidel-Newton iteration and to separable

elliptic operators amenable to fast direct methods.
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Bui Cong Cuong, Institut of Mathematics, Hanoi, Vietnam

NASH’S EQUILIBRIUM IN N-PERSON GAMES AND IN ECONOMIC

Considering the equilibrium existence problem of the
following systems:

The system consists of n agents. For i-th-agent, the stra-
tegie space X5 be a locally convex Hausdorff topological
vector space. The allowed situation of the system

X=/Xq 9Xnseee,X. / Will be limited by the requirement that x
be s%legted fr8m a convex,compact set S-< %{x; .The
objective function F.:S—=R2 be a real function and the
allow law of movement 4> : S —S be a set-valued mapping.
A situation x* €S 1is said to be ¢ -equilibrium if

SEREES
and for all i=4,-..h ()= max {FOfn) (K7u) € (x5 §
= ¥
where <1k =(XF ATy KTg XD, Koy, - A

This formation of equilibrium refomulated the concept of
Nash’s equilibrium in a way which is essentially related
to that of stability to laws of movement Some equilibrium
existence theorems are proved. The relation betwcen the
equilibrium in Arrow=Debreu economic model and -equilib-
rium is considered. - _— .
The results of Allingham M.G. 1, Berg, C. 2 , Nash | 4_
and of author |37 are immediafe corollaries of the present
result | N

References:

l. Allingham li,G, Equilibrium and Stability, Econometrica,Vol.42,n.4.
/1974/,705-716. ¢
2. Berg C. Odwacn Teopast Wrp HeCkOAKWX AWy | OM, Moty

19¢4
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THREE ALGORITHMS POR THE FERMAT-WEBER'S PROBLEM WITH
GENERALIZED COST FUNCTIONS

To solve the Fermat-Weber's problem with generalized cost functions
of euclidian distance, three convergent algorithms are proposed. For
these algorithms an iterative function is defined for all points intRn,
demand points included. The first one has no continuous iterative function,
its convergence is proved with an Huard's statement. For the two others,
the iterative function being continuous, the convergence is established

with the well-known Zangwill's theorem.
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A COLPARISON OF SEVERAL AUGLENTED LAGRANGIANN FUNCTIONS

In recent years there has been increasing interest. in
studying both theoretical and practical properties of aug-
mented Lagrangians for solving nonlinearly constrained op-
timization problems /see, for example, [ 11 ./ '

In [2], R, Fletcher presents a thorough study of the use
of the Powell-Rockafeller-Hestenes Lagrangian in which
computatlonal techniques are presented for dealing with this
Lagrangian via an unconstrained minimization algorithm, An
alternative famlly of Lagranglans which are twice diifferen-
tiable is given by O.L. llangasarian in [3l« In this paper
we develop a computational technique based on llangasarian’s
Lagrangians and present a computatlonal study in a counwon
framework, of both families of Lagranglans.

The numerical study includes a saupling of test problems
from, among ovher sources, a collection given by D.u.
Himmelblau [4j. The testing approach 1s based on the de-
velopnent of wodularized software so that major cormon steps
/such as the unconstrained minimization/ are done by exactly
the same software. This approach helps to assure the reliabi-
lity of the results obtained. burtner, the modules developed
will eventually evolve into modules for augmented Lagranglans
in the LINPACK mathematical pro¢raum1nb software project
under development at Argonne National Laooratory.

References:

1l D.A. Pierre and Ii.J. Lowe, Klathematical ?rogramming
Via Augmented Lagrangians, addison-Wesley Inc.,
New York, 1975. ‘

2 R, Fletcher "an Ideal Penalty Function for Constrained
Optimization, " U.K. A.B.A. Report C.S.53. 2, December,
1973.

> O.L. Mangasarian, "Unconstrained Lagrangians in
Nonlinear Programming," Computer Sciences Technical
Report No. 174, University of wisconsin, Madison,

liarch, 1973.

4  D.i., Hiumelblau, Applied Nonlinear Programnming,
llcGraw-dHill Inc., New York, 1972.



49

Richard /,Cottle, Stanford University, Stanford,California

ON SOLVING LINEAR COMPLEMENTARITY PROBLEMS AS LINEAR PROGRAMS

\

Recently, Mangasarian has demonstrated the possibility of solving a
certain class of Linear Complementarity Problems by formulating them as
equivalent linear programs and solving them as sﬁch. One of the key ideas
in the above approach is an ingenious theorem giving both sufficient
conditions for the LCP to belong to this class anﬁ a description of the
equivalent LP. . .

The present paper begins with a sharpening of the aforementioned theorem
of Mangasarian which is then used to show how all the complementarity problems
described by Mangasarian ar; related to the theory of polyhedral sets having

least elements.

This paper also discusses the question of whether the LP approach can be

recommended for solving complementarity problems of the type for which it is

intended. The discussion is illustrated with some computational experience,
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B.D., Craven, University of llelbourne, Australia

Be Mond , La Trobe University,Bundoora, Australia

LAGRANGEAN CONDITIONS FOR QUASIDIFFERENTIABLE OPTIMIZATION

Lagrangean necessary conditions for optimality (of.both Fritz
John and Kuhn Tucker types) are ‘extended to a class of constrained
minimization problems, in finite or infinite dimensions, vhere (a) the
objective and constraint functions are not necessarily linearly
differentiable at all points, but have directional derivatives wﬁich.
are convex functions of direction, and (b) the objective function takes
values in a partially ordered space. The class of functions in {(a) is
also characterized independently of derivatives; it ‘includes the sum
of a convex function and a linearly Gﬁteagi differentiable funcfion.
Both duality and converse dﬁality theo:ems are obtained.for the caée‘éf
real valued objective, and all functions convex. Various known resu}ts

are special cases, including those for problems involving square roots

of quadratic forms.

4
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G.B.Dantzig, Stanford -University, Stanford, California,USA
B.C.Baves, Stanford University, Stanford, California, USA
D.Gale, Stanford University, Stanford, California, USA

AN ALGORITHM FOR A PIECEWISE LINEAR MODEL OF TRADE WITH
NEGATIVE PRICES AND INDIVIDUAL INFEASTBILITY

A model of trade is considered wherein prices may be positivé, zero,
or negative.; Also it is not assumed that a trader hasla feasible course
of action, if he is isolated from the market. Ex£stence of'equilibria is
shown under the assumption that each subset of traders does not become
satiated by the goods producible or owned by the remaining traders. To
prove existence we consider the aggregate production capability with
weighted objective. An algorithm is given which either computes an equili-

brium of the market or demonstrates that the nonsatiation condition fails.



Ge D’Atri, University of Calabria, Dept. of Mathematics,.

Cosenza, Italy .

IAGRANGE MﬁLTIPLIERS IN INTEGER -PROGRAMMING

Given the linear problem P "maximize b(x) = ;bixi subject to the
constrint c(x) = Zc;x; € C with xj = 0,1" - this is fhe'wéll—known 0/1
knapsack problem -, we look for properties that relate an optimal point
x° of P to an optimal point of the Lagrangean problem M)\ "maximize
b(x) - c(x)".

The fact is that a solution to M, can be found in simple way: put=

ting 1§ = b; - Acj, we restate the problem as '"max I1l:x;'" which has the
i i i i*i.

solution x; = 1 if 15 >0 and x; = O otherwise.

If we have an optimal point x* for My which is also feasible for P,

let D = A(C - c(x )), the following properties hold

(1) b(x®) sb(x™) + D
(2) ILjy; $D ,f where y; = |x] - x§| and L; = |14].

The first property can be used as a bound for the optimum of P and
a measure for the goodness of the approximate solution X*, the secohd
one -for reducing the size of P, in fact if Lj:>D.then.x§_= x%.

A Branch and Bound algorithm is presented that utilizes property(Z)
for reducing the number of branches required by other élgorithms’by consi=
dering the sum of the L; relative'tq the cémponents forced to a value dif=
ferent from that in x™. " ' |

The algorithm is also modified to handle ﬁrdblems with more then one -
constraint; in fact the same properties hold if we consider the ¢j and C

as colum vectors and A as a vector of nultipliers.
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K.K.Datta,Dept.of Electrical Engineering,Jadavpur University,
.Calcutta,India .

S.Dasgupta, Blectrical Engineering Dept.Jadavpur University,

Calcutta,India ' '

ON LARGE SCALE UNDISCOUNTED MARKOV DECISION
PROCESSES

The proposed algorithm attempts to obtain a recursive
method for the evaluation of the sub-optimal policy and the
corresponding relative values of the total expected cost
vector for a completely ergodic undiscounted, discrete
parameter, infinite horizon Markov decision processes. This
method avoids matrix inversion and hence the error control
problem due to round off whiqh is very much pronounced in
| Howard'é élgorithm for large scale processes. Also the accuracy
of the vaiues.of the cost vector, as evaluated by this method,
are independent of the gain of.the process. The upper and the
lower bounds of the optimal gain are found out in each
iteration cycle from the policy improvement routine us;ng
Odoni's method. The difference of these bounds is used as

the stopping instruction.

The striking feature of the proposed algorithm is that
it achieves a considerable amount of savinglin compufational
éime for both small .and large scale problemsvcompared.fp
Howard's and even Odoni's algorithm. The computational time

saving is more pronounced as the number of states increases.
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Istvan Dedk, Computer and Automation Institute of the
Hungarian ..cademy of oc1ences, Buddoest
Hungary

VONTE CARLO EVALUATION OF T.E ULTIDILENSIONAL INORMAL
DISTRIBUTION fUNCTICN BY THE .ELLIPSOID METdOD

A computer algorithm is presented for computing the
values of the multidiwensional normal dlstrlbutlon function.
The algorithm is based on a well known Monte-Carlo technique
and makes use of the Ellipsoid liethod for generation of nor-
mal random vectors. A corresponding FORTRAN program was
made; computational results and computer running times are
also presented.

The program works fast for great values of the distri-
bution function /near to 1/, wnich are especially interes-—
ting 1n stochastic programming models, If the value to be
determined 1s p then i1n almost 100 p % of the cases
the generation of one normally distributed random vector
reduces to the seneration of one uniform randow number
from [0,1) and seme logical comparisons. Thus 100 p %
of the work becames independent of the number of the
dimensions.
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R.S. Dembo, Faculty of Business, licliaster University
Hamilton, Ontario, UsA

ON THE NUMERICAL SOLUTION OF LARGE-SCALE GEULETRIC PROGRAlI-
mING PROBLELIS o

For more than a decade now, researchers in the area of
nonlinear programming have attempted to devise algorithms
for the solution of geometric programwing /GP/ problems.
"For the most part, these algorithms have been far from
successful in solving even modarate sized problems. Recently,
however, a number of algorithms appeared that are capable
of solving problems of the order of 40 primal variables and
40 primal signomial constraints and up to 130 degrees of
difficulty. Strangely enough, the most successful of these
codes solve the primal problem and make no use of the elegant
GP duality theory. The algorithms upon which these codes are
based. are not suitable for the solution of truly large-scale
Gr problems since they are not able to exploit sparsity in
an efficient manner. Since large-scale applications /thousands
of degrees of difficulty/ of GP abound in the area o op-
timal aircraft design and other important areas such as
transportation, the question of how these problems can be
solved using GP theory 1s an important one. To make use
of sparsity, algorithms will have to concentrate on the
linearly constrained dual problem., This paper discusses the
difficulties associated with the solution of the dual problem
and outlines possible ways 1n which these may be overcone.
Also discussed 1s some ongoing research in attempting to
adapt a highly successful large-scale optimization routine
that solves general nonlinear programs with linear equality
constraints and makes efficient use of sparsity, to the
solution of dual geowetric programs.



M,A.H,Dempster, Oxford Systems Associates Ltd.,Oxford,England
A.Punter, Oxford Systems Associates Ltd.,Oxford,England
\ CeH,Whittington, Oxford Systems Assoc.Ltd.,O0xford,England

N

NEAR OPTIMAL SOLUTION OF VERY LARGE STRUCTURED INTEGER PROG-
RAMMING PROBLEMS USING COMBINATORIAL ITERATION STRATEGIES

This paper describes a general practical approach to a class
of 0-1 integer programming problems involving tens of thou-
sands of variables and constraints which heavily utilizes
their struciure.The problems considered are scheduling prob-
lems;in order of increasing complexity of their constraint
structure they are: school timetabling,jbb shop scheduling,
trade training school scheduline and medical personnel sche.
duling, The philosophy of
this approach is to generate easily a heuristic solution to
‘an appropriately chosen set of primary constraints and then
to use a combinatorial iteration strategy by which the current
/partial/ solution may be permuted to optimize a suitable
objective function and/or satisfy the remaining constraints.
This approach easily allows the changes to problem specifi-
cations which occur frequently in real life to be handled
1nteractlvely in real time. In practice, a balance must be
struck in the design of the iteration strategy between
complexity and exhaustiveness and cost considerations which
include run time and precision of problem spe01flcatlon.
These techniques have been implemented successfully in ope=-
rating or developing systems for the problems mentioned
above by Oxford Systems Associates Ltd. Practical experience
regarding complementary information systems and interactive

usage 1is described.
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Istvan Dienes, Hungarlan Geological Survey, Budapest,
Hungary,

and

Laszlé Béla Kovacs, Computer and Automation Insitute
of the Hungarian Academy of Sciences,
Budapest, Hungary

FINDING MAXTMAL RESTRICTED CHAINS Of DIRECTED GRAPHS
FOR THE SOLUTION OF A GEOLOGICAL PROBLEM' SETTING UP
STRATIGRAPHIC SUBDIVISIONS '

In mathematical terms the problem can be shortly des—
cribed as follows.

It is given a directed graph G=[N; A] , where N
1s the set of nodes and A 1s the set of arcs. Further-
more an nxn matrix C is known, the elements of
which can be only O or 1 and n 1s the number of
nodes in graph G. YThe directed chains

At - .  (fyoammensl)

of graph G, containing the maximal number of elements
are to be found subject to the following condition:

/2/ for all p,l t{_ll,lz,...,l S if p<{q then

The problem has occured in a geological research
subject, the aims of the recent 1nvestigations are:

- to define the nction "stratigrapic subdivision"
using the notlons of formalized stratigraphy,

- fo find algorithms for determining optimal’
stratlgraphlc subdivisions regarding to the
interest of the exploration of raw materials,

- %o set up optimal stratigraphic subdivisions of the
Eocene sediments of the Dorog basin using elementary
poleontologic data.
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The above mathematical problem was solved by
a special 1nteger programming method. Some 1mportant
features of this method can be used in solving some
other specially, structured large integer programming
problem., The procedure has been coded for a CDC 3300
computer and applied for the stratigraphic subdivisions
of Dorog basin. Problems up to n=2000 were studied.

Javier lMarques Diez Canedo, :Bank of liexico, liexico

A NETWORK SOLUTION TO a GLNERAL VIAICLE SCHEDULING ~£ROBLEM

Dantzig and fulkereson /3/, and later Beilmore et. al.
/1/ have shown that certain vehicle /tanker/ scheduling
problems can be foruulated as minimum cost flow problems
on a network. In this paper, the results of Dantzig and
Fulkereson are extended to the case where wore than one
type of vehicle can be used in the detcruination of an
optimal fleet. /In tanker scheduling teruminology; how many
small, /medlum and large tankers would form in an optimal
fleet.

It 1s seen how the problem can be formulated as a modi-
fied transportation problem where flow in some arcs 1S
conditioned to there being flow on certain other arcs.

These condltlonal” transportation problems were solved
directly as linear prograws and showed the pecullarlty of
terminating all integer 1in spite of not hsving a unimodular
constraint matrix. We -discuss how the model was implemented
and the empirical results. .
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C,Dine..cu, Acodewy of IKconowic Studies, Bucharest, Romania

ABOUT Ti{ls PROBLEN OF "CRITICAL CONWECTIONS" IN AN ORIENTED AND
CONVEX GRAPH

This study is presents & rniethod to determine all the "critical
connections” in an oriented greph, by means of the associated
natrix, : '

A critic:l conncctions is understood to be the only elementary
peth with « lenght equal to the path between two fixed vertlces of
the greph; such ¢ path will be cclled ‘- path of type X ,/t,

The problem of determining all the paths /t, K / has a great
practical inportance when the bond between two vertices of & graph
has to be ensured. .

Thus, if the graph represcnts the network of = flow, and if one of
the connections /t,o / is destroyed, it becoues evident thut the
treffic between the extremities of this path is stopped, a fact
that might disturb the flow in some other sections of the net,

This study gives some methods to determlne the connectlons, Lon

three distrinct ceses, such wus:

i/ the study of external incidentzl arcs of the vertices of & graph

ii/ the study of internal incidental arcs between the vertices of
the graph

iii/the study of the usc of the complementary graph and the nucleus
of the graph in order to reduce the number of choices.

First, the notion of restricted graph is introduced for all the

external /internal/ incidental arcs of & vertex, coupleted by adding

a method for the construction of the introduced greph, sfter which

the necessery o«nd sufficient conditions for the existence of the

connections /t,KX/ are given.

Besed on the sbove notions, an algorithm with three steps is given,

considering the external incidental arcs, and demonstrating et the

seme time, how to use it for the internal incidental arcs. A simpli-

fied form is also given.

The study is completed by extending it to two classes of problem
such cs:

1. the deuermlnatlon of the elementary path with a mlﬁlmal number
of connections /t, X/

2. the determination of the zrc with a minimal number of connections
/t,X/,from a set of paths having the same.minimal value.

The fact that the studied problems extend the field of practical

interest of the discussed problem is evident,
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C. Dinescu, Academy of Economic Studies, Bucharest, Rowmania

FINDING THE OPTIKAL PATH IN THE CASE OF SONE MODIFICATIONS
Of THE VALUES Of THE ARCS.

This study refers to the finding or the optimul solution
solved between two fixed vertices of a comnex graph when,
compared to a preceding situation, there appear modifi-
cations of the values associated to the arcs, performing
the least number of computations.

The following cases of modifications have been considered:

8. the value of the arc is reduced by a given number;
b the value of the arc 1s increased by a given number,

In the case a. the method demonstrates how to get from

the matrix of optimal values il assosiated o the lnitial
graph ,G. to the matrix of Optlmdl values 1I associated

to the modified graph G, and based upon the theoretical
results /1 leuma and 3 theorems/ 1t 1s shown which are
the elements in N and T that remain unchanged, and the
means to find the changed elements are glven. In order to
demonstrate the efficiency of the algorithm, a theoren giving
the minimal number of computations 1is presented.

In the caseldb, the means ¢to 6et from the mafrix M to.
the matrix T  are two matrices ‘Y and 1L%) obtained

as follows :

M\l) 1s obtained through a labelling operation
"of the elements of I, that remain un-
changed by considering the tieoretical
. results;
1
?

- M(g) 1s the matrix obtained from MC- by
laceepzu.n(p the labelled elements from 1.1@ and
including the other elements, by following
certaln given rules.

The operations 1 %Bosed by Dantzig’s algorlthm are applied
to the matrix L considered as the matrix of the
capacities of a new graph G‘t‘2 only for the unlabelled

elements.

Finally the study considers-the modifications appeared
within certain continuous intervals,
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Yvo M,I. Dirickx, Department of Applied Economics
Katholieke Universiteit Leuven, Belgium

APPROXTMATIONS IN BAYESIAN DYNAMIC PROGRAWIING

Comblnlng Bayesian analysis and dynamlc prograuming only
results in relatively efficient solution algorlthms when the
process 1s ’closed under sampling’, 1l.e., when posterlor and
prior distributions belong to the same family of distributions.
When this "closed family" property 1s not satisfied,
little can be done in terms of getting exact solutlons. In
this paper 1t 1s shown that, whenever the posterlor dis-
tribution can be expressed as a linear combinution of dis-
tributions all belonging to the same class as the prior,
efficient approximations can be developed that "sandwich"
the exact solution to the underlying dynamic program, T €y
that provide upper and lower bounds to the optimal solution.
Two special cases are analysed in detail: first, a class of
problems 1s considered in which linear combinations of beta-
densities arise, and second, we develop simple arroximations
for processes where llnear combinations of gaumma-densities
arise.

L.C.W. Dixon, The Numerical Cptimisation Centre, The Hatfield
Polytechnic, Great Britain

AN ON-LINE VARIABLE METRIC METHOD

In two recent papers the author !l, ] has indicated
theoretical reasons why variable metric méthods which are
efficient in deterministic situations have undesirable
properties when the function value £(x %. can not be eva-
luated consistently at x . In ref. tI it was shown
theoretically that under these circumstances OPVM should
converge to a region where n ..( £, provided ¢, >¢
some critical limit., In ref. 2 the properties ‘of alter-
native procedures are discussed,

This paper will compare nuMerical evidence with these -
theoretical results

1 DIXON L.C.W, On the convergence of the variable
matric method with Numerical Derivatives  the
Effect of N01se in the Function Evaluation - Paper 4
in Oettli & Ritter Eds "Optimisation % Operations
Research - Oberwolfach 1975" - Springer Verlag.

2 DIXON L.,C.W. Optimisation'of Industrlal Processes.
Presented at the Royal Statistical Society Conference
on Process Analysis 'in Industry - Leeds 1975.
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L.C.W. Dixon, The Numerical Optimisation Centre, The Hatfield Polytechnic,

Hatfield, Hertfordshire, England.

P. Mazzoleni, University of Venice, Venice, Italy.

MIXED INTEGER CONVEX PROGRAMMING

In this paper the Thiel-Van de Panne algorithm for quadratic

programming is generalised for the solution of mixed integer convex

programming problems.

Let us first consider the convex programming problem
Max f(x)
S.t. gi(x)ao i=1’ ssey Me
If ¥ is the solution to this problem, I(X) the index set of
active constraints at Q, and V any subset of I(%) then we may define

xv as the solution of
Max f(x)
Bete gr(x) =0 rev

The generalisation is obtained through the following theorem:-

Theorem
vV A
X =X

if and only if

v- ) \
gj(x3)<0foranyvj=v-{j}, j€ V.

This enables the branch and bound procedures of linear integer
programming to be applied to the integer variables of the convex

problem,

As the theorem implies that the additional constraiﬁt must be active,

the varieble reduction technique can be used to reduce the computation

required to obtain the solution of the next subproblem.

-~

-
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Ae. Djang, The University of Kansas, Lawrence, Kansas, USA

ALGORITHMIC EQUIVALENCE IN QUADRATIC PROGxALLING

It 1s demonstrated that Volfe’s algorithm for finding
the point of smallest Euclidean norm in the convex hull of
a given finite point set generates the same sequence of points
as does the van de Panne-Wihinston "symmetric" algorithm
applied to the associated quadratic programming problem,

Furtheruore, results on algorithmic equivalence in the

context of general /i.e,, not necessarily convex/ quadratic
programming problems are presented.

x Phlllp VWiolfe, “Algorlthm for a least-distance prog-
ramming problem," Mathematical Frogramming Study I
/North-Holland, Amsterdam, 1974/, pp. 190-205,
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S. Dolecki, Institute of Mathematics, PAS, Warsaw, Poland

GETTING RID OF THE DUALITY GAP

Let U be an abstract set and {UP,H a family of its

p€P
subseta.Consider a class of problems

minimize Q(u)

ueU
)y

where Q is a real function on U, Such'the formulation in-

peP /1/

cludes all known kinds of constraints, .
We perturbe a problem p, of /1/ in order to obtain

a substitute problem without constraints:

i Q) + inf /2/
munelglze’( u) + np(fé)) Cf(p }

where g;édi,a class of'real functions on P,When P is a topo-
logical vector space the Lagrange functionals method may
be applied.But the use of Lagrangians in the study of
minimization problems leads to a so-called cluality £ap,
as soon as we quit convex lower semicontinuous cases.
In other words we risk to obtain
inf Q(u) > sup 1nf{Q(u) + 1n:f‘cj:(p) Cf(p )}- /3/

u€u (: €U
P, cf v

llany efforts have bcen done to remove the discre=-
pancy in /3/ .Instead of using linear continuous forms @

a variety of augnented Lagrangians was introduced.

Ve study a notion of convexity with réspect to
an arbitrary class @ and we show that the equality holds
in /3/,if and only if the primal functional given by
f = inf Q(u

uetsu

»

- e
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is @-convex/ at Po/ .

It turns out that every lower semicotinuous function
which is @-bounded is @-conVex sWhenever @ is appropriate=-
ly chosen. e give then a .characterization of lower semi-

continuous problems,

Of special interest is the strong duality: not
only equality holds in /3/,but also the supremum is atta.ned,
In connection we develop a thebry of@-subgrad’ients and
provide results on dense and everywhére @-subdifferentia- :
bilitye.

For good classes @ the strong duality implies the
comletc equivalence of /1p / and /2/ for some s all mini-
mizers,if exist, are the sgme for both the problems. This,
of course, is the mos't desirable situation — specially for

computational procedures.

[-1] Dolecki S.,Kurcyusz S.,0n é-convexity in extre-
\
mal problems, to appear.
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TWO DINITSTIONAL CONCEPTS OF SOLUTION FOR COOPERATIVE N-PERSON

GANES
In this paper we introduce two-dimensional concepts of

solution for cooperative n-person games. The main idea is that
each player can belong to several coalition of the game, there-
fore the pay-off of the game is given by a n x m matrix, where
m is the number of coalitions, subject to a set of conditions.
The two-dimensional concepts corresponding to the customa-
ry concepts have been introduced, they have been called bimpu-
tation, bicore, Shapley bivalue, and their properties have been
studied. Another goncept of solution based on a network'flow
model have been introduced, too, and the problem of finding

such a solution by means of an algorithm have been solved in

some cases.
Two-dimensional concepts of solution for cooperative

.

n-person games.
In a previous paper we introduced the "so-called" two-dimen-

sional concepts of solution for cooperativern—person games. The
properties of customary concepts of solution like imputation, core,
stable set, suggested the definitions of the new concepts. A net-
work flow model for defining another concept of solution have
been introduced, too, and this «<concept have been further studied
in a second paper.

The aim of the present paper is that of introducing a two-di-
ﬁensional Shapley value, called the Shapley bivalue, the departu-
ral point being a set of axioms similar to those used by L.Shapley

in his definition of the value.
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A,Drud, IMSOR, Technical University of Denmark,
Lyngby, Denmark,

APPLTCATION OF SPARSE MATRIX TECdNIQUES IN LARGE SCALE ¢
NONLINEAR PROGRALIZING

Computational experience has shown, that the Generalized Redu-
ced Gradient (GRG) Method for Nonlinear Constrained Optimiza-
tion is a very efficient method. However, for large problems,
e.g. problems with more than 100 constraints and 150 variables,
the core storage requirements of the GRG method are very large.
The core storage is mainly used for the Jacobian of the con-
straints and for the inverse of the basis matrix, a square sub-
matrix of the Jacobian. The core storage requirements can be
reduced considerably if the Jacobian is stored as a sparse
matrix, and if the inverse of the basis matrix is computed

and stored, taking into account the sparseness of the basis
matrix, both core storage and a large ammount of computing

time can be saved.

The papér describes how it is possible to solve very large
problems without any special structure with the GRG method.
Storage schemes and inversion procedures are described in

detail, and some computational results are given.
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Acadeny of Geiences of the UsO,loscow,

THE NUCTSSARY LIINTLUL COIMILNIONT O f+o4 —=ORDIR AID

DUALITY Il ITOI'COITViEX PROGRAILING,®

o P PN - . ’ .
.G 35 a spacr of difverentiable functions {f} having
a II6lder-conditfon sradients with power ae(0,1] =
"

lv £f(x’) - vf(x")l L L ,::'—:::"lob Vx‘/x_

—
A certain function P, (&) determined on a unit sph
be associated with every £ € CY* and every x.T
on Py (Z) beins continious on all z from unit sph
beinz involved in the expansion

'?(Xf'9i‘-)=-f(/$)+ Q(V—f(x),2>t9"m?x (a)+0(9/7/2/=4£>0 1)

The expansion (1) is an analos of the Taylor expansion for
functions from C ¥ ,Tor example,if «=1 and f &€ C%,then
Ve (2)= 4+ (z,v2f(x)z). ;

New nelessary and sufficient minimum condivions are.pos-
sible to formulate usinzy the expansion (1) for the following
mathematical prosrammins probleni: '

min { fq(x)! f.(x) £ @ for i=1,2,...m } (2)

ere can
ne functi=
ere and

Let the constraint gualification be satisfied in a fea-
sible point X,¥; € ch< forn i=0,1,...11 .in some neizhbour-
hood of T and Qgy(2)=¥2 (2) + Zear Yo P(2) _ , ..
where {y;} are the Lagrange multipliers and Y¢ f;(x)'w'o,c‘ﬂ,mm
V,E &) + 5o pefcE =0 together with T =} z \lz\ =1,
(sz;(i)):() v ie[1,2,...m]: £,(%)=0 % o

Then the ineﬁ;xality xy—(z) > 0 for all z from Tx is
the necessary condition and the strict inequality is the
sufficient condition for X to be argmin (2),The functoins
p° ¢, .. P77 are related to functions f_,f; yees fp bY
the expansions (1) in the point %X .

The also have tﬂe modified Lagrange function o
Fulxoam) = L9+ 2,07 A LG 05 et D e e i) f

¢

with the penalty-like terms of (1+c) -degree,and it is
enable us to consider a new dual problem for 62) :
' éxeilan?O x: ’Z;(nglzj
If thé sufficient ocondition Pxy (2)>0 Vz€lz are
satisfied and if the perturbation function P (w) =
{Fo W | £ (WéUy ~satisfied the growth condition of
(14 o¢) -order then we can prove the dualify theorem for

a finite value of the penalty coefficient P,and the trip-
ple (Xx,¥,r) is the global saddle-point of Fd(x,y,r) for

gll » > X,
In the cage of «=1 the results are similar to those

suggested by R.T.Rockafellar, .
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J. Dupadovéd, Charles University, Prague, Czechoslovakia
EXPERIENCE IN MULTISTAGE STOCHASTIC PROGRAMMING MODELS

It is a well-known fact that optimal solutions of stochas-
tic programs depend substamtially on the assumed distribution
of random coefficients. In many practical cases, it is possible
to use previous information and to estimate this distribution
in advance. We shall deal with the situatiom whem such a possi-
bility does not exist, or is too cumbersome or expensive., On
the other hand, we shall suppose that the same stochastic pro-
gram repeates sequentially and that the (unknown) distribution
of ramdom coefficients is kmown to be fixed inm the whole series
of problems. Roughly speaking, the problem is how to use expe-
rience based on past observations for to construct an optimal
(in certain sense) sequence of decisions. This problem will be
explored, the properties of the sequence of decisions optimal
with respect to empirical distributions in distinct stages will
be studied and some of possible generalizations will be discussed.

F.A. van der Duyn Schouten, Free University, Amsterdar, The Netherlands.

MARXOV DECISIC! PROCESSES WITIH CONTINUOUS TIME PARAMETER.

The problem under consideration is how to definea@ continuous
time decision Dprocess, ruled by a non-memoryless policy.
First a definition of a non-memoryless policy R is given,
Then we meke a sequence of discretizations of R and gonstruct
a s=quence of discrete time decision processes ruled by
these discretized strategies. Each of these processes can
be viewed as a prv'ability measure on D[0,») and the weak
convergence of these measures on DLO0,») is proved.

( p[o,») = {f: £:{0,») » MN; right continuous and with

left hand limits in every point}),

Now, by definition, this limit measure is the process

rulad by R. With this approach an analogy of a theorem of
Derman and Strauch [1] for the continuous time case is
preved, which states that to every non-memoryless policy
and initial state of the process there exists a randomized
meroryless policy such that the corresponding processes
have the same marginal distributions.

(1]: C. D2rman and K.L. Strauch (1966): A note on mamoryless
rules for controling sequential control procecses.
Ann. Math, Statisties 37, pp. 276-278,



70

R.G.Dyson, University of Warwick, Coventry, U.K.

MINIMAX SOLUTIONS TO STOCHASTIC PROGRAMS -
AN AID TO PLANNING UNDER UNCERTAINTY

In seeking to solve the 'wait and see' stochastic program
researchers have levised methods of obtaining the distribution
of the optimum. To obtain this distribution, or the expected
value of the optimum, it is necessary either to sclve a
multiple integration problem by some approximate means, or
use Monte Carlo simulation methods directly.on the problem.
Either approach requires a considerable amount of computation
so that we are limited either to very rcugh approximate
solutions, or to including only a handful of random variables.

One of the purposes of the 'wait and see' model is to
compare and evaluate via the objective function various
proposed investments. For example in a production/marketing/
supply situaticn such proposals might include the purchasing
of new equipment, launching of a new product or contracting
for the supply of raw materials. In order to analyse problems
for which the expected value or distribution of the optimum
cannot be obtained, the author suggests that bounds on the
value of the objective function are computed as measures of
the uncertainty to aid in the evaluation process. The bounds
are the minimax and maximax solutions to the 'wait and see'
problem. Experimentation is currently being carried out on a
model of a cannery, consisting of 100 constraints, 200 variable
and 20 random parameters. v

In this paper the formulation of the minimax and maximax
problems is outlined. The minimax (maximax) solution occurs
when the stochastic parameters jointly take on their most
pessimistic (optimistic) values. It is argued that these
values cannot be obtained a priori. Consequently it is necessary
to define a plausible region for the parameter values. The
minimax solution occurs when the objective functicn is maximized
with respect to the decision variables, subject to the stochastic
parameters taking on their most pessimistic values within this
region. This minimax problem is non-convex. The paper
illustrates this method of analysis on a test problem; ccmpares
the method with ad hoc selection of optimistic and pessimistic
values for the.random parameters and discusses the benefits
and difficulties of applying.the method.
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A.H.Eishafei, The Institute of National Planning,Cairo,Dgyt.

AN ALGORITHM I'OR THE QUADRATIC ASSIGIMENT PROBLEM

The Quadratic Assignment Problem has been a serious challenge to the
workers in the field of Mathematical Programming. The difficulty of .
this problem is the fact that it is combinatorial in nature. The

Tower bounds normally developed within the context of a tree search
algorithm tend to be rather weak and fathoming does not occur before

a good part of any branch has been generated.

In this paper we describe the features of a tree search algorithm designed
for solving the Quadratic Assignment Problem. The lower bounds developed
within the algorithm are easily calculated and are stronger than the ones
usually used. The algorithm takes advantage of the data structure in order
to reduce the size of the tree to be implicitly investigated and hence
speeds up the search significantly.

The algorithm was coded and solved problems of sizes up to 15x15 optimally
in a reasonable amount of time. It also solved problems up to 30x30 and
solved the 34x36 wiring problem due to Steinberg. Although optimality was
not verified for the latter group of problems, the'algorithm produced better
conclusions than the ones published in the literature.-
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K.~-H, Elster,Technische Hochschule Ilmenau, GDR

RECENT RESULTS IN THE THEORY OF CONJUGATE FUNCTIONS

The great importance of conjugate functions is reflec-
ted in numerous applications in several mathematical
fields as well as,for instance, in the description of
physical facts., In particular, the theory of conjugate
functions play an important role in the duality theory
of nonlinear programming. Approaches to the duality
theory of nonlinear programming are obtained on the
one hand by Fenchel's dyality theory and on the other
hand by bifunctions and the notion of the Lagrangian,
Both approaches are closely connected with conjugate
functiaons. The statements about duality in nonlinear
programming published by Fenchel in 1953 are founded
on conjugate functions.

The latter were generallzed in the following years in
different manner:

a) Definition of conjugate functions in more general
spaces (by Moreau, Brgnstedt, Dieter, Rockafellar,
Altman, Maury, Elster/Nehse),

b) Use of coupling-functionals instead of scalar-pro-
ducfv{er bilinearform) in the definition of the
conjugate functions (by Moreau, Vogel, Weiss, Elster/
Nehse), |

¢) Intrduction of conjugate operators (by Raffin,
Breckner/Kolumbf&n, Zowe, Elster/Nehse),

d) Generalization by utilization of geometrical pro-
perties of the Fenchel-conjugates (Deumlich/Elster).
The first part of the talk gives a review of the most
important results with respect to the mentioned genera-
lizations. In particular, we reveal that the generali-
zation d) starts from the fact, that the Fenchel-con-
Jugate. is closely connected with the polarity with



75

respect to a special hypersurface of the order 2 (pa-
raboloid). Taking more general an arbitrary nondegene-
rate hypersurface ¢ of the order 2 we obtain the
so-called @-con;jugate functions containing the Fen-
chel-conjugates as a special case,

In the second part of the talk it is shown, that the
generalizations of conjugate functions necessarily
determine generalizations of duality theorems of non-.
linear programming. The most general results obtained
on this topicse are given here and well-known (partly
"classical) results are abtained by specialization.
Beside duality statements in the theory of nonlinear
programming those statements play an important role
which are known as Kuhn-Tucker Theorem, separation the-
orems for convex sets, Farkas-Minkowski Theorem, Du-
bovicki-Miljutin Theorem, a subdifferential theorem.
Moreover, one use often the Hahn-Banach Theorem and
the Krein Theorem. Hoang Tuy investigated the equiva-
lence of this statements for functionals in local-
convex Hausdorff spaces.

In the third part of the talk are given some equivalen-
ces for operators by generalization of the problem
above using results of Elster/Nehse. Statements of -
other authors are included as special cases. Thereby
one obtaines relevant connections of nonlinear pro-
gramming to other mathematical fields.,
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M. Hamdy Elwany, Alexandria University, Cairo, Egypt.

MATHEMATICAL PROGRALMING AS APPLIED TO PRODUCTION SCHEDULING

In this paper, a procedure for developing an optimal
production schedule which spans several t ime periods has
been suggested. The production of different products can
run in parallel while the capacity of the existing facilities
limits the production level 1in each line. Tue suggested pro-
cedure offers a dynamic optimal schedule wulch copes with
variable market demands, especially when the exact values
of the demands are not available. It can fulfill the market
demands within the technological, capacity and feasibility
constraints. This can be achleved together with optimizing
an effectivness function,

Both the setting and re-setting costs of the productlon
facilities and the holding costs ol the in-process and
finished products 1nventorles influence the optimal schedule.
To optimize their effect they are introduced as cost elements
in the effectiveness function.

Integer programming has proved to be an erfective-approach
in developing the optimel schedule. The formulation has
introduced the effect of in-process and ‘finished products
1nventories on coupling the production stations and fulfilling
the market demands. Introduc1ng this effect helps in getting
flexible and effective schedule.

I.I.Eremin, Institute of Mathematics and Mechanic:, Sverdlovszk, SU

NONSTATIONAR PROCESSES OF MATHEMATICAL PROGRALMING \

L

The theory of iterative methods, step by step successive counting up
to closer definition first one the another components of the model’
/determining infromations, goels, restrictions,.../ is developing in
refcrence to models of mathematical programming., The methods can be
given into . fundation of the simulation model reflecting dynamics of
the behaviour of complicated unstationary technological - economical
and natural systems, FPormal mathematical analysis of this kind of
methods is given,
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L. P, Bgcudero, Udiversity of Madrid, Leuic i, Li
A.,Vazquez-kuniz, IBM Scientific Centcyr, liadrid, Spain

A MATHEMATICAL MODEL FOR AIR POPULAYIOI ABAWELLNT,NUMERICAL
RESULTS

Several mathematical diffusion models have bgen constructed which relate
the concentrations of specified pollutants at any point on the ground to
the emission rates of polluters. Hence it is possible to regulate the
emission rates in such a manner that the concentrations are below pres-
cribed levels at all receptor grid squares in a regioh. This paper pre-
sents a mathematical model that can be used to study control strategies

for air pollution abatement.

The probability distribution of the pollutant concentration is estimated
over the total range of different meteorological conditions that signifi-

cantly affect the concentration.

The alternative emissions control policies are determined by reduction of
the prescribed source emissions in amounts proportional to the effect they
have on the pollutant concentration in the whole polluted area. This is
done in order to achieve prescribed air quality goals, under the entire
range of atmospheric conditions. The main constraint require the new pro-
bability, with which the prescribed pollutant concentration is exceeded

at each polluted grid square, bé no greater than the maximum frequency

allowed for the given period of time.

This model is supported by mixed integer programming techniques, so that
the branch and bound phase uses the S50S rows, .the quasimlnteger binary
variables and the candidate nodes selection facilities to achleve and

evaluate several alternative emissions reduction policies.
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Cs.l'abian, Academy of Economic Studies,Bucharest,Romania

AN ALGORITHM FOR INTEGER-NONLINEAR PROGRAMMING

An algorithm for solving integer-nonlinear programming
problem by a cutting plane mcthod 1s (ivene

Feaslble points, determined by Kortec=-Krelle-Oberhofecr's
lexicographioc algorithm, for generating "“external" or/and

“internal" cutting planes sre used.

o

Numerical results illustrates the efficiency of the
given methode

J.E.Falk, The Georze VWashington University, .ashington,USA

*ON SOLVING MAX-LIN PROBLEIS

The solutions of various types of max-min problems
are obtained by means of a recently developed cutting plane
method together with an algorithm designed to find global
solutions of non-convex programs. - If the constraint set
of the "inside optimizer" depends on the move of the "outside
optimizer," the solution may be obtained by directly addressing
the outside problem. Numerical examples of the different
types of problems are discussed. '

A
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Institute for Organization Managemenkt and Control

' M, Faner,
Sciences, Warszaw, Poland

ON THE POSSIBILITY OF OPTIMIZATION OF*ELASTIC’TRUSSES BY
PSEUDOBOOLEAN PROGRANMMING

A problem of minimum volume optimal design of élastic trusses
in the case when the decision variables are the cross sectional
areas of bars is by its nature a problem of integer program-—
ming. Moreover 1if we consider indeterminate trusses for alter-
native loads with the congtraints for allowable stresses the
problem becomes nonlinear. Described problem is important from
practical point of view as engineers project trusses mainly
from discretely catalogued bars. In the paper general nonlinear
discrete mathematical programming model for the problem is
formulated and examples of practical problems are given.

To solve the problems pseudoboolean programming algorithm was
applied. Computational results estimated as satisfactory are

particularly discusseds

I'. Fazekas, Teclmical University of Dudepest, Iungary

TOVAT™Y

MATRIX ALGORITIIICAL PROGRAINIIG AT LINEAR, NON-LINCAR
ATTD STCCHASTIC PROBLILIS [theory, methods, teaching/

As introduction, a short survey will be given on the author?s
papers in the Zeitsch. f. Angew. ilath. u. liech: {?7, in the
Internat. Series f. ilum. Math. /2/, in the Internat. Koll.

£, liath. /3/, etc., then on his book Miath. progr. by LM,
suest lecture?’s bulletins {2] and several postgraduq%:notés,
in which the s.c. liatrix Alsoritmical lictliods (ﬂAQ] weref'
constructed, then applied Ffor various mathematical prosram-
ming and alzebraical, stochastical problems, further used by
computers to different industrial tasks and in the higher.z

-

teaching. \ :
Theoretical remarks on the main variants of the I5All, e.g. . -
DI, T4, LAy different basic transforms, step and spring?:
Tormulas, construction and factorization of end differonces
comparison with other al_ orithms. liethodical remarks, e.g. .

on the .dilfercent choise of pivotu elenents. Computing.
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Ilention on the nain lincar algebraical tasks to solve by our
DRA /%Tg], €.5. on the ranking ordinary [Bilateral] and par-
tial (ﬁnilateral] inverting, solving of general linear une-
quality {%pec. equatiog] system, solving of symmetrical sys-
tem by our decreasing SlIA, complex inveétigation of quadra-
tic forms by our @A, ortogonalisation by our OliA etec.

Lincar prozramming /If/ by /primnal/ DTA at normal nax-task
and by dual DTA at min-one. The DlfA-s at modified and non-
normal tasks. Their perturbation forms. - Special DT'A forms
for Chebyseff-approximations. Integer 1P by mixed DTA~s.
End construction of DTA; variant and parametric task. Trans—
port 1P by special DTA, STA. Advance of [IALl to Boolian IP.
Formation of DTA to the stochastic vrogramming.

Quadratic programming by DTA combined with \/olfe’s method.
Irrational (Eonveg} programming for vial center; advenced

variant tasks. Generalized DTA to solve non-linear unequa-
lity /spec. equality/ system, LP-analogy, comparison with

NRU; utilization of DI'A at nonlinear /convex/ programming,
then at stochaétic one.

"lention on applications of the IAlM?’s variants' in the sta-
tistics, information theory, at the stochastic systems'
and processes etc.
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JeA.I'erland, University of Montreal, Montrecal, Canada
1 . - R B ST e -
M.I"lorian, University o Montrecal, liontreal, Canada

A SUB=-OPTTNMAL ALGORITIH ‘0 SOLVE A LARGE SCALE O-1 PROGRAN-
MING PROBLEM

In this paper we develop a sub-optimal algorithm to solve a 0-1
programming problem that appears as a sub-problem during the application
of Benders' decomposition. The algorithm yields a good feasible
solution together with an upper bound on the distance from the optimal
solution. The algorithm is very simple because it involves only a
scanning process that is to be repeated with different initial solutions
that are generated using the information about the relative costs of the

variables.

B.B.%epcrep. lleHTpandbHH! 5KOHOMUKO-MATEMATUIECKANR MHCTHUTYT
Axkamemun Hayx CCCP. Mockma, CCCP.

YMEHBIAIME ATTOPUTMH METOJA OTCEYEHVA LEIOYWACIEHHOI'O Ji-
HEVHOT'O IMPOTPAMMVIPOBAHNA.

B norsanme manaraiTcsa TpH aJrOpPUTMA OTCEYEHUA, MO3BO-
aapmme O0e3 ymepOa IS NOKA3aTeJNbCTBA KOHEYHOCTH OTKA3aTh—
CA B HEKOTODHX CJIy4YasX OT JIEKCUKOrpaguyecKo# ymopAnoYeH-
HOCTHM HOpM BHOOpDE CTPOKM CUMIVIEKCHOM TalJHUH, I'eHepupypmei
oTceyeHne. Kpome TOro, STH AJATOPUTMH O0JananT HEKOTODPHMHA
IeHHHMHA CBOiCTBamMi, OTMEYEHHHMI HUXE.

[[ycTs B OOJHOCTHD IeJOYNCIEHHOK 3anmade JII ¢ meaHMA
koogfuumenTaM1 OTOpPOWEHO CHepBa YCJOBHE LEeJOYNCIEHHOCTH M
HayileHO ONTHUMAJBHOE HeleJOdICJEeHHOe (Oa3MCHOe pelleHne X, .
EMy COOTBETCTBYET CHMILIEKCHAA TAOJHAUA M NETEePMUHAHT Ao
Touka n -MEDHOTO €BKIMNOBA OPOCTDAHCTBA A X, fABISETCA
Y3I0i HEKOTOpOX pemeTk:m ¢ ompenexmreieMm |d, ™™ . Unes an
TODUTMOB COCTOHAT B TOM, YTOOH NOCJIENOBATEJBHO YBEINUUBATH
BEJINUNHY ONpENeJUTeNs DelleTKH, noaydad DAN NpPOMeXyTOUHHX
pemenuit, ABIAOIMXCA y3JaMd COOTBETCTBYPRUMX pemeToK. I[oOHAT-
HO, YTO €CJM yHACTCH CIeJaTh OnpeneauTenb paBHEM I, TO
NOJY9YEeHHOE IIPOMEXYTOYHOE IOmyCTUMOE pelleHHe OyneT OnTH-
MAJIBHHM pelleHNEeM MCXONHO! 3alaule. ,

B nmepBom anropuTMe NpUMEHANTCH YMEHbllapIMe NeTepMA-
HAHT ¢l CUMILIEKCHOM TaGJULH OTCEeYEHUS IMKINYECKOr'0 alro-
purma I'omopn, eCJM CHMILTEKCHas TadJMOa IONyCTAMA, H OTCe~
YEeHNA [OJHOCTHR LENOUYMCACHHOI'0 aJr'opUTMa, €CIH OHA Heno—
oycTuma. :
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Bo BTOpOM aJropaTMe Opd KaXOOM CHMIIEKCHOM mpeodpa-—
30BaHMM TaGJMUH BBONUTCA JUOO OTCEUYEHME IMKINYECKOTO aJ-
TOpATMa, CTPOI'0 yMEHbmawuee aOCOJNTHYD BEJUYUHY INEeTEepMH-—
HaHTa ol , JEGO OTCEeYeHHE MOJHOCTEKN LEIOYMCAEHHOTO AJro-—
PHTMa, CTPOT'0 YMEHBilawiee BEJUYUHY QYHKLIMH 1LeJaH.

