Chapter 4

Signed Measures

Up until now our measures have always assumed values that were greater than or equal to 0. In this chapter
we will extend our definition to allow for both positive and negative values.

4.1 Basic Properties of Signed Measures

DEFINITION 4.1.1. Let (X, .A) be a measurable space. A signed measure on (X, .A) is a function p : A — R*
such that

1) p takes on at most one of the values —oco or co.

2) p®) =0

3) If {E,}32, C Ais a sequence of pairwise disjoint sets, then

w(lJ En) = n(En).

EXAMPLE 4.1.2. 1) Assume that (X,.A) is a measurable space and that u, us are measures on (X, .A).
If at least one of the p;’s is finite, then
= — pio

is a signed measure on (X, .A).

2) Let (X, A, 1) be a measure space and let f be an integrable function. Then if f = f* — f~, we have

that .
NE) = [ fau= [ £ran= [ £a

is a signed measure on (X, A).

4.2 Jordan and Hahn Decompositions

PROBLEM 4.2.1. We have just seen that if (X,.A) is a measurable space and py, ps are measures on (X, A)
with at least one of the u;’s being finite, then

W= H1 — K2

is a signed measure on (X, A). We can now ask: do all signed measures arise in this way?
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The clue to answering the problem above comes from the second item in our previous example where we
decomposed our integral function f into its positive and negative parts. This decomposition, often called
the Jordan decomposition of f, can in fact be extended to signed measures, something which we shall see
shortly.

We begin with the following natural definitions:

DEFINITION 4.2.2. Let p be a signed measure on (X,.A). Let P, N, M € A. Then we say that:
1) P is positive if u(EN P) >0 for all E € A.
2) N is negative if y(ENN) <0 for all E € A.
3) Misnullif y(ENM) =0 forall E € A.

The following useful results follow almost immediately from the definitions above. As such the proofs
will be left as exercises.

PROPOSITION 4.2.3. Let p1 be a signed measure on (X, A).

1) If P € A is positive (negative) [null] and if E € A is such that E C P, then E is positive (negative)
[null).

2) Let {E,}52, C A, with each E, being positive (negative) [null], then E = |J E, is also positive
n=1

(negative) [null].

3) Let P be positive and N be negative, then PN N is null.

LEMMA 4.2.4. Let pu be a signed measure on (X, A). Let E € A be such that 0 < u(E) < co. Then there
exists a positive set A € A with A C E and p(A) > 0.

Proof. If E is positive we are done. So we may assume without loss of generality that F is not positive.
Let n1 € N be the smallest natural number such that there exists an F; C E with

1
F) < ——.
p(En) -

If E\ F; is positive we are done. If not then we choose the smallest natural number ny € N such that there
exists an Fy C E'\ E; with

1
By < ——.
1(E2) -
Suppose that we have chosen {E1, Ea,...,Er_1} and natural numbers {ni,ns,...,ni} as above and that

k—1
E\ U E; is not positive, then we choose the smallest natural number n, € N such that there exists an
j=1
k—1
E, CE\ | E; with
j=1
1

E -
w(Ey) < "

Now either this process terminates, in which case we are done, or we are able to inductively construct a
seqeunce {Ej} as above. In the latter case, let

A=E\ GEk.
k=1
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Since {E}} is pairwise disjoint, and each E} is disjoint from A, we have that
(oo}
WE) = u(A) + Y p(Ex) (%)
k=1

From () we may conclude the following;:

1) Since pu(E) is finite, the series Y p(E})) converges.
k=1

o0 o0
. . . 1
2) Since the series 1} ) (E})) converges, so does the series k§ e and hence ng — oo.

3) Since each u(Fy) < 0, we have
0 < u(E) < u(A).

Assume that there exists an Ey C A with u(Ep) < 0. Then we can find a k large enough so that

1
Ey) < —
Eo) < =
But we have that -
EyCACE\ UEj
j=1

so this would contradict how we went about choosing ny. It follows that A is positive.

THEOREM 4.2.5. [Hahn Decomposition Theorem]

Let p be a signed measure on (X, A). The there is a positive set A € A and a negative set B € A so that
X=AUB and ANB=0.

Proof. Since p cannot take on both 0o we may assume without loss of generality that u never takes on the
value oco.
Let
a =sup{u(E)|E € A, E is positive}.

Since @ is positive, we have that o > 0. We can also find a sequence of positve sets {A4;} so that

a = lim p(4;).
11— 00
Next let
(o]
A={]JA
i=1
Then A is also positive and since A; C A for each 7 we have
n(A) = a.

Let B = X\ A. Assume that B is not negative. Then there is an E C B with p(E) > 0. From the previous
lemma we can find a positive set Ag C B with u(Ag) > 0. But then if

A" =AU A
we have that A* is also positive and since A N Ay = 0,
u(A%) = p(A) + p(Ao) > a

which is impossible. |
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DEFINITION 4.2.6. Let u be a signed measure on (X,.A). A pair {P, N} of elements in A for which P is
positive N is negative, PUN = X and PN N = () is called a Hahn decomposition of X with respect to p.

REMARK 4.2.7. It is generally the case that the Hahn decomposition is not unique. In fact, let X = [0, 1]
and let A = P(X). If p1; is the point mass at 1, thenif P = {1} and N = [0,1]\ {1}, then {P, N} is a Hahn
decomposition of [0, 1] with respect to p. However, P; = [0, 3] and Ny = (3, 1] is also a Hahn decomposition.
In fact, if { P, N} is a Hahn decomposition of X with respect to p and if M € A is null, then { PUM, N\ M}
is a Hahn decomposition of X with respect to p.
Furthermore, if {P;, No} and {P,, N2} are