HeoGszaTelbHo TpeboBaTh, 4YTOOH KAaXIO€ BBOIUMOE OTCE-
YEHHE HC OTCEKaJIO HA ONHY IOMYyCTHUMY® LIEJOYMCIEHHYD TOYKY.
Ha kaxmom ware TpeThero aaropuTMa C%pOETCH Jn60 OTCedYeHne
IOJHOCTEN IEJOYNCIEHHOI'0 aJropmTma I'OMOpH, CTPOr'0 YMEHbL=-
mawimee BeINYWHY (QYHKOUN Hean, JuOO aabTepHATUBHAS Oapa
IONOJHUTENBHHX OT'DAaHAYEHUt, Kaxmoe U3 KOTOpHXciTPOPO
YMEHBIAET HA LeJI0e YUCJO MOLYJAL NeTEepMUHAHTAa « BHOOD
BETBHU OCYLECTBAAETCA B COOTBETCTBHN C KAKO#-INOO H3BECT—-
HO# oOHeHKOl. KOHEYHOCTE aJIOpUTMOB OCecHmeyuBaeTcs, €CJAH
HCXOIHasa 3amavya paspemnmMa.

YMeHpLapye aJI'OPUTMH MOXHO DPACCMATPUBATH KAK BECh-
Ma palMOHaJbHHE CHOCOOH IONYy4YeHNs WCXONHO# I1eJ0UYNCJIEHHO
TaOJMIH IJI OOJIHOCTHI IEJOYMCJEHHOI'0 ajaroputma I'omopn,
OpudYeM pelleHne sanay¥ MoxXeT OHTh HalleHO yXe Ha mnpensapu-
TEJABHO! cTamuu.

YMeHbmanuMe aXTOpUTMH MOXHO OPMMEHATH ODHA peajn3alMu
JIOOBHX METONOB NUCKDETHON onTuMmu3anuin. TaK KAK BeJIAYA-
Ha IEeTepMUHAHTa ONTHMIAJbHOM CHMILIEKCHOR TaOJHIH MOXET OHTH
ODOV3BOJIBHO BEJNNKA, 38TPYNHATENLHO HODPUMEHATH 3TH METOLH K

TaKMM 3alavaM HEemOCpeINCTBEHHO. licnonmb30BaHnE yMEHbmADIMX
aJropiTMOB MO3BOJNAET YMEHBUUTH NETEPMAHAHT IO BEJIUYNH ,DHA-
EMIEeMHX IJIf I'DYIOOBHX METOIOB. :
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M,L. Fisher, Wharton School, University of Pennsylvania,
G.L. Nemhauser-and L,A, dolsey, CORE, University of Louvain,

ANALYSIS of APPROUXTIATIONS for MMAXTLIZING SUBKODULAR
FUNCTIONS '

Let N be a finite set and 2z be a real-valued function
defined on the power set of N that satisfies

zS) + z (T)>2 SUT) + 2 (SNT, for all S, T in N.

Such a function is called submodular. We consider problems
that involve ‘the maximization of a submodular function.

The warehouse location problem, the maximum cut problem and
several other hard combinatorial optimization problems can

be posed in this framework. One more general problem of this
type is to find a maximum weight independent set in a matroid,
when the elements.of the matroid are colored and the elewments
of the independent set can have no more than K colors.
/The warehouse location problem is a special case of this
model/. We analyze heuristics and relaxations for these
problems.

Our results are worst case bounds on the quality of the
heuristics and relaxations. For example, for the matroid
optimization problem mentioned above, we show that a '"greedy"
heuristic always produces a solution whose value 1s at least

1 -[& - lyg}K times the optimal value. This bound can be

achieved for each K and has a limiting value of {e - 1)&,
where e 1s the base of the natural logarithm. Several
other results of this type are presented.
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Michael Florian, University of Montreal, Montreal, Canada

A MULTI-COMMODITY CONVEX COST FLOW MODEL FOR THE PLANNING
OF MULTI-MODAL URBAN TRANSPORATION NETWORKS

We consider the problem of predicting origin destination demands
and route flows in a network gssociated with an urban where
several modes of travel are available. The origin-destination
are modeled by means of an entropy type distribution model for
each mode and route choice is assumed to be given by Wardrop?’s
first principle of traffic equilibrium, The resulting model is

a minimum convex cost multi-commodity flow problem with variable
demands. The model properties are analysed and solution algorithm
is given which results in a decomposition of the problem into a
sequence of calculation of shortest routes, multi-commodity
linear cost transportation problems and one dimensional optimi-
zations of a convex function. Applications in the context of
tranSporfation planning are outlined. _ .

R.Fletcher , lMathematics Dept., The University, Dundee,
Scotland, U.K.

THE QUEST FOR A NATURAL METRIC

The interpretation of Newton’s method as a steepest descent
method in a natural metric will be reviwed. However.it can
often be difficult /for instance when the Hessian matrix is
not positive definite/ to define a natural metric. Various
solutions to this dilemma which have been proposed, not
entirely satisfactory, will be described. Some new algorithms
or possibilities will be presented. |
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I, Foltyn, Research Institute of Agricultural Economics
and food, Prague, CSSR

THE LEVEL OF SOLVING LARGE LINEAR PROGRALIMING SYSTELIS
IN CSSR

This paper deals with the solving of the large prob-
lems of linear programuing which arise especially 1n
applications 1n economics., Some codes, based on FFI
and EFI algorithms, developped in CSSR, will be dis-
cussed,

The main part of this paper will be devoted to the
code which is developped by the author. This code uses
the EFI algorithm with minimizing the total number of
nonzero elements, the special linked-list for storage
of nonzero elements, the effective usage of 1t and finally
maitaining the sparsity during the overcome from one basis
to another.

At the end of this psper some estimates of a number of
operatlons and some computational results of the code
will be presented.
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JeJ.H.Forrest, SCICON Computer Services,Milton Keynes,England

WEAKLY CONNECTED.INTEGER PROGRAMMING PROBLEMS

Conventional Branch and Bound codes have had considerable success with a
wide range of integer problems but there exist élasses of problems where
their performance is disappointing compared to alternative methods. One
such class arises when a small integer problem is expanded into a multiple
area model or a multiple time period model. .In this case solution times
grow exponentially while if a multiple time period model is amenable to
dynamic programming techniques the solution time will only grow linearly.
This paper will look at some possible ways of modifying brant¢h and bound

codes to take advantage of the structure of models consisting of weakly

linked integer subproblems.

R. L. Francis,«T. J. Lowe, E. W. Reinhardt, University of Florida,
. Gainesville, Florida

A ONE PASS ALGORITHM FOR A WAREHOUSE SIZING PROBLEM

The problem we consider is one of determining warehouse size
during each of T time periods, when warehouse demand for each time
period is a discrete and finite valued random variable whose density
function may change from one time period to the next, so as to minimize
expected total cost. Expected total cost includes costs linearly
proportional to warehouse size, costs incurred due either to excess
capacity or inadequate capacity, and due to size changes from one
time period to the next. It is known that the problem has an
equivalent linear programming formulation for which the gual is a
network flow problem. We present a one-pass algorithm for solving
the network problem, as well as economic interpretations based on
the network problem
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A.A.PpummMaH, A.A.BOTAKOB. [[EHTPANbHHA DKOHOMUKO-MATEMaTH-
GecKAN MACTUTYT Ara)eMind Hayx CCCP. MockBa, CCCP.

FEOMETPUYECKVE IOIXOILH B IUCKPETIIOM ITPOI'PAMMIPOBAHUU.

Jloknaxn cocTOUT U3 TpexX vacTell U COIEpXUT pe3yabTaTH,
HaBe AHHHE reomergmuecmmmm coo0paxeHUsAMU. B NepBOd yacTH
cpelmu 3ajay JUHEVHOT'O NPOTPAMMMDOBAHMA BHIEJAAETCHA Kiacce
3anay, CBOXANMXCA K 3ajayaM C [EJOYUCJIEHHHM MHOTOTDPaHHU~
KOM NJNaHOB, ¥ uMenumuM 3(HeKTUBHHE METOJXH pemeHud. [[Qn CBO=-
IuMocThb 3ajaun Pk 3amaue Q (xopomo pemaeMoit) mo-
HUMaeTCA CIOCOG MOTPyXeHuMsA MHOXecTBa mnaHoB Me 3anaun

B MHOXECTBO IJaHoB Mg 3azaun Q  , npu xoTopoM Mp
oxasuBaeTcd npoexmmeil Mg ¥ no naany (onrnuansuomy? 3a-
raym Q. yXaeTcd NPOCTO BOCCTAHOBUTH mJaH (pelieHye) 3a-
rauu P _ . [3yyanoch cBeJeHME K MOTOXOBO# 3ajnaue (0 mup-
KYJIAUMK ). YCTAHOBJIEGHH KPUTEDUM CBOJAMMOCTU B TEpPMUHAX
CBOJ¥CTB CTPYKTYpPH MATDUIH OTpaHMUeHuif 3ajaun P , KOTO=~
pad IonxHa OHTh ™M -MaTpuneid. M3yvawnrtca csoiicTBa ™ -MaT-
pun, KOTOpHE a0CONNTHO YHMMOIYJNADHH U COJepxaT B cele U3-
BECTHHE U3 JUTEDATYDH MOJIKIACCH a0COJIITHO YHUMOIYAADPHHX
MaTpuIl. BuAcHgeTcs "reomerpua" ™ ~marpum, cBA3aHHAA C
BO3MOXHOCTBHR YNODAILOUEHNA €e CTPOK B BUJE JIPEBOBUIHOU
CTPYKTYPH. BO BTODO#f yacTu paccMaTpuBaeTcCd JUHeHHAs ONTU-
MU3aUMOHHAA 3alaya Ha PEryJADHOM MMCKPETHOM MHOXECTBe

| Y8 =0 ¥, ’
rue
Y= {=M/ @b wan @y e, )

bi<C. ,a M - MHOTOTDaHHME B R™ .

[lpuBrexas UJen MOCTPOEHUY BHNYKJOHX OOOJOUKUM IONYCTUMHX
[IJJAHOB IyTeM I00aBJIEHUA MUHUMAJIBHOI'O YUCJA XOIMOJHUTENBHHX
orpanuyeHuit, yrajoch HaiTu JXOBOJBHHO OOUY CXEMy MOJYYEeHUS
oTceyeHnit, U JIOKa3aTh, UYTO OHU O0pPA3YNT BHIYKJIHA MHOTO-
I'PDAHHUK « ﬁccnexymT03 cBolicTBa OTCEYEHU#! 3TOTO0 MHOTOI'DAH=-
HUKa, KpallHUX oTceveHuil, UX B3aUMOOTHOIIEHNE C M3BECTHHMHU
TUIaMM OoTceyeHuit. JOKa3HBAWTCA OCHOBHHE TEODEMH  TEODUHU
OTCEYeHu#t InA peryadapHHX 3alau, a Takxe KpuTepuit 3KBUBa~
NEHTHOCTY HENpUBOIUMHX CHUCTEM HEepaBeHCTB. B TpeThelf yacTu
u3naraeTcsa SKOHOMHH{ nepexo) OT 3aJauu UEJOYMCIEHHOTO U~
He#HOro NporpaMMupoBaHuA ¢ ycaoBuamu Ax=0 , X320 ,
L - I[eJ0e K JKBUBAJEHTHOW 3ajaue ¢ yclaoBuamum Ax'z o’ ,
rle YuCJI0 NEepeMeHHHX MEeHbUie U OHM UEJOYUCNEeHHH. ITO JOCTHU-
raeTcA IyTeM HaXoxJeHuA Oasuca LeJIOYNCIEHHON pemeTKUu U
npeJncTaBieHud OOWEro HEJOUYNCNEeHHOI'0 pelieHuA CUCTEMH B BU~
Ie x = Ax-0/ 3a NoJIMHOMMAJIBHOE OTHOCUTENBHO fapameT-
poB ngoxnon 3alaun yuciao onepauuit, rre- cTelneHb NOJMHOMA
<

~o L]
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M.A. Frumkin, Central Economics Mathematical Institute,
Academy of Sciences of the USSR, Moscow.

THE ITERATIVEPROCESS OF LINEAR FUNCTION OPTIMIZATION
ON INTEGER POINTS OF A CONE.

‘Integer programming problems on a cone

(1) max cx C,X,b - n-dimantional intéger vectors
: Ax>»b A -~ nonsingular nxn integer matrix

form the most simple but nontrivial class. The matrix (é)
may be transformed to some special form if the solution
of the problem (1) is unique and bounded. In the trans-
formed matrix all diagonal elements are positiwe and non-
diagonal elements are nonpositive,Such matrix is called
regular. Regular form of the matrix (&) is defined unig-
uely if an order of rows in the matrix A is fixed and
some minimality demands are satisfied., Using the polyno-
mial algorithms for systems of linear diophantine equati-
ons we can transform_problem (1) to the regular form with
time complexety 0(n5§. Abiolute values of intermediate
numbers are bounded by MBLO8R ( M = max (laijl,]cil)).

For . the problem on a cone in regular form
(2) max =X, , (D-CY}xZ#b, x - integer

where D is diagonal matrix with positive elements on the '
diagonal, C is nonnegative matrix with zeros on the diago-

" nal

iterative process : T

may be constructed., This process convefﬁe? to t?ﬁ golution
of the problem (2), If the equalify § %+ ) a3 (K) g
satisfied the process stops andf; is the optimum of
the problem (2?.

The process may be so modified that it will become
monotone regarding the objective function . Other repre-
sentation of matrix A as the differense A = D-C of two
nonnegative matrixes generate other iterative process of
the problem solving,
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Peter Futd, Illungarian Institute for Building 501ence,

Budapest, Hungary

ON A WEW HYPBRGRAFTH THECRETICAL CLUSTER TLCHLIQUE

1., New cluster definition

Clusters are generally defined as maximal completle
subgraphs of a graph. The main disadvantages of this
definition are the following:

- clusters can partially overlap,
- no polynomial beunded algorithm is known for
identifying al! +the clusters of a graph.

The new cluster definition, proposed in this paper,
igs the generalization of the concept of component,
without the agbove mentioned disadvantages.

Let H=(X,E) be a hypergraph. X={xy,..xn }: E={e,,-em}

Let W(GJ))O{J':{-J"&)be a weighting of edges of H=(XE)

If FSE then W(F) _Z wie,)

jE

If SsXx then &(5)= {ejfﬂx €S . x.ee}
If S€X, T<x then &(SIT)={e;[ Ixi ¢S x.eq;,¢cT}
If TSX then W(T)=w[E(T)NEXT]= wle(T)]-wlE(TIT)

Cluster definition:Q<X is a quasi component /cluster/

of H=z=(Xx;E) iff for all T proper
subsets of Q (B£TcQ) W) > w(Q)

2. Some important properties of clusters

2.1.

2.2.

2- 30

2.4.

20 5'0

QEX is a cluster of H=(X, E) iff for all T
proper subsets of Q:

w[Q-7]-wlal= wlE(TIQ)] - w [ E(TItr-@=-TI] > O

All of the components of H=(X;£) axe also clusters
/quasi components/ of it.

If T<€X for whichw() is minimal, then the Q@ =X
cluster is contained either.in T or in X-T !

IT Qex and Q'¢ X are clusters of H=(X,6E)
then either QAN@'=Q or Q&' or Q'cqQ.

liy pergraph kt:OﬁE) has at most .2[X/-4 clusters.



3. Identification of clusters

The polynomial btounded algorithm for identifying all
the clusters of a hypergraph is based on the 2.3.
propertie of clusters.

The basic routine of the algorithm is thd optimal
bisection of a hypergraph. The fundemental idea of the
routine is the transformation of the problem into the
maximal peiring problem of the supply-demand task. In
this way the routine is at least as efficient as the
Ford-JFulkerson algorithm.

4. Applications

4.1.
4 2.
4.3.

Information storage and retrieval.
Research management.
Packaging of electironic circuits.

5. References

5.1.

5.2.

5.3.
5.4.

Auguston, J.G. - iinker, J.: An analysis of some
graph theoretical cluster tecnniques

Ldmonds, J. = Karp, R.: Tneoretlcal improvements in
algorithmic effeciency for network flow problems,

J of ACF /19/ 1972. p.p. 248-264.

Lawler, E.L.: Cutsets and partitions of hypergraphs,
Wetworks, /3/ 1973. p.p. 275-285.

Sparck Jones, i.: Automatic Indexing 1974.

Computer Laboratory, Univexsity of Cambridge,

kngland, 1974.
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U,il. Garcia—Palomares, Instituto Venezolano de Investigaci-
ones Cientificas, Centro de Ingenieria y
Computatcion, Caracas, Venezuela

THE GLOBAL SOLUTION OF NONLINLaAR OPTILIIZATION PROBLELLS
WITH NONLINEAR EQUALITY CONSTRAINTS

A new algorithm is proposed for solving optlmlzatlon
problems with equality constraints, The new algorlthm has
the desirable property of obtaining under sultable conditions
a global solution, 1n the sense tnat 1t 1s an iterative’
procedure which yields an stationary point to the nonlinear
problem regardless the initial estimate on the sqlution. It
1s therefore applicable to the solution of a system of a
nonllnear system of equations.

The algorithm generates a sequence of locally convergent
estimates of a stationary point of the nonlinear problem by
solving optimization problems wanich have a quadratic objec-
tive function and linecar equality constraints. Global con-
vergence 1s achleved by 1ncorporat1nU an step51ze on the
augnentation function of the associlated Lagrangian for the
nonlinear problem.

An asymptotic gquadratic rate of convergence 1s obtained
whenever exact second derivative of the functions are evalu-
ated, and a superlinear rate of convergence 1s obtained
Vhenever the second derivatives are approximated by some
variable metric type of Hessian approximations.
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David 1. Gay, National Bureau of Economic research, Inc.
Cambr.dge, liassachusetts, USA

ON MODIFYING SINGULAR VALUES TO SOLVE POSSIBLY SINGULAR
SYSTELMS OF NONLINEAR EQUATIONS

We show that i1f a certain nondegeneracy acsumption holds,
it 1s possible to guarantee the existence of a solution to
a system of nonlinear equations f(x)= O whose Jacobian
matrix J(X) exists but may be singular. Tune main idea
1s to modify small singular values of J(x) in such a way
that the modified Jacobian matrix Jx) has a contlnuous

pseudoinverse J'%&) and tuat a solution x* of f @)=
may be found by deternining an asymptote of the solutlon to
the initial value problem x{0)= X, X' (H)= - JF* )£ .

We briefly discuss practical /albgrlthmlc/ 1mpl1cat10ns

of this result. Althcugh the nondegeneracy assumption may
fail for many,systems orf interest/indeed, 1f the assumption
holds an J& L, 18 nonsingular, then x is unique/, algo-
rithms using J (x) may enjoy a larger region of _gonvergence
than those that require /an approximation to/ J (X).

‘David M, Gay, National Bureau of Economic Research,
Cambridge, llassachusetts

ON COMBINING THE TECHNIQUES OF REID AND SAUNDERS
FOR FACTORING SPARSE LINEAR PROGRAMIING BASES

“When solving linear programming problems, it is frequently
necessary to compute and update a factored representation
of a large, sparse basis matrix. At the recent Symposium
on Sparse Matrix Computations /held at Argonne National
Laboratory in September, 1975/ both John Reid and
Michael Saunders described strategies for taking advantage
of spar51ty when updating such factored basis represen-
tations. Both schemes involve stable numerical techniques
which allow greater accuracy and less growth of nonzeroes
than previous schemes, Whereas Saunders’s scheme 1is
designed to allow out-of core computations, Reid’s scheme
runs only in-core but often produces less growth of non-
zeroes. Following a suggestion made at the Sparse Matrix
Symposium, we show that the two schemes may be combined
to produce a hybrid scheme which allows out-of-core cal-
culations with reduced growth of nonzeroes. We also dis-
cuss experience with an implementation of this scheme 1in
X1lP, a modular linear programming package being developed
at the Natlonal Bureau of Economic Research.
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Laszl6 Gerencsér, Computer and Automation Institute of
the Hungarian Academy of Sciences,
Budapest, Hungary

LYAPUNOV FUNCTION APPROACH IN THE DESIGN OF ALGORITHMS
FOR STRUCTURED NONLINEAR OPTIMIZATION PROBLELS

We present a method which enables us to exploit
the structure of certain nonlinear optimization problems.
For the sake of simplicity the idea will be shown for
the case of a constrained optimization problem

/1/ nin f(x)
hLXJ: O .

This problem may be solved bz the method of multip-
a

liers. Introduce the augmented Lagrangian function

/2/ Qx,wyk) = £+ whE) + kh'®hx),

and consider the algorithms described by the following
correction formulae:

/3/ Jx

= Q,x(xswak)
2 k hGx W),

]

/4/ Jw

For fixed w the sequence of x values defined
by /3/ will converge to the minimum of Q, say X (w).
On the other 3§nd /4/ determines the optimal multiplier
vector, say

It was an open question how accurately x(w) must be
compuved. We give a modification in which no error bound
must be given 1n advance, reduction of errors is auto-
matic. This modification is:

x = - Q. (xyw,k) + Kh (x)

/5/
JZW)= 2k hx) .
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The matrix K is an approprlately chosen constant
matrix, We proved that the differential equation

/6/ x = ox w =dw

1s stable 1n (x*,w*) « Therefore an algorithm of
the form

- oC
Xn+l Xa * nc’rxn

/7/

. = I
Wn+l Wn+"cn wn

converges, if the stepsizes are appropriately chosen.

One of the major advantages of the new algorithm is
its stability in the presence of random errors.

- The above ideas are elaboraded for the reduced
gradient method, for multistage deterministic decision
models and for nonlinear two stage stochastic decision

models, too.
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T.P.I'vueB, Foarapckasa axanevmsa Hayk, Cojus, bosrapus

JVHEAHAA YTIPABIAIEMAA CUCTEMA C VIHTET'PAJBHLM KBAIPATWYHHM
KPUTEPUEM SOQEKTVBHOCTHU
IlycTs moBelleHVE YIpABJSeMO# CHCTEMH HAQ OTDE3Ke tfo,T]
OMKCHBAETCA JMHEHHHM ypaBHEHMEM isﬂ(t.f')l*ﬂ(f,r)u , TIe
A " B ~ HENPEPHBHHE COOTBETCTBEHHO NXN 7 NXT
MATDHIH — (YHKIME NepeMeHHHX (t,r)! Z,‘RO.U"Q (-Q - oT-
KDHTOE NOIMHOXECTBO Rm) .W(tf‘)n U{t,ﬂ, - KBaIpaTHHE CHM-
METPHYHHE COOTBETCTBEHHO M u ‘T -MepHHe HemnpepHBHHE Ha
Z, . MATDIIN — (HKIH, UePBA M3 KOTODHX HEOTDEIIATENBHO on-
pelleseHa, a BTOpad — MOJOXKUTENBHO ONDENeeHa ; g(u'fl) - Hel-
pepHBHE;,FI CRaNApHAA (YHKIMA LA (ﬂ;r‘)é R”KQ , KOTOpasd Id
Bcex V€ R" ¢ HOpMoii Goaslle HekoToporo uwmcaa @>»0 ymo-
JNeTBOPAET HEDABEHCTBY g(u;rn)z -5[1"/1..’ mpm mekoropex 620
g Y20 ., B rracce ympasraommx QyHxmmit U(f) 13 l,[*o,ﬂ
paccMaTpUBaeTC 3algia MUHIMM3AIM KBaIpaTHYHOro (yHKImOEaNa
gk (T, p) + [ (KWW mx()+ Ut U, Wult)) dt,
rme X(¥) - Tpae‘fc;opm C HAYAJBHHM YCJIOBZEM .‘([t,):x , CO-
OTBETCTBYDIAA COrIACHO 3aKOHy NBmEemmst ympaniemmo W(E) 1Yo}
3HaveHmn napaverpa (M€ Q , @ LITPEX 03HAYAET TPAHCIOHMPO-
BaHEe. [I[yCTH CHCTeMa BIOJHE yUpaBifema. TCrIa IJIf KaxXIOr'0 Havas-
HOT'O COCTOSHUA xeR" n r&Q CYmMECTBYyEeT ONTHMAJBHOE YIpaBJe-
HMEe ¥ ¥MeeT MEecTO CJelylumas TeopeMa.
Teopema. Jlna kaxmoro A€ Rn n rc.éQ W JOGOTO
amena €70 cymectsyer maxoe wmcto 0 »0 , uro ecm xeR™

PE.Q ; Ix‘xol"'lf“f"" <0 n uft) - onrmaneroe yupaBieHue
ms (%,M) , To naiimercst onmimansioe ympasienne Yoft) ms

aroe, uTo mMmax Ju(é)-uft))< & .
(2ae) 7oces w0 e Ju-tlt)]
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JUNCTION CONTROL STRATEGIES FOR AN AUTOMATED TRANSIT
SYSTEM

The problem of merging two strings of high speed vehicles is
approached in two ways - as a sequencing problem and a network
flow problem, In the former approach vehicles occupy fixed
length reference cells which move along a track at a given
velécity. The vehicles on the approaching lanes are assigned
to new reference positions such that non-conflict merging is
achieved and an overall assignment cost, defined by the designer,
1s minimised, In this case the problem is formulated as a
Mathematical programming problem. In the second approach
vehicles follow the variable space;time headway control law

and the junction acts as a vehicle flow controller which
computes the appropriate velocities of the approaching vehicles
while maintaining the minimum headway between them. Both

these methods are implemented in a computer program and it is
shown that the second method not only solves the merging problem
but also provides a more satisfactory solution to the overall
vehicle flow problem in the network from an operational point of

view.
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JoL. Goffin, Academy of Commerce, Montreal, Canada,

NON-DIFFERENTIABLE OPTIMIZATION

The problem of minimizing a non-differentiable
convex function can be solved by a technique known in
the U.S. as subgradient optimization and in the Soviet

Union as the generalized gradient method.

If it is assumed that there is some a priori
information (bounds) on the location of the minima, and
on some condition number of the function, then it can
be proved that the procedure can give convergence at a
"geometric rate'", if for t(q), we choose a 'suitable"

geometric series.

Several medium-scale optimization problems
have been solved using the method, and, even though con-
vergence was not always fast enough, the theoretical
results obtained were confirmed by the numerical expe-
rimentation. The results are similar to those of stan-
dard gradient methods for differentiable functions, whe-
re convergence is slow if the function is badly condi-

tioned.

The next step is to define énd implement '"'se-
cond-order'" methods, which attempt to extend the ideas
of conjugate gradients, orvariable metric algorithms
defined for differentiable functions. Various proposals,
have been made by P. Wolfe, N.Z. Shor, C. Lemaréchal
and others.

Convergence rates have been obtained for some
of the methods: at this point, il seems that second order
methods improve the rate of convergence in some cases, and

worsen it in other cases!
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D. Goldfarb, The City College of the City University of New York,
New York, New York

A STEEPEST-EDGE SIMPLEX METHOD FOR NETWORK FLOW PROBLEMS

We consider here the steepest edge simplex method applied to
minimum cost network flow problems. As in the standard simplex method,
an arc is chosen to enter thebasis from among those nonbasic arcs whose
associated flow augmenting paths (FAP), result in a decrease in the
objective function. |In the steepest edge case, however, the entering
arc is determined as the one for which the cost per unit flow along its
FAP divided by the square root of the number of arcs in its FAP is mini-
mal. Increasing the flow along that arc corresponds to moving along an
edge of the polytope of feasible solution on which the objective function
decreases most rapidly.

In Goldfarb and Reid (1975) a practicable steepest edge algo-
rithm was given for the general linear programming problem that was
based upon suitable recurrences developed by the author. |In this paper,
these are specialized to networks to yield simple recurrence relations
for the number of arcs in each FAP. These recurrences, together with
a strategy for selecting the arc to leave the basis recently proposed
by Cunningham (1974), which keeps all bases ''strongly feasible', yield
a powerful network simplex algorithm. A computer implementation of this
algorithm is discussed and it is shown that Reid's (1975) sparsity
exploiting method for updating factorized linear programming bases is
particularly well suited to network flow problems.
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E.G.Golshtein, N.V.Tretyakov. Central Economics Mathema-
Tical Institute, Academy of Sciences of the USSR, Moscow.

MODIFIED LAGRANGE FUNCTIONS IN CONVEX PROGRAMMING AND
THETR GENERALIZATIONS.

A function F(x,y) concave in x, convex in y is said
to be a modified lagrange function for a convex program-
ming problem

£(x)+sup, g(x)=(81(X)yeeey8m(x))>0, xXe GSE", 1)
2 i o Arggggc(%gg F(x,y))=X*, where X" denotes the solution

set. of (1). The sufficient conditions are given for the
function of the form

Pa(x,7)= Fo(x,y)= Z i (8i(x)y 7o)y

where Fo(x,y)= £(x)+ g(x)y, to be a modified Lagrange
function for any problem (4) and to have in Gx EY* the
saddle-point set X"*x Y* coinciding with that of the ordi-
-nary Lagrange function Fo(x,y). Somewhat more strict con-
ditions ensure that the set X*x Y* is stable in x with
respect to Fa(x,y), i.e. one has Argmax Eal 2, y" )=X" for

y*e Y*. The connection between the stability and the con-
vergence of the gradient method of saddle point determi-
nation is examined. If a convex function £(u)e C*(E™ )
satisfies the following conditions: & (0)=0, v (0)=0
and (vt (W)= vt ()| =2 ¥:] w=-u'l, y> O, then the
function .

F(x,y)= £(x)+ glggcr[(g(ﬁ- t)y - oL(g(x) = t)]

is a modified Lagrange function whose saddle-point set
X*xY" is stable in x. The only inequality 3.‘1}5:; fpé:Fo(x,yk

<+so implies that v+ (y)= Sup FY(x,y)e G*(E™) and '

[ev=(g')-o¥Y=* (y9I1< (1/¥) |y'- y'le The properties of
F%(x,y) provide the convergence of the modified dual me-
thod which consists in minimization of ¥*(y) by means of
the perturbed finite-step gradient method.

For a monotone point-to-set mapping T(z) : Z-»2EF ,
where Z ¢ EP and T(zg # @ for ze Z, the problem consists
in determining a root, i.e. z"¢ Z such that O¢ T(z9%. In
the case of ﬁz) defined everywhere in E® and satisfying
the condition

(T(z* )=T(z"), 2'=2“)2Y | T(z’')-T(z")|*, y>0,V 2, 2"¢EF(2)

the following analogue of the perturbed gradient method
serves the purpose:

Zh! gk - g 1%, |1 T(2*)|s € , Ex> O.
Let R(z) be any mapping satisfying both (2) and the strong
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monotonicity condition., Denoting by z(w) the root of
Tr(z,w)= T(z)- R(w-z), 2 € Z, one-may define the modified

mapping by formula Tr(w)= R(w-z(w)), weEP, The mapping
Tr(w), we E? satisfies (2) and its roots coincide with

these of T(z), z€ Z. For practically any monotone map-
ping an algorithm converging to some of its roots can be
obtained by applying the above gradient-like process to
the corresponding modified mapping. This method of modi-
fication yields a unified approach to convex programming
problems and to determination of saddle and equilibrium
points as well as expands the class of the modified Lag-
range functions. Each iteration of this method requires
only a finite number of elementary steps. Moreover, in
certain cases of continuous mappings the amount of com-
putation required for each iteration can be substantially
reduced.
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VALEURS PROPRES ET VECTEURS PROPRES DANS LES SEMI-MODULES ET
LEUR INTERPRETATION EN THEORIES DES GRAPHES

On montre dans cette note l'existence de valeurs propres et

de vecteurs propres pour des matrices i coefficients dans un semi-anneau.

Ces résultats correspondent 3 une extension du théoréme de Perron-
. Frobenius aux semi-anneaux. On donne alors un grand nombre d'exemples liés
aux problémes de cheminement dans les graphes. L'interprétation de ces

valeurs propres aux problémes de graphe sera souvent trés intéressante.

D.Granot-F.Granot, Vancouver, Canada

A PARAMETRIC PRIMAL ALGORITHM FOR DISCRETE CHEBYSHEV LINEAR
APPROXIMATION

In this paper a parametric primal algorithm for solving the discrete
linear Chehyshev approximation problem is constructed. The algorithm
imposes no restrictions on the choice of the linear approximating function,
and is applied directly on the equivalent LP formulation of.the Chehyshev
problem. The algorithm is an adjacent extreme point type algorithm which
was designed to exploit the special structure of the equivalent LP

formulation, and which generates a best approximation for the Chehyshev

problem in finitely many iterations.
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LFFICILNCY O TIy LRANCH ALD BOUND ALGORITHMS IN A BOOLEAN PROGRALLIING

\
\

Purpouse of this repurt is to research the erriciency or the branch
and bouna method. The schem or the metnod that incluedeo consiaerablre
part of the all known algorithms is described. The zoilowin~s three
characteristics are used for cirassitication:’1)the ruire of basic proo-
lem branching to ithe subproblems,2)the rule or choice of a candidate
prodblem out of the Listv of the suoproblcmg 5)the tests allowing to
reauce vhe enumeration of the solutions.

1he branching tre. is described and the search of the solutions
is defined. The functions YA (p) and ‘PA (p) are defined vhere &}’ (p)
is the number or the steps or an algorithm A that are needed to resol
ve the prov.em p, ana ALD) 1s tne number o1 problem p solutions
scarched by algerithm A. "y, (p) is also equal to the number oI the
" nodes or the branching trﬂe. ror the dichotomic branching ¢,(p)=

(p)-1.

2 fhe author selects clLasses of algorithms and boolLean problems
whith the efficiency estimations oxr the L0L10WLNG type YA Rr‘(g:1)
where n is the number or Variaovies and k=k(p) is the ftunction
dependinz on parameters otr the pr-biem p.

'ne work describes some problems that ror the large classes of
argoritams satisty the folloing equality Ty (p)= (k(d sWhere K is a
parameter or a blubb containing the problem p. bFor ;arge vaiLue 0r n &
and k= % P4 (P)= 2"\Tin

The average numoer of searched soLutions ¥ (n) on the ciasses ot
poolean prouwviems with nonnegative constraint matrices is round 1or
the ciLasses of the alrorith.s with simple rules of branching variaoie
choice. For the knansack probrem_exact Iormuiae are rtound. lts asym-

ptotic behaviowr is as follouws: @ (n)x2"*3H%, @, (n)* 2" Yy,

The flrst formula gives the average numour 0l the searcned sol-
utious .LOr algorithms taking into account the orderins; oir vhe const-
raint coexticients. The seconda rormu.a p1ves the average vatiue 1Ior
algorithms with a rute oL uwhe oranching variable choice ignoring the
iniormavion about the constraints. Note that even iu Lne 1lrst case
the average value behaves as e€Xponecat «ud only as rmuch as n times
Less than number of scaicheda solutions of probiems with uvhe aroitrary

nunocr of constraints.
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FINDING OPTIMAL NUMBER, PLACE AND DISTRICT OF TRANSFORMERS IN
LOW VOLTAGE ELECTRIC NETWORKS BY A SET COVERING PROBLEM

In this paper we consider as given the three-phase low voltage
electric network of a territory together with its topology, tech-
nical and economic parameters and the possible settling places of
the transformers.

We search for the optimal number and place of transformers, within
this the placing of transformers providing minimum loss of energy
and those most favourable disjunct electric circuit without loops
for which it is true that at the endpoints the voltage is greater
than the given value.

One of the four lines of the three-phase low voltage electric
network is examined and represented by a connected graph C.

To every possible transformer-place a maximal tree C& must be
corresponded such that for the voltages at every vertex of the
tree the bounding constraint concerning the endpoints should be
satisfied. The possibility of constructing of this kind of a tree
is proved and two procedures by which one of the maximal trees
can be uniquely set up are presented.

We investigate subsets K consisting of the indexes of C /K eK/

which satisfy:
E—_ TK" S‘K._ —— an.

=Y Co
U, x> L x eSS,

SLfE%OJ} T

where ‘TK, - cost of investment of kl-th transformer
Uy, x - voltage in x vertex of tree
o - given constant
- - set of vertexes belonging to tree C,_
(2 - number of possible transformers.

This problem can be reduced to a set covering problem in the
following way: an A incidence matrix with "o-1" elements is set
up, in which to every column a tree and to every row a vertex is
uniquely corresponded:

%‘o f xJQSK; k. eK iz1a..,m
1

Xi€ 5w, 42,0

where n is the number of vertexes of graph C.
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After this the corresponding set covering problem can be written as
the following:

The set of solutions gives the optimal number ond place of trans-
formers in the network, but the trees G, still cover each other.
For the construction of trees without covering a rule is given and
its correctness is proved. On the basis of this rule from the
finite set of solutions the one is selected which provides the
minimal network loss.

This method is applied in practice too. According to our expe-
riences in practical problems approximately 10% of the costs of
investment can be saved.

A FORTRAN program has been developped for the SIEMENS 4004/150
computer of SZAMGEP at the request of EVITERV. '

Gy 6z8 (%bor ) ‘ .
nstitufe of Economics, Hungarian Academy of Sciences,
Budapest, Hun ar{

i QDASI—E&UI IBRIUI ECONOMIC LIODELS

As it is well known, some questions of macroeconomy_ can be
described as a standard linear programming problem like

/%/ max {cx / x20 , Axéb}

where A, b, ¢ are constant arrays. The problem /%/ is
equivalent to the following one:

If we find the vectors of x,v,p,w satisfying:

/1/ Ax + v =D
2/ PA - W = cC
2/ pv + Wx= 0
/A7 X,v,p,w=0,

then we have a solution for /%/. The vector x shows the
activity levels, the elements of vector ﬁ are the shadow
prices, the vectors v and w contain the slack variables
of the primal and dual problems.



Several investigations aim at constructin% models having
not only satisfactory primal solutions but shadow prices
useful and easily understandable for economic policymakers
as well. Today this is only a routine task.

The case is a more_complicated when "the economist" has
some objections. "It is very good - he says - but the wages
are.hl% , the interest of capital is low, the prices of
agricultural products are somewhat high, ... etc.”

Satisfying his extra claims, we add to the original prob-
lem /1/ - /4/ the following constraint:

/5/ pD 2 1,
where D and f are constant arrays.

We suppose that there exists a nonnegative vector p
satisfying /2/ and /5/.

Generally there is no solution of /1/ - /5/ system.

We can have a solution if we weaken one of the equalities

.

Satisfying the practical demands, we can solve one of the
following three alternative problems:

I win {ov +wx / /L)y 2/ /40y 15/ § |
II. min {ps / Ax + v-s = b, s20, 2/, 13/, /4/, /5/}
III. min yx /pA-w+y=c, y20, /1/, 3/, /Als /5/}

The economic contents of s and y vectors are the quan-
tities of shortages and the relative profit respectively.

The lecture is closed with the experiments on numerical
examples.
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M. Grotschel, University of Bonn, Bonn, W.=-Germany

FURTHER RESULTS CONCERNING THE FACIAL STRUCTURE OF THE
SYMMETRIC TRAVELLING SALESMAN PROBLLMS ’

Let K = [Vn, Eﬁ] be the complete undirected graph of order n,

let Tn be the set of all Hamiltonian cycles of Kn and let
Tn be the set of all subsets of the Hamiltonian cycles of Kn.

Let xFeHJEn| be the incidence vector of FcEn.

We investigate properties of the symmetric travelling salesman

polytopes
n _ T |
QT = conv {x  : TeTn}
-vn N _ T . -~
Qp : = conv {z~ & TeTn}

Extending results of Padberg and Grdtschel we prove that
generalizations of Chvéatal's comb-inequalities, having
coefficients 0,1 and 2, provide a very large class of facets
(= Q; and 6;. This result can be obtained by a couple of new
and very general lifting theorems which are of the kind: if
ax < a_ is a facet of Q?(é?) then a'x' < aé is a facet of

1 -~ 1 .
Qg (Q? ), n'>n, provided that (a', aé) is defined in an
appropriate way.

Those inequalities which are facets of both the travelling
salesman polytopes and the related 2-Matching polytopes are

characterized.

Furthermore we give a result which indicates the degree of
difficulty of the travelling salesman problem. We present a
class of graphs G= [V,E] containing various known infinite
classes of hypohamiltonian graphs which has the property that

for each graph G Xy 2 a(V) 1is (a) valid for 63, n >|V|,

eEE
(b) a facet of Q%vl and (¢) not even maximal for Qg, n>|v]|.



1%

J. Guddat, D. Klatte, Humboldt-University, Berlin, GDR

© STABILITY IN NON-LINEAR PARAVETRIC OPTIKIZATION

Con31der1ng the parametric optlmlzatlon problem

P (A ) sup {f(x,‘q,xému,,j

we have global and local properties of the maps

$ 2 (Ap)f00g sw {2EY] xe u(wYy

v () ’7‘(«\,}1&? ‘[Xé i) £ (x, A= YU,,U«)}

and we give some applications /e.g. vedbtormaximum-
roblens, discretization/. Tne main point of thils paper
1s the local stability.
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M, Guignard, Stanford University,Stanford, California,USA
Ke.Spielberg, IDBN, New York, USA

MAINTENANCE SCIHEDULIING

Given a set of K machines, of capacities a(k), which service
requirements r(t), t=1,..,T, the prohlem is to schedule downtimes
of duratlions d(k) so as to malntain satisfactory service (in some
sense)., Other resource allocation problems over time admit of
similar statements.

In practical problems there are certaln conflict and
precedence constraints among machines, and other constraints can
be expected to arlise In not always predictable fashion. Hence it
Is desirable to work with formulations vwhich lend themselves to
solution by commercial codes. These are larse integser nrosrams
with multiple cholice structure and K.T zero-one variables.
Computational experience seems scant, but moderately sized
problems can now be tackled successfully.

We have been considering, in general, the imbedding of
enumerative (or heuristic) techniques In larre scale branch and
bound codes. For a special form of the maintenance scheduling
problem we desligned an enumerative algorithm which explolts the
speclal structure and appears to solve specific problems of
respectahle size (say 30 to 50 machlines and 52 time periods)
qulte readlly. At the same time It lends iltself wvell to Insertion
as heurlistic should unforeseen constraints enforce the
utilization of a more general mixed- Integer programming code,

\Wle have also formulated, in several vays, relaxations of the
multiple cholce sets (into S2 sets), and have conducted sore
nunerlcal experiments which Indicate that substantial
improvements are attainable (in terms of maximal minimum coverage
of the requirements), especially when "wrap-around" Is permitted.

The excellent hehavior of the enumerative algorithm sugrests
to us that enumeraticn (such as our method of state enumeration
with use of larical Implications) is unduly necslected and may be
a natural tool for a wide class of scheduling problems.
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E.Halmos, IKARUS, Budapest, Hungary
T.Rapcsdk, MTA SZTAKI, Budapest, Hungary

OPTIMAL SIZING OF UNDEFINED ROD STURCTURES

Static characterization of rod structures is enabled by
matrix equations which form connections among rod énd
displacements loads and outside loading.

The most obvious form to start in order to define the inner
forces of the structure is the basic euation synthesizing
equations of equilibrium and compatibility. ‘

- ~ 1 I- h
R A Y 0

n e

The contents of the matrix equation are interpreted as
follows:

AX - coefficient matrix related to inner loads

A -~ coefficient matrix relating to deformation

1

R - elasticity matrix of the elements of the structure-

4 - vector of deformations
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b 4 e vector of the unknown rod stresses

qg - vector of the external loads

It is apparant from the equation system /1/,
to, that for the sizing of undefined structures
one has to chose among several different structures
which meet the same requirements. It is therefore
advisable to make the choice on the basis of an
economic criterion. We are going to deal with structures
where the weight of the structure will be the economic

criterion.
The task is therefore the following:

The structure of minimum weight meeting the
functional requirements, i.e. satisfying the equation
system /1/ has to be selected from structures of
é given geometry. After having written up the task
and elamined the functions figuring in the same we
discover that this is a non-linear programming task

the permissible set of which 1s not convex,
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In case of structures in arbitrary planes we
substitute for this task a convex programming task
the optimum value of which concides with the optimum
value of the original task. The solution of the task
requires an efficient algorithm eliminating the
difficulties connected with the writing up of equation
system /1/. Instead of equation system /1/ we
perform a convex quadratic programming task of good

quality. The algorithm ecoye  in accordance
with the structure of the task, This algorithm was

tested in case of simpler structures.

" Thereafter we carry out the optimal sizing of

a simple undefined rod structure.

The testing of the method is in process, for we
rely on the same in sizing the quarter panels of

autobusses by order of the Ikarusz factory.
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M, Hamala, University of Bratislava,
Bratislava, Czechoslovakia

A QUASIBARRIER MET!OD FOR CONVEX PROGRALLIING
It is known that a convex programming problem

Min {ﬁ(ﬁ)l giQ;)E'O, (i= l,2,...,mj} /1/

can be reduced to a sequence of unconstrained minimization
problems /e.g. SUMT of fiacco and McCormick/. In the case
of parametric interior point methoda this 1s achieved by
addlng to the objective function f(x) a barrier term

{X) ‘that favors points interrior to the feasible region
over those near the boundary. As parameter r > 0O
approaches zero, the unconstrained minimum x(r) of barrier

function
B(x,r) = f{x) + riix /2/
tends to the optimal solution x of the original problem /1/.

Fiacco and McCormick gave the convergence proof for a
general barrier method with the following properties of §(x):

a/ (f(x, is convex on the set

tx’ gl(x);>0, \} = 1 2,...,m2}
b/ if -{yaj"K ‘converge to the boundary point of K°,

then ln.m?{(‘y)— o,
j» ==

The known examples of such barrier functions are

1
P(x,r) = £(x} + T Z 15/
1=1 gi(x)
L{x,r)= £(x) -r Zi log g; (x) /4/
1=
The paper treats the case of another barrier function
L ;
Qix,ry= £(X)-r 72— \8g; X /5/

1=1
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which does not have property b/. In this case the barrier
on the boundary is made only by the descent of Q(X,L)s
This is the reason we refer to the Q{x,r) as to a quasi-
barrier function, The convergence proof 1s given under
conditions analegous to those of Fiacco-McCormick and it 1is
shown that the convergence rate 1s better,

For barrier functions /3/ and /4/ TFiacco- McCormick
and Lootsma show that

fix Lr'):) - f(’?{) =« YT + 0(2) /3a/
£x@) - £R&) = HBr + 0@:‘?) | /4a/

In the case of the quasibarrier function /5/

f(x @)= £(%)= r x)
where /5a/
limw{r) = 0O
r—-30

lloreover, if there exists a continuously differentiable
trajectory x(r), taen

£(x(x)) - f‘(‘;c‘) = d1r° + O’Lra) /5b/
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P,Hansen, University of Catholik of Mons, Belgium
M,Delattre, Institute of Economics and Management Science,
Lille,France

CLUSTER ANALYSIS BY GRAPH COLOURLNG

Given a set X of n objects and a distance matrix

D =(dij] expressing the dissimilarity between pairs of these
objects we want to partitionX into k <n clusters in order to
minimize the méximum distance between objects in the same clus-
ter. This problem is reduced to the problem of finding colorings
with a8 minimum number of colors for a sequence of graphs with n
vertices, associated with the objects, and an increasing number
of edges. Bichromatic interchange as well as a new exact colo-

ring algorithm are used to this effect.

The method has been programmed and tested on an IBM 370/
125; it allows to solve exactly real problems with more than 200
objects. Moreover, for the examples solved, it takes less compu-
ting time than the well-known hierarchical complete link clusteﬁm%

method, which often provides only suboptimal solutions.
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P.G,Harhammer, IBM, Wien, Austria

ECONOMIC DISPATCH IN ELECTRIC POWER SYSTEMS

Mixed Integer Programming, based on Linear Programming, is
the only one non-linear optimization method available as standard
program for computers.

This paper aims for a general solution of the economic dispatch
problem using Mixed Integer Programming.

The physical reality of any kind of power system operation in-
cluding pumped storage plants be modeled for MIP-application.

The model consists of an objective function (e.g. minimum fuel
costs, minimum emission dispatch) and different constraints
taking into account operational and security aspects. An approach
to include power system losses is mentioned.

Based on 14 specifications defined in literature for practically
usable economic dispatch models it is proved that MIP is best
suited for the solution of the giveén problem. Furthermore, MIP
allows a clearly structured mathematical model. Compared versus
other similar powerful optimization methods the results obtained
are more accurate with less computer running time. As a further
advantage the results of the problem under discussion are available
in a shorter time compared to individually programmed algorithms.
There are also savings in the range of ¢ 25.000,- for programmers.
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Jédnos Hirs / '"Csepel Iron- and Metalworks, Institute of
Management and Computing Technique / Hungary, Budapest

A NONLINEAR PROGRAMWING MODEL IN THE PRODUCTION OF METALLIC
ALLOYS :

Y
The model has been made for preparing the optimal pl:éﬁng of
production in a company where metgllic alloys are made., The aim
of the company is to maximize its profit. One way to achieve
this aim is to reduce the prime cost of their products by using
spent basic material besides of unalloyed metal and alloying
elements., The spent basic material contains alloying and
contaminating materials, The use of spent basic material is
bouned by the qualitative prescriptions of standard and the
technological possibilities of the company. The other way to
increase profit is the right choosing of the combination of the
different products,

Considering the two possibilities a nonlinear programming model
could be set up. With the task being solved the results mean
how to choose the guantities of every single product and the
quantities of the differently mixed spent basic materials used
in unit quantity of every single product to achieve the maximum
profit, Denote n the number of the products and m the number of
the differently mixed spent basic materials. The number of the
variables depends on n and m by the relation (n+l):.m. In our
special case there are 19 products and 12 spent basic materials,
so we have 240 variables, There are linear constrains, and m
number nonlinear ones, and also the objective function in non-
linear. The nonlinearity is caused by the expressions containing
the sum of cross products of variables,

The algorithm that has been made to solve the problem is based

on two linear programming tasks which are successively solved,

while the value of the objective function can be increased, The
optimal solution of the first task is the starting point of the
- second one and vica versa,

A linear programming package developed for the computer ICL
System 4 was used for the practical carrying out, There are
possibilities to store the basic data on magnetic disc to write
the results onto magnetic tape and to read the data for revising
the basic data from magnetlc tape. An inserted FORTRAN IV program
organizes the computer run and transforms the input data into
output data according to the programming package.

The company which produces aluminium alloys employs the model
in every quater of the year. It is cleared by the results what
the profitable and unnrofitable products are and the basis of
this is the marketing gtrategy prepared, In this way the profit
of the company has been significantly increased,
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O.Hellman, University of Turku, Turku, Finnland

Ol THE THEORY OI' SEARCH, A CASE WHERE THE MOTION OF THE TARGET IS
RANDOQLL,

It will be assumed that the location of the target in R? is given in
terms of density function W (x4 which satisfies, if no search has been
going on, an equation of parabolic type with constant coefficients
/eqe (1) below with A= (O /. The system-of search will be represen-
ted by the so called search density function X (x,t) /see ref. [1] /.
Search density function is assumed to have the following properties:
1/ ACXxt) Z 0 end 2/ d(" AKX t)dx = Lo = const. Furthermore a (x t)
will be different from zero in a region A(4) with a moving boundary
S (¢) . One now wants to meximize the probability of detection of the
target, given that the time available to the search, T is given.
There is now the following optimal control problem for the determi-
nation of the optimal search density 2 (x,t}to solve:

/1/ C 3(36))!1(2:’3‘ Sﬁ%% Ay (O xe Px5) g CxE) = Axb) 4 (x,t)
§ Kt) - x : .
y (xt 02 AS /X[ —> O

én y (x, N olx = Min

In ref, [2]3. condition of optimality was obtained with the consequence
that function 3(;(, t) must satisfy,for x €8 (t),equation
(R ~ f
2l le s aiy (3" 0%:0x) by (x, 6) = AL (1)
wheze ./L"({;')J is an unknown function, to be determined later, and, for
X A (1) equation
/3 AF E.5 ai (3% (o« 0r) y(x )= Ca‘/at )y (xt)
The solutions of the above equations must meet on the boundary s(t)
in such a way that Yy(X.t)and @y y(x,t), Nthe outward normal of
S&E) are continuous across &) .
In the present paper the Fourier integral approach will be used to
produce a differential-integral equation for the Fourier transform of
y ( ht) . There is no straightforward way to solve the equation.

.

References: :

L:_L] O.Hellmen, "On the optimal search for a randomly moving target."”
_ STIAIl Je.Appl.llath.22,545-552,

LZ} O.Hellman, "On the optimel search for a randomly moving terget,

a control theory approach,Report N:o 60,Inst.for eppl.
math.Univ.of Turku,l975.
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G.T., Herman and A.H. Lent, Department of Physiology and
Biophysics Mayo Clinic,
Rochnester, USA '

Department of Computer Science
State University of New York at Buffalo
Amherst, New York, USA

A RELAXATION KETHOD VWITH APPLICATION IN DIAGNOSTIC RADIOLOGY

Methods to obtain the internal structure of an object
from its progectlong have been found useful in a large num-
ber of sciences and have, i1n particular, revolutionized
diagnostica radiology over the last three years, In that
f;eld, the problem 1s to estimate the density distribution
in a cross section of an object from x-ray data, which in
practice 1s unavoidably noisy. The data gives rlse to a
large sp%rse system of 1ncons&stent equatlons, not untypi-
cally 10 equations with 10 unknowns, with only about
1% of the coefficients non-zero. Using the physical
interpretation of the equations, each equality can in prin-
ciple be replaced by « palr of inequalities, giving us the
limits within whlch we belilieve the sum must lie. Previously
/Mathematical Programming 8 /1975/ 1-19/, we proposed
a finitely convergent relaxation method for solving this
set of inequalities, That algorithm has produced a vector
satisfying the constraints but not one which was optimum
by any reasonable criterion. In this paper we propose an
alternative relaxation method designed to converge to the
minimum norm solution satisfylng the constraints, We dis-
cuss the usefulness of minimizing the norm in the appli-
cation area of interest. The algorithm has been implemented
and 1s demonstrated by reconstructions of cross sections of
the thorax from actual x-ray data.

Research 1s supported by NSF grant MNMCS 75-22347,
NIH grant HL 4664 and NCI contract NOl—CB—53860.

'J,Hion. Central Institute of the Mathematical Economics of
the Academy of Sciences of USSR, Estonian department. Tar-
tu, USSR, _

OPTIMAL DISPATCHING PROBLEM,

We consider a factory producing homogene production
and supplying its consumers during a period of U days (a
month, for instance). In the beginning of the period the
chtory has Q, units of production which can be dispatched -
in the first day (or later). In the first day q, wnits of
production are produced and they can be dispatched in the
second day or later and so on.
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The factory has three groups of consumers. There are
h, consumers (having numbers from 1 to n,) in the first
group, the consumers of the second group have numbers from
n,+{ to n,+n, and the ones of the third group have numbers
from n+n,+74 to n+n,tn, « The factory musl supply the con-
sumers of the third group three times during the period.

It has to send to the (-th consumer of this group ¢, units
of production to the end of the period, ¢ units to the
20-th dagy and ¢; units to the 10-th day. The consumers of
the second group must be supplied in analogical conditions
twice during the period and the ones of the first group on-
ce during the period.

Every consumer can be supplied only in fixed days gi-
ven by ailig, -matrice O%:({') , atx<hqin,) —ma&rice gL)‘;(d',’gj), and
a (xn, =matrice @3;{((3-). Here ¢ =i, +n,titg and ¢l;=f Liff it"is pos-
sible to send in | <th day the m -th consignment to the i =th
consumer, otherwlise d;; = . Yor each consumer the”time of
circulation of the doctments (an integer ¢t,> 0)is given).
The factory gets money from the <i-th consumer to the end
of the period if the production is sent not later than in
the gfia) -th day. The price of the product is proportio-
nal to isquantity. '

We consider the following probleums. -

. 1. By which conditions on the numbers ¢ (the C; are
fixed) the factory is able to fulfil all orders of the con-
sumers? ‘

2. By which conditions on the numbers ¢. the factory
is able to fulfil all orders and can get money rrom all
consumers before the end of the period?

3. If for given ¢ it is impossible to get money
from all consumers to the end of the period, how must the
factory dispatch the production to get maximum money to
this time?

Ve give mathematical formulations of these problems.
The problems are reduced to the case when the factory has
fictive consumers getting production only once during the
month. The formulae are given which exp: :ss the new va-
rigbles through old ones. We get problems with more con-
venient formulations.

Solution of the problems 1 and 2 reduces to obtai-
ning the conditions of the solubility for a system of li-
near inequalities. These conditions are formulated.

For solving the problem 3 we make a second reduction
using so called special solutions. The problem 3 is redu=-
ced to solving of a multidimensional knapsack problem. Three
algorithms sre worked out. These are an algobithm writing
out the corresponding multi-dimensional knapsacknproblem, an
algorithm solving this problem and an algorithm distributing
the consiguments more uniformly during the period.
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Hiroshi Konno, Japan

ON SOME RECENT DEVELOPMENTS IN BILINEAR PROGRAMMING

Bilinear Program is a class of nonconvex quadratic

program with the following structure:

max {c§x1+c§x2+x§Cx2 | Plxl%bl' x,20, AzxZ%bz, xzzo}

The special structure of this program enables us to

develop algorithms to obtain a global solution. Also,

it has a big potential for practical applications. We

will discuss such aspects of bilinear programming as:

(i) relationship to other classes of mathematical
programs,

(ii) recent algorithmic developments and the results
of experiments,

(1ii) some applications of theoretical and practical

interests.
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Hoang Hai Hoc, Department of Electrical Engineering
Ecole Polytechnique, Montréal, Quebec, CANADA

NETWORK IMPROVEMENTS VIA MATHEMATICAL PROGRAMMING

A class of network improvement problems is formulated in
general terms as an integer nonlincar programming model, The model can
be used as a decision-making aid to improve/design transport networks,
packet—switching computer communication nctworks, ctc, subject to a
budget constraint. Branch and bound schcmes have been suggested to
solve the problem, assuming that the total user's costs (benifits)
are monotonically decreasing (increasing) when projects are being im-
plemented. Bounding and evaluating proccsses are carried out by solving
minimum convex cost multicommodity flow problems, known as stationary
traffic'aésignment/message routing problems. Another approach to se-
lecting an optimal network consists in using generalized Benders! Par-
titioning Algorithm to separate the continuous part of the model from
theﬁEIEE?EEEdEEET#—Then, one solves minimum convex cost multicommodity

flow problems in order to obtain cutting planes for selecting projects

using optimal dual variables.

The objective of fhis study is to evaluate the computational
performances of the two approaches to selecting an optimal network inen-— -
tioned above. Efficient bounding processes are suggested, and special
considerations for solving successive minimum convex cost multicommodity
flow problems emphasized.  The question of obtaining an acceptabie ap-

proximate solution is also investigated.



120

Hollatz, H. and R, Neugebauer, Computing Center, Acadeuwy of
Sciences, GDR

A programming system for choosing algoritlms which solve
minimizing problemé with constraints

We presenting a unified implementati®n of iterative optimiza-
tion methods which have the following structure: In each step
the direction of descent is determined by a direction finding
problem (linear or quadratic). The system contains for example
the P1- and the P2-a1gorithmé of ZOUTENDIJK with various anti-
zickzagging rules, the methods of feasible directions of
SUCHOVITSKII, POLJAK, PRIMAK, the mehtod of PSCHENITSCHNYI,

the method of POLJAK, TRETJAKOV and many new algorithms which
converge sublinearly or linearly. Together with some step-
length algoritims (Goldstein-steplength, minimization step-
length, quadratic approximation and others) the system contains
.more than 250 numerical algorithms. If. it is given a class

of practical optimization problems zmE then we can say with our
system, what is an effective algoritim (between the implementated)
of solving problems of the given class relative to one of the
following properties: computing time, number of iterations,
behaviour near the optimum or stationary points, accuracy of the
solution, We inform about some experiments with our system,

Sgren Holm,Institut of History and Social Science,Odense University,
Odense, Denmark.

Dieter Klein,School of Business and Org.Sciénces,Florida Int.University
Miami,Florida,USA ' <

PARAMETRIC ANALYSIS FOR INTEGER PROGRALMING PROBLEMS.

The theory for sensitivity analysis and parametric programming in
linear programming has long been developed and its value recognized.
Little success has been reported in this area for the integer prog-
ramming problem, A parametric integer programming procedure has been
developed here for the right hand side coefficients. The method
requires the use of algorithms employing Gomory cuts for the solution
of the integer problem. Otherwise it is patterend along lines similar
to those of the noninteger problem,




1°1

E.Holub, Computing Laboratory of the Slovak Planning Commisio..,
Bratislava, CSSR
J.Sojka, School of Economics, Bratislava, CSSR

ANATYSTS OF ECONOMICS STRUCTURE DEVELOPMENT BY MEANS OF MATHE-
MATICAL PROGRAMMING

By economics structure we mean grouping of economic
or non-economic organizations into branches of national
economy. The structure is measured by the portion of pro-
‘duction or national income on total volume of production

or of the national income,

Analysis of economics structures by means of mathema-

tical programmingjis done in two ways

1. It becomens a part of the complex models of national eco-
nomy. In this case the analysis of economics structure

is an independent problem or an independent model.

2. Under simplification conditions it is formulated as a
problem of mathematical programming in the development
of economics as a whole. By simplification conditions
we mean a simplified expression of some parts of econo-
mics and also the transfidrmation of some parts of an open
model into a close one. It is firstly a question of ex-
pressing the increase of personal and social consumption,

export and import, as the functions of production growth.

Methodical approach and the practical experiences ob-
tained with the solution of the first problem as that of the

goal programming of the form
min d/xt’_’ft/ ﬂ)_(t
gj/xt,xt/2> 0 ]

xt,itZk 0 &

n
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are analyzed in the report, where

X - vectors of the solution of the given problem
and the goal vector,

the quadratic criterial function Athe discance

Q.
~
x
-+
-
X1
+
~
!

function/,
the boundary conditions the form of which de-

w
~
x

(ad
X1
-
~
1

pends on the type of production functions being
used in the problem and,
.?xt - the distance from the given goal stated befo-

3 rehand.

Expression of the time lag between investing and in-
troducing the investments into operation aproximates linear-
ly under Leontief’s production functions., The corresponding
problem is also used for purposes of simulation. The para-
meters of the simulation are those of the corresponding

production function as well as the resources of the system.

The report will present the results of Slovakia’s eco-
nomics up to the year 1980, The paradox of the structure
will be mainly analyzed,which, with the reduction of the
speed of production growth-appears in the form of mid-term

increase of personal and social consumption,

The problem 2/ has the form of Kantorovitchs problem
with the previously given end structure, It differs in the
functional expression of personal and social consumption,
export and import, as the functions of production growth.
In this way a certain simplification of the given problem
solution is obtained with the simultaneous removal of nega-
tive results of the original task solution. The results of
the solution and the problems connected with ;he solution,

or the comparison with other approaches, will be presented

in the report.
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Saman Hong, City University of New York, and

Manfred V., Padberg, New York University, USA

ON THE SOLUTION OF TRAVELLING SALESKAN PROBLEMS

We consider the travelling salesman problem formulated
as a linear programming problem in integers. Extending
algorithmic 1deas first proposed by Dantzig, Fulkerson and
Johnson in 1954, we first derive two new classes of valid
inequalities for the travelling salesman problem that are
necessary to implement their approach to proving optiwality
of a given tour of the travelling salesman, In conjunction
with the known classes of valid inequalities for this prob-
lem, i.e. subtour elimination and Chvatal’s comb inequali-
ties, an improved, thogh still partial, linear charac-
terization of the /Symmetrlc/ travelllng salesman polytope
is obtained. The algorithmic approach to proving optlmallty
of a tour /which may e.g. have been obtained by using any
of the heuristic approaches to the problem/ resembles much
that one of a primal approach to integer programming and
has been implemented on the computer. Computational ex-

. perience with randomly generated problems as well as some
problems taken from the literature is reported.
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M. Hosszu,Z, Szarka, Universitdt fiir Agrarwissenschaften,G5dsl16,Ungarn

VERALLGEME INERUNGEN DES ZENTRUMPROBLEMS

Zu den in der Ebene gegebenen Punkten

Pl ] P2 ’ L I "Pn

kann man ein Zentrum P so bestimmen, dass seine gewlchtete
Entfernungssumme /Potenzsumme/ von den Punkten Pi
n
S = . Si . PPi
i=l g

minimal gusfallt.

Das Zentrum P kann durch sukzessive Approximation
bestimmt werden, wo flir die einzelnen Schritte das gewichtete
Mittel der Punkte Pi genommen wird, wobel das Gewicht-der
einzelnen Punkte mit S4 proportional und mit der Entfernung
dexr vorhergehenden Approximation von Pi umgekehrt propor-
tional ist. '

Ein ahnliches Verfahren kann im Falle von gas- und oel-
transpertierenden Rohrleitungssystemen flir die Bestimmung von
Zentren angewendet werden, die auch miteinander verbunden
sind.

wir kSmmen zu- einer andersartigen Verallgemeinerungen
gelangen, wenn statt der Punkte Pi Kreisscheiben von
gegebenem Durchmessern betrachtet werden, zu welchen Verteilungs-
bzw. Sammelstationen gesucht werden. Im Falle von gleichen
Kreisdurchmessern ist die Aufgabe equivalent mit dexr Bestimmung
des Kreises, dessen /gewichtete/ Entfernungssumme xzk von
den in der Ebene gegebenen Punkten minimal ausfallt. Diese
letztere Aufgebe ist auch von Interesse in Zusammenhang mit
den geodeticchen Ausgleichungsverfahren.
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C.C.Huang, Faculty of Commerce and Business Administration,
The University of British Columbia,Vancouver,CDN
W.T,Ziemba,Faculty of Commerce ‘and Business Administration,
The University of British Columbia,Vancouver, CDN
A,Ben-Tal, Technion, Haifa, Israel

BOUND ON THE EXPECTATION OF A CONVEX FUNCTION OF A RANDOM
VARIABLE: WITH APPLICATIONS TO STOCHASTIC PROGRAMMING

This paper is concerned with the determination of tight lower and upper
bounds on the expectation of a convex function of random variable. The -
classic bounds are those of Jensen and Edmundson-liadansky.They were
recently generalized by Ben-Tal and Hochman. This paper indicates how
still sharper bounds may be generated based on the simple idea of sequen-
tially applying the classic bounds to smaller and smaller subintervals
of the range of the random variable, The bounds are applicable in the
multiveriate case if the random variables are independent. In the de-
pendent case, bounds based on the Edmundson-liadansky inequality are not
available, however, bounds based on Jensen’s inequality may be developed
using the conditional form of Jensen’s inequality. Some examples are
given to illustrate the geometrical interpretation and the calculations
involved in the numerical determination of the new bounds. Special:
attention is given to the problem of maximizing a nonlinear program that
has a stochastic objective function.
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N.M,Hung, University of Montreal, Academy of Commerce,Montreal,
Canada

OPTIMAL MINING IN A DECENTRALIZED FRAMEWORK

The purpose of this paper is to investigate the rate of

optimal extraction of a mineral deposit containing various grades of

ore, The mine manager faces the demand of these ore and has the possi-
bility of transforming, at some cost, one grade of ore to the higher
grade. The objective of the manager is to maximize the present value of
a stream of profit (social production surplus) over a given planning ho-
rizon, Either in the market setting or in a planned economy, the problem,
so far described, can be neatly formulated as a ﬁulti—state variables op-

timal control problem.

The section 1 of the paper is devoted to a full description
of our model. A novel aspect of this model is the consideration of upgra-
ding activities which take into account the effect of the stocks of ore

upon the efficiency of mining.

In section 2, we deal with the necessary conditions which
allow for the determination of the optimal rate of. exploitation and upgrading
effort associated to each grade of ore. The main result is that under
quite general conditions, the decision making of the mine manager can be
decentralized completely in the sense that each grade of ore can be exploi-
ted separately as an exhaustible resource. If the cost of extraction is
a linear function of the amount extracted, the mining rate is arbitrary.
Under more general condition however, this rate is determined according to
a linear feedback law. These findings make a sharp contrast with somes esta-
blished theoritical results in the literature of resource economics.

Using the dynamic programming apbroach, the sufficiency
of the optimality conditions in our model is proved in section 3,

Finally, in section 4, we show that our main results hold
when stochastic perturbations are introduced into the model under the
form of Ito differential equations with regard to the state variables
changes.
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Toshihide Ibaraki, Department of Applied Mathematics and \
Physicsg,Faculty of Engineering,Kyoto Uni
versity, Kyoto,Japan

|
THEQORETICAL CONSIDERATION ON THE COMPUTATIONAL PERFORMANCE |/
OF BRANCH - AND - BOUND ALGORITHMS

General properties of branch-and-bound algorithms are investigated
from the view point of their computational efficiencj, based on a formal
model which incorporates lower bound test, dominance test and upper
bounding of the incumbent to prune partial problems not yielding an
optimal solution, and a margin e€ to facilitate the computation by being
satisfied with a suboptimal solution ﬁithin e from the optimal. The
parameter used to measure the efficiency is the number of partial problems
decomposed before termination. Although it is commonly conjectured from
intuitive understanding that the efficiency of a branch-and-bound algorithm
always bécomes higher if each constituent is improved (e.g., a tighter
lower bound is obtained, € is set larger and so on), many of them turn
out to be false depending on search strategies (such as best-bound
search, depth-first search, breadth-first search and heuristic search).
In addition to giving counterexamples to the false conjectures, various
cases in which such conjectures hold true are also clarified. Finally

these theoretical results are compared with some simulation results.
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M. Iri, University of Tokyo, Tokyo, Japan
THEORY OF FLOWS IN CONTINUA AS APPROXIMATION TO FLOWS IN NETWORKS

A formalism is proposed to treat various problems
concerning flows in compound systems consisting partly
of ordinary discrete networks and partly of (two- and
three-dimensional) continua. Basic theorems in network-
flow theory are extended to the compound systems. Flows
and tensions are adequately dealt with as distribution
(in Schwartz'sense) or currents (in de Rham's sense),
where it is emphasized by which kinds of "tenscrs" the
fundamental concepts such as flows, tensions, capacities,
distances, costs, etc. should most appropriately be
represented. In addition to "smoothness" of the fields,
the "anisotropy" of each point of the field is important.
In place of "intervals" for flows in and tensions across
branches of a networks, a "convex set (of the vector
space of flows or tensions)" or a "convex function" is
associated with each point of the continuum.

Conceptually, a continuum is an approximation to
a vast, locally homogeneous and very fine network. On
the other hand, from the standpoint of numerical solution,
a dicrete approximation of continuum is needed. These
two sorts of approximations between discreta and continua
will be discussed.

H, Isermann, University of Saarbriicken,
Saarbriicken, W-Germany

AN ATLGCRITHM FOR SOLVING THE TRANSPORTATION PROBLEM WITH
MULTIPLE LINEAR OBJECTIVE FUNCTIONS

Consider the linear multiple objective transportation
problem

B 2 1
>
mia 2o 2 %13 %

m n
> S ok ox. . /1/
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subject to

n
g;l Xij = Si ki= l'..l,m )
m -

égi xij = dj, ka = l,ooo,n)

xj3= 0 (i = lyees,:J = l,...,n).

Problem /1/ can be reexpressed in vector-minimum form /2/

m n n m
Mpant ] o G . i 77 . . = . jr . .=d. .:: 0 2
= >:§1 7 i i 1M T % g MRy O
(i = l’ooo, m 3 j = l,..o,nj\,
where Ci3 is a k-dimensional column vector and "min"

signifies that the purpose of this problem is to find all

efficient solutions. Recall that a feasible solution

xgj \i = l,ooo,m H j = l’ooo,n) 1s an efficient solution
for /2/ if and only if there does not exist another

feasible solution xi-k; = ljyeeeyls j=l,...,n) such that
m n m 1 m n 1 m n o

Z N CiaX

‘ l 53‘ - O 17 P
Css X2 =, C:s Xisg 2 D C: XiiF O =
1=1 g;l 1J WJ = =1 1j lJ'i=1 j=1 17137 1, =1 18 e B

Efficient solutions for /2/ are of interest because the
decisionmaker?s optimal solution 1s efficient.

Up to now no transportation method is known by which /2/
can be solved. In this paper a multiple objective simplex
transportation method is presented. This algorithm
comprises three phases., :

Phase I : Find an initial efficient basic solution for /2/

Phase II : Find all remaining efficient basic solutions
for /2/

Phase III : Find the set of all efficient solutions for /2/.

The paper contains a complete description of the algorithnm,
of the underlying theory including all proofs as well as
several 1llustruative examples.
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Y. Ishizaki, N. Yoshida, S. Sasabe and Y, Ishiyama

Transmission division, Nippon Electric Co., Ltd., Kawasaki, Japan

MULTI-COMMODITY FLOW APPROACH TO ASSIGNMENT OF CIRCUITS IN CASE OF
FAILURE IN A COMMUNICATION NETWORK

In modern communication networks, switching facilities and redundant
transmission channels are provided to keep communication circuits in
service even in case of failure on some links in the network. Then, there
arises a problem of determining the most efficient utilization of the
redundant channels. This problem can be formulated as a kind of multi-
commodity flow problem on a graph which represents the network consisting
of the redundant channels.

In this paper, heuristic methods which consist of phase I and II are
considered. In phase I, a starting solution is found by assigning each
demand one by one to the minimun cost path, where the edge cost is a mono-
tonically decreasing function of the number of unused redundant channels
in the edge. The minimum cost path is determined by the following factors:

number of links, number of unused channels in the path and demand assignment
"~ order. This step terminates either when all the demands are satisfied or
when no more flow can be assigned because of capacity constraints. It is
experimentally proved that a careful choice of‘cost function leads to a good
starting solution which remarkably saves computation time in phase II.

When all the demands are not satisfied in phase I, we proceed to
phase II improvement step. Two types of improvement methods are tried. In
Method I, we take a flow demand which has not been assigned, and try to
satisfy it by changing the path of a flow already assigned. The improve-
ment step of Method II is a modification of the incremental assignment
. method to discrete flow.

Experiments show that both methods give solution very close to the
optimum in satisfactory computation time, while branch and bound method
which is implemented for comparison requires unformidable computation
time for networks of practical size. Method I is found to be more effec-
tive when the network contains edges with only one or two redundant
channels. :



Martin Jeffreys, Transportation,Management and Computer Con-
sultants, Kingston, Surrey, England

THE NEXT GENERATION OF BRANCH AND BOUND CODES

The present generation of branch and bound codes for
solving general integer linear programming problems, have
concentrated on elaborate tree development heuristics
based on dichotomies represented by changes to the bounds
of the integer wvariables. This paper considers a variety
of additional possibilities and examines their likely effect
on the next generation of branch and bound codes,

Features considered include, other linear dichotomies,
the generalization of special ordered sets, cutting plane
algorithms as a special case of generalized branch and bound,
user selection of dichotomies and other tree development
heuristics during execution, together with post-optimal analysis
and the use of information determined during the solution of
one problem, to speed the solution of a closely related
problem,

v
PREE . PR Sy (et TN
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Robert G,Jeroslow, Carnegie-=Mellon University,Pittsburgh,Pa.

A FINITELY-CONVERGENT CUTTING-PLANE ALGORITHM FOR GENERALI-
ZATIONS OF THE LINEAR COMPLEMENTARITY PROBLEM

We use reéent results of cutting-plane theory to develop inter-
connections between integer programming and linear complementarity, as
exemplified by the following result, Theorem: If

{(x,y) | Ax + By >d, x>0,y >0
is bounded and non-empty, then any valid cutting-plane for the
complementarity constraints

(CMC) Ax + By >d, x>0,y >0, xey =0,

is obtained by starting from the linear defining inequalities
Ax + By> d, x>0,y >0

and applying, finitely often, the following two rules (the second for
o= Xgusapli)s

(i) . Take non-negative combinations of given inequalities,
. and possibly weaken the right-hand-side.

Having already obtained two inequalities

(ii)j

Cl’lxl + e F ij +...+ O’nxn +BIY1 +o-o+ th +on-+ﬂnyn zao :

: ; vest
g%y + ... 8T, Lot @ X -l-ﬁly1 +o0ott yj + ﬁnyn 2&0

j
one may deduce
‘aixl + ... +5'x

+.¢-+ Q’nxn +B +¢co+ tyj +...+§nyn2 do .

j 11
Conversely, any inequality thus obtained is valid for the
complementarity constraints.

The proof of this result is constructive, and it supplies a finitely-
convergent cutting-nlane algorithm for this generalization (CMC) of the

linear complementarity problem,

Note that the constraints (CMC) properly include the linear
complementarity problem. Indeed, the constraints of a bivalent integer

program can be cast in the form (CMC), by rewriting ‘thesé constraints
Dx > d

(BIP) : x, =0orl, j=1,...,n

]
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in the form

Dx > d
(BIP)' X + y - 1, j = l’o-o,n
] b
xjyj = 0, =1,.0.,n
xj’yj 20, J=1..05n
and obtaining all valid cutting-planes via rules (i), (ii)j. "

The Theorem announced above is one corollary of a considerably
more general result concerning what Balas has called "facial constraints."
The general result will be given at the meeting, but is too technical to
state here, Those interested may write the author for preprints.

Mr. G.R. Jeshanshahlou, TEACHERS TRAINING UNIVERSITY, TEHRAN, IRAN.

Dr. G. Mitra, BRUNEL UNIVERSITY/UNICOM CONSULTANTS, UK.

THE LINEAR COMPLEMENTARITY PROBLEM AND A TREE SEARCH ALGORITHM
FOR ITS SOLUTION. -

Consider the linear chplemen‘; a.rit}[ problem

w=q+Mz , w20,z 20a8andzw=20.
The authors have developed a tree search algorithm for the
solution of this problem. Unlike any other known aigorithm
this algorithm makes no assumption concerning the nature of
the matrix M and finds all the solutions of the problem if
these exist. If no solution exists to the problem then this

can also be established by this method.



134

E. L. Johnson, IBM Research Center
Yorktown Heights, New York

DEVELOPMENT OF A SUBADDITIVE APPROACH TO
INTEGER PROGRAMMING

The subadditive approach to integer programming began with Gomory's
work relating subadditive functions on group elements to facets of
Gomory's corner polyhedra. One way of viewing his work is to form the
dual programs:

min ¢ t subject to: max m (go) subject to
s 3 o ' 3
I g  t, =g, and m(g”) < ¢,, and
3=1 h| J
tj 2 0, integer, j=1,...,n, m subadditive on G
J -

where G is a finite Abelian group, g~ and go belong to G, and = means
equality in the group. Subadditivity of m on G means:

n(y + h) s 7 (g) + 7 (h)
for all g, h in G (regardless of whether g and h are among gj, go).

Equality of these two objectives follows from Gomory's work on
facets of master group polyhedra. As usual in mathematical programming
duality theorems, one direction is easy and the other difficult.
Gomory's results sharpen the difficult half of the theorem by requiring
that 7 be non-negative and satisfy

7(g) + 1 (g°-g) = m(g°)
in addition to subadditivity.

This paper will relate the further development of this theory and
attempts to use it to provide a new algorithmic base for solving integer
programs.
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A.W,Jones, Wayne State University, Detroit, Michigan, USA

OPTIMIZING REMOTE SWITCHING DESIGN AND ADMINISTRATION

For subscriber loop multiplexors and other digital carrier and
switching systems used to concentrate rural traffic, the
design and administration of the system can be optimized by
means of a dynamic programming algorithm, The algorithm is
presented with illustrations as to its use, and suggestions
for extensions to computer timesharing.

-

W.Junginger, University of Stuttgart, Stuttgart,West Germany

LOCATING STEPPING-STONFE PATHS AND ASSIGNING DUAJ, PRICES IN
MULTI-INDEX TRANSPORTATION -PROBLEMS

The multi-index transportation problem (iPn) is an extension
of the transportation nroblem (TP2) of linear programming
to a probhlem with multinle subscripted variables *y -
Its constraints may be sums of these variables 17 7n
or douhle sums, trirle sums etc. or coishinations of then.

Several problems can be formulated as a TPn. So the well-
known problem of shipping a homogeneous product from se-
veral factories to several markets at minimal transpor-
tation costs will become & three-index problem if there

arve diffecent kinds of transport. An exarple for a four-
index problem is a timetable problem where masters, classes,
rooms, &nd periods are to be combined.

It is possible to sclve a TPn by an extension of the modi-
nethod for the solution of the TP2. HALEY resy. CORBAN

have shown this for n=3, and it can he extended to any

n. But they do not say anything about the computational
aspect. So the determination of a stepping-stone path or

the calculation of dual prices proves to be a very hard

work in a n-dimensional transportation tableau or has to

be done by solving a large sparse system of linear equations.
Another trouble is the fact that a basis of the TPn can

be non-trianygular.

It will bé shown in the talk'how these difficulties can

be overcome. It is possible to define a directed ¢graph

for any triangular bhasis hy aid of which all the computations
concerning the n-dimensional transportation tabhleau can

be carried out. Also, a non-triangular basis can be handled
in a similar way. Thus, all the remaining conputatlonal
aspects of solving a TPn can be managed.



1%6

R.,Juseret, C,P,T,E.,Rhode St.Genese, Belgium

LONG TERM OPTIMIZATION OF ELECTRICAL SYSTEM GENERATION BY
CONVEX PROGRAMMING

The report describes a mathematical model for system generation

long term planning. Each year new capacities of various types

must be commissionned to keep the risk at the required level;
at the same time, the total present-day value of investments
and operation costs for the whole study period must be minimi=-
zed.

By assigning a guaranteed capacity to each type of unit, the

risk level requirements can be expressed with a set of yearly

linear constraints linking the total capacities of each type
of unit.,

Furthermore, each year new capacities and total capacities of

each type of units can be limited to minimum or maximum values.

The resulting convex programme is solved with a feasible

direction method:each iteration,the locally best direction is

computed by a process similar to the gradient projection method.

The choice of such a process on the special characteristics

of the problem, i.e.:

- the economic function compution is time-consuming because
there is no analytical expression for the operation costs,
these must be an algorithmic process.

~ the locally best direction is easy to find thanks to the
special form of the constraints;this direction is computed
by an iterative process involving a small linear system.

The mathematical model described is currently used at CPTE

for the Belgian power system planning.
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Selle Kddas

Town Council of Budapest and Karl ilarx University,
Budapest, Hungary

AN APPLICATION OF GEOIIETRIC PROIRAIZTING TO THE
GRAVITY IIODEL OF TRIP DISTRIBUION /Abstract/

The solution of the doubly constrained rravity model:

- - *xeisg
/l/. X5 = Tj6 Jsj
I.‘i,Sj > O i:'l,o.-,m; j=1,...,n
5 .
z Xij = ai i=1,ooo,m
j=1
/2 3=
Xss'®' = b j= see
_zl i3 j J=lyee.sn
/ / m n
3/ > F C..X.. = C
i=1 j=1 *J *J

is an important task in many practical problems of trip
distribution and spatial interaction modellinsz. It is knowm
that for a ziven value of the gravity parameter <« the so-
lution of /1/=/2/ is unigue, To fix o¢ either the additional
constraint /3/ or an other criterium should be added. The
paper proves the equivalence of a natural criterium - the
minimization of the informetion divergzgence between the
observed.ﬁjj) and the forecast(ziﬁ tables  with the app-

roach of entropy maximizing on the one hand, and the model
/1/=/3/ oan the other. The proof of the equivalence of these
three approaches makes use of the duality theorem of geomet-
ric programninz, In the second part of the paper an algorithm
is given for the calculation ofe¢, It is shown that the so-
lution &« of /1/-/3/ is a strictly increasing differentiable
function of C, and with_.thg calculation of the derivative of
its inverse function, -&%ﬁi a good estimate for «, and

also’‘an algorithm for its accurate calculation can be presen-
teds Some numerical experiments are also reported.
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A. Kalliauer, Oesterreichische Elektrizitdtswirtschafts-AG, Vienna, Austria
and University of Technology, Vienna

COMPACTIFICATION AND DECOMPOSITION METHODS FOR NLP PROBLEMS WITH NESTED
STRUCTURES IN HYDRO POWER SYSTEM PLANNING.

In hydro system extension planning it is necessary to study the operation of
alternative power systems. To this end, we must determine the optimal operation
under conditions 6f average water yield."Optimal" means in this context that, for
meeting a certain demand for power,storage and pondage stations (short-term and
long-term reservoirs) are operated such that the fuel cost of thermal generating
p'lant is at its minimum. As the Austrian system contains annual storage develop-
ments, their optimal operation must be determined over the time interval of a
year. This results in a linearly constrained large-scale NLP problem. The system
can be thought of as a network of interconnected storage reservoirs. The
variables are the flows in the network at different discrete points of time in
the considered time interval.

The system can be decamposed into local storage subsystems. We can also sub-
divide the time interval into "subsystems of time" (e.g. weeks, days). By sub-
dividing the variables into subsets corresponding to the subsystems we obtain
a nes.ted—structure constraint matrix with coupling variables and coupling
constraints. ' '

The Report presents developments of optimisation algorithms which take advantage
of the nested structures and reduce the amount of camputational. effort. These
campactification and decomposition methods are based on a special gradient pro-
jection method using an orthogonal basis for the space of active constraints.
The resulting program elements permit simple design of flexible software
suitable to handle problems with variable nested structures (variable numbers
of levels of nested structures).

Besides discussing these algorithms the Report deals with associated software
problems, that is to say, questions of suitable implementation of algorithms
for nested structures with a variable number of levels.
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A.A.Kaplan, Institute of Mathematics, Novosibirsk, USSR

A NEW CLASS OF PENALTY FUNCTIONS AND BOUNDS OF CONVERGENCE RATE

- |
Let be given the following nonlinear programming problem § (x)=> min.
subject to x ¢ 2 ~{reR" yice) €D, §¢7)

with convex function #f» 3“

With help of axiomatix conditions a class of sequences of penalty

functions being well behaved with respect to differentiability and

to the growth outside the feasible set is described. As an exemple

of a sequence { Pt of penalty functions considered here we select
?K (x) = An!Zt (¥ (x) + VgT rx)+ A% ),

with ©2>0) Ax — -o.

In the sequel we give some theorems for the functions S which
in fact hold for the whole class, Let denote

x 5= arg ’.1"‘:'1- E+ =) + P (x) :]‘ x* - arg P.;'E'- 4(«-7‘ j
x =~ a given feasible point with .;..".._‘ |g(%)|=6 >0 ,

P ' .
Theorem I, Let £ be compact +eC'(RY), g'eC'(R) (1e7)
There exist integer K with Ck 2 K)

x" € int 82, xSy 3
40 2 x4 (XD + A E, (l TW) g (xH
and besides 3 ex%)
(1 ) e e,
3€3 g tcx* )+ Ax =

Theorem 2, Let the conditions of theorem I hold and additionally
FeC ), (F' @ E, )z 17N (>0
for any pair i, 1 2 There exists an 1nteger K with (k ;,\()

ke x* 172 2 (8 (e pen)» 1 A0

/T €E(D1) | fixed / . :

Using the approach for proving theorem 2 we also get bounds of the
convergence rate for some well known penalty functions, e.ge

a./ it P, C::c)-:-/ﬂ\"zr e‘ca:) , then

| ok =y Li—[_‘Ar—ucqc) M) m A 1
be/ if%(ﬂﬁ=§re"l’-’{/‘\& ‘3'}(;3:)} , then

- | ~ . ~
Nac® - =¥ 11" ¢ %[%“,—- (FcX)-f (™) v = 'UPS"A‘:}J,
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K. C. Kapur and K. Mirkhani, Department of Industrial Engineering
and Operations Research, Wayne State University, Detroit
Michigan, 48202

AN ALGORITHM FOR THE PARAMETRIC SOLUTION FOR NETWORK
FLOW PROBLEMS WITH QUADRATIC AND CONVEX COST

The objective of this paper is to develop a method for
determining the parametric minimal solution for a network flow
problem when the cost is a convex function of flows along each
arc. This problem could be considered as a convex programming
problem and solved by one of the iterative methods available
in convex programming. However, this approach does not utilize
the special network structure of the flow problem with convex
cost which enables the development of a more efficient algor-
ithm. In most of the approaches in which the structure of the
flow problem has been exploited, the problem has been initially
solved for linear cost, then, by use of the linear approximation,
the procedures have been extended to encompass convex cost.

The approach employed in this paper is the use of the
special structure of the problem to determine the exact solu-
tion for a quadratic and convex cost with extension to an
arbitrary convex cost by piecewise quadratic approximation.
The algorithm is a combination of the Primal - Dual approach,
in that the Kuhn - Tucker conditions are used to derive the
optimality conditions for each arc, and the Shortest-Path
approach, in that the flow ‘along the path which is least
incremental in terms of cost (shortest path) is increased.
The cost of the branches are appropriately defined relative
to the flow and optimality conditions throughout the calcu-
lations. It is shown in this paper how to change the solu-
tion at each iteration such that all arcs satisfy the opti-
mality conditions, thus providing for the optimality of the
solution at each iteration. Theorems are used to show that
the maximum flow will be obtained, assuring the termination
of the algorithm.

Problems in systems and industrial engineering, trans-
portation and distribution systems, and electrical networks
are formulated as network flow problems to show some poten-
tial areas to which the algorithm can be applied. Some
extensions of the algorithm as well as applications to more
general problems are given.
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Richard M. Karp, University of California, Berkeley, USA

PROBABILISTIC ANALYSIS OF TRAVELING-SALESHAN ALGORITHMS

Consider Euclidean traveling-salesman problems in which
the locations of the n  cities are uniformly distributed
over a region in the plane. A simple partitioning algorithm
which runs in time O (n) 1is exhibited. It 1s shown that,
for ‘every £ >0, the algorithm almost surely produces
a tour costing not more than 1 + € times the cost of an
optimum tour.

Péter Kas, Computer ana Automation Institute of the
Hungarian Academy of Sciences, Budapest,
Hungary

ON A SPECIAL TYFE JOB SEQUENCING PROBLEM

Let us consider a computer with K> 2 processors
of equal ability. This paper deals with a sequencing
problem in which n jobs with ordering restrictions have
to be executed by the processors. Assume that every
processor can do any of the wn Jjobs and we are given:

-~ the ordering restrictions represented by a prece-
dence network

- d120  integer numbers representing the execu-
tion time /in minutes/ of job 1 1f one processor
1s used ‘

- kix0 integer numbers representing the maximum

number of processors that can work on the i-th
job at the same minute

We have another assumption according to the feasible
sequencing: The execution of each job can be interrupted
at the end of any minute. Now, the following problem may
arises )

Determine the minimum aumber of processors that can
perform all jobs &t the earliest time. In the present

paper this gquestion 1s considered as a network flow prob-
lem of special type.



142

G. Kéri, MTA SZTAKI, Budapest, Hungary

NOTES ON SUBSTITUTE INVERSES AND THEIR RELATION TO EACH OTHER

Let A be a sparse nonsingular square matrix of order n.
A 1s said to be reducible if there exist two permutation
matrices P and Q such that PAQ is partitioned in
block triangular form. If A 1s reducible, then the prob-
lem of inverting A may be reduced by known methods to
" inverting the triangular blocks. In this case PAQ and its
inverse have the same block triangular structure, If A 1is
irreducible, then all its minors of order n-l have a%
least one nonzero term. Consequently the inverse of an
irreducible sparse matrix is generally totally full /and
so are the inverses of the irreducible triangular blocks
of a reducible sparse matrix/.

Many problems can be handled by using substitute inverses
instead of the explicite one. Substitute inverses my be
sparse even if the explicite inverse is totally full.

A kind of substitute inverse is the pair of a lower
triangle matrix B and an upper triangle matrix C such
that BC = A /triangular decomposition/. Others are the
factored forms of the inverse, any of them can be regarded
as the set of the factor matrices: elementary column
matirices for the product form of the inverse /PFI/, ele-
mentary half-row matrices /left-hand factor matrices/ and
half-column matrices /right-hand factor matrices/ for
the elimination form of the inverse /EFI/, alternately
sequenced elementary half-row matrices and half-column
matrices for the mixed factored form of the inverse /MFI/
etce
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The PFI, EFI and MFI can be described as the
pairs of matrices /B,C—l/, /B,C/ and /AL,C"l/, respec-
tively. Here B and C are the triangular factors of
A, while A;  denotes the belcw-diagc.al-part of A.
From this 1t follows that the PFI is generally not
as sparse as either the EFI or the MFI. This assertion
can be even more justified by some considerations on bi-
nary matrices,

P. Korhonen, Computing Centre, University of Helsinki, Finland

AN ALGORITHM FOR TRANSFORMING A SPANNING TREE INTO A STEINER TREE

The Steiner problem: Construct the minimum-lenght tree containing
a given set of points A={a;,...,a_} in E° within its set of vertices.
(The tree may contain othe} point? S={sl,...,sk} , 0<k<n-2, too.)

The solution is called a Steiner minimal tree and the points in the
set S respectively Steiner points after J. Steiner (1796-1863), who
first introduced the problem for the case n=3.

It is easy to show, that if a Steiner point exists, the tree contains
three edges leading to it, and the edges meet pairwise at 120°,

Definition: A tree U with vertices a,,...,a ’51"“’Sk is a Steiner

tree on a;,...,a if and only if it has the™fo lowing properties:

1s U is not self-intersecting )

2 , w(s.) = 3, 1<i<k , (w(x) is the valency of a vertex x)

3 w(ar) <3, 1<is<n

4. ' each Ss is the Steiner noint of the trianele formed by the
points in U with which s. is directly connected

5. 0 <k <n-2 1

An algorithm for solution of the Steiner problem was given by Z. A.
Melzak (1961) and further developed by E. J. Cockayne (1970). Although
a variety of geometric criteria have been devised which are useful

in reducing the number of possible alternatives, the algorithm is.still
impractical for nroblems with n ereater than 30. In practice even 8
points seem to take too much computing time.

This paper describes a fast recursive algorithm for transforming a

given spanning tree into a Steiner tree that is shorter than the given
tree. The algorithm converges in a finite number of steps and, if the
initial spanning tree is minimal, eives a sufficiently close approximation
for the minimal Steiner tree. Ixperimental results and a few new properties
of Steiner trees are presented.
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MULTIOBJLCTIVE DYNAMIC PROGRALLING
In this report a generalization of Bellman's

principle of dynamic programming is treated for the
following class of vector optimization problems with the
criterion of the Pareto-optimality (denoted by * )

F(x,u) —> Maﬁﬁk
among all state variables x = (xo,...,xN) and control
variables u = (uq,...,uN) under side-conditions of the

Here F(x,u) e;(EeN+1—9'EL) is a given continuous vector-

valued function.Furthermore we assume (in generalization

of analogous conditions of L.G.Mitten) that F(x,u) fulfils

the properties of separability (S) and monotony (M).

This means

(s) F(xo""XN;u1’"’uN)=QN(xN’uN;qN—1(Xo'"’XN~1;u1""uN-1))
U (K s+ + 9%y 305 000 )= (350,30 g (e e e s Xy 38520 _4))

(n=1,...,8~1) , . = qo(xo) with continuous

)
Q, € E*>E") and o € @z ;

(1) anxh’un;W)'>h Qn(xn,un;w') for all pairs w,w' of EC

Wit}& w o> W'L(i.e. w; 2w; foris=1,...,L and

i
2. w, > 2 w! ¥ 5 BB &gl s
Then for the set-valued Bellman function
¥

fn(xh): = Wn(xn) (as the optimal set of Wn(xn)<: B )
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with Wn(xn): = {z&EL| zZ = qn(xo,..,xn;u.],..,un),
x;i-’lzgj(x;j ,uj),ujer(xj),J=1,..,n }

a multistage system of recurrence equations holds:

*
f = ] H f ]
n(Xp) fffé U_(x,) Qn(’:n una n-’l;jn(’% uy)))
N = cyeeny
f1(x1) = g:éﬁ,' (11) Q1(x1 ’u13 qo(g1(x1 9u1)))

if we understand the right hand side of these formulas by
{Qn(xn’un‘w) I W&t E,(xup)), v, € Un(xn)}x

resp. {Q,](x,l,u,] W) l w = q,(g4(xq,uy)), u, € U1(x1)}* .
Finally fN(a) represents the set of optimal values for

the original introduced optimization problem.

M. KOEHLER, Institut fiir Operations Research und mathematische

Methoden der Wirtschaftswissenschaften der Universitidt
Zirich

A GAME THEORETIC EXTENSION OF A DYNAMIC MARKETING MODEL
Considering the situation in which two firms share in a market
and intend to increase their respective share by means of
adveptising expenditures, a differential game model is developped.
Applying the min-max-principle, necessary conditions for a
saddle-point are derived.
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ECONOMIZATION OF A CHEBYSHEV EXPANSION BY WAY OF TURNING IN
THE TRUNCATION ERROR

An algorithm is presented to achieve the minimax(near minimax, in a strict

sense) polynomial approximations by economizing p terms of the Chebyshev expansion
n .

series T Cka(x); To reduce' the error, the economized terms are systematically
= "

turned in the remaining series as increments(or decrements) of its coefficients.

The resulting approximations are given as a form:

n-p
£(x) ~ kﬁo[ Cx * C2(n-p+1)~k * ®n-p+1-k J Ti(x)-

Note that o x can be explicitly determined in terms of the trigonometric

. n-p+l-
identity as a quadratic fraction of the high-order coefficlents of the Chebyshev
series, Then, all absolute extremal deviations of the error are leveled to satisfy
the same magnitude ICn_p+1 + col .

Details of these fractions are given by:

¢y ~ °"'P*1(_:__§:_i") (1+ =2 n_p+ (ﬁ) - (—::-5;1) 3

6 m n-p+1(fﬁ’z[ 2( :‘p+2) - w57 (ﬁ) 1

e, =~ -cn_p+1(ﬁi)25 g, = n_p+ (b_n:-:;Tl) + 2( ~ p+2)(a§f’;5)]._
oy ~ ,,_pﬂcal‘ﬂ)zc a(al'-u) T (gﬂ;—in.

Sts s s bbb dsbtecsbsn bR RPN RRPPRIRERRER RS

K, 0.Kortanek, Carnegie-lMellon University.Pitisburgh,Pa.USA

PERFECT DUALITY IN GENERALIZED LINEAR PROGRAMMING

The following two programs are studied.

Program GLP. Let P_, Q, and a collection of subsets [Ci} be

specified in R™. Find sup w from among those w ¢ IR and

(z,zn+l) ¢ R™ x R which satisfy: for every € > 0, 3, 0< 8 ¢

and x, € R, x; € R such that
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P x + E Pixi =Q + 6z,

X -w > bz x; 2 0 for i# o,

n+l’

and x>0 for at most a finite set of i, where each Pi may

be freely chosen in ;. ||

Program GLD. Find MGLD = inf y-Q from among those vy € E!n
ggtisgviné

y-Po =1
and

y-P; 2 0, for every P; € Cy

and every i. ||

It is shown that Programs GLP and GLD are in perfect duality

in the sense that (pl), if one program is consistent and hasxg

finite value, then the other is consistent and (p2) if both

programs are consistent, then they have the same finite value.

Feasible perturbation vectors (z,zn+l) are termed ascent vectors

and rules are specified for their construction.
Perfect duality is stronger than the concept of duality
equality appearing in convex analysis, which specifies: if one

program is consistent and has finite value, then the other program
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B.Korte - D, Hausmann, University of Bonn, W.-=Germany

COLOURING CRITERIA FOR ADJACENCY ON O-=1 POLYHEDRA

Let P be an arbitrary O-1-polyhedron in RE and'?'be the system
of subsets of E corresponding to the vertices of P. Let

Pl’ P2€ ?'. Then it is easy to see that F F, are adjacent

1 ~2

with respect to (E,¥) (that means: the incidence vectors
~ .

Fi, xP2 are adjacent on P) iff ?} = Fi\F2 and F2 = FQ\F1

P~
are adjacent with respect to a reduced system (Fion;?).

X

A general‘gpfficient criterion for the adjacency with respect
to (F15F2;¥) and thus for the adjacency with respect to (E,¥)

is given in terms of the prime implicants of”}.:. A "colouring"
of F1 Fz, i.e. a partition into disjoint "colour classes",
is called feasible if it can be obtained by a constructive
colouring algorithm; this algorithm starts with the "trivial"
colouring (every colour class is a singleton) and combines
colour classes accogging to certain rules that involve the
prime implicants of ¥. The criterion is fulfilled iff the

colouring having only one colour class is feasible.

One class of polyhedra for which thg_criterion is necessary, too,
is the class of polyhedra for whichfy has only prime implicants
of length 2, e.g. the polyhedra oﬁ%he set packing problem and

of the matching problem. In this case the Jriterion is fulfilled
iff a certain graph is connected; the nodes of the graph are

the elements of FfaFQ, its arcs are the prime implicants of ¥ .

Others polyhedra P for which the criterion is also necessary
are those which are symmetrical in such a way that if a subset

F < F1AF2 with a certain colouring property belongs to ¥ then
also its complement FiA Fz\f‘ belongs to¥. In this case, we have

L
still another criterion: F F, are adjacent iffT-={F FZ}'

1’ 2 1’
Examples of polyhedra which are symmetrical in this sense are
the polyhedron of linear orderings and other ordering polyhedra.
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GLOBAL MAXIMIZATION OF CONVEX FUNCTIONS SUBJECT TO LINEAR CONSTRAINTS
In this paper we examine existing methods of convex

maximization and propose a new hybrid method. —
Most convex maximization methods depend on Tui cuts.

However, Tui cut algorithems do not possess finite convergence
and have been shown to be computationally inefficient. The
other common techniques are assorted algorithems based on
extreme point enumeration. Arbitrary extreme point enumeration
is obviously computationally inefficient; however, it is

formally finite,. -
Extreme point enumeration techniques can be efficient in

the presence of few extreme points or few constraints. For
example, an extreme point enumeration of a simplex is an
adjacent extreme point search. Consequently we propose a
relaxation algorithem, That is, we relax all constraints but
those which constitute a simplex. We enumerate the extreme
points of the simplex and determine the optimum point. We
then test the optimum point against the best feasible point.

If the optimum value is greater than the best feasible value,
wve iﬂdex the most violated constraint and enumerate thz extreme
points generated by this constraint, etc. This procedure is
formally finite and if a "good" set of "starting" constraints is

used may even be computationally efficient.
_However, we note that Tui cuts are constraint reduction

techniques. In the absence of degeneracy, every constraint
active at the extreme point at which the Tui cut is taken is
made redundant. Further, after a "few" Tui cuts are generated,
further cuts generally do not improve the optimal value.
Consequently, a hybrid algorithem is proposed, which generates
Tui cuts (and reduces constraints) until an indication of poor

progress 1is received and then the relaxation procedure is

applied. o
Heuristics are also employed to obtain accelerated

algorithems. Introductory computational results are

presented.
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G.P.Wright, Purdue University,West Lafayette,Indiana, USA

MULTILEVEL BENDERS DECOMPOSITION APPLIED TO INTEGRATED PRO-
DUCTION / DISTRIBUTION SYSTEMS

. Over the years a great many computer based techniques have been devised

for, facility location, distribution and production planning. This pener
develops a framework for coupling these three decision vrocesses togetner.
The motivation for this paper is based on the original work by Geoffrion and
Graves (Management Science, Volume 20, 1974) in their paper "Multicommodity
Distribution System Design by Benders Decomposition". The authors have exten-
ded the work to allow simultaneous determination of supplies levels for each
product class at the various plants when raw material levels are determined.
This will provide a production schedule for each product class, by production
process at particular plants, These concepts have been integrated with the
distribution planning system outlined be Geoffrion and Graves to allow global
integrated planning for production and distribution operations.

Within the paper is the develooment on an efficient procedure to solve
the large scale mathematical programming model via two levels of Benders
Decomposition, A series of test problems provide insight to the solution of
integrated production/distribution models with this methodology.
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»

SUPERLINEARLY GLOBALLY CONVERGENT ALGORITHM FOR NONLINEAR
PROGRAMMING VIA SEQUENTIAL LINEAR PROGRANS

The nonlinear programming problem is first cast as
an unconstrained minimization of a function which 1is not
necessarily differentiable. Any appropriate function must
be able to be approximated sufficiently well at each point
by a convex function. This convex function is then used
to develop an optimality function, to define the algorithm,
and as a basis for the convergence and rate of convergence
theorems. It is shown that the rate of convergence theorem
is a generalization of the iterated contraction theorem.
The minimization of the convex approximation function provides
descent directions for the unconstrained function. It is
then shown how this minimization problem can be cast as a
linear programming problem. An Armijo type step is used on
the descent direction maintaining superlinear convergence.

A comparison and application of the algorithms are given.

J. Krarup, -Institute of Datalogy, University of Copenhagen, Demnmark, and

P.M. Pruzan, OAC, Operations Analysis Corporation and IMSOR, The Technical
University of Denmark /

LAYOUT PLANNING, EVALUATION AND OPTIMIZATION

Architects, engineers et cetera are frequently facing problems involv-
ing the optimal design of a structure's layout subject to certain conditions.
To determine the number of buildings, the shape of each, their location and
orientation on the ground(s) and the mutual placement of the individual func-
tions within the buildings is a typical, everyday example. However, the prob-
lem is also met in other contexts such as the arrangement of electrical com-
ponents in printed circuits or - to mention an entirely different field - how
to move governmental institutions from the capital of a country to other ci-
ties.

The paper will outline the general structure of the problem including
some special versions like "The Quadratic Assignment Problem", "The Line Ord-
ering Problem" et cetera. Furthermore, a recently developed model by the auth-
ors 1is described, primarily aiming at an appraisal of a given layout accord-
ing to certain criteria. The terminal-oriented model has proved to serve as a
powerful tool for architects during the process of experimentation with alter-
native layouts. Besides of calculating the "internal transport", the model can
take other measures which are usually considered to be of a "qualitative, aes-
thetic" nature into account such as noise, availability of daylight et cetera.
A number of macro's facilitates the transition from one layout to another.
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A METHOD FOR LINEAR DYNAMIC PROGRAMS WITH THE USE OF
BASIS MATRICES FACTORIZATION

The following linear dynamic program is considered.

Problem 1. Define the control U=4{u(o0),..., u(T-1)}
and the trajectory x ={x(o),..,%x(T)} satisfying the diffe-
rence equations

x (te1) = A(E)oc(8) + B(H)u(t) - s(¥)

x (o)=a, (t=0,4,..,T-1)
subject to the constraints
G(t)x(t) +DE)u(t) = £(¢)
u(t)>o0 ,(t=0,4,..,7-1)
and maximizing the performance index
d(u) = (el Ty (7))

Here x(t)e € u(t)eE? f(t)e £™while the matrices A(¢),
B#),G(¥),D(t) and the vectors a,c(T),f(t),s(¢)have proper
dimensions and taken to be known.

In this paper a "simplex~-type" algorithm for Problem
1 is proposed. The algorithm is based on the expression
of the (n+m)Tx(h+m)T basis of Problem 1 in terms of the
set of the local mxm basises at each £=0,1,...,7-1.
In the solution process one has to work with the local
basises only, and at each step some fraction of the basi-
ses only has to be updated, the rest being the same. The
updating process consists in multiplication of the local
basis submatrices inverses by elementary submatrices.
This allows to store the inverse in a factorized form.

The updating procedure for the change of the basis
is described. The method proposed in this paper makes use
of the special structure of LDP problems and provides
considerable savings of processor time as well as of the
core memory.

From the formal point of view the results described
above may be obtained using the factorization applied to
the "global" (n+m)T x(h+m)T basis. However, in fact the
algorithm proposed is an extension of the simplex method
for dynamic linear programs.
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MINIMIZATION OF A CONCAVE FUNCTION UNDER LINEAR CONSTRAINTS./MODIFI-

CATION OF TUY’S METHOD./

The problem under consideration is to find a global minimum of a con-
cave function f£:D —s R, where D CR" is a given convex /bounded/
polyhedron.nWe assume without loss of generality that f is defined in
all space R and int D # f.

The first and basic for most other methods which solve this problen
wes the algorithm proposed in 1964 by HoangTuy [171 . !
The algorithm described in the paper is &= continuation of Tuy’s idea
too. Unlike the Tuy'’s method /see: Zwart [ 27) / it finds the globel
minimum in a finite number of iterations - for every f and D. llore-
over there is no troubles with degencracy of initial vertex of D.
These advantages are a consequence of two modifications of the algo-
rithm ., The main difference between both methods lies in use of another
auxiliary problem /but unfortunately it is a little more complicated/.

It has the following form: CT 5 —u mar

2 = (a|,...| 2'\)20

2¢e V(D)
T x>
where \/(D,,) is a set of vertices of some polyhedron D; € R™ closely
related to D. Such a problem can be solved using the method described
by Pollatschek and Avi-Itzhak [3] .
The second modification is connected with starting iteration and, in
particular, with defining the first series of auxiliary problems. In
addition there is proposed in the algorithm a procedure of bounding
the values of solutions of guxiliary problems, It makes the idea of
the method more similar to a general branch - and - bound technique
known from integer programming. ‘
It should be noted finally, that the main purpose of the paper is not
to formulate an algorithm which is numerically complete and ready to
code for computer. The stress is lcid on a geometrial idea of the
method and its formal simplicity.

References:

L;] Tuy,H. "Concave programming under linear constraints" /in Russian/
Dokl.Ac.Sci.SSSR 159 No 1 /1964/

[2] Zwart,P.B, "llonlinear Programming Counterexamples to Two Global

~ Optimization Algorithms" OR 21 /1973/

L3] Pollatschek,l.A. and Avi-Itzhek,B., "Shorting Feasible Basic
Solution of Lincar Program" in "Development in Opera-
tions Research",Avi-Itzhak, ed.,vol.l,Gordon and Breach
1970.
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OPTIMIZING THE LONG-TERM ACTIVIT! RATE OF A CLOSED POPULATION

Although population is a rather independent factor of the

future, it is not without interest to speculate on the
desirability of various alternative development paths. This
kind of “policy studies" may serve the purpose of clarifying

the objectives of population policy which often are ambiguous,
especially in the more developed countries where the mere size
ot the population is less problematic than the structure. The -
translation of the ambiguous strategical goals into concrete
tactical goals, things to be achieved, should be most useful
even if tne means of achievement must be left unspecified: The
knowledge of goals is prerequisite to finding the means.

A subscriber to the normative approach exemplified by
operations research is not satisfied with the methodology of
most population policy studies: Only some conceived

alternatives are compared, and the measuring sticks have no
fixed length. In the present paper, an attempt 1is made to a
more rigorous treatment of a specific problem of population
policy.

The task is to determine the annual numbers of births required
to keep the future activity rates (proportion of people in the
working ages) as high as possible, either in average or
continually. The population 1is assumed to be closed for
nigration, the age-specific fertility rates are allowed to
vary only within specified linits, the year-to-year changes in
fertility shall not be too great, and the size of the total
population must also stay within predetermined 1limits. A
solution method based on dynamic programming 1is outlined.
Numerical results for the population of Finland are presented
and discussed.



Global Stability of Optimization Trollens

Consider the mappings
(1, A) A O, A) = {1, R) / x€1}

(5, A Ao, A) = {x €77 50, A) = 226, N

wvhere x lies in a .metric epace X, 11 is a rubset of X, x]i.cs in

1]

a set A "with converpence" and€ f i rny recsl-valued function
defined on X WA .

In relation to the sel-converrence, f't wp! (tpo®) irf

m=2n ¥, ond VEP0 3 (&) Vi>u(g): ¥, e ugr,
necessary and sufficient conditione will be piven for the continuity
of £° and the uprer-semicontinuity of ? « Turther, -connections
tetween the upper-semicontinuity of £° and ? are studied, »nd for
some prohlems in Fanech speces (quasi-convex optimization problers
end certain prodlarme with nou=-coyintotical ot jeclive functione)

sufficient stability-conditions are Tormulated.

Istvan Kun, Computer and Automation Institute of the
Hungarian Academy of Sciences, Budapest,
Hungary

A GEOMETRICAL APPROACH TO TUE THEORY OF LINEAR INEQUALI-
TIES

The tOplc of the paper is the theory of systems of li-
near inequalities, We perform proofs by geometrical
arguments where it is possible. Our aim 1s to demonstrate
the effectiveness and beauty of a proving method rather
than to generate new theorems by means of this method,

First we give an almost completely elementary geometrical
proof of the separation theorem. Then we deal with the
problem of consequences, relying on the separatlon theoren.,
We prove the Farkas theorem and an 1nterest1ng result of
Chernikov which is properly the correction of an erroneous
statement of Alfred Haar: a necessary and sufficient
condition that all consequences of a /possibly infinite/
system of linear inequalities be consequences of finite
subsystems as well,
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LINEAR PROBLEMS OF CONVEX ANALYSIS

Programming of extrqmal problems with convex solutions
such as geometrical problems of isoperimetrical type needs
unified tools of description of the whole cone of convex ob-
Jects of this or that type. The general approach can be expo-
unded on the basis of the Minkxowskl duality scheme, That is
in the simplest cases by an identification of convex compacta
with their support functions.

Because of the duality a cone in a vector space is ob-
tained and, thus, the standart linearization technique can
be applied - the technique of the Choquet ordering. Descrip-
tion of the ordering is given in a "computable'" form bringing
along a bulk of concrete results, for example, general solu-
tions of convex programs with constraints on mixed volumes and
mixed area functions. The peculiar property of the pr_oblems
is that there exist at least two different vector structures
in which they are convex and each of them determines comple-

mentary sets of silvable programmns and respectively different

Euler - Lagrange equations.
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SCHEDULING OF PARALLEL MACHINES WITH PREEMPTION

The general problem considered is that of optimally sche-
duling n independent jobs on m parallel machines, where
there is negligible cost associated with preemption or

"job splitting".Let p;; be the processing time of job j on
machine i, if job isjprocessed by machine i exclusively.
If p..=q.p., Where q. and p. are parameters associated
with?9madhine i and ﬁob " Qespectivcly, then the machines
are said to be "uniform", If p.. is arbitrary, then the
machines are "unrelated". The pPoblem of minimizing makespan
/the completion time of the last job/ on unrelated machines
is formulated and solved by /noninteger/ linear programming
techniques. These techniques are then extended to minimize
maximum lateness /with respect to given due dates/ on unre-
lated machines and to minimize mean completion on uniform
machines, In each case, a priori bounds, polynomial in m
and n, are obtained on the maximum number of preemptions
required for an optimal schedule.

B.J. Lageweg, J.K. Lenstra, Mathematisch Centrum, Amsterdam, The Netherlands
A.H.G. Rinnooy Kan, Graduate School of Management, Delft, The Netherlands

THE COMPLEXITY STRUCTURE OF A CLASS OF SCHEDULING PROBLEMS

A detailed classification of machine scheduling problems can be used to
generate a class M containing some 3000 specific problem types. Each

of those problems allows binary and unary encodings of problem data, i.e.
proportional to the sum of the logarithms of the data or of the data them-
selves. With respect to either type of encoding a specific. problem may be
solvable within polynomial time or it may be proved NP-complete. Reductions
within M extend these properties to other scheduling problems as well, the

current situation being that about 10
solvable, 70 per cent are NP-complete
these partitions of M and list some
to various borderline cases.

per cent of them are polynomially
and the rest remains open. We examine
important open problems corresponding
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/
COMBINING KELLEY®S AND CONJUGATL GRADIENT LMETHODS

Let £/x/ be a convex function defined on some lilbert space H.,If we
have on hand Xo,X,, .., X, and Jere ) G (3:63/’(x;))we know that for any x in H

/2/ FVZ max {£0) + (gc ,X-x;) / (=04~}
For minimizing f,Kelley’s cutting plane method [ﬂ consists in choo-
sing Xppq SO @8 to minimize the lower bound given by /1/: X,,\M solves

/2/ min, wmax { L) g0 xx;) /=04, w S

However this problem has in general no solution /the "solution" would
be infinite/ and a bound is needed. We choose a bound induced by the
norm of H by imposing | X—X,. |[¢M & positive constant., Ve then set

X=X, +Ms, , [S]sH4 Observing that 4(?‘»)*(«3;#-}(;\.-‘1&&/@.A—x;)»r{(;;)-{6(_)*(?;/,(”.,;)
w o)

and setting.
/3/ i = Lk}~ flx) +(8:16-Xn) /Note that o420, A, =0 /

we transform /2/ in an equivalent problem in s /the constant is
dropped/

. € o )
/4/ mm,slq_ max EM(%'{))_"(;/L~O""”’“S
By linearity max, gﬁlg;.d)*d;é > maxy §M (Z:q:,4)-Z Aih: [2:20, Zﬂ:’fff
and via this common trick, /4/ becomes a biconvex saddle point prob-
lem in which min and max can be inverted:

= y -0 A) - 71-4-.’
[4€ WX 7amn "R e EM(Z g 4) - A Ao /ISR
where the solution of the "min" problem is obviously o(ﬂ)‘zacﬁ;/ﬁ ;‘3;] .

In summary Kelley’s method with Euclidean bound consists in finding
the solution of h
h
A; P O ;0 A" =4
where 4, =7 A;¢; is a direction along which a line=search could be
performed /instead of being content with a simple step if lenght Me/o
Now 1/M in /5/ can be interpreted as the Lagrange multiplier associ-

ated to some constraint of the form 2 A;A;€ £ ; this means that for
every Me[l, @] there exists £¢[D, ] such that the solution of /5/

solvesmihﬂ | Z A; g. ' e ﬂ;:/]} Az20, K £E
which in turp is equivalent to . f_ ;\_

- < .= .2 s &
/6/  Win |:i=b (\Lg;l j;o ho=4 A20, ;-oh‘ 1, &; 20, ‘:’-‘-o/\‘dt &

For examplell=0 in /5/ corresponds to £&*0 in /6/ and the method re-
duces then to the steepesr descent /re call that «£,.=C /. On the
opposite hand l= +o0 gives & =00 and we get the conjugate gra-
dient method as stated in [2] ,(3]. .-

Towards o new algorithm. Let X, ¢ H, 9o € 047.0(;) « We can imagine the
following algorithm: Choose # >0 set n=0.

Step 1. Compute k%4, - - A, defined by /3/ /a simple recurrent allows
to compute them without storing the x; & /
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Choose &€ >0
Step 2. Solve /6/ for A and 5,=-ZA;q; « If |4s[4%) there holds
Vxett L) 2 L(x)- b [x-Xa| &
therefore, in this case, stop or diminish or.&.
Step 3. Perform a linear Searoh along 4, as explained in [3]’,
yielding Xw4 and @, € ('(x*w')
Set n=nid and go to 1.
Convergence can be proved provided a safeguard in Step 1 prevents &£
to tend to O, Some numerical investigations have shown that this
algorithm could be substantially better than (2,] [3] and variable
metric methods provided
- a good method is on hand for solving /G6/
- ¢ in Step 1 is properly chosen.
These two questions are still open.

References: ,
[;] JeHeKelley "The cutting plane method for solving convex programs”,
Journal of the Society for Industrial and Applied Liathe=-
matics 8/4/ 1960, pp.T703-T712, ‘ _
[2] C.Lemarechal “An extension of Davidoa methods to nondifferentiable
problems",liathematical Programming Study n.3 /1975/
llorth Holkh nd/American Blscvier, pp.95-109.
[}] P,Wolfe "A method of conjugatec subgradients for minimizing non-
differentiable functions",Ibid,pp.l45-173.
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C. Lemarechal, IRIA,-Laboria, Le Chesnay, France

NOTE ON AN EXTENSION OF "DAVIDON" METHODS TO NONDIFFERENTI-
ABLE FUNCTIONS ’

Some properties of '"Davidon", or variable metric, _
methods are studied from the viewpoint of convex analysis;
they depend on the convexity of the function to be minimized
rather than on its being approximately quadratic. An algo-
rithm is presented which generalizes the variable metric
method, and its convergence 1is shown for a large class of
convex functions.
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C.E.,Lemke, Rensselaer Polytechnic Institute,Troy,New York

SIMPLICIAL APPROXIMATION AND SOLVING SYSTEMS OF EQUATIONS

THERE HAVE BEEN MANY RESULTS IN RECENT YEARS by various
authors which relate to the use of simplicial approximation
techniques for approximating fixed-points, zeroes of a &ectot-
valued function, and solutions to nonlinear complementarity
problems. This talk is expected to include an evaluation of
these results and this use of simplicial approximation from the
standpoints of theory and of computational viability.,

F.lemvig=-Fog, Danish Engineering Academy, Lyngby, Denmark

4 NEW CONSTRUCTION MANAGEMENT GAME

The new geme (CMG) is & computer assisted management geme for the con—
struction industry.It is going to be played for the first time this winter
and ecrly spring 1975/76 by a nmmber of teems consisting of Sccondinavian
construction pecople,The game is Tollowed cnd reported in the leading
Danish construction magazine "Byggeindustrien®™ which in its issue for
October 1575 already has brought the initial introduction to the game.

CLiG is believed to be aoble to contribute to a better commurnication
between theory and prectice because the participants through their work
with the geme in a convenient and entertaining manner are trained in over-
looking the network and utilizing it es a tool for man~cgement.

Besides the ordinary espects of construction menagemcent CMG has the
more cpecific quelity thcat the duretions of the activities are assumed
to be stochastic variebles following certoin given probability distri-
butions.As is well known the stochastic enalysis is in fact more correct
cnd gives the proper jobdurction contrary to the deterministic analysis

which tends to cive too small jobdurations.The participents in CMG are



161

very dircctly fecling the stochostic effect on jobduretion,slackcolcu-
lations ectc. In this way the participants are acquiring some background
for estimoting the stochastic effcct in such other procctical cases where
a complete and proper stochastic analysis is unnecessery,too expensive
or perhaops impossible to carry out.

CMG conccrns'% construction contrect with a planncd duration of 120

days,which the teams have to menage using a precedense network as a tool.

There is & fine Tor lecte completion and the normel cost end expediting
costs etc. are given for the various octivities.There are five rounds
of the came.In the beginning of each round the tecoms moke their decisions
as to which activities should be expedited etc.fll the decisions are
fed into the computer which to the original position adds these "man-—
macde" data plus certain "nature-made" data namely. the outcomes from the
rondom "drawings" that the computer makes from the relevent probability
distributions.The "nature-made" data give the ectual durations of acti-
vities thct start in the round and also which of the 25 days in the round
that have such bad weather that outdoor activities cease on these days.
The sum of the original position before the round plus the "man-made"
and the "nature-made" data for the round are colculated by the computer
and communicated to each teem.The teams meke their decisions for the
next round end so on till the contrect is completed.
After each round the computer calculates for each team an amount in

Kroner represecnting total now cxpected Tinal cost plus fine for the whole

contract.The position for selected individual teams end the sverage posi-
tion for all teeams can then be reported round for round in the magazine,
The paper for the symposium ebout CMG will present a more detailed
deceription of the structure and rules of the game ond report by graphs
and otherwise the results of the geme that is to be played this winter.
Comments,cxperiences and poénible benefits for the perticipants will be
described and the results and experiences in connection with the stochec-

stic conditions of the game will be dealt with.
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Methods of Conjugate Directions for Linearly Constrained Nonlinear Programming

Several numerical methods for unconstrained nonlinear optimization depend

on maintaining a set of conjugate search directions; for example,

Powell's non-derivative method and the accelerated conjugate direction
methods of Best and Ritter. When such methods are adapted to solve linearly
constrained problems, it becomes necessary to confine the search directions
to a linear subspace defined by the set of contraints which are active or
binding at a given point. A technique is described for maintaining conjugacy
relationships among the search directions when a new constraint is added to
the active set. The technique uses Householder transformations to maintain a
Q-R decomposition of the matrix whose columns are the normals to the active
set, and to rotate the set of search directions when a new constraint is
encountered. Possible applications to quasi-Newton methods are also discussed.

E.V. Levnecr. Central bconomics Mathcmatical Institute,
Academy of Sciences of the USSR, lloscow.

Ol RESOURCES ALLOCATION PROBLELS eduCIBLE 10O
THE TIAUSPORTATION PRCBLEM.

The work deals witil® sone problems of t(hc optimal allo-
cation of resources -in n-tworks. The problems involved
differ from the resources allocation problems usually con-
sidered in the following aspects: (1) The networks have
disjunctive arcs as well as arcs with negative lengths and
negative costs. (2) The operation durations, due dates and
resources costs are variables lineurly depending on a parame-
ter. The following two types of +the problems are investi-
gated, (1) the problems with costs linearly depending on ope-
rations durations and operations dates, and (2) the problems
with costs being piecewise-linear functions. ‘

Such problems usually appecar in projcct planning, schedu-
ling and transportation planning.

It is shown that the problems considered have a special
structure that enables using linear programming technique,
in particular, network flows methods. The finite method for
solving the problems is developed, each iteratioh of the me~
thod consisting-of the solution of a transportation problem
of the same size as the original resource allocation problem.

The special case of the problems is the well-known Kelley
problem of project cost scheduling. Using the method mentioned
above for solving the IKelley problem in a network with n
nodes and p arcs we can obtain the equivalent transportation
problem in a network with n+p nodes and 3p arcs. llote
that the Kelley algorithm either requires a modification of
a labelling process or reduces the original network problem
to the equivalent transportation problem in a network with
n+2p nodes and 4p arcse
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M. Libura, Polish Acadeamy of Sciences >~
STABILITY REGIONS FOR OPTIMAL SOLUTIONS OF THE INTEGER PROGRAMMING PROBLEM

Some speclal problems of the sensitivity analysis for
integer progremming problems are considered.

Given the integer linear programming problem /ILP/
mex cx , Ax{b , x%»0 integer. Let & be a set of all
possible parameters p= (A b)) ; e.g.?='2.”“’w§<2.”"”‘ix R &
Denote by SL(p°) the set of optimal solutions of ILP cor -
responding to parameter p°e‘§> In general the problem
is stated as follows : for'x°e£1Uf) find a setf?bfjc *
such that f>€§?(a°) iff X% SL(P) . In the peper special
cases of the problem are considered, namely it is assu -
med that some of the parameters are fixed.

One of interesting problems of such & type occurs, when
A and b are constant end the set T (x°; A,b) of 2ll pos-
sible vectors ce¢ RY*™ | for which the ILP hes an opti-
mal solution x° , is to be found. It can be shown, that
f?(§°;ﬂ.b) is a polyhedral convex cone and thet the pro-
blem of finding all the extreme rays of this cone is
equivalent to the determining faces containing Xx° of the
convex hull of feasible solutions to the ILP. Such faces
are known only for some special problems / edge packing
problem, some knapsack problems, integer programming over
cones /. It is shown, how known results can be adapted
to obtain(apbxﬂitb) for these ceses. A possibility of ap-
proximate computing of ngﬁﬁhb) as well as the problem
of checking whether for a given set © , P c@(\x°; 9.5) ’

are discussed.
The second class of problems occurs, when ¢ 1is con-

stent and the set.S%gﬁc) of all possible paremeters
(R,6) , for which x°is optimal, is to be found, It is
shown, that if the ILP is a knapsack problem, than$(x%c)
is a polyhedrel convex cone /not closed/. In the O-1
case this cone can be completly described by the minimal
covers of the inequality c¢x4&cx® ., If only one parameter
of the knapsack problem constraint is veried, then the
stability region of the optimal solution can be calcula-
ted by solving a new knapsack problem. This new problem
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ie¢ much more easier to colve then the original one, be-
cause information obtained in the process of computing X°
can be used.
Results obtained ere extended to a generel ILP in
which elements of one row of constraint matrix ere varied.
Some other [eneralizations bacsed on the trensforma-

tions of the original problewm are alco diecusced.

P. 0. Lindberg, Dept of Mathematics, Royal Institute of Technology,
Stockholm, Sweden.

A GENERALIZATION OF FENCHEL CONJUGATION LEADING TO GENERALIZED
LAGRANGIANS AND NONCONVEX DUALITY.

This paper connects generalized Lagrangians to Rockafellar's duality
theory by means of a generalizstion of Fenchel conjugation. It gives
duals without duaslity gaps even for nonconvex problems.

In Rockafellar's duality theory one studies perturbed convex optimi-
zation problems of the form minimize F(x,u), where u is a perturba-
tion parameter. The dual of this problem is constructed using Fenchel
conjugation. As a byproduct one gets the usual Legrangian L(x,u) =

= f(x) + <u,g(x)> (<.,.> denotes inner product) to the mathematical
programring problem (P): minimize f(x) subject to g(x)< O.

The generalized Legrangians to problem (P) typically have the form
L(x,u) = f(x) + G(u,g(x)) for some function G. Using a suitable L
TP) cen often be solved by minimizing L for an appropriate choice
of u, even in the nonconvex case. -

The Fenchel conjugate f* of a function f is defined by f*(x*) =

= sup(<x ,x> - f(x) ). It can be viewed as a representation of the
aff¥ne minorants of f. One of the main properties of conjugation is
that & lover semicontinuous convex function generally can be recovered
by double conjugation.

By allowing more general minorants than affine ones, we get a general-
ization of conjugation. Then,more general functions than convex can
be recovered by double conjugation. For instance, for some choices of
families of minorants, lower semicontinuity is almost sufficient to
make a function recoverable. ' '

Using this generalized conjugation instead of the usual, one can paral-
lel the development of Rockafellar's duality theory. In this way we

get a duality theory that gives duals without duality geps even for
some general nonconvex problems.

The Lagrangians of this theory turn out to be generalized Lagrangians.
By suitable choices of minorants, most generalized Lagrangians in the
literature can be obtained, e.g. those of Hestenes-Powell-Rockafellar
and Arrow-Gould-Howe. The usual type of result connecting saddl=points
of the Lsgrangian to solutions of the primal and the dual are also
obtained.
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Thomas L.Liebling, LETH, Ziirich, Switzerland

STEINER’S PROBLEM CF GRAPHS : APPLICATIONS, THEORY, ALGORITHMS

Given a graph with positively weighted edges, one distinguished vertex s
and a vertex subset T, find a subgraph of minimal weight thet contains

a path from vertex s to every vertex in T.

The importance of this problem resides mainly on the fact that it can
straightforwardly be interpreted in an engineering context (synthesis
of networks to transport water, power, informations, etc, when the eco-

nomies of scale predominate).

It is furthermore of considerable theoretical interest, as it is poly-
nomially.reducible to the class containing the fraveling salesmen problem
and only if T is either composed of a single vertex or all vertices of the
graph, are there polynomial algorithms known to solve the problem. This

is true for undirected as for directed graphs.
The formulation as a 'loco' problem is discussed.

Finally various attempts to solve the problem are surveyed: (i) using
optimality conditions for implicit enumeration (Dreyfus/Wagner), (ii)
specializing to acyclic graphs (Nastanski), (iii) using Edmonds' branching
algorithm to obtain lower and upper bounds.(Bossel),(iv) Heuristics (Keller/

Wildhaber).
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D.G.Liesegang, University of Cologne, Koln, Germany

THE "TUBE-PASSING PROBLEM" AND THE TRAVELLING SALESMAN
PROBLEM

Given some tubes, each with two 0pen1ngs, one can formulate
the problem of finding the shortest circuit passing once
through each tube. In graph theoretic language one can state
the problem as follows:

Given an undirected graph G=(V,E) with the vertex set
v={1,..,n} ,the set of edges E= {{{1,5),(J,iVieV,jev}

and the weight c;. for each edge {(i,5),(3,i)€E and a
subgraph G'=(V,E') with E'¢E and with degree d(i)<¢2 for
each vertex i¢V, find a Hamiltonian circuit on G using all
the edges of G' w1th minimal total weight.

An algebraic formulatlon of the problem can be the following:
Given a triangular matrix (clk)ﬂékélén and a permutation
(p(l))l a, of (1y¢..,n) with p(p(i))=1i for each i,
we search’a trlangular matrix x =(x; k)ﬂ‘k<1‘n with x. kgb 1}
minimizing the function

(1) £(x)= qeticn  Cik ¥ix under the restrictions

3

(2) ;E: % = 2 if p(J)=d o+ J=1y4ece,nn
(i,%%Q, ik 1 it pg:j;#a

(with Q5 = {(5,1)7 12i<3 Jufca,5)/ 1‘341} ) 5
(3) x corresponds to a connected subgraph.

A branch and bound algorithm was derived dealing with a
tube-passing problem on each stage in analogy to the algo-
rithm of LITTLE et a.. The basic reduction is very strong.
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For 40 stochastically generated Euclidean problems from 10

to 60 cities the reduction was in the average 15 per cent
better than the reduction of the related assignment problem.
The branch and bound computer program needs only approxi-
mately (1/2n2+ 10n +200) places for data storage. The
20-city-problem by CROES (1958) could be easily calculated

by hand. '

(Bibliography: D.G.Liesegang, Moglichkeiten zur wirkungs-
vollen Gestaltung von Branch and Bound-Verfahren, Dissertation,
K61n,1974) '

F.A. Lootsma, University of Technology, Delft, Netherlands

SOFTWARE DESIGN FOR NON-LINEAR OPTIMIZATION

The paper is concerned with the discrepancies between the
theoretical development and the computational implementations
of non-linear optimization algorithms. Computational experience
with readily available software and users requirements will be
discussed. Finally, some guidelines for the comparison and
evaluation of optimization software will be-presented.
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M.Luptacik, Technical University, Wien, Austria

ECONOMIC INTERPRETATION OF DUALITY IN GEOMETRIC PROGRAMMING

The purpose of this contribution is the economic interpretation
of duality in geometric programming illustrated on the input-
output model with substitution between primary factors.

The standard input-output models are charakterized by constant
input coefficients and constant labour and capital coefficients.
Suppose furthermore the constant input coefficients, but the
substitution possibility between labour and capital. For this
reason, we introduce the production functions Cobb-Douglas or
CES in the open input-output model. Under the condition of
minimization of labour costs we can now analyse the distribution
of labour and capital between the particular sectors of the
economy for exogenuosly given final demand. The constraints

of this model are polynomials and after simple transformation

we can write this model as a problem of geometric programming.

In the second part we analyse the dual model from the economic
interpretation point of view. We show that the dual variables
in geometric programming are elasticity coefficients in

comparison to the interpretation of dual variables in the

linear programming as marginal coefficients.
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and
P.M. Reiser, University of Ziirich, Switzerland

AN ALGCRITHM FOR SOLVING THE NONLIIEAR COLPLELENTARITY
PROBLER

The complementarltﬁ prgblem is the problem of finding
for a given map f: R »R a nonnegative vector x such

that the two vectors x and f(x) are orthogonal. It is
the unifyiny mutinemutical form of many problems arising
in different fields such as matnematical prograuming,
game theory, fixed point theory, ect.

Recently, two algorithms [l] [a] were published for
solving tnis problem., The new algorithm presented 1n this
paper is a combin.tion of tue methods in [L] and [2].

It also uses the principle of simplicial approximation,
The algorithm generates a sequence of '"adjacent almost-
complementary" simplices terminating in a ‘'complementary"
simplex. Every peint 1n this final simplex 1s an approxi-
mate solution to the complementarity problem. The possi-
blllty of using such an agprox1matlon as a new starting
point of the alcorlthm, with a finer mesh size of the tri-
angulation, is described. It is this feature combined with
variable dimensions of the simplices on the path which
results 1n considerable computational savings compared with
other methods. Besides this numerical advantage the al-
gorithm provides constructive proofs of f. ex. Loré’s
existence theorems in (3).

[1] M.L. Fisher and J.W, Tolle, "A general algorithm for
solving the nonlinear complementarity problem",
Graduate School of Business, University of Cnlcago
/1975/.

[2] H.-J. Liithi, "Simplicial approximution of a solution
for the nonlinear complementarity problem", lath.Progr.
9 /1975/, pp. 278-293.

[5] Je.J. lloré, '"Classes of functions and feasibility
conditions in nonlinear comple..entarity problems",
liath, Progr. © /1974/, pp. 327-338.
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ON OPTIMAL CUTTING PROBLEMS

Following a description of some examples of the application
of cutting problems a discussion of the extent to which the
existing solution method can handle these problems is carri-
ed out, :

A case from the glass industry is then presented. The case
results in a two-dimensional cutting problem where large
rectangles hdve to be cut into smaller rectangles. At the
same time a group of additional constraints has to be satis-
fied. The solution method is a near optimal method using
knapsack functions, It is shown that the waste can be redu-
ced by approximately 50% in comparison to the solution
normally used by the company.

Finally, the cutting problem is viewed as part of a larger
problem-complex and it is pointed out, that it is not

always optimal only to minimize the waste.
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CHARACTERIZATION OF LINEAR COMPLEMENTARITY PROBLEMS SOLVABLE
BY LINEAR PROGRAMMING

The linear complementarity problem is that of finding
an n-by=1 vector x such that

Mx +q2>0, x>0, xT(Mx+q) = 0

where M is a given n-by-n matrix and q is a given
n-by-1 vector. A necessary and sufficient condition
for the solvability of the linear complementarity
ﬁroblem is given in terms of the solvability of a
linear programming problem. This characterization
leads to particularly simple linear programming methods
for the solution of the linear complementarity problem
for such cases as when M or its inverse is a matrix
with nonpoéitive offdiagonal elements, or a matrix with
a strictly dominant disgonal column-wise or row-wise.
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EXPERIENCES WITH THE DUAL TYPE GUB ALGORITHM OF GRIGORIADIS

For a class of decomposable linear procramming problems

we found that the subproblems can very well be treated by
the Generalized Upper Bounding /GUB/ technique. For certain
reasons we have chosen the dual type GUB algorithm of
Grigoriadis /Management Science, Vol.1l7., No.5., January,
1971/. Grigoriadis gives a detailed description of the
algorithm, however direct coding of his formulas doesn’t
lead to a succesfully working computer prosram, with a
computer-minded consideration of the algorithm, paying
special attention to error propagation, we have succesfully
implemented it and made a series of instructive test runs.
The program appeared very fast despite of the additional
heavy logic and arithmetic required to control error
propazation. Problem gizes varied from 8 Jjoint constrains,
200 group constraints, 600 variables to 25 joint constaints,
200 group constraints 500 variables.

In the paper we try to give some details of the implemen-—
tation of the algorithm and statistical evaluation of the

test runs.

Our final conclusion is that the Grigoriadis algorithm
- in our case - works efficiently.
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SOLVING A LARGE-SCALE LP PROBLEM APPLYING DECOMPOSITION

Evaluating a production plan for a screw factory having
more workshops can be described by the LP-problem

LiS:xij‘Ui 1 = l,z,onooo
J
.Z.tijk! Xijk‘ _‘P‘Ikt k = 1,2’00-- !: 1, 2,09(
1,J ‘
'zt'.xijkz -~ %33 =0 kK =1, 2, cooeo

X5 5k X315 20

X, = is the quantity of the i-th prbduct produced
by the j-th technology; '

xijkl is that part of the above quantity which 1is
produced by the ﬂrth machine /group/ of the
k-th workshop;

tijkﬁ is the corresponding time required;

Mkl is the capacity of the L-th machine group of
the k-th workshop;
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s

L. and Ui are lower and upper bounds for the
production of the i-th product;

cij are the profit factors.

The number of the products is about 6000, there are more’
then 10 000 possible technologies and about 50 workshops.
The maximal number of machine groups at a workshop is 40.

The problem was sclved by a Benders type decomposition,

The subproblems are transportation problems and generalized
transportation problems and in each iteration the extremal
problem itself was solved by a Dantzig=Wolfe decomposition.

The paper gives the details of the computational procedures
and presents some results and experiencesg.
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Thomas L.Morin, School of Industrial Engineering,Purdue Uni-
vergity,West Lafayette,Indiana

PARAMETRIC INTEGER PROGRAMMING: THE RIGHT-HAND-SIDE CASE

A family of integer programs is considered whose right-hand-sides lie
on a given line segment L. This family is cafled a parametric integer
program (PIP). Solving a (PIP) means finding an optimal sd]ution for every
program in the family. It is shown how a simple generalization of the
conventional branch-and-bound approach to integer programming makes it
possible to solve such a (PIP). The usual bounding test is extended from
a comparison of two point values to a comparisonrof two functions defined
on the line segment L. The method is illustrated on a small example and

computational results for some larger problems are reported.
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K.Marti, University of Zirich, Ziirich, Switzerland
APPROXIMATIONS TO STOCHASTIC PROGRAMS
Several problems in stochastic optimization can be formulated by

Find inf E f(w,x) subject to the constraints
g; (w,x)g0, i=1,...,m almost surely (Sp)
xgU :

where f(w,x) and g.(w,x), i=1,...,m are real-valued functions of
a stochastic paramétert:in a probability space (Q,A,u) and a
vector x in a subset U of a normed space X and E, denotes the ex-
pectation operator with respect to w. Problem (SP) becomes e.g.
a stochastic program with recourse if we put x=(x_,x,), x €R,
x;: 2 + R, where x_is interpreted as a first stage decifion and
x> (w) is the decisi8n of the second stage which can be chosen, in
ofder to satisfy the original constraints, when the value of the
stochastic variable w has been revealed to the decision maker.
Several theoretical properties of (SP), especially for stochastic
programs with recourse, have been established by Rockafellar and
Wets. To provide a constructive approach to optimization problems
of this type is the purpose of this contribution.
Approximations to (SP), yielding minimizing sequences, are ob-
tained by (combinations of)

a) Linearization of f and g,,i=1,...,m with respect to x,

b) Approximation of the pro%ability measure p by sequences of
simpler measures u ,

c) (Penalty funBtion method) Embedding of (SP) into the family
of problems 1 ‘

{ Find inf ( E flw,x) + = ,

€U w € e>0

where ¢y is a function such that y¢(t)=0 for ts0 and y(t)>0 for t>0.
Method (c) yields a simple direct method for the Lagrangian and a
constructive derivation of the (stochastic) Lagrange multipliers
(considersd by Rockafellar and Wets in a more theoretical frame-
work). Special attention is paid to the question of stability of
a minimizing sequence of (SP) under changes of the probability
distribution u.

m
i§1Ew¢(gi(m,x}} ) )
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SHORT TERM WATER RESOURCES ALLOCATION

In this paper, after having recalled briefly the water resour-
ces allocation deterministic problem and the algorithm used to
solve it, we discuss the obtained practical results.

In a second part we describe a practically realisible algorithm
to solve the same problem with large electrical network. It is
certainly quick comparing with the previous one. This algorithm
mixes partitioning method and relaxation.
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B.Mazbic-Kulma, Inst.for Org.Manag.and Cont.Sci.Warszaw, PI»_

DIFFERENTIAL EQUATIONS WITH TRANSFORMED ARGUMENT AND ECONOMIC\\‘
APPLICATIONS \\1

In 1969 D.Przeworska-Rolewicz gave in [1] a definition of

algebraic derivation., This definition is based on two classi-

cal facts:

1° that the Voltera linear equation /of the second kind/ al-
ways has a unique solution in the space of continuous func-
tions.

29 that the derivative of an integral with respect to its

upper limit is the integrated function in the same space.
Namely:
Let X be a linear spaces over the complex scalar field. We
say that a linear operator D transforming X into itself in
an algebraic derivative if there is a linear operator R
transformlng X into itself and such that:

10 »_, ond RARC ‘DD

2° NR= I
30 the operatox‘ I~-AR is invertible for every scalax' 3. The
operator R is called the algebraic integral.
In this paper we will consider differential equations containing
an algebraic derivative, We will give algebraic and numerical
solution of such. Then equations with transformed argument
will be taken into consideration,among others equation with
reflection, '
Finally we will give an example of an economic model with
investment delays taken into consideration.
As a result of taking these delays into consideration one of
the constraints is a differential equation with transformed
argument.

References:

1. D.Przeworska-Rolewicz, A characterization of algebralc
derivative,Bull.Acad,.Polon.Sci.9./1969/,11-13.

2, - Algebralc derivative and abstract differential equations,
An.Acad.Brasil.Ci.42/1970/,403-4009.

3. = Equations with transformed argument an algebraic approach
Elsevier Scientific Publishing Company,Amsterdam.

4, B.,Mazbic-Kulma, On an equation with reflection of order n,
Studie Math.35 /1970, 69-T6.
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J.H, May, Graduate School of Business, Unlver51ty of
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SOLVING NONLINEAR PROGRAMS WITHOUT USING ANALYTIC DERIVATI-
VES. PART III: A QUASI-NEWTON METHOD FOR LINEAR CONSTRAINTS.

The first two papers in this series described the theory
and implementation of a new modified Newton algorithm for the
optimization of a nonlinear function subject to linear
inequality and equallty constraints, That algorithm is an
extension of Nifflin’s local variations - approximate
Newton method for unconstrained minimization.

Building on the structure developed in Part I, this
paper presents a new type of quasi-Newton algorithm, wiaich,
at each 1teratlon, explicitly computes a user-determined
number of rows/columns of an approximated Hessian matrix.
Using a factorization of the currently active constraint
matrix, a coordlnate system is determined, and all deriva-—
tive information is obtained relative to 1t by differencing
function values at feasible points. 4 large class of matrix
factorizations may be used, so that special structure and
sparsity may be exploited.

Accumulation points of the algorithm satisfy the Karush-
Kuhn-Tucker first order necessary optimality conditions if
the objective function is continuously differentiable and
approprldtely bounded. Under stronger assumptions, every
accunulation point of the algorlthm also satisfies a second
order necessary optimality condition,.

The rate of convergence of the algorithm is superlinear
if the function is twice continuously differentiable and
there is a unique accumulation point satisfying second

. order sufficiency conditions.
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A NEW METHOD FOR THE SOLUTION OF A STOCHASTIC PROGRAMMING
PROBLEM OF A., PREKOPA

The topic of this pger is the numerical solution
of a stochastic programming problem of A.Prékopa. We
consider the nonlinear programming aspects of the problem.
From the nonlinear programming point of view we have a
nonlinear progranming problem with only one nonlinear
constraint, a set of linear constraints and a nonlinear
objective function. For this type of problems we deve-
Yped an algorlthm, which 1s a combination of the Pl
feasible direction method of Zoutendijk, and the reduced
gradient technique. The convergence of the method can
be proved, and we also report our numerical experiences.
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P.Mazzoleni, University of Venice, Venice, Italy

OONSTRAINED OPT;MISATION PROBLEMS FOR SET-VALUED FUNCTIONS
First bf.éll we present a review of known properties for

unconstrained minima of convex set-valued functions, then we

pass to examine the constrained problem.

The classical results known for convex constrained programs

are extended for sét—valued functions.
In order to do this, convexity properties are studied for families

of sets and a representation theorem is proved for convex.set
functions in terms of "affine, functions.

It allows to introduce a subgradient relation for convex
nondifferentiable set-valued functions, that can be linked to
the minimum conditions.

A Lagrange multiplier theorem is then proved for an inequality-
-constrained convex problem and a duality theory is developed .
Finally, such a result is applied to a general equilibrium

model including rent or cost from the use of space.
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‘e H. McCall, SPERRY UNIVAC, Roseville, Minnesota

ZERO-ONE MIXED INTEGER
PROGRAMMING USING

INTERACTIVE GRAPHICS

This paper presents experimental results of solving O-1 mixed
integer programming (MIP) problems using interactive graphics.
In this application, graphics is essential to the decision

making process.

There are two plots in the graphics data output, (1) the
history of the value of each integer variable as a line which
has an angle proportional to the variable's value for each
value in the history, and (2) a tree diagram of objective
function value‘degradatiOn vs. sum of infeasibilities. The
plots are primarily used to aid in fixing of variables to one
of their bounds, and to observe the effect of jixingIOPerations.
The plots can also be used to determine the effect of changes

in solution strategy.

Graphics output showing the uce of this technique to aecrease

the iterations required to ;olve 0-1 ﬁIP‘models‘will be presented.
The ability to decrease the number of iterations is critically
dependent upon being able to determine the controlling variables

in the model and their values.

A
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This ability, using the graphics outpdt and for which the
graphics output is essential, will be demonstrated. The
fixing of key variables to a bound not only decreases the size

of the model, but also forces other variables to take specific

values,
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SECOND ORDER CONVERGENCE USING A MODIFIED ARIMIJO STEP-SIZE
RULE FOR FUNCTION MINIMIZATION

Armlao s step-sxze procedure for function minimization
is modified to include second derivative information.
Accumulation points using this prodedure are shown to be
stationary points with positive semi-definite Hessian
matrices.

L. McLinden,Department of Mathematics University of Illinois
Urbana, Illinois, USA

DUALITY IN GAUGE PROGRAINING

Duality in quadratlc, homogeneous, and -L programming
models has received considerable attention over the years,
reflecting the importance and widespread applicability of
models involving such fundamental structural characteristics.
A survey of the literature gives one the 1mpressxon that
these models are fairly unrelated, and in addition, the
existing works are almost exclusively restricted to the
treatment of just one of the models in a setting of finite
dimensions and polyhedral cones. Using the advances of the
past decade in the understandlng of duallty in extremely
general convex models, we show 1n this paper that each of
the models above 1is actually a specialization of a single
more general, yet simple, model 1tself having quite
specific structure. The model involves composing Young’s
functions with gauge functions of convex sets, and it is
completely symmetric in the sense that the associated dual
problem is of the same form. Worklng in the general non-
polyhedral and infinite dimensional setting, we derive a
unified theory which gives sharp extensions of the various
classical duality results to our broader, more flexible
model.
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TOWARD A GENERAL ALGEBRAIC MCDELLING SYSTEM

Quantitative analysis 18 used increasingly-in the spcial sciences,
as a gulde to decisicn-mgking. This is particularly true in development
planning where mathematical programming represents a potentially effective
tool of analysis. In spite of major advances in algorithmic development,
the operational acceptance of this tool is seriously hampered by inadequate
software. The major source of inadequacy is the absence of a commonly
interpretable representation of the problem, model and data (bv hoth the
soclizsl scientist and the computer) at tue diffevent stages of analysis.

The paper provides a progress report on work initiated and under-
way at the World Bank in recognition of this problem which obstructs the °
routine use of highly desirable mathematical tools on a production basis.
The new apprcach under development enables a direct communication between
the mathematically skilled social scientist and the computer, given the
former's ability to correctly specify a problem in algebraic form. At the
sane time, because the algcbraic representation of the problem is computer-
readable there is no loss of information regarding data or problem structuie.
The design criteria of the new software, and achievements to date will be
Fresented by means of examples taken from actual applications at the Worlaé
Bank. It is speculated, in conclusion, that the approach incorporates
ideas that may lead to a new generation of modelling software. ’
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ON THE EXISTENCE AND UNIQUENESS OF SOLUTIONS IN NONLINEAR
COMPLEMENTARITY THEORY

A complementarity problem is said to globally uniquely solvable
if it has a unique solution, and this property does not change under
translations. '

A characterization of this property, which generalizes a basic
theorem in linear complementarity theory, is given. Also, the conditions
of Cottle, Karamardian, and Moré in the nonlinear theory, are all
shown to be generalized by the new results. In particular, Cottle's
condition is proved directly and several open questions concerning this
condition are settled.
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M,Mercatani, Inst.di elaborazione dell’Inform.C.N.R.Pisa,Il.
B.,Rindi, Direzione general Ferrovie dello Stato,Roma,I.
A,Volpentesta, Univ.of Pisa, Pisa, I.

PROBLEMS RELATED TO CREW PLANNING AND SCHEDULING IN A RAIL=-
ROAD COMPANY. ASSIGNMENT APPROACHES AND ALGORITHMS,

The aim of the paper is first of all to describe and
formulate some mathematical programming problems, which
arise in a railroad company, and which are at present un-
golved, at least as it regards large-scale real situation.
Problems of such a kind are crew and manpower planning,
optimal time-~table determination.

For the crew scheduling problem a new algorithm is proposed
which is based on the upper bound linear assignment algo-
rithm., The optimal time-table problem is formulated as an
optimal vertex-packing on a undireated graph, with addi-
tinal linear integer constraints; this integer linear prog-
ram is structured, i.e., it has a block-angular matrix of
the constraining system.

Computational experience has been made on a sample of real
problems coming from the italian railroad company.
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R. R. Meyer and J. M. Fleisher
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DOUBLE-RELAXATION OPTIMALITY CONDITIONS FOR INTEGER PROGRAMMING

A new class of optimality conditions for integer and mixed-integer pro-
gramming is developed, based on the use of two different relaxations of the
feasible set. This approach is shown to include as a special case the ordinary
(single) relaxation optimality conditions that form the basis for most integer
programming algorithms. A particular choice of the relaxations is also shown
to be a generalization of the Kuhn-Tucker conditions in which complementarity
is replaced by "quasi-complementarity", i.e., it is shown that "near" comple-
mentarity of certain "primal-dual pairs" is sufficient to guarantee optimality.
As an application of the sufficient optimality criteria, a procedure is given
for the computer generation of certain classes of integer and mixed-integer
problems with known optimal solutions. (Specifically, the problems constructed
so far have been of the capital budgeting or facilities location types.) Exten-
sive computational experience (which will be summarized) has shown that the test
problems generated are relatively difficult integer and mixed-integer problems,
and are therefore quite suitable for the testing of solution techniques. The
significant difference between these groups of test problems and test problems
previously described in the literature lies in the fact that knowledge of the
optimal solution allows the evaluation of heuristic algorithms(and other algo-
rithms that generate "good" rather than optimal solutions)without the initial
expense of actually having to compute optimal solutions for a number of diffi-
cult problems.

In addition, these new optimality conditions suggest a number of new al-
gorithms for integer proramming as well as a number of new optimality tests
that may be added to existing techniques. Finally, certain versions of the
optimality conditions permit post-optimal sensitivity analyses to be carried
out in a straightforward manner. Simple examples as well as computational ex-
perience on laryger problems will be described so as to illustrate these con-
cepts.
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R. Mifflin, Yale University, New Haven, Ct., USA

AN ALGORITHM FOR NONSMOOTH OPTIMIZATION

An implementable algorithm for solving constrained optimization
problems with functions that are not everywhere differentiable is
presented. The method is based on combining and extending the work
of Wolfe, Feuer, Poljak and Merrill. A certain specialization is the
method of conjugate gradients.

The nonsmooth functions that can be dealt with are called semi-
smooth, because they are defined to have directional derivatives and
generalized gradient sets which are interrelated in a semicontinuous
manner. The class of semismooth functions includes convex and con-
cave functions as well as many piecewise continuously differentiable
functions and extremal-value functions that have generalized gradient
sets as defined by Clarke.

Accumulation points of the algorithm iterate sequence satisfy a
very general necessary optimality condition depending on generalized
gradients of the problem functions. This condition is also sufficient
for optimality if the problem functions are semiconvex and a constraint
qualification is satisfied. Under stronger convexity assumptions,
bounds on the deviation from optimality of the algorithm iterates are

given.
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Lész16 Mih&1vffy, Research Institute for Applied Computer
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A METHOD OF SUCCESSIVE OPTIMA FOR SOLVING THE ASSIGNMENT
PROBLEM

The optimal solution of the assignment problem

n n n
(AP): minimize 2 %; C44%4 4 subject to é; X34 =
i=1 j=1 J=1
n
1, i=1’ 2, e s 0y 1'1, Z Xij-1, 381’ 2, -..,n’
i=1

Xij= O or 1, i’ j=1, 2, ooo,n

is approached through the optima of a sequence
(APT), (AP2), * e 0y (Apk)

of assignment problems. The first of these proble ms

is defined in such a manner that (one of) its optimal
solution(s) may be known, and any problem occurring in
this sequence, as well as (one of) its optimal solu-
tion(s), is obtained from the previous problem by means
of some rather simple modification. The cost matrices
Cys 02, .+«y Cp Dbelonging to the problems (AP1),

(APZ), -~ (APk), respectively, consist of certain

rows of the cost matrix C of (AP), which is, of

course, possible only if certain rows of C occur in
these matrices with multiplicity. However, for any in-
teger 1 such that 2< 1 < k Cl contains at least

one more different rows from C than 01_1, and hen-
ce (APk) coincides with (AP) and Xk < n. (Ck can
differ from C only in the order of rows and columns. )

The cost matrix C1 of the initial problem is chosen

in the following manner. If 11, 12, P in are row

indices such that cikk < Cypsr Copsr eees Cpy for k =
1y 2y eonyz By Lot 01 be the matrix the kth row of
which is equal to row 1, of C. Hence the optimal
solution of (AP,) is given by the formulae xj, = X),
=1, x4y 0 for i £ 3.

'
xnn

L
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The transition from (AP 1- 1) to (AP ) 1is realized

by solving a modified assignment problem with (n+m)x
(n+m) variables where 1 < m < n-1. The feasgible
golutions of this modified problem are regarded as
(n+m)xX(n+m) permutation matrices partitioned in the
following way

Y1 it
T= [ Y10
ETRRLY
where Y11 and Y21 are (n-m)xn and mxn subma-

trices, respectively. The modified problem is formul-
ated as follows:

n+m n+m
(APM): minimize X 2 4,.¥y subject to
{=1 j=1 7L
n+m i n+m
(j-) 32.1 yij = 1, i = 1, ?., o s o 9 n+m, (ii) iZ_1 yij

=1, 3 =1, 2, ¢osy ntm, (11f) Yig = 0 or 1,

i, j = 1, 2, v.., n+m, (iv)_ Y12 = 0, (v) the value
of the objective function belonging to any solution
satisfying (i) - (iv) does not exceed dqq + dp, +

- +dnm“mm, (vi) s, £ O,

Solving (APM) requires at most m®  arithmetic oper-
ations. The total amount of arithmetic operations
needed to solve (AP) by means of thg method of succes-
sive optima does not exceed (n+1)n

M. Minoux, Centre National d?Etudes des Télécommunications,

France,

CIRCUITLESS GRAPHS, GENERALIZED DYNAMIC PROGRALLIING AND
APPLICATIONS

Path-finding problems in /finite/ circuitless graphs are
studied, and it is shown how the dynamic programming principle
can be extended to a wide class of problems. A number of
exawples are given,
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AN OPTIMAL CUTTING ALGORITHM FOR RECTANGLE ELEMENTS

An optimization of cutting stock problem consists in
solving integer linear programming problem (IPL). In such
a problem each variable is connected with slitting pattern,
some constraints refer to demand of ordered elements, other to
supply of stock materials, The purpose of optimizatioa 1is,
most of all, to minimize the cost of satisfying the demand
or to minimize the percentage waste. The greater number of
slitting patterns is used the better effectivity of object
function 1s attained. Making of different feasible patterns
is a combinatorial problem. In practice finding all the
feasible patterns is impossible.

For one-dimensional problems there exists the ability of
finding an optimal solution. For solvihg these problems, it
18 necessary, in each step of simplex method, to find& the
solution of the "knapsack problem".

In the case of two and more dimensional cutting stock:
problems it is possible to find an optimal solution by the
use of the guillotine cutting method.

In three-dimentidnal practical problems the use of guillo-
tine cutting method is justified (for technical and physical
reasons) while in many two-dimensional cutting problems this
method is less effective (i.e. in the sense of object func-

tion).
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Ignoring the guillotine cutting method one can get better
solution but then one must solve the IPL proBiem with the
sufficient number of variables. What number is sufficient it
depends on real problems in mind. In any case it is a great
one. Besides this making of new pa%terna, according to other
methods, is undirected (céntrary to guillotine method).

The Authors present an algorithm Yhat enables making the
slitting pattern for demand defined as small rectangle ele-—
ments and supply as one large rectangle (it may be either.a
sheet or a bale in practice). The algorithm allows to obfaip
many patterns which are necessary to find high effective soluy-
tions of IPL problems. It also has the virtue of obtaining the
patterns in short computei time, Multiple application of the
algorithm is the heart of?ﬁgthod of solving cutting stock pro-

blems.
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G, Mitra, Brunel University/Unicom Consultants, England

UIMP: USER INTERFACE FOR MATHEMATICAL PROGRAMMING

A newly developed modelling system : UIMP is described in
this paper. Using this system mathematical programming
models can be generated and their solutions analysed and
reported. The structure facilities embedded in the system
allows the underlying structure of a user model to be at
once captured and the model can be germanely defined;

The use of the system in more than one context is also .

illustrated.
B, Mond and B.D, Craven, La Trobe University and MelbQurne
University, Australia

SUFFICIENT OPTIMALITY CCONDITIONS FOR COMPLEX PROGRALMLING
WITH QUASI-CONCAVE CONSTRAINTS

Consider the prgblem, to minimize f(x) subject to
g(x) 20, where{:R"— R and g : RR >RE are diffe-
rentiable functions. Mangasarian has given sufficient
Lagranzean conditions for Xy to be an optimal point,
when £ 1s pseudo-convex and ~ g. 1s quasi-concave
whenever g-(xgh= 0. Various authors have recently ex-
tended theﬁe‘ d similar results to the problem, to
minimize Raf\?,z\ subject to g \ 2» %) B, where

3 Czn.w% C and g: C“"—= Cc™ are analytic functions,
and 5 1s a convex cone. Sufficiency theorems were
obtained, assuming that £ has pseudoconvex real part,

and g 1s concave with respect to . The latter was not
weakened to quasi-concavity for the tight constraints
only, since g(a,a) on the boundary of the cone S
does not coirrespond to certain components of g(a,'ﬁ)
vanishing. iie show here how the assumption on g can

be weakened to guasi-concavity with respect to a con-
vex cone containing &S. When S 1s polyhedral, this
corresponds to quasiconcavity over tight constraints, as

in the real case.
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Institute, Budapest, Hungary
A.BakSé - L.Kirdly, Computer and Automation Institute of the

Hungarian Academy of Sciences, Budapest,
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STUDIES ON ANALYTICAL TRAFFIC FORECASTING AND ASSIGNMENT.

Because of the large-scale development of the motori-
zation, the development of the national road network has an
important place the long-range objectives of the transport
development. The future demands in roads can be determined
on the basis of the growth of traffic demands and of the ob-
jectives of land use development.

Among the aspects of the land use development the fol-
lowing ones seem to be most important; satisfactory connec-
ting and exploring of the settlement network, promoting of
the industrial development, approachability of the holiday
resorts and excursion places and assuring the international
connections. _

In addition to the until now for the determination of
the traffic demands used "projective method" also in Hunga-
ry emerged the necessity of the "analytical method". The
latter method determines the traffic demands as a function
of the alterations of the social and economical structure
and can form the basis of a new method of the road network
planning.

Concerning the traffic demands, the models of the week-
day, weekend and international traffic separately have been
studied.

In respect of the weekday traffic, more detailed stu-
dies have been accomplished and a chain of computer program-
mes has been constructed. The following tasks have been sol-
ved:

- selection of network models and zones,

- analysis of the structural data of the zones,

- establishment of a trip generation model, conside-
ring the accessibility of the 2zones,

- establishment and calibration of the trip distribu-
tion model,

- elaboration of the minimum impedance path finding
algorithm and of the traffic assignment system un-
der capacity restraint.

The paper discusses the models and the chain of com-
puter programmes which have been tested on practical prob-

lems during the traffic studies of the variants of the mo-
torways M 3 and M 6.
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A THEORY OF RESOURCE ALLOCATION AND A DECOMPOSITION METHOD
FOR MATHEMATICAL PROGRAMMING

Resource allocation theories have probably existed since the time
iresource allocation problems were first recognized. Decomposition
methods to solve these problems, however, have come into existence 6n1y
within the last several years. One characteristic distinguishing this
'study from others in the field is the simultaneous presentation of a
mathematically rigorous allocation theory of broad practical implications
‘together with alsimple ahd ready-to-implement decomposition method.

The dissertgtion starts with a review of the decomposition methods
.relevant to the study, and then proceeds from the genéral concepts of
theoretical importance to ;he par;icularizations of practical relevance.
‘These are represented -by a method and an algorithm for solving mathema-
itical programming problems by degomposition.

The generality of the theory ensures wide applicability of the
jpfinciples developed. In fact, any systems in which the subsystem
;efficiencies can be quantified are candidates to be optimized by the
'suggested approach. Such systems may even not be represented by a model,

'in which case the theory becomes a practical decision making tool. In

systems represented by a model (analytical, simulation, etc.) the
iterativé reallocation process can be easily set up emulating the steps

presented in the mathematical vprogramming decomposition method.

7
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The coordination scheme used in the metho& is based on the Lagrange
multipliers of the subproblems, interpreted here as the "efficiencies".
with which the different subsystems utilize the shared resources. In
the search for an optimal partition, resources are taken from the less
efficient subsystems and given to the more efficient ones, in an itera-
tive process that ends when the efficiencies of all subsystems are
equalized and no further reallocations are necessary.

The specific implementation of the method results in an algorithm
for separable geometric programs, by means of which an example is com-
pletely solved. This example is useful both for showing the steps in-
volved in the algorithm, and also for illustrating the main advantage
of the decomposition approach, namely, the simplicity with which the

subproblems can be solved when they are isolated from the total problem.
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Academy of Sciences of the USSR, Moscow.

THE STRUCTURE OF LEVEL SETS OF THE DUAL FUNCTION AND THE
CONVERGENCE OF SOME METHODS OF CONVEX PROGRAMMING.

Let us consider a convex programme
f(x) = sup under conditions g(x)=0, xeRcET (1)

It is supposed that int R #®, f(x), g (x), i = I,...m,
are differentiable functions in R. We shall denote F(x,y)=
=f(x)+yg(x), yeE}, xe R and \y(y)=féuka(x,y). Together with

(I) we consider the dual problem
¥ (y)+ inf, yeEl. (2)

Lemma I. Let problems (I) and (2) be solvable, X,, Y,-
sets of their solutions, X,N int R #Q . Then Y, is a poly-
hedral set.

Let vf(x) be a gradient of a function f at a point x,
vg(x) be a Jacobian of a vector-function g.

Assumption A. Argmax F(x,y)=X(y), X(y)Nn int R #&§ for
all yeEM™ ‘ xeR '

Assumption B. There exists such a constant h that
|x* -x*|<h for all x!, x*€ X(y) and an arbitrary y. :

Assumption C. Punction f(x) is strictly concave on R.

Assumption D. There exist such x' that g.(x')>o0,
i'-I,-'o'mo : ‘

Lemma 2. Let g(x)=b-Ax, assumptions Aand B hold and
the conditions of lemma I take place. Then the function
¥(y) and the mapping X(y) are constant on the set Y(c)=
{ye E¥: yg(x*)=0, yvg(x*)=c]} for all vectors c and :
x*€ XN int R.-

It follows from these properties of the sets Y(c) that
the subgradient method and the alternating coordinate direc-
tion method of minimization converge without the requirement
of boundness of the set Y, . We describe the latter method.

Let an arbitrary y°c E}' be given. On the t-th step we
define '“f) _

yt = y¥1+ Qe", t=I,..., (3)

where the k-th component of e"e E™ is equal to one and the
others are zeroes. The value of @, is determined by the con-

dition )
ty = m i nw(yt' +0e'® 4)
t (") e: 3{"+ezo(y ) (

The sequence i(t) can be cyclic, for example. It is
shown that this process coincides with the relaxation
method [I].

Theorem I. Let g(x)=b-Ax, assumptions A, C and D hold,
the problems (I) and (2) be solvable. Then the sequence yt
defined by (3), (4) converges to Yo. The corresponding sequ-
ence x% converges to the solution of (I).
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The subgradient method is given as a process of the
following iterations

gt =yt - B 2T V). 4 & = Tyemen (5)

where a, = a if a»> 0 and a, = 0 if a<0, d¢ is a positive
number, 1(y) is a subgradient of % at a point y.

Theorem 2. Let g(x) = b - Ax, assumptions A, B hold,
the problems (I) and (2) be solvable. Then there exists
such a d> 0 that the sequence yt defined by (5) converges
to Yo, when O¢ dy€d, dg> O as t»e Zd:oo If the function

4
F(x,y) is stable in relation to x tien the sequence x tex(y?)
converges to X,.
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DESIGN AND TESTING Of A NETWORK-BASED O0O-1 INTEGER PROGRAM
MING CODE

This paper describes the design and implementation of a modular,
0-1 integer programming package. The design is constructed according to
the author's network relaxation concept in which the pure 0-1 integer
program is transformed into an expanded network model. An efficient branch
and bound procedure is used to resolve non-integralities of the original
integer form. The advantage of this approach is the utilization of a net-

work for fathoming subproblems. A comparison with the traditional linear

programming relaxation is included.
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ON SIMPLE CONVEX POLYTOPES AND ABSTRACT POLYTOPES

Let A be an m x n matrix and let K be the set of feasible solutions of

Ax = b

x>0
We assume that beR" is not in the linear hull of any set of m-1 column
vectors of A, and also that K is bounded. Under these assumptions K is

a simple convex polytope.

It is well known how to construct an abstract polytope P, corresponding

to K. The symbol j is associated with the variable x The subset of

j‘
symbols associated with variables which are equal to zero at an extreme

point of K, define.a vertex in the abstract polytope P. Conversely, -

every vertex of P is associated with an extreme point of K in this manner.

Axiomatically, abstract polytopes can be defined as a class of subsets

of a set {1,...,n} all of the same cardinality, and satisfying certain
connectivity axioms. These subsets are called the vertices of the abstract
polytope. Every simple convex polytope is an abstract polytope, but the
class of abstract polytopes turns out to be larger than the class of

simple convex polytopes.

We discuss some recent results on the necessary and sufficient conditions
for an abstract polytope to be a simple convex polytope. We also discuss

some recent results on edge paths in simple convex and abstract polytopes.
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West Germany

DEVELOP-IT-YOURSELF PROGRAMS IN MATHEMATICAL PROGRAMMING

Mathematical Programming techniques seem to have a strong appeal to mathematics-
oriented students, but 1ittle appeal to problem-oriented students. The latter do
in general not enjoy algorithmic details even if they need them for solving a
problem. For this group, several develop-it-yourself programs were drafted.

In these programs the students develop the algorithms themselves step by step.

For this purpose, some 10 to 20 different problems (examples) of the same mathe-
matical structure and-with increasing degree of complexity are used to motivate

the student. The students start to solve the simplest examples by means of common
sense. This common sense is then systematized by the following text in the sense
of "What you actually did was subtracting the row minima from the single rows and
assigning elements at the yielded zeros...". Such a step is a part.of the algorithm
and will now have to be refined when solving the next example, followed by the
text: "What you actually did was...“.

Such programs may require a little more student's time than the traditional
teaching approach . But it has the following advantages:

(i) The student becomes familiar with many different problems of the same ma-
thematical structure which may motivate his learning and may increase his
problem sensitivity.

(ii) The student usually gets a better insight into the algorithm, e.g. the
algorithm and its single steps become plausible to him; his understanding is
not only mathematical and formal. His understanding is less abstract; it is
more "systematic common sense".

"(i1i) Many students do enjoy these programs, due to the examples and due to their
satisfaction and success while solving the examples.

(iv) As a consequence of (ii), the students develop a good ability to explain
the problems and algorithms to others.

(v) Due to the experience with different examples and due to (ii) the students
seem to develop an increase ability to program the algorithms for computers.
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At the moment, the following develop-it-yourself programs are completed or under
development: Ford-Fulkerson algorithm for the linear assignment problem; primal
as well as primal-dual algorithms for the Tinear transportation problem;
simplex-algorithm for linear programming; sensitivity anaiysis and parametric
programming in LP; cutting plane techniques in integer programming; branch and
bound. Others will follow.

S.C. Mueller, Eli Lillyg(Company, Lafayette, Indiana

G.V. Reklaitis, School of Chemical Engineering,
Purdue University, W. Lafayette, Indiana

OPTIMAL DESIGN OF PROCESSES MODELLED IN POSYNOMIAL FUNCTIONS
USING SEPARABLE PROGRAMMING

As illustrated by a large scale model of an ammonia synthesis loop,
reasonably precise models of chemical processes can frequently be formulated
in terms of posynomial functions. The resulting posynomial equality and in-
equality constrained optimization problems afe'only amenable to geometric
programming solution techniques if the equality constraints can be reformu-
lated as inequalities. In large process models this is generally difficult
to accomplish. In this paper we use a well-known transformation to convert
sudh problems to a non-convex and sparse but separable program which can be
solved using separable programming and sparse matrix techniques. The mathod
is applied to the optimization of the design of the synthesis loop of an
ammonia process - a high dimensionality problem which involves a large number

of equality constraints. Comparisons are given with conventional solution

approaches.
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MANPOWER STAFFING AT AN ATIRPORT: A GENERALIZED SET COVERING
PROBLEM

The problem is considered of manpower staffing at an air-
port. Some mathematical formulations are given. The first
consists in a nonlinear integer programs /NIP/, which is
decomposed, by means of Bender’s procedure, into a sequence
of linear integer programs /ILP/; an optimal solution gives
us the minimum requirement of manpower at an airport. Two
algorithms are discussed: the former decomposes the NIP
into ILP; the latter looks at on optimal solution of every
ILP in a sequential way. -

Another problem is discussed, i.e., the problem of.determi-
ning the optimal levels of personel at an airport, if the
average lengts of several ques are given, Such a problem
leads us to a stochastic version of the preceding NIP,
Bender’s procedure is shown to enable us to give upper and
lower bounds for the distribution function of the minimum
of NIP.

Computational and software aspects are discussed 1n connec-
tion with experiences made on sample real problems.
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OPTIMAL CONTROLLING OF GERT NETWORKS

Decision activity networks (GERT networks) with six different types

of nodes (corresponding to the project events) are investigated, where to
each arc are assigned the duration (a random variable with given distri-
bution) and the conditional performance probability of the correspond-
ing activity. Nodes with and entrance and with inclusive-or entrance
side as well as nodes with deterministic exit side are supposed to
occur only within so-called basic elements that can be reduced to
structures containing only "steor nodes" (nodes with stochastic exit

and exclusive-or entrance side).

The time scheduling of those GERT networks consists in calculating
the probabilities that the distinct terminal events occur and the
distribution of project duration given that a certain terminal event
has occurred. In doing this so-called activation numbers and activa-
tion functions of nodes are introduced.

As concerns cost scheduling, it is expedient to identify the possible
policies (i.e. mappings of the time axis into action sets) with per-
formance probabilities of activities depending on time. The minimi-
zation of the expected project costs, including costs !depending on
the total project, the events, and the activities- of the project,
leads to an optimal control problem. The cost functional contains
simple and double integrals subject to integral equations as restric-
tions. That problem may be solved by means of gradient methods in
Hilbert spaces.
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NON-LINEAR OPTIMIZATION IN INTEGERS PROBLEMS AND HIGHLY
COMPOSITE NUMBERS

Soit d(n) 1le nombre de diviseurs de n. On dit que n est
hautement composé si m < n = d(m) < d(n). Cette définition est reliée
3 la recherche de : max d(n). Si 1'on décompose n en facteurs premiers,
L
n=1I pixi s, ON & ¢ gii) = I (xi + 1) et ce probléme devient un probléme
de programmation mathématique :
X, log 2 + X, log 3 + ... + X, log Pt € A= log a
max(log(x1 + 1) + log(x2 + 1) + ... + log(xk + 1) + ... )
Les méthodes utilisées en théorie des nombres par S. Ramanujan
P. Erdos et moi-méme, peuvent s'adapter pour résoudre des problémes

d'optimisation en nombres entiers et fournissent des algorithmes de

calcul trés rapides.

Exenples -

1) Etant donné un entier C trouver n, et des entiers

n S

Xp 5 ooy X tels que X, + e x = C eF maximisant 121 xil.
Ce probléme était posé par T.L. Saaty dans son livre : " Optimizatiom -
in integers and related extremal problems ".

2) C étant dénné et a et B étant réels, trouver X et Yy
entiers vérifiant a x + By £ C et maximisant x y.

3) Dans le livre de G. Hadley : " Non linear and dynamic

programming ", p. 362, un probléme de stockage des piéces de rechange
d'un sous-marin, en supposant que la probabilité de rupture des piéces
suit une loi de Poisson. G. Hadley traite ce probléme par la programmation

dynamique, mais notre méthode s'y adapte.
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JoW,llieuwenhuis, Econometric Institute,Univ.of Groningen, IL

SEPARATING SETS WITH RELATIVE INTERIOR IN FRICHET SPACLS

A separating theorem, valid in finite dimensional spaces, and in-
volving the relative interior of the sets to be separated, will be
extended to Fréchet spaces.
This theorem will be elucidated by means of a few examples. The

second separation theorem js a generalization of an existing
separation theorem, valid in Fréchet spaces. This paper consists of
two parts, part I contains the first thcorem, the second part contains
the second generalization,
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J.A.E.E. van Nunen, Eindhoven University of Technology, Eindhoven
The Netherlands.
CONTRACTING MARKOV DECISION PROCESSES

Based on the concept of stopping time a set of successive approximations
procedures for Markov‘decision processes with respect to the total ex-
pected reward criterion, can be generated. Every (nonzero) stopping time
yields namely a monotone contraction mapping on a complete metric space
(V) of real valued functions on the state space. This state space is
supposed to be countably infinite or finite., The fixed point of the
mappings equals the total expected reward (V*) over an infinite time
horizon if an optimal policy is used.

This fixed point is thus independent of the chosen stopping time.

The set of optimization procedures can be extended by defining for each
mapping of the mentioned set a set of "value oriented" mappings. Though,
a mapping A from this extended set needs not to be contractive nor
monotone it remains that the sequente

v 1=Av sy V. e lV, nelN
n

n-1 0

converges to V*. Using the concept of stopping times leads to a unifying
approach; the constructed set of methods includes the existing methods
for solving Markov decision processes as introduced by R. Howard,

N. Hastings, D. Reetz and J. MacQueen and enables us to construct upper-—
lowerbounds and suboptimality criteria.

The results are achieved under less restrictive conditions than usual in
literature; an unbounded reward structure is allowed and the transition

probabilities are not required to be strictly defective,

If the possibility of making decisions is ignored, the problem results in
solving a system of linear equations of the form '

(I-P)x =b
with I the identity matrix and P a.sub-Markov matrix. The constructed set
of solution techniques then contains e.g. the Jacobi-, Gauss-Seidel-, and

overrelaxation iterative methods for solving systems of linear equations.

In the lecture some aspects of the above theory will be treated.
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COMBINED VARIABLE METRIC - PARTIAL CONJUGATE GRADIENT
ALGORITHMS FOR A CLASS OF MINIMIZATION PROBLEMS

It is generally known that variable metric methods are superior to conjugate gradient
algorithms when solving unconstrained minimization problems of moderate dimension.
This advantage is normally attributed to the fact that the Variable Metric methods
automatically rescales the problem at every step using updated approximations to the
inverse Hessian. Unfortunately, the high computational and storage requirements involved
in updating and storing that approximation becomes prohibitive for large scale problems. In
this paper we focus on a class of large scale unconstrained minimization problems whose
special structure can be employed to exploit the advantages of variable metric algorithms at
a relatively low cost. In particular we consider functions whose Hessian is of the form

T T
H=(M+AGA ) where M is a block diagonal matrix and AGA is a matrix whose rank p is
considerably lower than that of H. Recent work by Bertsekas indicates that the conjugate
gradient method with resPect to the metric M converges in at most p+1 steps when applied
to quadratic functions of the aformentioned structure. Reinitializing this algorithm every
p+1 steps where M is set to its value at the beginning of each cycle, results in superlinear
convergence on more general functions. The method proposed in this paper is based on the
’ -1

above idea however we use variable metric techniques to approximate M and update it
ul.illizing gradient information obtained in the conjugate gradient steps. Since the blocks of
M can be individually approximated the number of steps required for a full updatin

cycle equals the dimension of the largest block in M. The paper explores the properties o

the proposed method and discusses i1ts application in solving some problems having the
above structure.
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ON TIE COMPLEXITY OF SET PACKING POLYHEDRA

We review some of the more recent results concerning the facial
structure of set packing polyhedra. Utilizing the concept of a
facetproducing graph we give a method that can be used repeatedly
to construct /arbitrarily/ complex facet-producing graphs. A
second method, edge-division, is used to further enlarge the known
classes of facet-defining graphs. By way of the theory of anti-
blocking polyhedra, these results have some implications for the
structure of non-integer extreme points of linear programming
relaxations of set-packing polyhedra as well.

C, van de Panne, Canada

CHOICES FOR A FIRST COURSE IN MATHEMATICAL
PROGRAMMING

The paper discusses, compares and comments upon the various
approaches used in teaching introductory courses in mathematical
programming, Specifically, the following topics are treated,

Background and interests of students, aims of the course,
linear algebra requirementsy geometric representation, sensitivity
and near-optimality analysis, computer usage, applications,
notations in transportation and network methods,
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CRITEREA FOR THE DESIGN OF AN INTERACTIVE GRAPH MANIPU-
LATION SYSTEM (GRAMAS)

GRAMAS is an interactive system for the assistance in
solving graph theoretic problems. It has been evolved with
different goals. One is to provide to the research program-
mer an easy way of working with different data structures
of graphs and sets during the design and implementation of
graph algorithms. The system includes a language for inter-
"active messages, particularly for transforming graphs in

connection with various applications.

The first version of the system as well as basic algo-
rithms are implemented in ALGOL-W on an IBM/370-158. The
first experiences with the system allow to point out some
general criterea for the design of interactive graph mani-
pulation systems, in particular with regard to implemen-
tation language, interactive language, data structures for

sets and large scale network test problems.
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THE ALTERNATIVE THEOREMS AND ITS RELATION WITH THE GAME -
THEORY AND TIIT ALGEBRAIC-TOPOLOGICAL PROPIERTIES OF R .

The importznce of the Alternative Theorems in the Nonlinear
Procrarming ( Mansasarien-1969) and the difficulty of its demons-
trations based strictly in matrix methods(Tuckers existence theorems)
need new cystems of demonstration which allow a more natural and
d irect intervretation.

In the first part we give an intervretation based in algebraic-
topological propierties of the convex sets of Rn.\Je demonstrate
three Lemmas which constitute equivalent forms of the Gordan,Gale
and Stiemke theorem respectivly, |

In the second part using the von Neumann s IMinimex Theorem and
some Well kmown propierties about a biper'sonal O-sum game , wWe

give a demonstration and an interpretation fr om the most usual

Alternative Theorems, as Gordon ,Stiemke, Farkas,Gale and lMangasa -

rian theorems are.
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INTRODUCTORY COURSES ON NONLINEAR PROGRAMMING THEORY

Three general topics ought to be discussed and related to one another:
(1) generalized geometric programming (i.e. the material described in the
author's recent SIAM Review paper), (II) ordinary programﬁing (i.e. Kuhn-
Tucker multipliers, etc.), and (III) generalized parametric programming
(i.e. the material developed primarily by Rockafellar). In fact, the order
of presentation should be: (1) unconstrained geometric programming (2)
ordinary programming, (3) constrained geometric programming, and (4) para-
metric programming. The main reasons ar;: (1) and (3) can be most easily
related to linear programming (which actually need not be a prerequisite);
(1) and (3) are the most natural settings in which to motivate most students
(by introducing them to quadratic programming, regression analysis, both
posynomial and general algebraic programming, facility location, discrete
optimal control, both single-commodity and multicommodity network flows,
and various types of equilibria that occur in economics and the physical
sciences); (2) should come before (3) because Kuhn-Tucker multipliers play
an important role in (3); and (4) is the most convenient framework in which
to subsequently develop the deeper theorems of nonlinear programming (e.g.
the existence theorems).

The deeper theorems and their prerequisite convexity theory (e.g. the
separation theorems) should be reserved for a more advanced course. Al-

though complementary pivot theory should be motivated relatively early in the
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context of (1), it too should recelve a complete development only in a
later course. If the introductory course is taught properly, the terminal
student will be capable 6f model building and conversing with experts,
while the ongoing student should be strongly motivated in his further -

studies of programming theory and algorithms.
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THE CONICAL DUALITY AND COMPLEMENTARITY OF PRICE AND QUANTITY
FOR MULTICOMMODITY SPATIAL AND TEMPORAL NETWORK ALLOCATION
PROBLEMS

Abstract. Consider a graph G with each node i representing the set of "pro-
ducers" and/or "consumers' at a specific spatial as well as temporal location.
Each link k is directed so that it represents a specific storage and/or
transportation facility for transfering certain "commodities'" from a given
node i to another given node j. Each commodity r is produced and/or consumed
by certain nodes.

Suppose that the excess quantity of commodity r produced by node i is a
variable 9% (which is positive when node i produces more than it consumes);
and suppose that the quantity of commodity r transfered via link k (in the
direction of link k) is a variable qkrz:o. Conservation of each commodity
r at each node i then requires that the quantity vector q (whose components

are the %Y. and the qkr) be in the cone

Q={q| qkrzo and q1r+ Eqkr" Eqkr},
(1l (1)
where [i] denotes the set of all links k directed into node i and (i) denotes
the set of all links k directed out from node i.
Suppose that the unit price of commodity r for node i is a variable Pi.s
and suppose thaé the unit price of transfering commodity r via link k is a
variable pkr. Price stability for each commodity r then requires that
the price vector p (whose components are the Py and the pkr) be in the

cone
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P={p |p1r+pkr2pjr for each k€ (1) N[3]}.

The main result given here is that P and Q are a pair of dual convex poly-

hedral cones,whose corresponding (conical)’Eomplementarity conditions"
pPEP and q€Q,

0={p,q)

can be used to characterize the solution sets for various important network
allocation problems. The main implications of this result are that
generalized geometric programming and generalized complementarity theory,along
with convex analysis, monotone mapping theory, and generalized fixed point
theory,can now be exploited in a much deeper study of such problems than

has previously been possible.
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A NEW ALGORITHM FOk UaDRATIG.PROGRALLGING

ThlS paper describes a new prOJectlon alborlthm for
minimizing a quadratic form, whose matrix 1is Symmetrlc and
positive definite, over a convex sets intersection. This
problem is equivalent to the problem of finding the
proaectlon of the quadratic form absolute minimum on to the
constrained sety; this projection beling calculated in sense
of the inner product associated with the guadratic form.

A formalization of this problem in & n-fold cartesian
product space leads to a resolution algorithm based on
parallel projections on to each convex set tnat defines the
admissible region ; these projections are computed in sense
of the initial inner product and are, then, easily obtained,
pdrt;culurly if constraints are linear. Ffurthermore tne
consideration of tne product space allows us to introduce,
in a natural way, an extrapolation which accelerates tne
algorithm convergence.

_ Each step of the algorithm takes into account all the
insatisfied constraints and reguires the resolution of a
linear systen. -

As a rule, and owing to extrapolation, the problem
solution bidding constraints are isolated afcer very few
steps of the algorlthm and the solution can be obtained
in a finite nuuber of steps by svlving a Lagrange problem of
miniuizatlon with egualities constraints /1 €. Iinear systew/.
For example, 1n the problem given by dOUTHalsER /4 vari-
ables, 7 constraints/ the three blddlng constraints. are
isolated after turee steps of the algorithm,

Described in R% our method can also be applicated for
solving some varlatlonal inequalities in Hilbert space.
Purtherwore, tihe use of crossing of algorithms /crossing of
"dual methods"/, leads to a linearized version of the metnod
wnlcih can pe used in case of non linear constraints. This
seneralization will be studied elseuhere,

among applications, some problems of statistics are
investiguted.
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6) B ciyuae omepaTopa (S') MMEeT MecTO //RKZ ~2*”§/"I/[2-z*//2'.

OTHCKaHUE 'ZOGW[Z‘W, Bu,ueneﬂueg(z*) U BKIOYEHLMNE B Buquémrenmuﬁ
npouecc OnepaToOpoB pejlaKcaldy MOXeT OHTH NPOM3BELEHO B paMKaX CXOZA:
WerocA ¢ J0GOro HAavyaJbHOro HpuOIMNeHMA OOLEro MeToza [f]] » B KOTO-
poM B HavanbHOft §a3e MCNONB3YETCA KaKoii-amGo METOA BHIYKIOIO NpOr-
paMMyupOBaHNA, & B 3aKINYMTENBHOH! Pa3e nocne0BaTENBHOCTH NpUCAMES-—
Huit nopoxziae TCA JUWH ONEPaTOPOM pejakcamnuu, 4YTO ¥ ONPEASJAET OHCT-

pPOTY CXOAMMOCTH .
JuTepaTypa.
I, P.A.llonAk. K yCKOpPEHMO CXOAUMOCTM METOZOB BHIYKJIOI'O IPOIpPaMMupo-
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MoJ.D., Powell, University of Cambridge, Cambridge, England,

THE AUGMENTED LAGRANGIAN METHOD FOR NONLINEAR CONSTRAINTS

Because of the difficulties of following curved constraints,
a common technique for allowing constraints on the variables of an
unconstrained minimization calculation is to introduce a penalty for
violating the constraints into the function that is minimized. Then
one applies an algorithm for unconstrained minimization to the
modified objective function, The penalty terms should cause the
constraints to be satisfied or nearly satisfied without making the un=
constrained calculation too difficult, The augmented Lagrangian
method is of this type, Its penalty term depends on -parameters that
" are adjusted in an outer iteration to the classical Lagrange parameters
of the Kuhn-Tucker conditions, For each choice of the parameters an
unconstrained minimization calculation is done, The results of each
minimization calculation provide suitable new estimates of the
parameters, This method has been studied extensively by several
researchers in the last eight years, So much progress has been made
that we now have an excellent algorithm for general nonlinear programming
problems of up to about one hundred variables, This work is surveyed,
The algorithm is described and illustrated by simple numerical examples,
It is shown how the parameters are adjusted and how inequality constraints
are managed, Some elegant theory is given that does not depend on
any convexity conditions, Finally the augmented Lagrangian method is
compared with other algorithms for nonlinear constraints,

Jo Ponstein, Econometric Institute,Univ.of CGroningen, Groningen, NL.

FENCHEL DUALITY IN BANACH SPACES

In this paper Fenchel’s. duality theoren, which is valid for Euclidean
spaces, is generzlized to Banach spaces. One of the tools is a
separation theorem involving interiors of sets relative to closed
linear subspeces and being valid for Banach spaces Ll] .

ﬁ] JeVleliicuwenhuis, Separating Sets with Relative Interior in

Fréchet Spaces, Internal Report OR-76006,
Beonometric Institute, University of Croningen.
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A,Prékopa,Technical University of Budapest and Computer and Automation
Institute of the HAS,Budapest

APPLICATION OF STOCHASTIC PROGRAMMING TO ENGINEERING DESIGHN

Ingineering design frequently has to be carried out under a reliabili-
ty constraint or in such a way that the reliability of the system has
to be maximized, The corresponding mathematical problems are stochas-
tic programming problems where special attention has to be paid to

the probability distribution involved. Earlier results of the author
and others show that many sophisticated stochastic programming prob-
lems involving joint probabilities of random constraints sre convex
nonlinear programming problems, Knowing this, several engineering
design problems were formulated and solved by a research group lead by
the speaker in the last few years.

The paper presents a short survey of the underlying mathematical
results and describes some numerically solved problems together with
computational experience. These problems belong to the following
categories: reservoir system design; reservoir system operation;
design of interconnected power systems; inventory control. Further
possible applications will also be mentioned.
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A.I. Propoi International Collective of Scientists,
Moscow, USSR

THE PROBLEMS OF DYNAMIC LINEAR PROGRAMMING

At present the field of applications of linear

grogramming (LP% is well known. However, both the LP
heory and the basic range of LP applications are of

one-stage, static naturej i.e. in this case the problem
of the best allocation of limited resources is conside-
red at some fixed stage of a system development.

However, when the system to be optimized is develo-
ping (and not only in time, but possibly in space as
well) and this development is to be planned, a decision
should be made for several stages in advance, and the
problem of optimization becomes a dynamic, multistage
one.

One can mention the general problem of dynamic li-
near programming (DLP), the class of dynamic transporta-
tion and distribution problems, integer DLP, etc.

Direct application of the LP methods to problems of
this kind does not usually produce the required result;
the LP problems thus arrived at are so large that they
cannot be solved even by using the most up~to-date digi-
tal computers. Special methods therefore are required to
solve these problems which take into account the speci-
fic dynamic features of the problem and employ the methods
of optimal control as well as of static LP.

In this gaper the basic principles of the theory
and methods of DLP are presented. The pair of dual prob-
lems is formulated and the relations between them are
obtained. }

Two agproaches to the development of DLP computati-
onal methods are discussed: one based on modern iterati-
ve methods of static LP, the other is connected with the
finite methods of large-scale LP and uses heavily the
ideas of factorized representation of the inverse.
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__L.Duane Pyle, University of Houston, Texas, USA

THE GENERALIZED INVERSE IN LINEAR PROGRALLIING -
A GENELRALIZATION OF THE SILPLEX ALGORITHM

The results presented in thls paper continue prev1ous
research using the generalized inverse of a matrix in
analyzing the mathematical structure of the linear prog-
ramming problem. Given impetus by a heuristic analysis of
the paths selected by the simplex algorlthm; motivated
by statistics collected, first by G.T. McWilliams, more
recently by J.P. Poon, 1n numerical experiments which
involved solving over 900 medium to small sized, randomly
generated, linear prOgrammlng problems; 1in tnls paper the
mechanics of the generalization of the simplex algorithm are
described 1in detail and preliminary results from numerical
experiments applying it are summarized.

Application of the generallzed algorithm involves con-
struction of paths on k-dimensional facets of the polytope
of feasible solutions. Patis are obtained using the
"canonical form" of the simplex algorithm to determine the
orthogonal projection of the gradient, c, of the cost
function, (x,c? ’ on a k-dimensional facet. A k-
variable linear programming problem must be solved in order
to determine a vertex of the k-dimensional facet yielding
the greatest decrease in |(x,c¢) on that facet. When k=1,
the generalized algorithm reduces to the /revised/ 51mplex
algorithm, and then this secondary linear programming
problem 1s trivial, being of the following form:

Maximize X , where V + X E 26, V20 is the
current vertex, and the vector E, is the orthogonal
projection of the vector ¢ on a l-dimensional facet
/i.e., an edge/ of the polytope.

VWhen k > 1, the generalized algorithm may be /recursively/
employed 1n solving the secondary problem,

Apart from solving the secondary linear programming
problem, the amount of computation required to construct
a path on a k-dimensional facet 1s essentially the same
as 1s required by k complete 'pricing out" operations.
Following a pztn on a k-dimensional facet results in
"block pivoting': the excunange of k non-basic columns
for k basic columns in the current basis. Thus appli-
cation of the generalized algorithm may result in the
construction of a path from a vertex to a non-adjacent
vertex. Tuals 1s not always the case, however; in particular,
it does not occur when the current vertex is adgacent to an
optimal vertex.
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The simplex method, a computational scheme involving
repeated applications of the 51mplex algorithm, may be
described as a procedure for obtaining a solution to a
given /m equations in n unknowns/ linear prograwming
problem by solving a sequence of simple linear programming
problems, each of “Wwhich involves m inequalities 1n one
unknown. When applying the generalized simplex algorithn
to obtain the solution to an m by n linear program-
mlng problem, each problem in the analogous sequence '
involves, essentially, (m + k-1) inequalities in k
unknowns, where k may varv from problem to problem in
the sequence. The generalized simplex algorithm may be
viewed as providing a rational basis for a procedure which
1s similar in character to "multiple pricing".

o —
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P.Randi, M.R. Scalas, Computer Center Univ. of Bologna,
Casalecchio~Bologna, Italy

AN INTERACTIVE CODE FOR MIXED INTEGER LINEAR PROGRALIS.
APPLICATIONS TO CREW AND MANPOWER SCHEDULING PROBLEMS.

N

The aim of this paper is to describe a recent experience,
which has been made in applylng some mathematical programuming
methods to manpower problems. Such applications have required
the design of an interactive software for mixed integer li-
near programs., It let us develop both interactive and batch
procedures; 1its use 1s compatible both with FORTRAN codes
and commercial ones.

Some appllcatlons in the area of manpower planning both
in an airline and rallroad company are described to discuss
some software demands in the applications of mathematical
programming to real problems.

A.Recski, Res. Inst. for Telecommunication, Budapest, Hungary
KATRCILS AND n-PORTS

The existing hybrid descriptions of an n-port are identified
with subsets of a set of n elements. In certain cases this system
of subsets is a matroid /or, at least, has a character, similar to
that of the matroids/.

In this case various problems of network theory can be formu-
lated and partly answered in terms of metroids /applying the inter-
section theorem of Edmonds and the algorithm of Lawler and others/.

Hence, sufficient condition to the unique solvability and a
lower tound for the maximal number of independent state variables
/degree of freedom/ can be obtained.

liost of these results are weaker than those of Iri and Tomiza®
wa /Trans. IECEJ, Japan, 1974/ and do not refer to the "nongeneral"
case like the previous results of the author /Coll. Math. Soc. J3-
nos Bolyai, 10., 1973 and Proc. Second European Conference on
Circuit Theory and Design, 1976/. On the other hand, this approach
roises some rather unusual gquestions in network theory, which are
onen /to the test knowledge of the author/ and might give deeper
insight into some physical vroverties of the networks.



225

- -

M.J.Rijckaert,X.M.Martens ,K.U.Leuven,Leuven,Belgium.

SOLVING GENERALIZED GEOMETRIC PROGRAMS BY PRIMAL .CONDENSATION.

A computationally éfﬁicient algorithm has been develop-
ped for solving generalized geometfic programs. No dual for-
mulation is used. The algorithm is based on the known con-
densation principle,which permits the itérative solutidh (2} 3
the Kuhn-Tucker conditions of the primal program by solving
systems of linear equations. Inequality éonstraints,variable
bounds and vanishing variables are easily treated through
the use of slack variables.

The code has been extensively tested on a set of 24
testproblems,including posynomial and signomial programs,
The performance of the proposed condensation method was
subsequently compared to this obtained by 16 other codes.

(A collection of primal and dual based algorithms.)

The main trends of this comparison will also be indicated.
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R.T. Rockafellar, University of Washington, Seattle,
USA

GREEDY PRICES: A SADDLE POINT CONDITION CHARACTERIZING
OPTIMALITY IN GENERAL NONLINEAR PROGRALMING ,

Consider a nonlinear (possibly nonconvex, nondifferentiable) opti-
mization problem (Pu) of the form: minimize fo(x) subject to x e X
and fi(x) su; for i=1,...,m where each f, is a real-valued function
on X (some abstract space), and u = (ul....,um) is a parameter vector
in R™. The usual theory of Lagrange multipliers seeks to characterize a
locally optimal solution Xx to (Pu) in terms of a local saddle point
(x,y) of the Lagrangian function )

m

_ m
Lu(g.y) = fo(x) + ZH y;[F(x) - vl x e Xy e Ry

This is generally not possible without certain potentially troublesome
"regularity" assumptions. But if it is, the components &i of y can be
interpreted as “"equilibrium prices" associated withthe "resource availabilities”
Uy tre decision x remains optimal "locally" if the possibility is intro-
duced cf altering the given u by buying or selling the resources at these
prices.

F. broader concept of equilibrium, really more reasonable from an
economic point of view, would consider distinct buying and selling prices
9i+ ard 91', bracketing 91 but differing by an arbitrary amount. It
will be shown that, in this way, one can obtain a new characterization of

optimal solutions x which is always sufficient and generically necessary.

X
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G,W,Romergon, Monash University,Melbourne, Australia

N

A CASE STUDY APPROACH TO TEACHING MATHEMATICAL PROGRAN-

MING

A hierarchical set of five Case Studies is described, ranging
froﬁf%ery small introductory LP example to much larger mixed integer
models. The emphasis in the paper is on experience using the Case
Studies to teach various concepts of mathematical programming to

graduate business students.

The introductory example concerns manufacture of one product
under a capacity éonstraint to satisfy limited local demand and
unlimited export potential. The problem is introduced, and the
economics of various changes in conditions discussed, before any
LP concepts are presented. Formulation as an LP model follows, and
the computer solution presents a known answer and marginal economic
1nforma£ion which has already been calculated from first principles.
This generates confidence in the technique and in the computer

printouts.

Later models deal with:
- optimal use of facilities in a National Park,

- changes in marginal economics associated with background

changes for a multi-product system,

- facilities timing for the development of a series of shopping

centres,

- production scheduling for several products with seasonal

demands

All are presented as physical problems, formulated as LP or MIP models,
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J.B, Rosen, University of Minnesota, Minneapolis, USA

A TWO-PHASE METHOD FOR NONLINEAR CONSTRATNT PROBLEMS

-

A method for solving nonlinear constraint programming problems based
on a Newton type linearization scheme has been proposed [1] and shown to
converge quadratically [2] provided the starting point is close enough to
the optimum. For a general starting point this method may diverge or con-
verge very slowly until a point close to the optimum is reached.

An excellent starting point for the above method (Phase II) is one
which lies just outside the set of nonlinear constraints active at the
optimum. Such a point can be obtained by a single unconstrained, minimiza-
tion (Phase I) with an external squared penalty function. Both the proper
choice of the penalty term coefficient and a suitable termination criterion
for Phase I are important to achieve computational efficiency. These are
investigated in terms of both a simple test problem (which nevertheless
contains the essence of more realistic larger problems) and several larger

problems.

References

1. J. B. Rosen and J. Kreuser, "A gradient projection algorithm for non-
linear constraints'", Numerical Methods for Nonlinear Optimization,
(F. A. Lootsma, Ed.), Academic Press (1972), pp. 297-300.

2. S. M. Robinson, "A quadratically convergent algorithm for general non-
linear programming problems', Math. Programming 3 (1972), pp. 145-156.
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solved using a standard computer package and the computer printout

used as the sEarting point for analysis of decision alternatives.

The objective is to present mathematical programming as a groblem
solving technique. 1Its broad applicability is illustrated by the
range of Case Study areas covered, and further work is aimed at
developing Case Studies in different fields. Eliminating computational
difficulties by the use of a computer package means that models of
realistic size can be considered, and that emphasis can be placed
on data problems, formulation and the use of marginal economic

information to evaluate relevant decision situations.
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M. Roéssler, ETH Ziirich, Zurich, Switzerland
LINEAR PROGRAMMING WITH NONLINEAR PARAMETRIZATION

In linear parametric programming the coefficients in the con-
straints and in the objective function depend linearly on the parame-
ters. Here the analogous problem where the coefficients are nonlinear
functions of the parameters is studied, especially for the case with
only the right hand side or the objective function coefficients being
nonconstant. Theorems on the properties of the set of optimal solu-
tions and of the optimal values of the objective function are proved;
these properties (continuity, function space, convexity and concavi-
ty) are related with corresponding properties of the coefficient func-
tions. The problem of how to compute the solutions algorithmically
is discussed, and the possibilities for application and a numerical
example are given for illustration.
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M.V.T. Sii#kejdrvi, Tictotehdas Oy, Finland
VOOD PROCUREMENT AS A COOPERATIVE GAME

The rapidly expanding field of game theory seems to be
hindered more by the lack of applications than by the
inherent mathematical difficulties of the subject. The
field has suffered because of the small awount of closec
contact between game theorists and application-oriented
OR-people.

We have studied a special problem, which leads to n-per-
son game theory with ccalition structures. Our aim was to
develop a method for a fair division of the profit from
.the cooperation and optimization of the activities of se-~
veral independent companies. We developed the problém into
an n-coglition game in the characteristic function form,
the game having a coalition structure of two levels.

In the paper we review the best known methods and solutions
of an n-person cooperative game such as the Core, Xernel
and Shapley- valuc. We point out the necessity of develop-
ing a tailored model in our case.

We raise the question of the strength of a coalitvion, which
in our case seems to play a'major role when defining the
.fair division of profit. We will show that the set of
feasible divisions will be heavily reduced when a coalition
is transformed from a very strong to a very loose one.
Difficulties in measuring the strength will be discussed.

We will also dea) with the main results of the numerical
part of the study, where we used data from real wood pro-
curenent process over a period of several years. Both the
fighting and cooperating strategies of the companies will
be discussed.

The division based on the solution of the gane will be

compared t¢ the earlier heuristic division based on several
complicated rules. '
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M, Sakarovitch, IRIA, Grenoble, France

CONNEXITE DANS LES MATRICES g-l,o,+1}

l, On étudie ici les matrices a elements dan {-l 0, +1§
en utilisant le langage de la theorie des hypergraphes
a partlr d’une notion de connexité dont on montre qu’il
s’agiyv d’une '"bonne" généralisation de la notion de
connexlité dans le cas des graphes,

2. Une matrice A & éléments dans {—l 0 +l€ est considé-
rée comme la matrlce d’incidence aux arcs d’un hyper-

graphe 'général' —(X,&ﬂ dont 1l’ensemble
X =3X1,Xp5e00yX,! des sommets /resp., 1’ensemble
des a% est & blgectlon avec l’enseuble des lignes

/resp. des colonnes/ de A. Un arc de H est dit

"pair" si cet arc est incident & un nombre pair de
sommets /i.e. le nombre d’éléments non nuls de la
colonne correspondante de la matrice i est pair/.

3. Legs, notions de chaine, cycle, cocycle, CUhneAlte, arbre
definis dans le cas des graphes sont généralisées ici:

- Un ensemble d’arcs pairs de H u‘t cfest appelé
"pseudo chaine Jjoignant les sommets . et x. si
chaque ligne de la matrice d’lnc1dencé de l’h9peroraphe
partiel construit sur W®’ /i.e. de la sous matrice
de A obtenue en conservant les colonnes correspondant

e

a &' et toutes les lignes/ a un nombre pair d’élénents :

non nuls sauf les lignes correspondantes a x. et a x,

qul ont un nombre impalr d’elements non nuls.

- Un ensemble d’arcs pairs &'c R est appelé "pseudo
cycle" si chaque ligne de la matrice d’lnc1dence de
l’hypergraphe partiel construit sur A a un nombre
pair d’eléments non nuls,

- La relation de connexité sur les sommets del’hyper-
graphe H se d&duit de celle de pseudo chaine:

X3 C xj &> 11 existe une pseudo chaine
joignant X3 et x: ou bien
X: = X. o J
1

J

4, On montre que pour un hypergraphe H =(X, A) sur n sommets
les proprietés suilvantes sont equlvalentes et caractérisent

ce qu’on appelle un "h-arbre's

/i/ H est connexe /i.e. la relation x: C x. est satisfaite

pour toul couple de soumets/ et mifiimaldpour cette
proprlete.

/ii/ H est palr /tous les arcs sont pcirs/ et posséde n-l1 arcs.
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GeSalinetti, Instituto di Calcolo delle Probabilita Facolta
di Statistica,Citta Universitaria, Roma,Italy

CONVERGENCE QUESTIONS IN STOCHASTIC OPTIMIZATION

A promissing approach to solving stochastic optimi-
zation problems is to replace the original problem by an
"approximate" problem. This usually involve discretezing
the random elements or replacing the original distribution
by one yielding a simpler problem, This requires the devel-
opment of a theory of convergence with, whenever possible,
the calculation of error bounds. We appfoach these problems
by means of the theory of convergence of stochastic multi-

functions.
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C.L. Sandblom, Faculty of Commerce and Administration,
Concordia University, Montreal, Canada,

A NONLINEAR DECOMPOSITION ALGORITHM

Nonlinear programming problems quickly become unmanageable as
the number of variables grows, and decomposition offers a solution to this
dilemma. The problem is then broken down into a master problem and one or
several subproblems, which are solved iteratively gielding solutions nearer
and nearer to the optimum. Kronsj81 and Geoffrion® use a Lagrangean approach
to solve the master problem, whereas the present algorithm uses a direct
method, utilizing subgradient minimization, which is presently being dev-—
eloped by various authors. This paper reviews the Lagrangean master problem
approach before the new algorithm is presented. A subdifferentiable minimi-
zation algorithm by Poljak3 is then reviewed and modified. With the modi-
fied Poljak method the decomposition algorithm is shown to be convergent.
Some suggestions for improving the numerical efficiency of the method con-
clude the paper.

1. T.O0.M. Kronsj8: Decomposition of a large nonlinear convex separable
economic system in the dual direction. Economics
of Planning, Vol 9, 1969, pp. 71-94.

2. A.M. Geoffrion: Generalized Benders decomposition. Journal of
Optimization Theory and Applications, Vol. 10, 1972
Pp. 237-260.

3. B.T. Poljak: A general method of solving extremum problems.
Soviet Mathematical Dcklady, Vol. 8, 1967, No. 3,
PP. 593-597 (translated from Russian).
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R.W.H,Sargent, Imperial College, London, England

S

AN EFFICIENT IMPLEMENTATION OF THE LEMKE ALGORITHM AND ITS
EXTENSION TO DEAL WITH UPPER AND LOWER BOUNDS

The.Lemke algorithm is probably the most elegant method of
solving the linear complementarity problem, but the classical tableau
form of solution is computationally rather inefficient.

The general form of the algorithm adds an additional variable
and column to the original problem, to give the form:

w=q+ez +tMz

w20, z30, w",rz-o »2o=0

The complementary pivoting procedure operates on columeé of the
matrix Ee,&]and in general transforms the whole matrix. Any symmetry
in M is lost in the process, in contrast to the "principal pivoting"
method of Cottle and Dantzig.

In fact the Lemke algorithm can be reorganized to use only
'principal pivots, thus preserving any symmetry in M. Economies can
also be made in the amount of computation for each pivot, rather in the
manner of the "revised simplex" method for linear programming, and it
is only necessary to updaté a submatrix corresponding in size to the number
of active constraints (non-zero z-variables). Rather than generating an
inverse matrix, a stable form of triangular decomposition can be used,
with all the usual advantages of numerical stability and conservation
of sparseness. '

The test for a "blocking variable" can also be easily generalized
to deal with upper and lower bounds, so that the algorithm directly
solves the more general problem:

S w=gq + Mz

aiéwig bi all 1

z, (ai - wi)p 0, 2 (bi-wi)b 0
This makes a further saving in computation and storage for such
problems, and provides a convenient, unified form for dealing with all
types of inequality and equality (a;\1 = b1) constraints,
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K. Schittkowski, Institut fir Angewandte Mathematik und
Statistik, Universit&dt Wiirzburg, D-87 Wiirzburg, Am Hubland

DISCRETIZATION AND NUMERICAL SOLUTION OF A TIME-
OPTIMAL PARABOLIC BOUNDARY-VALUE CONTROL PROBLEM

We try to solve numerically a time-optimal control problem
resulting from a special one-dimensional heat-diffusion process.
A thin rod shall be heated at one end-point such that a given
temperature distribution koe c(0,1) will be approximated in the
L -norm with a given accuracy e as soon as possible. The heating
process leads for every control u € LQ[O,T] and every control
time T to a parabolic boundary-value problem, whose solution,
we call it y(s,T,u), is well-known from Yegorov. So we get the
problem

(SP) min T
Tou: ly(.,T,u) - k0(°)“¢ <€

fhall, <1
T >0, ue€L[0,r]

This problem is solvable and Lempio has shown that the op-
timal control is bang-bang and that the jumps accumulate at
most in To’ the minimal control time. Now we consider only such
feasible solutions of (SP) which possess the above bang-bang
character. This leads to an equivalent problem, call it (P),
whose variables are the jumps of bang-bang functions.

In order to solve (P) numerically we discretize it in the
following way:

1) Consider only controls with at most k jumps, k € WN.

2) Displace the infinite series determining y(s,T,u) by an
finite series of length ln’ ln + o for n » =, )

3) Approximate the Lm—norm by computing the maximum of n func-
tion values of equidistant points in [0,1], n € N.
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The minimal control time T~ of this discrete problem (Pk )
converges against the minimal control time To of (P), more pre-
cisely we can show that

1im lim T‘gn = 1im Tim Ttm =T,
k@ noe Koo noe

Further we develop an algorithm to solve (Pkn) numerically.
This is a bisection method in the following sense: We decide
by solving a special optimization problem in Rk, if for a given
T a feasible control exists with respect to (Pkn). If yes, let

T decrease, if no, let T increase.

Finally we discuss some numerical results.
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J.F. Shapiro,Massachusetts Institute of Technology, Cambridge,
Massachusetts, USA —

STEEPEST ASCENT DECOMPOSITION METHODS FOR MATHEMATICAL PROGRAM-
MING / ECONOMIC EQUILIBRIUM MODELS '

A number of models have been proposed for combining econometric
submodels which forecast the supply and demand for economic commodities
with a linear programming submodel which optimizes the processing and .
transportation of these commodities. Included are models for energy
planning, analyzing the world wheat market, and river basin development.
We show how convex analysis can be used to decompose these planning
models into their econometric and linear programming components. Steepest
ascent methods are given for optimizing the decomposition, or equivalently, s
for computing economic equilibria for the planning models. Extensions to
the dynamic core are also discussed.

J.F. Shapiro, lMassachusetts Institute of Tecnology, Cambridge,
Massachusetts, USA .

MATHEMATICAL PROGRAMIING MODELS AS INTEGRATORS: INTERDISCIPLINARY
OMPUTER SYSTEMS DESIGN AND USE

Mathematical programming models often serve as integrators in inter-

disciplinary operations research studies. Student participation in the

computer implementation of models of this type gives them a perspective

from which to learn how models are created from live data in an institutional

setting, how mathematical programming analyses should be performed on real
problems, and how interesting and relevant mathematical research can be
derived from applied problems. Illustrations from water resources planning,
energy planning, machine replacement and environmental analysis will be

given.
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OPTIIIERUNGSAUFGABEN IN LETZPLAINLIODELL

1. Terminproblem

Zunachst wird ein gegenuber der METRA-Potentialmethode erwei-
tertes liodell der Netzplantechnik angegeben., Durch die Ein-
fihrung variabler Vorgangsdauern wird die Aufgabe geringfugig
komplizierter. Es werden aber Falle losbar, die mit der METRA=-
Potentialmethode nicht erfasst sind., Auch bildet das Modell
gunstige Bedingungen fur die spater zu behandelnde Ressourcen-
bilanzierung.

Das Terminproblem wird als lineare Optimierungsaufgabe formu-
liert, in welche die Vorgangsdauern Di (MIN Dy £ Dy £ HAX Di)
‘mit einbezogen werden. Fur diese erweiterte Aufgabe hat Nagler
einen Lasungsalgorithmus entwickelt. Auf Grund der Illodellstruk-
tur bietet sich dabei eine Verallgemeinerung des Kelleyschen
Verfehrens an, Die Dualisierung der Optimierungsaufgabe fluhrt
in ihrer graphentheoretischen Realisierung zu einem llaximal-
stromproblem, fir dessen Losung ein Algorithmus aufgestellt
wurde. Es ist ferner méglich, fir jeden Vorgang eine konvexe
(stuckweise lineare) Dauver-Kosten-Kurve vorzugeben. Das zuge-
horige Programm liefert ein optimales Termin-Dauer-System, wel-
ches .eine wesentliche Grundlage fur die Optimierung des Ressour-
ceneinsatzes 'bei komplizierter lietzstruktur bildet.

2. Ressourcenbilanzierung
O

Wir bezicehen nun eine i:enge nichispeicherfehiger Ressourcen'in
éic betruchiuuger ein., Das mathematische liodell geht von Kosten-
beweritungel: fur die Anzehl der zum binsetz kommenden Liessourcen—
eirkieiten, fur deren Leistungen (einschliesslich Warte- und

Uwsetzzeiten) sowie flr Terminuberschreitungen aus.
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45 ergibt sich eine nichtkonvexe bilincare Optimierungsaufgabe.
Mir die Losung wird ein Verfah;en yorgeschlagen,. wonach eine
suléssige Ausgangsldsung aus 5 denm lermlnalgoxlthmus gewonnen
und danach schrittweise verbessert werden kann,

In vier praktisch bedeutsamen Spezialfallen der Bilanz- bzw,
Reihenfolgeoptimierung wurden auf der Grundlage von unab-
hangigen Losungsalgorithmen Rechenprogramme aufgestellt, Uber
deren Anwendungen bei der Ablaufplanung berichtet wird,.

B.J, Singh, Chase Manhattan Bank, 42 Trinity Place, New York,
U.S.A. 10006 -

OPTIMIZING THE UTILITY OF MULTI-COMMODITY NETWORK FLOWS

The paper deals with optimization of the utility of Multi-
Commodity Network Flows. Utility of a commodity is a non-
linear (piece-wise linear) function of its flow. In general,
a commodity uses a fixed path starting from a source terminal
to reach its destination. The flow of the .commodities is
restricted by the available capacity of the edges. A unit
flow of any commodity requires integer units (21l) of the edge
capacities on its path. The flows of different commodities
in an edge are additive though the direction may be opposite.
Further, the capacity of an edge may be increased within total
cost constraint by expending a known cost. The cost functions
are non-linear (assumed piece-wise line;r).

The problem described is very general in nature. Many
network problems discussed in the recent literature form its
special cases. The complexity of this general problem stems
from two factors: firstly, the objective is to optimize the
sum of non-linear utility functions of individual flows and
secondly, the cost functions are non-linear.

An algorithm designed to solve a large real life problem
is developed and under one assumption, gives the global maximum
of the non-linear objective function. The problem is first
transformed into a restricted basis problem having the structure
of a linear programming problem. For such problems, the
optimum is readily obtained. Finally, the application of the
algorithm to special cases is discussed.
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Czestaw Siemaszko Institute for Organization, Management

and Control -Sciences

THE GAME OF PURSUIT IN AN BANACH SPACE

The paper is devoted to the study of differential' games
in Banach s8space. The dynamics of +the game 1is described

by an equation of the fom
(1) x=At)x+u-v x(tp) = Xo

" where x€X is a separable Banach space A(t) is the linear
generator of a gsemigroup S(t,T ), ul(t) denotes a measurable
selector of a closed, bounded,convex subset U.of a reflexive
Banach space Z)v(t)ev is defined in a similar way.
If we replace wu-v in (1) by an arbitrary function
k(u,v) then using mixed controls one can get the some result.
First we _consider games with fixed time duration. The pay-off
10 has the famn of a contingous functional on C[Ktp,tk),x]
where [tp,tk] is a fixed interval and(iﬁp,tk),i] is
a Banach space of all continuous functions on [ﬁp,tk]
valued in X.
In the literature on differential games there is a lot
-of definitions of "strategy" that in turn imply a quantity .
of the corresponding notions of "value". A concept of strategy
discussed here is those of Elliot Ealton [1] .
-We also indicate its relationship to that of Friedman El]
We are able +then +to0 prove,
Theorem ‘
For the game described by equation (1) with the pay-off ¢
. Lipschitz continuous on C [(tp,tkl,x] there exista a value

foo,t »t, ) of the game which is Lipschitzian with respect to

p
all the arguments.

-
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Since V(Xo,tp,tk) is Lipschitzian it follows from [:3] that

V(Xo,t ,tk) is differentiable almost everyhere. From 1his

P
wve get a differential equation of 1ssacs-Bellman type.

In the second part of the paprer we deal wilh pursuit -

evasion games and we get.

Theorem

The game described by the equation (1) has a generalized valuve.
Fipally we apply ovr resvlis lo gemes described by lipear
differential-difference equation of neulrsl type.

For a game of f{ixed duraticn we are able 1c prove <1lhe existence
of optimal strategies for both players. Finaly we consider

a game of pursuit described by this Tunctlional eguation with

a target set in the space C[-h,0] where h is the maximal

delay time occuring.

The conluding results constitute a generalization of the work

[4] of Varaiya concerned with the finite - dimensional case.

Feferences

1. R.J.Elliott and N.J.Kalton, "Values in differential games",
Bull.Amer.Math.Soc.78 (1972), 427-431.

2. A . Friedman, "Differential Games", Pure and Applied iiathematics,
Vol.25, Wiley-In£erescience, New York, 1971.

%. N.Aronszajn, "Differentiability of lidpschitzian lMappings
between Zanach Spaces", University of Kansas, October, 1674,

4. P.Varaiya J.Lin, "Existence of saddle points in differential
games, SIAM J. Control 7 (1969), 141-157.
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Leon Slominski, International Research Group, loscow

BOTTLENVECK ASSIGNLIENT PROBLEN: AN EFFICIENT ALGORITHII

An algorithm for the bottleneck assignment problem is pre;
sented,the theoretical efficiency of which is superior in com=
p2rison with the known algorithms. The problem under conside-
ration is as follows. In a2 given square mntrix C =(cij)nxn of
integers we should select a sample of n elements / called a
feasible solution /,one in each row and one in eech column,
in such a way that maximum valued element in the sample be the
smallest among all feasible samples. Thus, our purpecse is to
find Cy = minpen [m3x1e<1,n>°ip(1r}' where p is a permutation
of intezers 1,...,n, [l is the set of all permutationse. The pro-
blen was posed by Gross /Bottleneck assignment problem. RAND,
P-1630,1958/ and primal algorithm fer its solution was proposed.

Our algorithm is of the threshold type. As a threshold va-
lue B for criterion serve elements of matrix C. The lower and
upper bounds for the threshold may be introcduced:
B ya$B = ¢ j ¢B . ¢ These boundslare ob::lained in the follo-
wing way: Bmir&-z MAX {Bygeees 33 yeee,a } and Bmax
min{bl,...,bn,b ,...,bn}, vhere ay and bi are respectively mi =
nimm and maximum valued elements of ith row, whereas aj and
‘o'ii are respectively minimun and maximum elenents of jth co-
lumn. “ith the threshold being chosen,the basic step of the

algorithm is performed. The matrix dB in which: c?j = 1 for
cijt\:B and C?J- = 0 for °ij> B is used. Now, we search for a
a feasible solution in this matrix. The feasible solution exi-
sts 1iff the matrix CB nay be brought to the form in which
there are no zeros on lending diagonal. The modified Hungarian
method is applied. Selecting a2 colum with zero in leading
dingcnnl place,we try to perrute colums in such 2 way that
figure one appears in this place and at the same time no
other colunn with this proparty loses it. When such permuta-
tion ic found,the procedure is repeeated with the next column

oand co on. It can be shown that computations of complexity

2
0(n”) =re needed to get natrix c® in desired form or to
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estnablish that no feasible solution exists. In the latter case
the new threshold is introduced and the permmtation procedure
starts again.

Some other formulations of the necessary and sufficient con-
dition of feasibility as well as different methods of checking
these conditions are discussed too. One of the method is ba-
sed on introducing in each step some auxilliary problem,namely
the maximum matching problem. e should find a2 maximum matching
in a bipartite graph G(V,E). The vertex set V consists of rows
(Vy) 2nd columas (V,) of matrix c® . The edge {vy,Vv,)€E iff .
there is one on the intevrsection of vrow vy and colum Vs in C~.
The matrix is feasible when an optimal solution to the matching
problem is n. For the matching problem the efficient algorithnm
of Hopcroft and Karp is known / an ns/2 algorithn for maximum
matching in bipertite graphs. SIAY J.Comp.,No.4,1973 /.

Other examples of the auxilliary problems are: the maximunm
flow problem in adequatly defined network and the classical
assignment problem / known algorithms for both problems are of
the complexity O(nB)/.

The number of the basic steps to be performed in our algo-
rithm depends on the method of changing the threshold value.
One way to do it is the progressive increase of B,starting
with lower bound Bmin . TMirst feasible solution is optimal.
The algorithm in this case will be of complexity O(n4) .

Using another method for changing of the threshold / alterna-
ting method / which may prove useful for large problems, there
will be no more than 21gn basic steps in algorithm.

The complexity of the algorithm in this case is 0(2n21gn).



245

R,S¥owinhski, J.Weglarz, Technical University of Poznaf,
Poznah, Poland, AN ALGORITHM FOR SOLVING A CERTAIN
NONLINEAR SCHEDULING PROBLEM

 In this paper, the following problem is considered.
A set of n heterogeneous machines process in parallel an
amount of raw material. Let ci(vi) be the known cost of
processing A units of raw material on machine i=1,2,...,n.
The amount of raw material processed at any moment on ma-
chine i lies within bounds: v, € <ai’bi> » Where O<a;<by.
The objective is to find the number of periods of work for
every machine and amounts of raw material processed in these
periods which minimize the cost of processing the total a-
mount of raw material, that is not less than certain re-
qﬁired amount. :

The above problem forms an atypical Single Product Pro-
duction Problem. The point of the matter of this atypicalli-
ty is that the requirement for the product only refers to
production as a whole; the inventory holding cost is not
considered and furthermore we consider n facilities with
different cost functions, producing the same product in par-
allel. Finally, the number of periods for particular facili-
ty is here a variable of the optimization problem.

Of course, the considered problem also has an economic
aspect to it, but we would rather stress its applications in
technological processes like grinding or mixing which occur
in the building materials, metallurgical or glass industries.

In this paper, we develop and discuss an algorithm for
solving optimally the above problem, for ci(vi) nondecreasing
convex or concave, i=1,2,...,n, In the algorithm some special
properties of optimal solutions are used, and due to this,
it may be useful in practice.
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COIBINATORIAL PRUPERTIES CIF BIMAYURIX GALES
In this paper we revezl some cowbinatorial properties

of the bimatrix games;theie properties are obtained by
studying a certain wssociuated graph,
More precisely,:f o bimatrix game is iven by the pa, off
matrices A,B,each of thim with m rows and n coluuns,one
attaches 10 this sume a graph with wun verticea (i1,J);
(1=1,...,m;j=1lyeeeyn)-two vertices (i,;),(k,1)being joinea

-either by a2 directed edge ((i,j),(k,1)) when imk anu

bijuvbhl,or J=1 and aij>ak1’
-oxr by an undirected euge[(ij),(k,l)]when i=k and bijgbkl,

Orne studies the propertises of the associated graph for a
bimatrix game and one examines the characteristic properties
in the case when it correcsponds to a matrix game.

One uses some of these results in order t. estabiish a method
for finding an equilibrium point in a bimztrix game with one
player having two pure strategies.Some other results for any

binatrix game are given.
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T, Tanai, Software Development Dept. Mitsubishi Research
Institute, Ohtemacni, Chiyoda-ku Tokyo, Japan,

IMPLEMENTATION OF THE HEURISTIC MIXED INTEGER PROGRAM TO THE
MATHFMATICAL PROGRAMIING SYSTEM

We have recently developed a general purpose mathematical programming
system for a domestic large scale computer. This system has four functions
as its sub-systems, which are the linear programming system, the data manage-
ment system, the mixed integer programming system and the special structured
large scale linear programming system. What we are to report here is about
the mixed integer programming system, especially the heuristic method that is
implemented in it.

Our basic principles in designing the mixed integer programming system
were as follows.

(1) consideration of elementary usage;
b Users with relatively poor experience in MIP can use this
" system easily and can get reasonable computational efficiency.

(ii) consideration of sophisticated usage;
Users can select proper strategies taking advantage of the
structure of their problems. -

(iii) stability of computation time;
€ Users can obtain reasonable solutions that correspond to the
computational cost, even if their available computation time
is limited.

Considering these points we adopted two methods in our system, one 1is
the branch-and-bound method, the other the R-optimal method.

The branch-and-bound method ([1],[2],[5],[7],[9]) is adopted in not
a few mathematical programming systems such as MPSX,0PHELIE,UMPIRE etc.
One of the most important characteristics of this method is that one can
obtain a globally optimal solution. But it seems to have some disadvantages
such that in many cases computation time varies considerably according to
the computational strategy one adopted and that computation time increases
exponentially depending on the number of integer variables.

In the R-optimal method, given a feasible integer solution, one tries
to improve the solution by means of varying R integer variables at a time
and repeat such trials so long as the solution is improving. This kind of
method was applied to the pure integer programming problem by Hillier [4],
to the travelling salesman problem by Lin [6] and the plant location problem
by Sa [8]. One defect of this method is that solutions obtained by this
method are generally locally optimal. But its advantage is that computation
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time is proportional to lR (where 1 is the number of integer variables)
and 1s stable irrelevant to the structure of problems. Compared with

the branch-and bound method, it seems to work with remarkably high
efficiency for problems which do not have strong structural relations
among integer variables. In our program we set R=1l and 2, but even by
such a simple algorithm, numerical experiments showed fairly good results.

In our mixed integer programming system, we adopted these two methods
to make up for each other's defects and by combining them, high compu-
tational efficiency can be expected.

Finally, computational results comparing our R-optimal method and the
branch-and-bound method of MPSX are given in Table 1 and 2. The program
of Table 1 is coded in FORTRAN and it is processed totally in core. The
program ol Table 2 is coded in the assembler language and it uses external
memory devices. These two programs were made for the test of the R-optimal
method.

After these experiments, we were convinced that the R-optimal method
is effective for mixed integer programming problems of practical scales,
so we proceeded to implement this method in our general purpose mathematical
programming system. Table 3 shows the result of the tests of our system.
BBMIX is the procedure that applies the branch-and-bound method and HEUMIX
is the procedure that applies the R-optimal method.

sEoblen — 10-1 Computational time(CPU minutes) Barertonad valae
Cont. LP Search Total
v Rl A v S P Y
1 {Rone] 165626 | 12 01— oos0 | Tooions's
T [ RRoee] 12679 | 25 00— 005|005 o319
IV o] 1184 20 00— 00w 76330
v [hoer] 1898 | % 000 ons 71558
Vi [itope] 679%| 28 [—5'r—0't0 | 0. 22018
Table 1

machine: IBM 360/75J

problem: minimize

m = no. of constraints

‘'n = no. of variables

1p-1 = no. of 0-1 integer variables
Cont. LP: time to solve continuous LP
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Prob mxn 1| 10-1] Comp. time (CPU seconds)| Is Optimality| Functional
* (density) “4 Ccibt.LP| Best int.| total proved? value
VII MPSX 72%1092 20 2.4 291.0 595.0 [ no(time cut) 3244.0

R-Opt.| (3.97%) 2.4 53.4 95.4 | yes 3329.0
VIII MPSX 92x1512 20 3.0 30.6 292.8 | no(time cut) 3149.0
R-Opt.| (3.11%) 3.0 58.2 66.3 | no(Comp.err.) 3052.0
IX MPSX 72x1092 '20 1.8 45.6 138.0 | yes 2868.0
R-Opt.| (3.97%) 1.8 34.8 64.7 | yes 2868.0
X MPSX 92x1512 20 2.4 717.4 294.0 [ no(time cut) 2682.0
R-Opt.| (3.11%) 2.4 69.0 110.4 | yes 2666.0
x1 MESXK 197%X478 85 4.2 32.4 | 294.0 | no(time cut) 458947.0
R-Opt.| (1.43%) 4,2 32.4 | 105.0 | yes 458947.5
|
Prob mxn 1 g%n Comp. time (CPU seconds)|Is optimality | Functional]
i (density) max |Cont.LP[Best Int.]Total proved? value
BBMIX 72x1082 0.62 29493 30.0 no 3244
VII \yeomix| (3970 | 22| ™[ 0.62 §.96 | 20,71 es 3785
IX BBMIX 72x1092 20| min 0.47 127 11.02 yes 2868
HEUMIX| (3.87%) 0.47 7.56 15.02 yes 2868
XI1 BBMIX [561x376 e 3.80 51.33 59.70 no 2236
HEUMIX| (0.40%) | 0.0 10.15 12.14 yes 2463
[1] Benichon, M. etc., "Experiments in Mixed-Integer Linear Programming",
Mathematical Programming, Vol. 1, pp.76-94 (1971)
[2] Dakin, R. J., "A Tree-Search Algorithm for Mixed Integer Programming
Problems", Comp. J., Vol. 8, pp.250-255 (1965)
[3] Driebeek, N. J., "An Algorithm for the Solution of Mixed Integer
Programming Problems", Man. Sci., Vol. 12, No. 2, pp.576-587 (1966)
[4] Hillier, F., "Efficient Heuristic Procedures for Integer Linear
Programming with an Interior', JORSA, Vol. 17, pp.600-637 (1969)
[5] Land, A. H., and Doig, A. G., "An Automatic Method of Solving
Discrete Programming Problems', Econometrica, Vol. 28, pp.497-520
(1960)
[6] Lin, S., "Computer Solutions of the Traveling Salesman Problems",
Bell System Technical Journal, Vol. 44, pp.2245-2269 (1965)
[7] Roy, B., Benayoun, R., and Terguy, J., "From S.E.P. Procedure to
the Mixed OPHELIE Program', (J. Abadie, eds.) Integer and Nonlinear
Programming, North-Holland Publishing Company (1969)
[8] sS&, G., "Branch-and Bound and Approximate Solutions to the Capacitated
Plant-Location Problems', JORSA, Vol. 17, No. 6, pp.1005-1016 (1969)
(9] Tomlin, J. A., "Branch and Bound Method for Integer and Non-Convex

Programming', (J. Abadie, eds.) Integer and Nonlinear Programming,
North-Holland Publishing Company, pp.437-450 (1969)
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Sciences, Warsaw, Foland
NEW TOOLS FOR O-1 KNAPSACKfPHOﬂLEH - 0(n) REDUCTION ALGORITHM
AND DdMINANCE CONSTRAINTS.
The paper deals with O-1 knapsack problem (KP)
max (c1x1+...+c“xn)
subject to a1x1+...+anxn$b.
xi=0 < b o (. [P—

The reduction of KP consists in assigning values to" as
many as possible variables before applying +1he main algorithm.
This approach was introduced by Ingargiola and Korsh [3] using
standard continues relaxation of KP with one additional
constraint of the fom x;'j=0 (xj=1) in at’cmnpt.to fathom‘
corresponding subproblem. The best possible estimation of number
of opera"bions gs & function of n is O(n2) for their method.
Recently Dembo and Hammer have proposed O(n) reduction scheme
applying weaker fathaming test. In the first part of this
paper O(n) reduction algorithm is described with i‘a‘lboming
criterion equivalent to the original one of [3] . Simple
modification of this algorithm can be wused for reduvuction of
general (non-binary) KP. The possibili‘l:y'oi" use of the algorithm
within enumeration method is also discussed introducing subset
of so-called test variables with the property that some test
variable must be redﬁcible, if any free wvariable is reducible,

In the second part of the paper a partial order (so-called
daninance relation; is iplroduced in ihe set of variables.
Assuwming c1/a1>,...2cn/an, we say that x; dominates X iff

-
subproblem with corstraint xi=1 (xi=0) we can also put

isi, ai\{.aj and c, 2> Cye Fxamining in enumeration process
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xj=1 (xj=0) for all Xy dominating (deminated by) x,.

This technique usually reduces the size qf the search tree
and gives bounds tighter than obtained by pure linear progra-
mming. Possible generalization of this approach dis also
discussed, using dyramic programming. Finally, two-phase
reduction algorithm is proposed adapting dominance constraints

in the second phase.

References

[1] r.s.Barr, G.T.Rosg, "A Linked List Data Structure for
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ON THE MULTIPLE MINIMUM RISK PROBLEM

This paper presents a method to solve the multiple
minimum risk problem of stochastic programming:
Ax £b
x>0
max P{w\ o'l(hbx»ul} = Zqy
max P{w\ o', (Wx 7,u2} = Zpy

max P{w\ o'r(w)xzur} = 2,

where A is a m x n matrix, x is a n- dimensional vector, b is
a m - dimensional vector, ck(u) E (okl(a)), 1€kgr, 1£14n
are vectors Whose elements are real - valued random varisbles
defined on a probagbility space{.ﬂ.’K., P} 9 Ujypecceu, are scalar
numberse

We assume that ok(k=l,...,r) has a nonsingular
multinormal joint distributions
The concept of the multiple minimum risk solution is introducede.

The results are part of s doctoral thesise
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R,M,Stark,University of Delaware, Newark,Delaware,USA

ON STOCHASTIC ZERO DEGREE GEOMETRIC PROGRAMMING

A methodology has been devised for zero degree of diffi-
culty geometric programs in which constraint and objecti-
ve coefficients are random variables., A limiting distri-

bution, under rather general conditions, is derived for
this case.

M, Stefanescu, University "Al.I. Cuza", Iasi, Romania

ALGEBRAIC PROPERTIES OF THE MATROIDS AND THEIR APPLICATIONS
TO SCHEDULING

Considering the connection between the matroid theory
and the theory of binary relations, we give a new definition
of a matroid on an infinite set, and we prove the equivalence
with the other definitions /R.Rado, L.Mirsky, etc/ Many
properties of the finite matroids can be translated for the
infinite matroids, the proofs being simplified. This
language allows us to formulate the scheduling problem and

suggests us a manner for solving 1t in some particular
cases.
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B,R, Stonebridge, Lecturer in Computer Science, University of Bristol,
Bristol, Great Britain

LEAST=-SQUARES WITHOUT NORMAL EQUATIONS

The problem of fitting a noon-linear function to data is often
approached using a "least=-squares" criterion, However, the method
whereby normal equations are formed has often been shown to be
unstable,

It will be shown that it is unnecessarily ill-conditioned, and that

the required solution may be obtained more accurately by using direct
transformation of the linearized observational equations,

J.J.Strodiot - N.,V.Hien, University of Namur, Namur, Belgium

AN EXPONENTIAL PENALTY METHOD FCR MINIMAX PROBLEM ITH CONSTRAINTS

In this paper an exponential penalty method is applied to a nondif-
ferentiable minimax problem with constraints given by inequalities. The
strategy is to transform the constrained problem into a sequence of uncons-
trained problems which are easier to solve. The penalty functions have two
parameters and-are constructed so that all convergence subsequences of so-
lutions to the easier problems converge to a solution of the constrained
problem. It is a generalisation to our problem of Murphy's penalty method
for nonlinear programming. As in nonlinear programming the exponential
penalty method has the advantages of the exterior penalty method i.e. the
starting point may be infeasible.

The main result of this paper is that our method has also the advan-
tages of the interior penalty method : the trial solutions become feasible
after a finite number of iterations. The proof reduces the unconstrained
problem into a convex programming problem and uses extensively the concepts
of convex analysis i.e. subgradients of convex functions and directional
derivatives.

Since the trial solutions belong to the feasible domain after a
finite number of iterations we need only establish the rate of convergence
for feasible trial solutions. We show that if the problem has an unique
constrained saddle point and if uniformly convexity and concavity assumptions
are satisfied, then the rate of convergence depends of the choice of the
parameter in the penalty function. This proposition allows us tc deduce a
good choice of these parameters. A1l the proofs in this paper are given with-
out differentiability assumptions. :
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EINIGE BEMERKUNGEN ZUR LOSUNG VON KONKAV-KONVEXEN SPIELEN
MIT HILFE DER OPTIMIERUNGSTHEORIE

Betrachtet man die entwickelten Lésungsmethoden in der
Spieltheorie, so stellt man fest, daB sie mehr oder
weniger mit der Optimierungstheorie verbunden sind.
Die in [2] durchgefiihrten Untersuchungen fithren zu der
Vermutung, dal der aussichtsreichste VWeg, fir weitere
Spielkomplexe Losungsverfahren zu finden, ebenfalls
iber die Optimierungstheorie fiihren wird,

Wir betrachten ein antagonistisches Spiel

G=&X, Y HD
mit den Strategiebereichen

X ={TxeRn : £,(0)ZO0, i
Y ={yer": gm0, 3

und der stetigen Gewinnfunktion
H = H(X,Y) .

1...k , x>»0%
Tesul § O ¥

il

Entwickelt man eine verallgemeinerte Lagrangefunktion der
Art

k 1
F(x,¥; w,v) = H(x,y) + :d:’] Vi fi(x) + :&—,] u; 84 (:) ’

so wurde in [2] der folgende Satz bewiesen:

Satz: Séien F und G wie oben definiert, so folgt aus der
Gleichung

sup inf F(x,y;Un,v) = inf sup
(x,u)20 (¥y,v)e0 ,vZo0 (x"“.)?—o
die Gleichung

sup o inf H(x,y) = inf sup H(x,¥)
xeX yEY yEY xex

F(x,Y, !.,v)

Ist dabei (x?, y*, v”,1§5 ein Sattelpunkt von F fiir
(xX,¥,u,v) 20, so ist (x*, y") ein Sattelpunkt von H und

es glilt
F(x~; y*, u“, v*5 = H(xy, y”)

Sei H(x,y) in x eine konkave und in y eine konvexe Funktion,
seien weiter fi(x) (i=1...k) konkave und gi(y) (=" s yiadd)
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konvexe Funktionen, erfiillt das Spiel G die Slaterbedingung
(in XX Y existiert ein innerer Punkt) und seien X und ¥ kom=—
pakt, so gilt auch die Umkehrung des Satzes.

Auf Grund dieser Tatsache kann man unter gewissen Voraus—
setzungen mit Hilfe der Kuhn-Tucker-Theorie folgendes &dqui-
valente Optimierungsproblem finden:

Z(XyFou,Vv) = x;f(-Fx)+ v B, + 7! Fy + Bt ("Fu)-"" min

F, (X7,u,v)Z2 0

Ry (XyTau,v) 20

"'Fu (X,7,u,v) 20

x20, Y20, u20, vZO0,

wobel die Menge der Optimall'dsungen identisch ist mit der
Menge der Sattelpunkte von G. :
Interessant sind die numerischen Losungsverfahren. Es wurden
(bzw, werden noch) Untersuchungen durchgefiihrt, inwiefern
spezielle Schnittebenen~ bzw. Gradientenverfahren, wie sie

in [17 und { 37 angegeben wurden, auf diese Problematik an-
wendbar sind.

Literatur: [’l'] Krelle/Kiinzi, Nichtlineare Programmierung,
Berlin = Gottingen = Heidelberg 1962

[2] Vogel, Uber einige Beziehungen zwischen Spiel-
theorie und Optimierung, Dissertation TH Magde-
burg 1974

[3) Zontendigk, Methods of feasible Directions,
Amsterdam 1960
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M.M.SysZo, Institute of Informatics, University of WrocYaw, Wroclaw, Poland.
GENERALIZATIONS OF THE STANDARD TRAVELING SALESMAN PROBLEM.,

The standard traveling salesman problem ( STSP ) is to find a minimal
Hamiltonian circuit of a weighted graph.

A number of procedures have been developed for solving the STSP but \

it is notknown that which grows less than exponentially with the number
of vertices of a graph.

The STSP has many practical applications in scheduling theory, vehicle
routing, the implementation of algorithms in complex computing machines, the
construction of information systems, etec , and to meet additional requirements
some of these applications the STSP has been generalized in many ways.

Most of problems which can be considered as generalizations of the STSP
are to find the optimal routes for a group of salesmen provided the routes
satisfy a set of requirements. Then a given generalization is obtained by
specifying meanings of terms "optimal", "group of salesmen" and " set of
requirements imposed on routes".

One of the aims of this talk is to present a set of generalizations
of the STSP which correspond to all introduced so far and known to the
author meanings of the sbove mentioned terms. Some problems are reducible
to others, in particular to the STSP but there are only a few simple ge -
neralizations which are not NP - complete px ems.

The STSP is closely related to the assignment problem ( AP ) which
has been also generalized in many ways, for instance as the multidimentional
assignment problem or as the independent assignment problem. Thus the
following question arises : how the generalizations of the STSP are related
to those of the AP,

of
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K. Szendy, Inst. for Power Station and Network Design,Budapest

A.Prékopa,Technical University of Budapest and Hungarian Academy of
Sciences Computer and Automation Institute, Budapest

T, Széntai,Technical University of BLudapest

A

PLANNING OF OPTIMAL EXTENSION O INTERCONNECTED POWER SYSTENS USING

STOCHASTIC PROGRANMING

13

The interconnection of power systems can be described by a system of
inhomogeneous linear inequalities. In order to satisfy the increasing
load demand, new generating and transfer capacities have to be instal-
led. The most economic project evaluation leads to the introduction of
an objective function and thus we are given a /in general nonlinear/
mathematical programming problem, Since such systems contain random
elements e.g. generation outages, peak load deviation and transfer
capacity deviation, it is reasonable to prescribe a /high/ reliability
level and thus we obtain a stochastic programming problem of probabi-
listic constrained type. This problem is solved by a joint application
of simulation and nonlinear prograrming procedures.
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Jacek Szymanowskl, Andrze] Ruszczynski, Institute of Automatic

Control Technical University of Warsaw
CONVERGENCE ANALYSIS FOR TWO~LEVEL ALGORITHMS OF MATHEMATICAL
PROGRAMMING '

For large scale problems of mathematical programming
decomposition and hierarchical methods are often used. The upper
level algorithm (coordinator) invokes several subalgorithms which
perform lower-level minimizations, In various theoretical works
in the field it is assumed thut the lower-level solutions are
unique and are computed precisely. The last assumption can hardly
be satisfied in prgctice. Usually computation of lower-level
solutions requires infinite number of function evaluations and
therefore truncation has to be used, The basic problem which has
to be dealt with now is the quesfion of the effect of inaccuracy
in lower~level minimizations on the properties of the upper-level
algorithm. If we let local minimizations run for too long we would
consume more computer time than neededy on the other hand too
early truncation would disarrange the upper level algorithm, In
the work the way of truncating lower-~level minimizations in
"two-=level algorithms has been suggested. It has been shown that
there is no need to-compute local solutions always with utmost
accuracye. As a base for the considerations the approach of Polak
to minimization algorithms with approximate linear search has been
taken, The convergence theorem for the suggested two-~level algo=-
rithm with truncation has been proved. The general definition of
two-level methods which has been used covers primal methods and
balance methods as well, Finally some detailed questions concerning
application of various algorithms in the general framework have

been discussed,
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Arie Tamir, Tel-Aviv University, Tel-Aviv, Israel

ERGODICITY AND SYMMETRIC MATHEMATICAL PROGRAMS

The paper provides new conditions ensuring the optimality of

a symmetric feasible point of certain mathematical programs,

It is shown that these conditions generalize and unify most

of the known results dealing with optimality of symmetric poli-
cics. The generalization is based on certain ergodic properties
of nonnegative matrices.
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WeTelle,., Zentrales ékonomisch—LIathematischcs Institut der
Arademie der Wissenschaften der UASSR, lioskau, UdSET

DIE ANWENDUNG VON LICDI FIZIERTEI‘T LAGRANGE-FUNKTIONEN IN
DER BLOCKOPTILIERUNG

. - [ :
Im Vortrag wird eine Losunzsmethode der folszenden
konvexen BloclxauL rabe vor "eschlu)en.

max{ﬁ{ (x, )[ﬁL (%) 2 6,3 X =1, ,n}

Zu diesem Zweck \erden die llenge der Vertc:Llunﬂcn

u {(& (“1 --) )[U'&R é u 6} eingz efuhrt und
modifiziexrt e Las "rmﬁe—ﬁtnktlonon allzemeiner Art
Mi(xi,ué,lj)' ‘}c('x‘)*g N (‘]K (It’ u‘”onq)brulcm (s.[“l]),
wobei mit ys= e der nichtnezative Vektcr der
dualen V&I‘ld.ble’l cfer Restriktionen der Aufzabe 1) be-

zeichnet wird. Bs sei w'(ui,‘j) = S“PX M; (x(.’ u;, ﬂ)
%(u lj)- 5:-1 (ua.,‘j) U y ~die liense der optima-

len Dualv “riablen und - die llense. ]er‘ OT)L_L alen
Verteilunzen. Zuerst wird bewlesen, dass *x Y* mit

der llenze der Sattelpunitle der T‘th‘:"lOllé(u ) dguf Ux
zusamronLallt wenn die Tunktionen /—t,‘ 9%, g,‘) ;:’SL_L”UHLG
Eijenschaften besitzen. Bel fast den ;3leichen Bedingunzen
ist $E (u y) cine stetig dufozen,glerbarc und konkave
Funktion JGI‘ Vera.nderllcnen (L . YWenn

_g's‘_églﬂﬂ_‘, [ld,‘ KQK]... K>0 , so kann man fur

das uu"“‘Ilpden von oattelmm rten der Munktion

§ ( “u g) . auf L( R + die Illethode der a‘x ‘adien'ten—
cwe"t1 on an*;enden. Dabel ernalten wi*‘ folienden Frozess:
<+1 £ e +, ¢ 1 -

U™ = ul + oL Mt u - Zv M( u“.j)) 1w

H*”:[_'aj"—oc ﬁ vy M (Ib,u‘ g*)]+ ,

0
viobel jc eArﬂmcég( M ('x ufg-t) ts l’ o, K °e >=
x. Z
Wong ol* den Bedinsunsen 0 € & € x® € & < min ‘h ) 'E'}

senuaszt, S0 gnwcr iert dieser Prozess zu eineyy Llewent
er chJ x Y‘ urid sbtellt dOgldlb cine Louun,onetho—
de der Auiabe (1) dar. Bei der Spaltenzerlcejun einer
sewonnlichen lincaren Aufgabe kann man wit Hilfe dieses
iterativen irozesses eine interessante Methode der line-
.ren Uptimierun; ernalten.
L1LWRATUR

1 8.G.Golstein, N.V.iretjaltow. Modifizierle La ;ranse-
Muniztioncn. fkonomika i mabemat. metody, 1974,3d.X, N.3.
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A. B. Templeman, University of Liverpool, Liverpool, England

OPTIMALITY CRITERIA AS MATHEMATICAL DUALS

The paper treats the problem of designing for minimum weight structures
which may be idealised as assemblages of plane-strain finite elements.
Typical constraints consists of limitations upon the nodal displacements of
the structure, limiting stress levels in each element and minimum size
requirements for each element. The straightforward approach of using
standard mathematical programming techniques to solve these problems has
fallen into disfavour in the aerospace industry, the largest practical. user,
because of the large numbers of variables and nonlinear constraints, typically
of the order of 103 variables and 103 constraints. Instead elements are
iteratively resized using imprecise heuristic formulae whose convergence
properties are sometimes very good but sometimes very bad. These resizing
formulae and the methods developed around them are known as optimality
criteria methods.

It is demonstrated that under certain conditions the minimum weight design
problem has a nonlinear dual problem of a concise form which can be estab-
lished via the Lagrangian saddle-point conditions. Upon examination there
are very close similarities between the forms of the dual and the optimality
criteria resizing formulae. Comparisons demonstrate why such variable
convergence porperties have been obtained from some optimality criteria
methods. The rigorous dual problem adds a hitherto absent degree of logic
to the heuristic optimality criteria formulae. It is shown how better
optimality criteria methods can be developed using the insight gained from
examining the dual problem. It also raises the question whether all
optimality criteria methods are nothing but poor, inaccurate representations
of the general mathematical dual problem.

Fianlly it is. demonstrated that the form of the dual problem is such as to
effect considerable reductions in overall problem size and that special-
purpose algorithms can be devised to permit its rapid solution. This
suggests that mathematical programming may yet return to favour for this
class of problems by virtue of duality and strengthens the importance which
duality has for the solution of large, structured, optimization problems.
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J.Terno, I‘echnical.'ﬂniversity of Dresden, Dresden, GDR
BRANCH AND BOUND AND SHORTEST PATHS

In the discrete optimization, a new problem
g = min g(x) (Q) 1is considered instead of the problem
to be eolved £* = min £(x) (P) through a socalled
embedment of the esszisial demand

XC¢ENsAgE =g = X)) =1 .
Based on the description by Mitten (Op.Res.q18,24=34,1970)
a branch and bound algorithm for the solution of the prob-
lem (Q) is characterized as an iteration in the second
order power set P2(E) where a new collection of subsets
from E is generated by a branching and a rejeétion operator
from a given collection of subsets, The branching operator
is also substantially characterized by a strategy (choice
function) that decides which subsets are subdivided for
every step when the optimality criterion is not fulfilled.
A strategy where a node having the smallest lower bound
is subdivided is termed a minimal strategy. A strategy
where all the active nodes to be branched are subdivided
is called parallel strategy.

In the tree T generated by a branch and bound algorithm
a non-negativ edge length is assigned to an edge that sym-
bolizes the generation of a new problem in the branching
of a node by the difference of lower bounds of the genera-
ted node and the subdivided node., Due to the requirement
that the function wvalue g(%) is assigned as the lower
bound to a terminal node of one element {Q} the problenm
is equivalent to the determination of a shortest path from
the root of the tree T to a node from set of the one-
element terminal modes of T,
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Thus, & branch and bound algorithm simultaneously
determines a graph, particularly a tree,‘gtating also a
shortest path in this tree., The tree construction pro-
ceeds until the optimality criterion is fulfilled. Then
a strategy means a method of determination of a shortest
path wanted, A minimal strategy corresponds to the well-
known algorithm by Dijkstra while the parallel strategy
corresponds to the Moore algorithm. The latter strategy
is of particular significance for the interpretation of
discrete dynmamic optimization algorithms’as branch and
bound method.
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W,.Tnémelt, Technical University, Leuna-lerseburg,
Merseburg, GDR

LINEAR PROGRAMS IN TOPOLOGICAL VECTOR LATTICES

Usually infinite linear programming problems are studied in
ordered topological vcetor spaces. In this spaces closure of

the cone of nonnegative elements is the only relation between
order and topological properties. However, in many practical
cases there ave additional relations betwsen order and topology,
e.g. the spaces are order complete topological vector lattices
with the order topology (TVL).

Based upon structural properties of TVL the following duality
theorem is obtained:

Theorem 1: Let be given the dual consistent linear programs

ix £b, 0 £ x5k, (1)
and
y'b +x'k = inf!

A'y' + x' 2, y' 20, x' z 0, (2)
wvhere & is a continuous linear operator from TVL X into the
ordered topological vector space I, X' (¥') is the adjoint
space to X (I), &' is the adjoint to 4 and ceX’,

Bach of the following conditions is sufficient for the equality
of the optimal values of the objectives from (1) and (2):
(19 ~{xl 0£x£k§ is 6(X,X')-compact.

(20) There is a x,£X such that b-dx, € T(X,X*) iut PI (PI is tue

cuze of nonce_ative elewerts in ).
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(3%) There is a total set X° of order-conticuous linsar fuuc-

ticals o2 &, ced”, aud 4 is S(K,Xo)... 6(Z,I')-continuous,

Theorem R gives some information about the structure of the
cptimal solution of (1).

Theorem 2: Let X be a TVL without atoms., If under condition
(1°) for each band BC X, B £ {0}, we have
FronBafxi~xéxtk} £ {0}, then (1)

has an optimal solution which is a projection of

k in g band from X.

4 special case of this theorem is ths Ljespunov-ticorem on the
range of a vector measure. It gives an uaified and easy
approach to some generalizations of the Ljapunov-theorem,

proved by several authors in the last time and related to
bang-bang-principle and the existence of nonrandomized.statisti-
cal tests. & further application of TVL is the following
reformulation and extecsion to infinite spaces of the Tucker
complementary slackness theorem. de have

Theorem 3: Let ¥ be a IVL of minimal type, and 4X and 4'~%(0)nPy

weakly closed sets. Then the band in ¥, generated
by 4XNFy is the polar of the band in I',

generated by ar-L (O)r\ng and vice versa.
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G.L. Thompson, Graduate School of Industrial Administration
Carnegic-llellon University,Pittsburgh,Pa.

MODELLING AND COMPUTING SOLUTIONS TO LARGE OPERATIONS
RESEARCH PROBLEMS BY USING NETWORK FORMULATIONS

The talk will give a survey of recent work by T. H. C. Smith,
V. Srinivasan, V. Balachandran and the author on ;he formulation and
computation as network problems of a number of operations research
problems such as, ordinary and bottleneck travelling salesman problems,
the decision critical path problem, work load smoothing, sources to uses,
machine scheduling and s;quencing, etc.. In several cases (such as for
travelling salesman problems) computational experience will be presented.
.fhe usefulness of operator parametric programming techniques for the

ordinary and generalized transportation problem will be discussed.

J. Tind, Institut for Operationsanalyse, Aarhus Universitet,
Aarhus, Denmark

CERTAIN KINDS OF POLAR SETS AND THEIR RELATION TO MATHEMATICAL
PROGRALMIMING

In this paper is discussed some special polar cor-

respondences, which are related to the lMinkowski polarity,
-known from convex analysis.

They rcpresent a naturel genecralization of the con-
cepts of blocking end anti-blocking polyhedra, developed
by D.R. Fullterson and used in the study of certain nroblems
in methcmatical programming axd combinatorics.

Here emphasis will be placed on the study of necessary
and sufficicnt conditions to cnsure the validity of the
polar correspondences in question.

At the same timec an cconomic interprctation will be
given within the framework of activity enalysis.
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ABSTRACT
M.J.Todd, Cornell University, Ithaca, New York
OPTIMAL DISSECTION OF SIMPLICES

The bisection algor'ithm is a minimax procedure for locating a fixed
point of a continuous function taking an interval into itself. The
algorithm can also be viewed as dissecting a l-simplex (interval) into
smaller l-simplices by the insertion of a point. We generalize the
latter problem to n dimensions and ask for a sequential disseciion
scheme to minimize the maximum diameter of a subsimplex after k dis-
sections. We obtain bounds on the asymptotic rate at which the minimax
diameter can be reduced and dissection schemes that approach these
bounds. Based on these schemes we give near-optimal triangulations for
computing fixed points.

L.Toint and F.M. Callier, Department of Mathematics,
Facultés Universitaires de Namur,
Belgium

ON THE ACCELERATING PROFERTY OF AN ALGORITHM FOR FUNCTION
MINIMIZATION WITHOUT CALCULATING DERIVATIVES

This paper reports some recent results on the speed of convergence of a
general algorithm for function minimization without calculating derivatives.
This algorithm contains Powell's 1964-algorithm as well as Zangwill's second
modification of this procedure. The main results are Theorem 3.1 and 4.1
which show that if the algorithm behaves well then asymptotically almost
conjugate directions are build and therefore the algorithm has an every-
iteration superlinear speed of convergence. The results hinge on ideas of
McCormick and Ritter (1972) and Powell (1964).
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J.A.Tomlin, Stanford University, Stanford, California, USA

A SURVEY OF RECENT ADVANCES IN MATHEMATICAL PROGRALMING
SYSTENMS

In the last few years the power of sophistication of mathematical
programming systems, both commercial and experimental, has continued
to expand. Some of this progress is due to the full scale implementation
and exploitation of ideas which have already been current for some time
and some if it is due to new ideas still not widely recognized. 1In the
former category we have the full flowering of the large-scale in-core
concept based on "supersparsity", due to J. E. Kalan. In the latter
category there is the powerful approach of D. C. Rarick for obtaining
feasible solutions to linear programs, of M. A. Saunders for problems
with non-linear objective functions and new or improved techniques for
updating the basis inverse and for pivot selection in the simplex method.
In addition there has been much promising new work for problems with .
special structure and in general non-linear programming, based on

techniques in current use.

K.TONE, Keio University, 832 Hiyoshi, Yokohama 223, Japan
ON OPTIMAL PATTERN FLOWS

In this paper, we shall present some algorithms for finding the
optimum solution of the flow problems, in which several constraints
of non-network flow type are imposed on special arc flows. These
constraints may be linear, nonlinear, or combinatorial. We call them
pattern constraints, because in many cases they are associated with
certain patterns of flows on special arcs. Also, we call such flows
pattern flows. To find out maximal pattern flow and minimal cost
pattern flow, and to show an extension of the Critical Path Method are
the main objectives of this paper. In general, we can't solve them
by usual network flow algorithms. They are concerned both with network
flow problems and with more general mathematical programming problems.
In this connection, we shall use Benders decomposition to find the
optimal pattern flows and shall exhibit a parametrization of Benders
decomposition to solve the extended Critical Path Method.
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L.E, Trotter, Cornell University, Upson Hall, Ithaca, USA,
and

D.B. Weinberger, Yale University, New Haven, Connecticut,

USA

SYMMETRIC BLOCKING AND ANTI-BLOCKING RELATIONS FOR
GENERALIZED CIRCULATIONS

Furkerson and Weinberger have determined blocking and
anti-blocking relations for integral, feasible flows in
a capacitated supply-demand network. In this manuscript
we derive similar relations in the context of circulation
networks, This approach provides immediate generalization
to arbitrary lineac subspaces using the notion of genera-
lized circulations. In this general framework a striking
symmetry 1s displayed between the blocking and anti-blocking
relations. Implications of this material are discussed,
including simple proofs of the earlier results of Fulkerson
and Weinberger and certain new integral packing and covering
results.

Hoang Tuy, Institute of Mathematics, Hanoi, Viet-Nam
ROVED ALGORITHMS FOR CONCAVE PROGRAMMING UNDER LINEAR CONSTRAINTS

This paper is concerned with some improvements to a cutting method the
author has proposed in an earlier paper (1964) for solving a concave
programming problem with linear constraints. A new finite algorithm is
given, which is essentially a modified version of the first algorithm
proposed in the mentioned paper. Also a éfoof is provided for the
convergence of the second algorithm proposed in the same paper, the
convergence being understood in the following sense: given & > 0, the
algorithm reaches an g -optimal solution after a finite number of steps.
( an e-optimas solution is a solution whose value differs from the

optimal value by less than €& ). Some problems, closedly related to

concave programming, are pointed out.
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Hoﬁns Tuy, Institute of Mathematics, Hanoi, Viet-liam

ON FIXED POINT METHODS IN MATHEMATICAL PROGRAMMING AND RELATED QUESTIONS

The developement of iathematical Programming in the last decade has
demonstrated the increasing importance, both from a theoretical and a
computational practical point of view, of fixed point methods in a wide
area of subjects from nonlinear programming, control theory, variational
calculus, game theory, general economic equilibrium theory. This paper
deals with some general problems concerning the theory and applications
of these methods and contains the following itens:

I. Description of an abstract fixpoint scheme, which is in a sense
an axiomatization of Scarf's theory and hopefully can provide an unified
basis for treating a large variety of theoretical and computational
problems in different fields.

II. Applications to combinatorial properties of convex sets, variation-
-al inequalities, minimax theorems, and related questions. In particular,
a new‘proposition is obtained which is similar to Kuratowski-Xnaster-

”

Mazurkiewicz's theorem in the classical approach and hag interesting
implications.

III. Applications to stability properties of systems of inequalities
and extremal problems. It turned out that a convex consistent system of
the forn: x €D, G{x)e ¥ is stable (in a natural seﬁse) if and only if
it is not critical , i.e. © O & int (G(D) - »I) (here D is a convex subset
of a locally convex topological space, 4 a convex closed cone in R" and
G an il-convex mapping from D into R™). Since extremality implies critical-

-ness, thesec results provide necessary extremality conditions for a wide

class of convex and ''convexifiable' problems.
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Aydin Ulkucu,California Polytechnic State University, San
Louis Opispo, California, USA

A PROBABILISTIC EFFICIENCY STUDIES OF MATHEMATICAL PROGRAMMING
ALGORITHIIS

Although the most i@portant characteristic of a mathematical
programming algorithm is its efficiency, the concept of efficiency
has not been established. However, it has already been demonstrated
that the deterministic methods are inadequate and the literature con-
tains scattered results of some attempts in probabilistic studies.

In this paper a unified approach to algorithmic efficiency
concept is introduced and previous related work is briefly reviewed.
Several élasses of probability measures for generating random pro-
blems and their properties are presented. A simulation procedure
for experimental studies to estimate the average behavior of mathe-
matical programming algorithms is proposed and the results of some

recent work on probabilistic efficiency evaluations are reported.
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S.Vajda, The University of Sussex, Brighton, England
COIITROL OI' MAWNPOJIR SYSTELMS BY LINTEAR PROGRAIMING

We.consider a graded population with flows between the grades, and we |
are interested in a situation when the structure of the population is

controlled by some "management".

In principle, the control can be performed by adjusting the transfer
rates, the numbers of new entrants, possibly 'the numbers of those

leaving, or by a combination of such influences.

The rates and numbers mentioned are non-negative, and it is therefore
natural to use techniques of linear programming to solve constructively

some of the following problems:

When the transfer rates are given, then we can determine which structures
can be attained starting from a given structure, and from which starting
structures a desired structure can be attained in one, two, ... steps.

It is also of interest to know whether a structure attainable in n steps

can then be maintained. Such questions can be answered by the Simplex

Method.

If the population is expanding (or contracting), parametric programming

can be used.

When the transfer rates are not given, but can be chosen, then problems
analogous to those stated -can be solved by a method similar to that

used to ®lve the Transportation Problem.
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I.Vaskovi, M.Galbavy, Yu.Kichatov
International Collective of Scientists, bMoscow, Su.

SOME RESULTS ON THE MATHEMATICAL THEORY OF BINARY
MIXTURES SEPARATION

l. The characteristic of separating element.

A two-component flow (x,y) is separated into two flows
(parts) (kx,fy) and((1l- gx,(l—&%y). It is supposed that
a convex monotonic function €(k) independent of x and Y
and such that £(0)=0, £€(1)=1 is known. If k=£ then there
is no separation. If k=1 and #£=0 then the separation is
referred to as ideal. An element with the characteristik

1(k) is considered to be better than an element with

the characteristic £2(k) for keD if £l(k)<£2(k), xeD,

2. The bichromatic digraph such that its nodes cor-
respond to the separating elements is associated with a
separating scheme; there are also two absorbing nodes.
Each non-absorbing node originates two ares of both
colours. The colour attributed to an are is defined by
the meaning of inequality relating £ and k.

5« The ratio of the maximum input flow of one element
to the flow on the scheme output is referred to as the
circulation coefficent.

4. A scheme where the substitution of any element
by an element with the characteristic €=k does not
impruve its characteristic is called feasible.

5. The synthesis of a separating scheme reduces to
the enumeration of feasible schemes, the calculation of
their characteristics and the ordering graphs accordingly
to the rule in 1., subject to the circulation constraints,

This paper gives the scheme feasibility principle.
The synthesis problem is reduced to a convex programm
which a set of specialized computer codes is proposed.
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Béla Vizvari, Computer and Automation Institute of the
Hungarian Academy of Sciences, Budapest, Hungary

GENERALIZED LAGRANGE MULTIPLIERS IN INTEGER PROGRAMMING

_ In this paper we use the following form of the linear
integer programming problem:

max ¢’x
ix £b
XJ =0 or 1l J = l,ooo’n
where x€R®, bER" and A 1s a matrix, sized
mXn, Tﬁé GLM method, as 1t was suggested by H Everett,

1s many times referred in operation research papers. The
aim of the present paper 1s %o show how the GLM method,

can be used in a complex algorithm, First of all we give

a new optlmallty test. Though the test 1s a general one,
its use in integer programming 1s detailed, It is a well-
known property of the enumeration algorithms that it is
much easier to find the optimal solution than to prove

its optimality. The new test can shorten the proof. There-
fore a new questlon arises here: to find Lagrange multip-
liers producing a given feasible /optimal/ solution. We
show not only the existence of such multipliersS but we
choose the best one in a certain sense. The proof of the
existence shows how the gaps cen be avoided., This 1s im-
portant because the gaps are the greatest difficulty of the
GLM method., In any case, 1f we nave a new feasible solution,
we can get an upper estimation of the optimal value of the
objective functione.

Other utilizations of Lagrange multipliers are also
studied. The relation between the Lagrange multipliers and
surrogate constraints 1s examined at tre end of the paper.
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René Victor Valqui Vidal, Instituttet for Matematisk Statistik og
Operationsanalyse, Denmark

DESIGN OF A PIPELINE ROUTE., AN OR APPROACH TO AN ENGINEERING DESIGN
PROBLEM

A pipeline is to be built such that total yearly costs are minimized.

The design variables are the route, the diameter and thickness of the

pipe, and the number and size of the pumps. An heuristic procedure is

proposed. This is composed of: a onevariable optimization problem, an

algorithm to find the shortest route of a graph and a dynamic program-
ming solution to the optimal design of a pump-pipe system in series,

A.,Volpentesta, Univ.of Piss, Pisa, Italy

FINITE GROUPS AND INTEGER LINEAR PROGRANMS, ANUNIFYING SURVEY AND SOME

NEW PROPERTIES

The aim of this paper is first of all to review the group approach
for an integer linear program /ILP/. liore precisely, for an ILP the
releted group minimization problem is considered over a finite groupG.
Overview is made of recent results about G and its use to solve ILP.
Succesively the paper is devoted to the study of all homomorphisms of
G. This enables one to state that if

/1/ a%e tl). g -go

'l:Cg);B_ () integers \7’9] €E ¢ G

is the group equation related to the ILP, then e family G  of
valid cuts may be found by considering a new group equation:

/2/ hZéQ f:(h)}\ - ho

t(h) > integers Vh €& Qc H

where h= T (@) for some 9€ E ana g 1is a homomorphism of G on to
H. -

The problem is studied of existence of extremal minimal cuts in ¥,

Let ?/GvZ, §e) denote the convex hull of solutions of /1/ and
let P\A,G, h) denote the convex hull of solutions of /2/. At
last, the correspondence is investigated between the irriducible
points o» the vertices of P(4, a, h, ) and those ones of P (G, E,q.,) .
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Stanislew Wwelukiewicz end Ignacy Kaliszewski
Institute for Organization, Leanagement and Control $o. . e
Seiences of the Polish Academy of Sciences

TIGETER EQUIVALENT FORWKULATIONS OF INTEGER
PROGRALLING PROBLEMNMS

Computational experiences /e.g.H.P. Williems,

Ll.eth. Programming Study, 2, pp. 18C-197/ suggest that

an integer programming problem /IP/ is much easier to
solve if the feasible region to the corresponding linesar
progremming problem /LP/ is smeller, i.e., if the
continous formulation of & given IP is tighters In this
paper we show how to obtein such & formulation using

the dynamic programming procedure for the rotaﬁion of

a given constraint in any direction without adding or
eliminating sny integer feasible solution, described

by F.Kienfar /Qperastion Research, 19 pp.1373-1392/.

We introduce so called the best direction.of such
& rotation and define a strongest cut es & constreint
that cannot be rotated. A IP, in which every constraint
is a strongest cutyis called en almost linear /integer
progremring/ problem. we proved thet every IP can be tran-
sformed to an equivalent elmost linear problem with the seame
nun.ber of variebles snd the number of constreints
increesed at ost by one. A linear optimum to the corres-
ponding LP is often integer for such problems. If such

& case does not happen we construct a cut that cuts off
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lineer optimum but does not cut off any fessible solution
&énd rotaste this cut in its best direction. we repeat

edding new cuts until & lineer optimuw is integer.

Wwe show that sll Gomory cuts and many other ones
cen be rotsted. In computetional experience we study
the method of integer form, since the rotetion decreases
the effect of roundoff errors. lie study an influence of
the rotation on the number of cuts needed eand on the totel
solution time. Different directions of rotetion sre inves-
tigeted. |

There are meny speciel IPs which ere alnost linear
problems /e.g. set covering, partitioning end pecking
problems/, while e.g. lliller’s et al. formuletion of the
traveling selesman problem is not an slmost linear problem.
We solve some problems,teken from the litersture,in the
wey similar to described in above mentioned Willisms’s
peper using the IBN LIP/370 System.

So far dynamic progremming and linear programming
heve been used as the seperate ﬁethod for solvin IPs.
In this paper it is shown how both dynamic progremming
/rotetion/ end linear progremming /cutting plesne method,

the brench - &nd - bound methad/ mey be used simultenously

in solving IP probleuws.
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ABSTRACT

F. Weinberg, Federal Institute of Technology, Zirich,
Switzerland

A NECESSARY AND SUFFICIENT CONDITION FOR THE AGGREGATION OF
LINEAR DIOPHANTINE EQUATIONS

Several authors have given sufficient conditions. for
the weights with which two Diophantine equations are to be
multiplied before being aggregated to a new single equation
with exactly the same set of integer solutions. Here some
both sufficient and necessary conditions will be estab-
lished in the finite case for an even more general form of

N

linear constraints standardized to E:aijxj = O, 1=1,2,
J=1

The principal idea is based on the fact that the set of
values a linear form can take - called its spectrum - is
often very poor as compared to the Cartesian set of the
- generating integers xj, j=15...N. A method for easily cal-

culating the spectrum of a linear form is given. Aggrega-
ting two equations means establishing a linear combination
of the two corresponding spectra the coefficients of which
are the aggregation weights. If and only if this linear
combination does not contain any spectral correlation point
other than the origin, the equation found by aggregation is
equivalent to the two given ones.

Determining the above linear combination requires the
knowledge of the spectral correlation set. A method to find
this set is given.

Aggregating m > 2 equations according to the foregoing
principle is theoretically possible en bloc and gives the
best aggregation weights. But the computational requirements
for the determination of the correlation set S12 p BTrow

rapidly, the cardinality of this set tending towards that
of the Cartesian set of the generating integers Xj’ J=15e0:N.

Sequential aggregation combined with some new '"shake out"
algorithms will here perhaps be a practicable way. These
algorithms have certainly not yet found their final shape,
but the main ideas are developed by what might be called
"spectral programming".
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D. de Werra, Dept. of Maths, Ecole Polytechnique Fédérale de

Lausanne, Switzerland

ON OPTIMIZATION IN EDGE-CHROMATIC SCHEDULING

Some types of multi-period assignment problems may be reduced

to finding an edge coloring H = (Hl,..., Hk) of a multigraph

G ; usually several criteria are to be considered for character-

izing a good assignment. First the number fl(H) = k of periods

should be kept reasonably small and next one may wish to optimize
a function fz(H) = c. h, +# ... +¢c_ h where h is the ‘cardi-

' i k "k i
nality of Hi . It is known that whenever G 1is not bipartite
these objectives may be contradictory.

In this paper we try to characterize the so called efficient
points of this multiobjective optimization problem. It is shown
that if G 1is a simple graph with maximum degree d , then all
edge colorings H which maximize fz(H) satisfy

fl(H) € d + 1 . By using an extension of the coloring technique

previously used one may derive a similar result for multigraphs.

Finally we describe a class of multigraphs G for which gq(G) = 4
and all colorings H maximizing fz(H) satisfy fl(H) €4d+1

(where d 1is the maximum degree).
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R.J.B.Wets, CORE, Heverlee, Belgium

THE OPTIMAL RECOURSE PROBLEHM

An optimal recourse problem is a sequential stochastic
decision process where at each instant of time a decision
must be selected on the basis of prior observations (possibly
the decision maker might only have access to partial or dis-
torted information about the past of the process). The objec-
tive is to minimize the total expectéd cost. We seek neces-
sary and sufficient conditions. The existence of "usable
characterizations of the optimal solution rest on certain
regularity conditions that are standard for classical (deter-
ministic) optimization problems but also on a specific pro-
pert& of stochastic problems. The results are applied to
some problems arising as multistage stochastic programs,

stochastic control problems and to economic growth problems.
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J. Wijngaard Technological University Eindhoven, the Netherlands.

AN APPLICATION OF DYNAMIC PROGRAMMING TO A BUILDING GAME WITH DOMINOES

The following game with dominoes is probably well known: One builds a row
of upright dominoes with interdistances which are just smaller than the
height of the dominoes. Then one gives a push to the first domino. The fun
of the game is to see how subsequently all dominoes fall down. But before
one can enjoy this spectacle one has to build the row. If one builds the
row from left to right there is a great risk that the whole row will fall
before it is completed, the hand is not so firm as it should be. One can
make this risk somewhat smaller by leaving first some positions free. The
problem is how to build the row in order to minimize the (expected) building
time. .

We assume that the only risk is that a just placed domino falls (to the left
with probability p; and to the right with probability pr). The time to place
a domino is assumed to be one unit of time.

It is clear that the problem can be formulated as a total costs dynamic
programming problem. If there are N dominoes to be placed on prescribed
positions, then there are 2N possible states. Each state can be represented
by a subset of V:= {1, 2, ..., N}, indicating the occupied positions. In
state A ¢ V one can place a domino on each of the free positions. The
transition probabilities are given by %' and P and the structure of A.

It is well known that in such problems the optimal strategy is a stationary
one. But it is not necessary to consider all stationary strategies. It is
possible to prove that the optimal strategy is a sequence. Assume that the

N positions are numbered in some way, the strategy which choses in each state
A the free position with the smallest number is called & sequence.

The optimal sequence can be found by induction. If Py =P, an optimal sequence
can be constructed in the following way: Give the number N to the middle
position (or one of the middle positions), the number N-1 to the middle
position of the left or right part, and so on.

For N = 8, for instance, one can get

X X X X X X X X

7 1 8 2 6 |

But of course there are a lot of other optimal sequences.
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H,P.Williams, University of Sussex, Brighton, kngland i :i S

THE ECONOMIC INTERPRETATION OfF DUALITY FOR PRACTICAL LIXED
INTEGER PROGItAw.ING PROBLELNS

The dual of a Linear Programmning llodel provides a means of
attaching valuations to the constraints, when the model rep-
resents a practmcal situation these vuluations have an econo-—
mic significance. lMoreover if the original problem possesses
a unlque optimal solution these valuations on the constraints
provide a means of obtaining 1t. Such a procedure nas the
attraction that, for many practical problems, 1t provides

a means of dedu01ng an optimal operating pattern through a
system of prices on the scarce resources.

Many attempts have been made to define the dual of an integer
programming model. lipgst of these attempts suffer from serious
shortcomings in that many of the attractlve mathematical
propertles of duality in linear programming are lost. It is
well known, for example, that a system of prices alone will
not generally suffice to determine the optimal solution.

In this paper we examlne some of the ways of attaching valu-
ations to the constraints of an integer programming model to
see 1f these valuatlons have a useful economic lnterpretdtlon.
Constraints arising in the following contexts in practical
mixed integer programming models are considered:

/1/ Depot Location Problems

/2/ The Fixed Charge rroblenm

/3/ Problems with Logical Conditions
/4/ An Electricity Generation Problem,

In some of these problems a meaningful economic valuation

on the constraints is a practical necessity. For example 1t

is sometimes stipulated that the price of electricity should
be determined according to the marginal cost of 1ts production.
In a linear prograumming model this could be obtained from

the shadow prices /dual values/ on the demand constraints.
Where gencrators can only work at zero, or above a minimum
threshhold level the model contains integer varisbles. In
order to determine a sultable prlce tor electricity it is
still necessary to place a valuation on the demand constraints.

Finally the reforuwulstion of a mixed ilnteger prograumin
nodel /particularly if this leads to a uniwmodular model?
can sometimes lcad to weuningful valuabtions on the original
construints,
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A.B.Yudykin.International Collcctive of Scientists,

Moscow, USSR
A PARANETRIC APPROACH TO TIIE SOLUTICH OF LINEAR
AND QUADRATIC PROGRANMING “ROBLENMS, |

The followin;; singular parametric quadratic program:

(1) lp(x,t) = %(33,03:) +(o/,-rfd,,1')._*-m‘n
xen={xla'sx<a’}

is considered.Here t is a scalar, C) - a positive semi-
definite nxn matrix, d, , d, , X € £" ,and the compo-
nents of a' , a? may take values + oo .Denote

Mt = ﬂq_g min (2 t)
£ €A
The main idea of~ the parametric method consists.-n
constructing of the piecewise linear trajectory of -mini-
mizers -I(t)eM(f) y >t It may be shown Lhat
such a trajectory for the problem(I) generally has jumps.

Definition.The point xzelﬂ(f) is said to be locally

extendable if there exists a vector 7 such that
T+ eMid+ar)

for all sufficiently small «> O .

Two criteria of the local extendability are proposed.
The first one contains 4 construction for evaluation of
the direction vector of the X «f) trajectory while
the second allows us to Lind jumps or discontinuities
of @l .

A class of parametrizations for which there exists
a conltinuous poligonal path Xx(£)e M) s > F
for the croblem(I) is discussed.Namely, the d; and aa
have to satisfy the following relation

@ pd,ryd, e R(Q)={x1Ty:x=Qy} (B1+1yl>0

The direction vector U is defined as a solution of
the following minimization problem:

< 4w, Q)+, ) —= M

v, =0 , e lcxd,y

(3
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where the index set I(ae x))1s obtained rrum_[(IYtkq))
by means of some recurrcnce relation.lote that the two
sets difler in one elcment only.

The advantages of tne proposed parametric method have
to be c¢valuated in terms of computational efforts for
the problem(%) solution.lheré are available a number of
numerical metlthods which may be used to this end,the LDL'
factorization technique,perhaps,being most efficient.

It is important to emphasize that this technique is
applied here to the singular matrix Q.

The parametric approach described aLove may Le success-
fully applied to ditferent classes of structurized
linear and gquadratic programs.

4, Yamashita, Ono systems Ltd., Tokyo, Japan
A DIFASRANTIAL ZQUATION APPROACH TO NOVLINZAR PROGRAMIING AMND
ITS APPLICATION TO GLO3AL OPTINIZATION

A method is presented for findins a local optimun of the
equality constrained nonlinear programming vroblem. A nonlinear
autonomeous system is introduced. 2as the base of the theory instead
of the usual approaches. The relation between critical points
and local optima of the orizinal nonlinear programning vroblam
is proved. Asymptotic stability of the critical points is also
proved, A numerical algorithm which is capable of findinz local
optima systematically at the quadratic convergence rate is
develoved by using an idea similar to 3Branin's method for solving
simultaneous nonlinear equations. Some numerical results are
given for global optimizatiom. :
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H,P.Young,International Institute for Applied Systems Ana-
lysis, Laxenburg, Austria

POWER,PRICES AND INCOMES IN VOTING GAMES

A priori measures of the power of different voters
in a decision-making body have been proposed by Shapley
and Shubik and by Banzhaf. These measures are based on
the number of times a voter could change the outcome by
changing his vote. However, if we postulate that voters
require an incentive to change their votes (for example,
in the form of payments by special interest groups), then
it may be shown that there exist equilibrium "prices" for
the various voters, and an optimal payment strategy for
the interest groups. The prices and optimal strategies
are computed as primal and dual optimal solutions to a
special new class of linear programs. The above results
lead to a new way of measuring relative power of voters
in a voting body.
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A,Zilinskas, Institute of Physics and Mathematics, AS of
USSR,Vilnius, USSR

ON ONE-DIMENSIONAL MULTIMODAL OPTIMIZATION

Algorithm for multimodal optimization combines two strate-
gies: the first is global for search of intervals of mein local
optima and tpe second is local for precise evaluating of this
local optima. Global description of objective function ;{J.‘) is
statistical, i.e. global model is Wiener process. For global se-
arch is used the method (the OBM) that is optimal in Bayes sense
in accordance with this statistical model. After each evaluation
of f{x) it is tested whether the interval of the local optimum
is found. In the case it is not found the OBM continues the op-
timization. Other-wise the model ofj&ﬁﬁ’in this interval is uni-

modal function and local method with parabolic interpolation of

J(X) is usea for evaluation the local optimum with the given
accuracy. After evaluation of the local optimum the OBM continues
the optimization. The optimization ends if the probability of
finding of the absolute optimum with the given accuracy exceeds
level O.99§ this probability is evaluated in accordence with the
statistical model of {(ﬂ. The results of optimization of some
multimodal functions show high'efficiency of this algorithm.
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S.2ionts, School of Manageﬁent State University of New York at
Buffalo, USA
CHOOSING AMONG ALTERNATIVE DECISIONS INVOLVING MULTIPLE CRITE-
RIA

In this paper an interactive method is presented for
helping a decision maker to choose the best decision from a
finite set of decisions. The method is in the spirit of my
work with Wallenius, but differs from the earlier method in
that a convex set is not assumed, and an alternative that may
be dominated by a convex combination of decisions may be
optimal and may be identified by the procedure, The same kind
of questions used in the earlier work is used and it is believed

that the method will be easily used by managers.

U. ZIMMERMANN, University of Cologne, Cologne, W. Germany

MATROID INTERSECTION PROBLEMS WITH GENERALIZED OBJECTIVES
For B : = {0,1} and ordered sets (H,<) the objective

N , H shall be maximized under the restriction

f: B
X €8 c B". The GREEDY algorithm as well as Matroid
Intersection algorithms can be formulated for this

problem. The questién is for which objectives f and

which restrictions S do the algorithms work and solve

the above defined Boolean optimization problem [BOP].

Sufficient conditions for the applicability of the
most simple algorithm, the GREEDY one, characterize

the structure of S in close relation to matroids.
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For the objective f a certain monotonicity condition
is assumed. An important special case is the restric-

tion of the form of the objective to

f(x) = X £(e,) [RBOP]
xi=1
where e, denotes the i-th unit vector and * is the bi-
nary operation in a semigroup (H,*,<). In this case the
monotonicity 1is equivalent to the algebraic assumption

that (H,*,<) is an ordered semigroup.

Two different Matroid Intersection algorithms are
discussed. The first one is a generalization of the
Hungarian method; by successive transformations the
original problem is changed to a simple problem with
the same set of solutions. The second one is a gen-
eralization of the max-flow-min-cost algorithm of
FORD and FULKERSON due to LAWLER; at each step an
element x € S with increasing Ixl| : = in is found
which has m.ximal vaiue f(x) among all y € S with
Ixl = Zyi. For convenience only the pFoblem RBOP
will be considered. The combinatorial structure of
the restriction S is closely related to the inter-
sectiog of two matroids. The algebraic structure of
the system (H,*,<) is more special than in the pre-
vious case of an ordered semigroup; for both al-
gorithms different additional axioms (e. g. strong
divisibility) are assumed which guarantee the va-

1idity of the algorithms.
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J..Bennett, University of Sidney, Ausvralia

THE TEACHING OF MATHEMATICAL PROGRAMLING TO COMPUTER
SCIENTISTS

The primary motivation for teaching mathematical programming
to computer science students has the same origin as a number
‘of other application-oriented topics, although there 1S some
justification for introducing the techniques so that they can
be used to solve problems arising within the computer science
field. /The use of an integer l.p, algorithm for certain
threshold problems in logical design 1s a case in point./

Unfortunately, pressures to include competing material is
high, In our own case /at Sydney University/, the result

has been that, in a two year course for pass students /rep-
resenting about 40 PeCe Of a student’s time over this period/,
lectures on mathematical programming are about 1 pe.c. of the
total course material, However, students come to the lectures
with a reasonable grounding in the computational aspects of

linear algebra.

The aim of the lectures 1s to bring the student to a point
that he could usefully become a member of a group constructing
or maintaining a mathematical programming package. Any
"black-box" approach to packages 1s avoided, and model-
building 1s de-emphasised as being primarily the concern of
the operations researcher, not the computer scientist. Some -
attention i1s given to the specification and use of commercial
packages: however, this aspect of mathematical programming
1s considered secondary to ensuring that students have a grasp
of the computational techniques employed.

Research topics found to be suitable for a computer sclence
department raise problems, The difficulty of using commercial
packages for experimenting with new techniques 1s considerable
and 1s alleviated to a considerable extent by using modular
suites such as that constructed by Land and Powell,



o [

A.Berczi, Concordia University, lMontreal, quebec, Canada

A BEHAVIOURAL APPROACH TO INFORMATION DEPRIVED MARKETS
THROUGH CONMPUTLR AoSISTED COMBINATORICS

Considering the problem of atomistic markets, where potential

buyers and sellers‘pair up randomly and negotiate deals based on

their respective reserve prices, one finds that there is more than

one price in the market for the same service or commodity. Examples

of such markets are the real-estate markets, the used-car markets, or

the employment market for executives.

This paper attempts to analyse, in these atomistic markets, the

formation of transaction prices and transaction volumes through

computer simulation. Seven different models are used: the markets

are differentiated according to the amount of price information and

bargaining skill made available to buyers and sellers.

The major conclusions drawn from the computer simulation are the

following:

1.

Average transaction prices will tend towards equilibrium prices
of perfect markets. An increment of equally shared information
and/or bargaining skill will accelerate this process. If this
increment is unequally shared, however, the process will be
retarded.

Transaction volumes will be higher than in perfect markets.
This tendency will be little affected by a change in bargaining
skills, but will be significantly and inverseiy affected by
incremental price information.

Collectively, these two conclusions have tremendous welfare

implications: in atomistic markets, ignorance increases transaction

volumes, while average transaction prices remain unaffected.




P. Bortot, Universitad degli Studi, Ca' Foscari, Venezia
SOME RESULTS IN CONVEX ANALYSIS WITH APPLICATIONS TO A
GENERALIZED TRAVELLING SALESMAN PROBLEM.

A generalized travelling salesman probleni is considered
by which the salesman is not obliged to visit all the points
of a region, but only the subset of them, where the "utility"
is not lower than the cost.

The problem consists in finding an optimal vertex in a
subset of vertices of an assignment polytipe.

A stepping stone procedure is proposed to find an optimal

solution.

P.,Brucker, University of Oldenburg,
Oldenburg, west Germany

SCHEDULING UNIT-TIME TASKS WITH TREELIKE PRECEDENCE ON Il
PROCESGORS TO MINIMIZE MAXTRUM LATENESS

The problem treated is one of sequencing tasks on m identical processors,
where there is a precedence ordering between certain tasks, as given by

a directed graph which is a tree. The processing times of all tasks are
assumed to be equal. Associated with each task there is a due date. An
efficient algorithm is given for finding a schedule which minimizes maxi-
mum lateness. The algorithm may also be used to solve the problem of find-
ing the shortest schedule without late tasks.



P.M, Camerini, F. Maffioli, Centro Telecomunicazioni Spaziali
CNR, Politecnico di Milano, 20133 Milano (Italy).

POLYNOMIAL BOUNDING FOR NP-COMPLETE PROBLEMS

A large class of NP-complete combinatorial optimization
problems may be reduced efficiently, i.e. by a polynomial algor
ithm , to k-parity matroid problems. Branch-and-bound or heuris
tically-guided-search IJ methods are currently used to solve
NP-complete problems |2| and are particularly interesting for
this class of matroid problems, since it is possible to use
subgradient techniques in order to obtain possibly tight bounds
to the optimum which are quite suitable to guide the search[i].
However subgradient methods are not polynomial bounded. In this
work a polynomial bounded method is proposed for estimating the
value of the optimum of a broader class of problems: k-parity
weighted clutter problems. At the i-th iteration the method
adds to the lower bound, initially set equal to zero, the value
of a minimum weight assignment I of a digraph representing the
parity constraints. The circuits of the clutter contained in I
are then contracted, producing a new clutter over a smaller set
of elements. This procedure generalizes the method presented in
[E] for computing lower bounds to the length of a shortest
hamiltonian cycle of a network.

|}] U. Montanari, "Heuristically guided search and chromosome
matching" Artificial Intelligence 1(1970) 227-245

E{] R.M. Karp, "On the computational complexity of combinato-
rial problems" Networks 5(1975) 45-68

[3] P.M. Camerini & F. Maffioli, "Bounds for 3-matroid
intersection problems" Information Processing Letters

3(1975) 81-83

[K] N. Christofides, "Bounds for the traveling salesman
. problem", Operations Research 20(1972) 104L4-1056.




F. H. CLARKE, University of British Columbia, Vancouver, Canada

NECESSARY CONDITIONG WITHOUT DIFFERENTIABILITY OR CONVEXITY

We consider a mathematical programming problem in which the functions
involved satisfy a Lipschitz condition, but need be neither differentiable
nor convex. -Using the concept of "generalized gradients", it is shown how
one may prove an analogue of the usual first-order necessary conditions.

The well-known results for smooth or convex data are seen to be special
cases of the theorem. Finally, we discuss a new constraint qualification
called "calmness", with the help of which we prove that for "most" problems,

the necessary conditions hold in the stronger Kuhn-Tucker form.

C.Cohen and J.Stein, Northwestern University, Evanston,
Illinois, USA

DISSEMINATION AND MAINTENANCE OF MATHEMATICAL PROGRAMMING
SOFTWARE: EXPERIENCE WITH M.P.0.S.

In the past two years, Northwestern University's
Computing Center has distributed to a large number of
universities and research institutions a mathematical
programming package designed for CDC 6000/CYBER computers.
MPOS (Multi-Purpose Optimization System) is a simple-to-use
integrated Fortran system for solving small to medium size
problems in linear, quadratic, and integer programming, by
choosing among eleven algorithms. The purpose of this
paper is to describe our procedures for distributing and
maintaining MPOS. Our distribution policy is aimed mainly, |
but not exclusively, to University Computer Centers. Becaus?
of this orientation, a great deal of effort is spent on
producing good user's documentation. The maintenance activi-
ties of MPOS involve several individuals who spent a frac-
tion of their time on that project. The modular design of
MPOS allows each programmer to be responsible for his/her
algorithm. An extensive archive of test problems (supplied
by users or machine generated) is used to certify improved
or new algorithms. Surveys of the user community at North-
western have been useful in evaluating MPOS, determining
user needs, and planning the development of future versions.

-
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C.Costabile; L.Grandinetti; F.Pezzella, System Department,

University of Calabria, Arcavacata di Rende, (Cosenza), Italy
NECESSARY CONDITIONS FOR THE SOLUTION OF CERTAIN PROBLEM OF
STOCHASTIC LINEAR PROGRAMMING.

The stochastic linear programming problem (in the form: min ch,
subject to A x > b, x > 0) is examined in which the parameterglc, A and b
depend on the set of random variables: tl”“tf’ with t € R'.

The aim of the present paper is to solve the minimization problem
utilizing the Kuhn - Tucker saddle - point method in the particular case
of linear constraints. More precisely the conditions on the LP minimizati
on problem are determined under which the solutions found with the saddle -
point method be all and only the solutions of the starting LP problem.

" To do so the following "feasible" sets are introduced:

X = { x € X T(x) not empty set

Tfs {. te? X(t) not empty set

Where sets X and T are:

X = ﬂ X(t)

t € R*
T = /F—\ T(x)
. X € R
and with:
X(t) = x € R x>0, Ax>0
T(x) = t e R for fixed x, Aandbd

are ohtained such that the

inequality A x > b is satisfied



Then, the convexity of these feasible sets is studied, because
it plays a fundamental rdle in establishing necessary conditions for the
solution of the stochastic LP via Kuhn Tucker saddle - point method.

In particular a necessary condition' is given for the existence
of solutions - via Kuhn - Tucher method = in the case in which A be.
deterministic and b stochastic.

Further, a necessary condition is given for the existence of

solutions when A stochastic, b deterministic and under the hypothesis

that Tf be convex.

Lastly, the general case in which both A and b are stochastic is
examined.

G.B.Dantzig, Stanford University, Standford, California, USA

FULKERSON'S CONTRIBUTION TO IARGE SCALE PROGRAMMING

This paper will review joint research with Ray Fulkerson on the
travelling salesman problem and network flows. Also his contribution

to multicommodity network problems and its influence on the column generation

approach and the decomposition principle.



MoA,H, Dempster and R,J.B, Wets, Balliol College, University
of Oxford and University of Kentucky-Lexington
England

ON REGULARITY CONDITIONS IN CONSTRAINED OPTILIZATION II :
VARIATIONAL THEORY, FRITZ JOHN AND KARUSH-KUHN-TUCKER :
CONDITIONS

In the first paper of this series the authors introduced a minimal
regularity condition for a nonlinear programming problem without regard to
its dual variables or multipliers. The new condition involves both the
constraint function and the objective function of the problem. In this
paper, the implications of this regularity condition are traced for varia-
tional theory, Fritz John, and Karush-Kuhn-Tucker type results. The setting
of the problem studied is in locally convex Hausdorff topological vector
spaces. Best possible Kuhn-Tucker theorems are obtained for both the convex
and the (linearly) Gateaux differentiable case. On the way to the latter
the best possible Fritz John theorem is obtained. The relations to other
recent work in first order optimality are traced and applications in control,
stochastic programming, etc., indicated.

V,1.Dimitru, The Academy of Lconomic Studies, Dept,of Cybernetics,
Ducharest, Romania '

SOE PROGLEIIS AND RESULTS IN UHCONSTRAINED COIPUTER OPTIMIZATION

TECHIIICS

The subjects related to effective solving of nonlinear programnming
problems on the computer constitute an actual direction of research,
The paper presents the suthor’s researches regarding the efficiency,
stop tests, etc., of some unconstrained algorithms in test problems
solving., A special interest in shown mixed type algorithms,



*.hinescu, Academy of Economic Studies, Bucharest, Romania

~ON TWO PROBLEMS CONCERNING PATHS IN A GRAPH

The first problem eoncerning the optimal solution between two
fixed vertices of a connex graph when, compared to a precedent
situation, there appear modifications of the values associated
to the arcs, performing the least number of computations.

The following casea of modifications have been considered:

‘l. The value of the arc is reduced by a
given number;

2. The value of the arc is increased by a given
number,

In the two cases, based upon the teorethical results, it is
shown wich are the elemnts, in the matrix of optimal values M,
that remain unchanged and which must be calculated, using
Dantzig*s algorithms.

The second problem concerning a méthod to determine all
the "critical bonds" in an graph. _ _

A critical bond is understood to be the only elementary path
with a length equal one to the path between two fixed vertices
of the graph a path of type ¥ (t'¢J-

Are introduced the new notion of restricted graph for all the
external (internal) incidental arcs of a vertex and we thod for
the construction of the introduced graph, after which , the
necessary and suficient conditions for existence of the bonds
are given.

Based on the above ndtions, an algorithm with three steps is
given, considering the external incidental arcs.

The study ie completed by appling two practice problems
classes:

1, the determining of the elementary path with a minimal
number of bonds

2, the determining of the path or with a minimal number
of bonds (ffsh from a set of paths having the same minimal
value.
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A.A.T'ridman, A.A.Votjalkov. Central Bconomic@-latiheinatical Insbitute,
Acadenyy ol Gciences oi the USSR, Lioscow.

GuwOLWIRIC APEROACI TO DISCRETE rROGRAMMING

The report consists of three parts and contains the results in-
duced by geometric ideas. 'Whe first part deals with a class of liue-
ar programs reducible Lo the problems vith the inteer poljucedra of
Lfeasible solutions. ‘These problems nave caracacins oogorithms. The
problem P is said to be reducible to the problem Q(solvable efficient-
ly) if there cxists a method for mapping the set I of the feasible
soiutions of the problem P in hhe set M, of the fe&sible solulions
of the problem @ such that i, is a projgction of LI and it is possible
to obtain efficiently a solufion (an optimal solutfon) of the problem
P from a solution (an optimal one) of the problem Q. The reducibility
of some problems to the flow network problem (the circulation problem)
is studied.

The criteria of recducibility arc estavlisncd in terms of proper-—
ties of constraint matrix that should be a matrix ol a special type
called cn k=-matrix. The authors investigate the propertics of [i-mat-
rices that are totally unimodular and contain most of the Known clas-
ses of the totally unimodular mairices. The geometry of K-matrices
is found out to be connected with a possibility of putting thelr rows
in a tree struture.

The sccond part deals with a lincar optimization problem on a
regular discrete set YL = NTBL.
where [HL = {7-€M/ (@, X)<bi way (e, > CL}

. c. and I is a polyhedron in RR™. - .
Udingtan idea of constructing the convex hull of feasible solutions
by means of adding the minimal nunber of additional constrains autunors
work out a general scheme of zenerating the cuts, that bein; proved
to be the convex polyhedron. The propeties of the polyhedron and of
the exstreme cuts are studied and their relations with other known
cuts are found. The principal thcorems of the cut theory for regular
problens arc proved as well as a criterion of equivalence for irredu-
cible inequality system is established. '

The third part of the work describes thre efficient method of redu-
cing the lincar inlteger problem with constrains Ax = a, x 1s intejer
nonnegative vector to an cquivalent problem with constraints Ax’= &)
x is integer, where the numbecr of variables x’ is less than the num-
ber of variables x. The method is based on founding a basis of inte-~
ger lattice together with a representation of a general integer solu-
tion of a system in a form of x = Ax’~ a% The method requires the po-
lynomial number of operations with respect to the parameters of ori-
ginal problem, the power of the polynom being no more than 5.



11

G.Gallo, Istituto per l’elaboruzione dell’Informazione,
Consiglio Nazionale delle Ricerche, Pisa, Italy,

P.L.,Hammer, Dept.of Combinatorics and Optimization, University
of Waterloo, Vaterloo, Ontario, Canada,

Istituto per le Applicazioni del Calcolo

"Mauro Picone", Consiglio Nazionale delle
Ricerche, Rome, Italy

QUADRATIC KNAPSACK PROBLEMS

B.Simeone,

Binary (0, 1) optimization problems having a quadratic objective fuuction, and

one linear constraint are considered. A variety of problems leading to this model

are presented. An algorithm for their solution is described; this algorithm is

based on producing a sequence of linear knapsack problemswhich provide upper and

lower bounds to the optimum of the original problem. Numerous experiments with

variants of this algorithm have been carried out in order to select the most

efficient one. The metaORic question "If quick then dirty?" has been examined.
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"

‘A.M.Geoffrion, Graduate School of Management, University of
California at Los Angeles, California, USA

WHAT EVERY MODELER SHOULD KN \
APPROXTMATIONS OW ABOUT OBJECTIVE FUNCTION

Most applications of mathematical programming require the
modeler to exercise some discretion in estimating or approxi-
mating the objective function to be optimized. We give a simple
8 priori bound relating the amount of ocbjective function error
to the gmount of error thereby induced in the solution of the
corresponding optimization problem. This furnishes a natural
criterion to guide the choice of an estimated or approximate ob=-
Jective function. The criterion can often be applied via simple
graphical constructions in the case of-linear separability, and
we show that it is generally eqﬁivalent to the familiar Chebyshev
criterion ~- which thereby provides direct access to a powerful
Varray of established results and techniques for the genera} case,

Additional results in a similar vein will be presented.
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Ca elliicdus, Central Research Institute for Physics,

Budapest, Hungary

ON THE METHOD OF SUCCESIVE PROJECTIONS

Let K be a polyhedral cone
K={x| ATx20, xeR", A€R

and for a given vector c€R" let the function Y(x)

nxmi
L]

be defined as
ch/dxﬂ, if xX0, Hxl:(xTx)l/z

o) =
O' if X = 0.

Here we investigate the method of succesive projections
for solving the problem
Max { wx)| x e K}, (1)
which is closely connected to the problem of finding
optimal feasible directions in convex programming.
It is known that there exists a submatrix consisting
of the column vectors of A
A = a., ¢ a, ,oo"a- N pén
o [ i i, 1p]
sﬁch that Ao is a matrix of maximal rank and the solution
of (1) can be expressed as
+ + T -1 ,T
x, = (I-AAj)c, A = (AjA A
which is unique up to a multiplication with a positive
scalar /see e.g. [l],[E]/. Here A; denotes the pseudo-

-inverse of Ao'
Let X denote the set of column vectors of a matrix

X and let them correspondto each other by convention,
According to the method of succesive projections,

column vectors of A are selected for or dropped from
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‘the set {Ai} in the (i+l1) st step by some reasonable

criteria in such a manner that the sequence
tads 1a,) ...

converges to an optimal set {Aok. Let
{Ai§ s {Ai\ {Aii
and let ek,e‘.j be unit vectors of suitable order,

We propose to modify Rosen’s selection rules [2] as follows:

a) if AIc)O, select the vector Iiekefliﬁ for which

T - -
- + = +
c (1 AiAi)Aiek/Il(I AiAiJAieklpo
is the largest and adjoin it to {Ai},
b) if A;c) 0 does not hold, then drop the vector

Aieje)Ai} for which
Ty+ TA.+ Z
ainc/IleJ iM <0

is the smallest, i.e. omit it from {Ai}.

It has been mentioned by Zoutendijk [1] that rule a)
seems to be promising., In fact, it is optimal in the
sense that if 1A tU {ayb=]a ) , then rule a)]salecta
the vector a,. Similarly, if {Ai}\{aj}={Ao} then rule b)
drops the superfluous vector aj. Moreover there exists

at least one sequence

{Al}v {Azlr'"-{AP} ={A°}
with the property
AIC >O, rank (Ai) = i, i= 1,2,...,Po

This assures that such type of algorithm may converge.

However convergence is not proved yet,
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Additionally, we ‘have developed a computer code for
solving (1) by using Householder’s QR-factorization [3].
The values n = 12, m = 10,15,20,25,30 were chosen and matrix
A and vector c were generated 100-times by a random number

generator uniform in (-1,1). For the ratio

. no, of all dropped vectors

N no, of all selected vectors

and for N/100, the average number of selections the following
values have been observed:
m 10 15 20 ag 30

N_/N 0.004 0,035 0.088 0.109 0.081
N/100 5,060 7.680 10,730 12,870 12,750

According to experiences, slower convergence occurs if there
is an active subset of column vectors of A that is close to

being linearly dependent,
The results may be of use in selecting active constraints

in solving linearly constrained problems,

[1] -Zoutendijk,G.: On linearly constréined nonlinear
programming and some extensions, (In Mathematical,
Prograﬁming in Theory and Practice /eds, Hammer,PeL.,
Zoutendi jk,G,/ Amsterdam -New York, North Holland/
American Elsevier, 1974.) _

[é] Rosen,J.B.: The gradient projection method for non-
linear programming, Part I, - Linear constraints.
SIAM J.Appl.Math, 8 1960 181-217,

[3] Stewart,G.W.: Introduction to Matrix Computations,
Academic Press, 1973.
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(1) Take non-negative combinations of given inequalities,
and possibly weaken the right-hand-side. ;

(ii)j Having already obtained two inequalities

e 80 +Dll . e o >
o %y + + sxj + o X + 51y1 i o F tyj +,..+ Bnyn 2

RO ! LAY 8 P " .Ila+ >
arx; + +s % toota x By, oot Y, + By, 2 %
one may deduce )

! - { 4o LI > .

Xy + o.oo. s X, !-...+an:~.n+81y1+ + ty, + +B ¥, 2 9%

Conversely, any inequality thus obtained is valid for the
complementarity constraints.

The proof of this result is constructive, and it supplies a finitely-
convergent cutting-nlane algorithm for this generalization (CHC) of the

linear complementarity problem.

Note thqt the constraints (CMC) properly include the linear
complementarity problem. Indeed, the constraints of a bivalent integer

program can be -cast in the form (CMC), by rewriting these constraints

Dx > d
(B1IP) xj =.0 or 1, J * Lysaestl
in the form N
Dx > d
(B1P)' xj + yj = 1, j=1,...,n

0 = 1,000,
xjyj ’ j 1’ n

xj’yj 20, J=1,..04n

and obtaining all valid cutting-planes via rules (i), (ii)j.

The Theorem announced above is one corollary of a considerably
more general result concerning what Balas has called '"facial constraints.”
The general result will be given at the meeting, but is too technical to
state here, Those interested may write the author for preprints,



L.Kaufman, VRIJE Universiteit Brussel, Belgium

THE ASSIGNLKENT PROBLEN WITH COMPATIBLE JOBS

In this paper a generalization is presented of the classical job-
machine assignment problem. 1t is assumed that some but not all
jobs may be assigned to the same machine. The problem defined
in this way generalises both the assignment problem and the pro-
blem of determining the chromatic number of a graph. A branch
and bound algorithm is proposed using a combination of the hun-
garian ﬁethod and Lagrangian relaxation.

Computational experience on a CDC 6500 is discussed.

D.Klingman, University of Texas, Austin, Texas, USA
J.llulvey, Harvard University, Boston, Massachusetts, USA

APPLICABILITY OF NETWORK TECHNOLOGY TO INTERACTIVE
DECISION MAKING .

Lack of satisfactory treatment of the human
engineering and multi-criteria aspects of problem-solving
constitute two of the major obstacles to more widespread
use of mathematical programming today. The purpose of
this paper is to discuss how the dramatic recent improve-
ments in the computer implementation technology of network
flow algorithms and.the major advances in mini-computer
design can be used to partially overcome these obstacles.
Specifically, the paper focuses on how network flow
technology can be combined with interactive mini-computer
capabilities in order to produce substantial advances in
the design of interactive man/machine mathematical
programming systems, information systems, and current
procedures for coping with multi-criteria decision making.
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H. W. Kuhn, Princeton University, Princeton, N.J., U.S.A.

NONLINEAR PROGRAMMING DUALITY AND ECONOMICS

Historically, the economic interpretation of dual linear programs has
played a central role in applications and algorithms. The pufpose of this
paper is the development of a theory of duality in nonlinear programming
starting from a new and natural economic motivation. This interpretation
extends in a straightforward manner the duality of linear programming. It
produces a pair of dual programs that include, as special cases, a wide

variety of previous results.
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P.J. Laurent, University of Grenoble, France, and

C. Carasso, University of Saint Etienne, France.

AN ALGORITHM OF SUCCESSIVE MINIMIZATION IN CONVEX PROGRAMMING.

Consider the problem of minimizing :

f(x) = Sup (< x,b(t) > = e(t))
teT

(P) with the constraints
< x,b(u) >~c(u) < 0, forall ueU

xe W R”
where T and U are arbitrary sets, b and ¢ are bounded mappings from T U U into
R" and R respectively and W is an affine variety of R".

At each iteration we introduce, as in the Cheney-Goldstein algorithm,
a polyhedral approximation of the problem :
Minimize :
f(x) = Max (< x,b(t) > - c(t))
teT

(Pv) with the constraints :

< x,b(u) > - c(u) < 0, for all ug U’

XEW
where ™ and UY are suitable finite subsets‘of T and U. Let av be the (finite)
amount of (PY) and W’ the set of solutions (which is an affine variety).

A general exchange theorem (a generalization of the Stiefel theorem)
is given in order to exchange a set of new elements AYC TU U with a subset AV
of AV = TV U V¥

AVt (av\ M) U Y

T\)tl = A\H'In T

Uv+1 - Av+1 nu
The set AVis determined by considering the sub-problem :
Minimize :
V - \Y)
h'(x) = Max (f(x) - a” ; g(x))

(SPv) with the constraint
X € i
where g(x) = Sup (< x,b(u) > - c(u)).
)

An approximated solution of (8PY) is obtained ﬁy considering a string

of nested minimization problems :

Setting wz = W :



Minimize
v _ v v v
hi(x) = Max (£ (x) - a” ; gi(X))
(SPz) with the constraint
V N V
X € wi'l 151,00 s 5
v
where fi(x) = Max (< %x,b(t) > - c(t))
v
n
teA 0T
V
gi(x) = Max (< x,b(u) > - c(u))
\Y
u € Ai nu
v ., § =4 » \Y
Ai is a finite subset of TU U |, A1, a0 5
Wg is the set of solutions of (SP;) ” i=1,...,mv.

"~ All operations (specially the computation of the functions f and g)

can be done approximatively.
The convergence is proved under very general conditions (but without

any assumption of the Haar type).
A notion of e€-solution is introduced and it is proved that such an

€ -solution is obtained after a finite number of iterations.

The algorithm:includes all the algorithms-of the Rémés or Topfer type

for solving best approximation problems without Haar conditionms.-

K. Lommatzsch, Humboldt-Universitdt Berlin, GDR

A GAME PLAYED BY LINEAR OFTIMIZERS

Considering the problem

(1 max Equy + pqx + qqyj
xelM(y)

and

(2) max {XA2y + p2x + q2y§ '
yeN(x) -

where (1) and (2) are the pay-off functions of player I
and player II rcspectively and the sets of polyhedrons
M(y) and N(x) arc the sets of strategies. Equilibrium
points of such games are characterized and computed by
linear parametric programming results.
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Cs.Ligeti, J.Téth, University of Agricultural Sciences,
Godolld, Hungary

SOME PROBLEMS OF THE APPLICATION OF MATHEMATICAL PROG=-
RAMMING IN AGRICULTURAL PLANTS

"The Statistical Department of our university has prepared
medium-term development plans for several agricultural plante
in the last years. For this purpose we have elaborated line-
ar programming models which are practically applicable in
any larger Hungarian agricultural plant. For instance for
the simultaneous optimizing of the structure of production
and the resources we have used the following model:

4938 + AyoZp b

AopZp = AoaXy 29
Ay Xy + AgpXp ~ Ayx, £0
Ag1Ey + BgoXp + ByaXy - Ayxy 50
Agy1Xy + AgpXp + AgyXy + AgpEy + AggXg = by

o x * _ X X _
€) X = 8p X t 3 X9 - &y X + L5 X5 = maximum,

where: :
Xy = vector of commodity plant production,
vector of foodder production for home consumption,

5% = vector of livstock production,

X3 = vector of resources of production /manpower, machinery/,
X. = vector of other variables,

Igt line = conditions of area and area-ratio,

2nd. 1ine = balance of production and demand of fodder,

3rd line = resources needed for plant productiony

4th line = need for other resources,

5th line = other conditions,

S and ¢, = difference of monetary income and changing costs,

e = changing costs of fodder production,
C4 = fixed costs,
S » specific earnings belonging to the other variables.

The improved version of the above: model allows the simul-
taneous determination of the optimal structure and techno-
logy of production.

Our lecture explains these models and our experimences gained
in the course of their application.
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J. Lod, Computing Centre of the Polish Academy of Sciences, Warszawa, Poland
MATHEMATICAL THEORY OF VON NEUMANN EQUILIBRIA

An extended von Neumann model consists of four matrices (A1 ,A.Z; B1 ,Bé\ COD~
sidered as linear transformations of ordered spaces (Rn,S) - (R',T) or /duali-
ty/ (ﬁm,'!‘*) s (ﬁ“,s*) + The ordering cones are supposed to be closed, solid

and pointed. The equilibrium of such model is a pair of vectors x > 0,
S

P 2.*6 such that there exist >\ >0 a.ndfv >0 satisfying

T
Mea € m Bp s pp s

AxAp = xBp >0 3 xBp = pxhp>0.
If A1 = A2 = A and I.’-1 = 32 = B , then the model is called simple, For a
simple model at equilibrium we have /\ = JW and the conditions of equilibrium
may be written in a simplified form as follows

AxA LxB , Bp = Mp , xBp>0.
T S*
If the model is simple, the ordering is coordinate-wise and the matrices

are non-negative, then the model is the usual von Neumann model as conaidered
in the classical paper of von Neumann. The economic applications to consumtion,
savings and wages problems, international t‘ra.de, economic regulation, open eco-
nomies, capital and investment forced many authors to generalize the classical
model. For those reasons, the non-negativity of matrices has been postpornd,
the coordinate-wise ordering has been replaced by arbitrary orderings and each
of the matrices was split into twg}tcivifferent economic meaning.

The lecture gives a survey of the results about the existence of equilibria
and the structure of possible equilibria levels, i.e. the /\ ‘s and \}A-'n
at which for a given model an equilibrium exists., It is based mainly on recent-
ly published papers and some unpublished results.
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V1. Machové, UVIR, Praha, &SSR

- ———— - - - — -
.

THE STATE OF DEVELOPMENT AND APPLICATION OF NET®ORK ANALYSIS
IN GSSR

Considering the problem of application of Network Anslysis
in various areas of national economy in Czechoslovakia.

In Czechoslovakia there is a group for Network Analysis
in the Central Expert Section for Operation Research. Our
group joins together experts from all branches of the national
economy; it secures their education by - "« the aid of lectu-
res, courses, seminers, etc.; it secures also the neccessary
information for them by the means the Bulletin. Every year
in October it organizes an ecxpert meeting at Gottwaldov in -
which even the perticipants from abroad take part.

The Network Analysis in Czechoslovakia makes itself
steadily more end more useful in the managemant of our national
cconomy at various levels. The applications are carried ount
not only in investment arragements, building industry, machi-
nery, meintenance, transport, but also in untraditional bran-
ches such as medicine, persueing of transpassers, the state
mensgement and the management of the development of science and

technology.

The greastest progress has been dotie in the investment
arragement. In this year a new regulation has been worked
out for to secure the fulfilling of the tasks of the state

plen under the obligation.

This regulation sets a due usage of networks for the
prepering of investment arrangements organisation, for the
evidence of these constructions, for the contracting with
higher suppliers and for the directing of the realization

process itself.
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Another important field of the network application
is the management of the development of science and techno-
1bgy. In the year 1975 a hand-book of methodology was worked
out for the complex realisation management of wide and

important research tasks. This mentioned handbook of methodo-

logy vas acknowledged by the COMECON.

But newertheless there is still quite a great gap
between the theoretical part on one side and the applied
one on the other. ‘

.
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G.DeMaistrovskii and Ju.G.Ol’hovskii, Physico-Technical
Institute of Low Temperatures Academy of
Sciences of the Ukrainian SSR Kharkov,USSR

RATE OF CONVERGENCE OF A CLASS OF METHODS OF FEASIBLE
DIRECTIONS IN NONCONVEX PROGRALMING
Rate of convergence of the zoutendijk procedure 1 [1.
Pe 73} and the Zukhovitskii~Polyek—Primak procedure [2] for

solving problems of the form

min{ | fin <0, i2n2 0,9}
was inv§stigated by Pironneau end poleak [3] under the assump~
tions that functions jz, {;,...,f%_ are convex and the solu-
tion corf the problem is a vertex of the constraint set. We
are considering these methods without the assumptions mentioned
ebove. It is supposed that the set of cluster points of the
process conteins at least one such point which satisfies the
standard second order sufficiency cdnditions and strong regu-
lérity condition (it is obvious that under such cdnaitions
the process would converge to this point).

An example is given which shows thgt the methods consi~

dered do not converge linearly if controlling sequence con-—

struction follows the rule proposed in [1], [2]:
)tf ZK>5:<

Y
4 5", [QL 7}531/

K=+i =

Where

ZK = max min { (' (L‘“x], 3)‘ LeIKS ) I—K:{L"'uly"-(}"’a—x“' {-len)} V‘{.O}

"gnsi
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The main result is that the rfollowing modirication of
the controlling sequence construction rule
Kay = Ld‘ . . ‘)—
A I S PR
leads to linear convergence of the process.

The proof of this result is given in [4].
Retrerences
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10 (1975), No. 1, pp. 161 - 174,

4 GeD. Maistrovskii, Jgu.G. 0Olthovskii, 0 skorosti skhodi-
mosti metoda naeiskoreyshego spuska v zadache uslovanoy
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H.llaurer, lMathematisches Institut der Universitdt Wufzburg,
Am Hutland, 87 Wiirzburg, West-Germany

CONTRIBUTIONS TO PERTURBATION THEORY OF INFINITE NONLINEAR
PROGRAMMING PROBLEMS

Let X,Y,Z,A be Banach-spaces and let f: X x A = R ,

g Xx A Y, h: Xx A > 72 be Frechet-differentiable func-~
tions. Let M be a subset of X and let K be a convex cone
in Z with its vertex at the origin and nonempty interior.

We consider the family of nounlinear programming problems

indexed by a € A :
(Pa) Inf { f(x,a) | x € M, g(x,a) =0, h(x,a) e K } .
x : .
The optimal response function P: A - R U {-e,¢] is defined by

P(a) = Inf [f(x,a)|xel , g(x,a)=0 , h(x,a)eK} for a € A . The
problem (Po) corresponding to a=0 is considered as the

unpvertnurbed problem. We give estimates of the directional deri-

vatives (resp. Frechet-derivative) of P "at a=0 in terms of
the Xnhn-Tucker-functionals appearing in the Maximum—Principle
for the unperturbed problem (PO) . Let X, be a solution
point of (Po) . Then, if 1, € Y' and 1, € 2' are the
Kuhn-Tucker-functionals corresponding to equality constraints

and inequality constraints, the 'shadow-price-formula'
DP(0) = Dafﬁxo,O) + 11Dag(xo,0) + 12Dah(xo,0)

is shown to hold under suitable assumptions.

Some applications to optimal control problems with pertur-
bations in the dynamics and control or state constraints are

given.
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R. P. O'Neilll, Computer Science Department, Loulsiana
State University, Baton Rouge, Louisiana(USA)
EXPERIENCES IN SOLVING MIXED LINEAR - NONLINEAR PROGRAMS

Solving mixed linear-nonlinear programs ‘can be
approached in various ways. This paper presents some
computational experience in solving an actual application
program and programs generated by a test problem genera-
tor. The method used to solve the application program
is similar to the method of approximate programming
(MAP). The method used to solve the generated programs
is the Dantzig-Wolfe generalized programming algorithm.

W.O0ettli, Universitét Mannheim, Mannheim, W.Germany

THE PRINCIPLE OF FEASIBLE DIRECTIONS FOR CONTINUOUS MINIMAX -
PROBLEMS

This talk discusses various aspects of the appli-

cation of the principle of feasible directions for the solu-
tion of continuous minimax-problems

min (max f(x,t))

X t
in the case, when the functions f(s,t) involved can be locally
approximated by convex functions. Particular attention is given
to the possibility of a fixed (pre-assigned) step-length. A modi-
fication is described in which only binding constraints (but not

e-binding constraints) are taken into account.
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U,Passy, Technion,Haifa, Israel

- PSEUDO DUALITY IN MATHEMATICAL PROGRAILIING

Duality plays an important role in both the theory and
applications of Mathematical programnming. Most of the results
orgin&ted from Fenchel's conjugaté correspondence, However, the
conjugate correspondence is intimately connected'with convex.
(concave) functions. In the present paper a relation between
stationary points of non convex program and of its Legendre

transform is {investigated.

C. E. Pfefferkorn, Institute for Advanced Computation,
Sunnyvale, California, (USA) and J.. A. Tomlin, Stanford
University, Stanford, California (USA)

DESIGN OF A LINEAR PROGRAMMING SYSTEM FOR THE ILLIAC IV

This paper outlines a design for implementing a
linear programming system on the ILLIAC IV computer.
The central concern is to take advantage of the special
features of the ILLIAC IV (64 parallel processing elements,
large fast disk memory and relatively small fast core
memory) and at the same time to take advantage of the
sparsity of real large-scale linear programs and the
(mostly serial) methodology which has been developed to
exploit this sparsity. This requires both the adaption
of existing techniques to a parallel environment and the
development of new parallel techniques for efficient
sparse matrix processing. It appears that this can be
done successfully and that ILLIAC IV should be able to
solve problems considerably larger than those which can
be attempted on serial computers.
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B.Ts Poljak, Institute of Control Sciences, lloscow, USSR

NONLINEAR PROGRAIMING NETHODS IN TUE PRESENCE OF NOISE

The problem under 1nvest1gatlon 1s how one must modify
ordinary nonlinear programuing methods if the values of
all functions and their gradients are noise-cor.upted. The
modified methods are of some interest for deterministic
problems also. :

Three methods for solving nonconvex problems with
equality constraints are studled Lagrange multipliers,
penalty functions and augmented Lagrangian methods. In the
deterministic case the methods include unconstralned mini-
mization at each iteration. In the proposed versions of
the methods these auxilary problems are not solved exactly
but only one gradient step of minimization i1s made., It 1s
proved that the dlgorlthms coverge with probablllty 1 —cJV,-

© depending on the initial approximation, on the noilse
level and on the process parameters,

One of the best known methods' for solving convex un-
smooth minimization problems over convex sets 1s the sub-
gradient projection method. It converges 1f the minimum
polnt is unique. Ve modify the method by adding a regula-
rizing term for problems with nonunigue minimum points,
The regularization parameter 1s changed at each iteration.
The mean square convergence of the-.algorithm to the solutlon
with the minimal norm 1s proved ’

For general stochastic unsmooth convex programming prob-
lems the verison of Uzawa’s iterative procedure is proposed.
It converges without the usual assumptions about strict
convexity of the function to be minimized, In partlcular
we presentsa simple and stable algorlthm for solving linear
programming problems and matrix games in the presence of
noise,
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A.Prekopa, Computer and Automation Institute of the Hungarian

Academy of Sciences, Budapest

REMARKS CONCERNING TEACHING OF LINEAR PROGRAMMING

Giving introductory courses and writing a book on linear
programuing for mathematician students, the author met many
problems the character of which were how to make things
mathematically clear, elegant, exact and elementary. The
author will shortly describe his own way to present the
lex1cographlc primal, dual methods, their connection,
Gomory’s algorithm for the all integer problem, the criss—
cross method etc. All these are based on already published
ideas of primarily Dantzig, Orden, Wolfe, Gale, Tucker,
Gomory etc. The author thnks, however, that he may present
some new observations,

Stevhen M. Robinson, University of Wisconsin-Madison, U.S.A.

REGULARITY AND STABILITY IN OPTIMIZATION AND EQUILIBRIUM PROUBLEMS .

vWe consider the problem of nonlinear programming, and
certain more general equilibrium problems which can be expressed
as variational inequalities. For these problems, we examine the
behavior of the solution sets when the functions entering into
the problems are perturbed in various ways. This apvoroach yields
information about the stability of the solutions which extends
the apnlicability of the current methods (primarily via the
implicit-function theorem) to cases in which the solution sets
may not be single-valued and the classical implicit-function
theorem may not be apnplicable.

To establish a background for these results, we review some
work on regularity of syvstems of linear and nonlinear inecqualities
which has been carried out in the last three years. Some simple
characterizations of regular systems are now available, and these
turn out to have imnlications, not only for theoretical analysis,
but also for computation, particularly with respect to the ways
in which constraints are represented in routines for solving
ovntimization problems. We show, for example, that mathematically
equivalent ways of writing constraint sets may have very differ-
ent stability properties, so that they are not at all equivalent
for computational purposes.

Finally, we review some practical applications of these
results to the problem of roundoff error in computation and
to the establishment of convergence rates for algorithms,
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I'e foghavechari, Indian Institute of lianagement, Ahwedabad, india

A PROO:M Qi VAI DER VAERD@I?S CO:HJLCTURE O DOUBLY STOCHASTIC MATRICES

Let D“ be the set of nll doubly stochastic squares matrices of order
n i.e. the set of 211 n x n matrices with nonnerative entries with
row and column suns cqual to unity. ‘“"he perimenent of an n x n matrix
A=(2;4) is defined 1y

p(R) = = _H— ac T ()

where &, is the sypmetric group of order n, ven der \lecrden
conjectured that (M 2n ! /n* for all A € & with equality
occuring of and only of A=lv 4 where Ii is the matrix all of whose
entries are equal to 1/n,

Vhile the truth of this conjecture has been shown for a few values of
n, the problem is still unsolved. In this paper we give a proof of the
validity of the conjecture for general n., The proof follows from a
general inequality proved in the paper. The main tool to piove this
inequality is through the ideas of ’'Signomiel Geomtric Programming’.
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M. S CHOCH , Bergakademie Preiberg, Freiberg, DDR

EINE MIN«MAX-FIXKOSTENAUFGABE
Gegeben sind die konvexe polyedrische Menge
M={xeRn , Ax =a, x 20},

wobei die Matrix A vom Format (m,n) mit m<n ist, und end-
lich viele reelle Zahlen djv’ vV = 1(1)qj, J = 1(1)n, fir die

0O = d.jo< dj1< see £ djqj
gilt. Pir jedes jEN = {1, 2, .., n} ist durch

tjo fiir x,j =0
t,j(x_j) =9 o555 t tjv fiir djv-;l‘ x5 = d,jv’ v = 1(1)§J,
chj+1x3 + tqu_H fir dqu< xj

der mit der Variablen xj verbundene Aufwand gegeben. Dabei
seken wir '
c.. 20,V = 1(ay, JeN,

und

£

d = 1(1)q:jb JeN,

< ‘
Jjv * tjv - cjv+1djv ,.+ jv+1? hd

voraus, so daB die Funktionen tj(xj) momoton nicht fallend sind.
Falls M # @ ist, gehdren zu jedem x€ M die folgenden eindeutig

‘definierten Indexmengen

I (x) = ije ] ay, <%y

A

d:jv} y VvV = 1(1)q=max qj
Je N

) = & <
Jq+1(x) ij N‘djqj xj}.
-Damit ist fir jedes x €M eindeutig die reelle Zahl

£f(x) = max nia.xt ,ﬁlax'(c %X 4tt .1),max mex (c. xX.+t
' [ch ojelq*‘(‘x) jq3+ J 'jq3+ v=1(1)q jEJv(x;;vj 9

j
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definiert. Wir betrachten die folgende Extremalaufgabe
£(x(°)) = min (£(x) [ xem), (P)

durch die der mit jeweils einer Variablen verbundene Maximal-
aufwand minimiert wird.

Aufgaben diesen Typs treten beispielsweise in der Netzplan-
technik auf, wenn der maximale Ressourcenbedarf minimiert
werden soll [3]. Das allgemein' bekannte Zeitransportproblem
erweist sich als Spezialfall von (P) mit speziell strukturierter
Matrix A und mit q, = 1, jeN, und ¢ 1= o, tjo =0, jeN.
In [ 1] und [ 4] werden Spezialfdlle von (P) untersucht, wihrend
in [2] ausfithrliche Betrachtungen und ein Algorithmus fir (B)
enthalten sind.

Es werden endlich viele spezielle Elemente von M, die sogenannten
Sprungpunkte von f(x) auf M definiert. Mit diesen gilt dann die
folgende Aussage.

Satz: Ist M # @, dann besitzt (P) stets eine Optimalldsung, und
der Optimalwert f(x(o)) wird in wenigstens einem Sprung-
punkt von f(x) auf M angenommen. '

Mit
8 = ( x €M {x Sprungpunkt von f(x) auf M}

kann -somit die Aufgabe (P) durch die kombinatorische Optimierungs-
aufgabe '

£(x{®)) = min (£(x) | xe ) (?)

ersetzt werden.

Fir (P) 1Bt sich auf der Basis des Erweiterungsprinzips [2]

ein Algorithmus entwickeln, der in endlich vielen Schnitten ent-
weder eine Optimallosung liefert oder S = @ anzeigt. Dazu wird eine
Minorantenfunktion
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g(x) = max[max t,,, max & +19 max max t.,jv]
Jen T ger =) T v = 1(1)g je g (x)

mit

"

tdv = cjvdjv-1 + tJV’ vV = 1(1)qj+1, JeNo
gebildet und die Ersatzaufgabe

g(x) = min (g(x) , x:'8) A : (PE)

betrachtet. Zur LYsung von (PE) ist eine endliche Folge
linearer Optimierungsaufgaben zu betrachten. Das im Fall

S # @ dabei zuerst erhaltene x e S ist zugleich Optimalldsung
von (PE)’ |

Durch Ausnutzen der Aussagen von vier weiteren Sdtzen kann
dann die Fortsetzung der Bearbeitung von (P) ebenfalls iiber
eine Folge linearer Optimierungsaufgaben erfolgen.

Literatur:

[1] Schoch, M.: Anwendung des Erwelterungsprinzips zur Ent-
wicklung eines Losungsverfahrens fiir eine Klasse von
Min-Max-Problemen, Mathem. Operationsforsch. u. Statistik

-4 (1973), T - 21.

[2] Schoch, M.: Das Erweiterungsprinzip und seine Anwendung
zur Entwicklung von Algorithmen fiir die Losung kombi-
natorischer Optimierungsaufgaben. VEB Deutscher Verlag
der Wissenschaften, 1976,

[3)] Suchowitzki §.I u. J.A. Radtschick: Mathematische Methoden
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M.Sertel, Science Center Berlin, West Berlin, W.Germany

SIMPLE RESULTS Ol COMPACT ACTS IWPLYING SOLVABILITY OF
COMPACT DYNAMIC OPTIIIZATION PROBLEMS

In multistage optimization, the feasible region Ay applying

at a given period k may change endogenously, as a joint function
of the feasibic set for that period and.the feasible point

xkcAk chosen within it, thus determining the next feasible region
Ay, q- When all feasible regions A, belong to the collection A
of all noncmpty closed subsets of a compact topological semi-
group (X,o) and the next-feasibility map is given by a con-
tinous & : XxA+A with §(x',8(x,A)) = &§(x'ox, A), i.e., § is a
left-act, we show that the set of feasible sequences (i.e.,

the set of sequences {xk};=1 with'xkeAk for - K= 1; 2; «s«) is
compact. This implies the existence of solutions to a wide class

of dynamic optimization problems indicated in the text, and ex-

tends earlier results of the author [JOTA, 1976]

E.Spedicato, CISE, Segrate, Italy

SQ}LED_VERSUS UNSCALED VARIABLE METRIC .ALGORITHLIS ¢ A
COLIPUTATIONAL EXPERIENCE :

Classes of parameter dependent variable metric algorithms for
unconstrained nonlinear minimization have been introduced by many
authors,. llere we are particularly concerned with Broyden one
parameter class, to which the well known Davidon-Fletcher-Fowell
or DFP and Broyden-Fletcher-Shanno-Goldfarb algorithms belong,
and with two and three parameter classes introduced by Oren and
by Spedicatoe As most of the experiments reported in the literature
concern functions in few variables, usually less than ten, a set
of n-dependent functions has been introduced in order to test the
performance of the Broyden-I'letcher-Shanno-Goldfarb methods and
of the Oren-Spedicato method for problems of up to 80 varizles,
A conjecture of Diron relating to some of the test functions is
also explored and conditions are given for its validitye. The
numerical results show that the first method is preferable for
small n wnile for large n or n greater than 20 the second method
is usually bettereo They confirm moreover that prescaling the ini-
tial matrix is usually very useful,
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Gy.Sonnevend, Computer and Automation Institute of the
Hungarian Academy of Sciences, Budapest, Hungary

ON OPTIMISATION OF ADAPTIV NULERICAL ALGORITHMS

Let X be a separable Banach space, K a convex, compact
set in X,CP a centralsymmetrical, weakly compact subset of
the unit sphere of the dual space X, of X. Let £ be @ linear
continuous operator from X to another Banach space,Y. We are
interested in getting an optimal estimate of f£(x), constructed
from the values "of admissible measurements":

-Pn(X), n="t..., N \'Fnédl) i xe K

where N is a fixed natural number and the linear functionals,
]0,“ are chosen by an aaaptiv algorit
,04n% N-1

\&Hzﬂmﬂ_(ﬁ I‘Fj(x) y 135, N

I N e RIS
KN =5 x| xNe K, ;0= f-.- i NE= K(N)

e (KN =k Ryl H@-Fizally, = €(AN X)
Our optimisation problem consist in finding (by dynamic prog-

T cp e(AYR)= (N K )

HN xe K A& *N
and the corresponding optimal algorithms }An,(')gz F) J (if it
qxists}. We investigate the differences between optimal passiv,y
(Wheni‘-‘P-,,\,| n=A1y... N}) are chosen in one step), and optimal
adaptiv algorithms., K Conditions given in terms of “the geometric
structure of X (e.g.its decomposability into a sum of two
subsets “similar" to K), when there exists an (asymptotic)
adaptiv algorithm yielding the same accuracy, over K, ag@ the
optimal N step algorithms, for all N=2<4, k=1,2,..,,
Concrete examples include cases, when lK,cbl are given as

K= iX(‘U: R"-;R‘L,“Wt x(t')\!f M p=2, oo, (m ¢ X(t)y< M)

2/, k i
or when Spec]tmﬁ(g%% € [m‘M11 0em<«M }
(P=SL“P\ f(x) ’X(t)l f;t(\f} S Clsmt’n-cf ‘“(Rh%

1 =5§ sydt  Jradrate); L0q-x, (approximation) .
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K.Truemper, University of Texas, Dallas, Texas, USA.

ALGEBRAIC CHARACTERIZATIONS OF UNIMODULAR AND TOTALLY UNIMODULAR MATRICES

A unifying framework for algebraic characterizations of totally
unimodular matrices (i.e., matrices where each square submatrix has
determinant 0 or +1) is proposed. ‘Three fundamental properties of certain

" all-integer matrices are shown to give rise to all known characterizations,
which.are classified into two types according to the type of submatrix
specified in each characterization. This approach leadz to a sharpenihg
of several_known results and yields new characterizations.‘

Based on the above mentioned results for totally unimodular matrices,
several useful algebraic characterizations of unimodular matrices (i.e.,
matrices where each basis has determinant +1) are developed. Essential
for these characterizations is a classification of integer matrices as
unimodular, non-trivially non-unimodular, trivially non-unimodular based
on a simple algebraic condition. Failure of previous attempts to
characterize unimodular matrices is shown to be caused by trivially

non-unimodular matrices.

Ph, Wolfe, IBM Research Center, Yorktown Heights, New York),
USA

ON NONDIFFERENTIABLE OPTILIIZATION

There are many problems of mathcmatical proaramming requirinqg
the minimization of fnnctioﬁs which  are not evervwhere
differentiable, nnd‘many more which may be, but do not have to be,
posed that wav. This paper will (i) describe some of thesc
problems; (ii) cite the mathematical backaround neccessary in the
study of algorithms for solvina them; (iii) review the ideas, and
what has so far becon .lonrned ahout the performance, of the

principal solution methods that have been so far proposad.
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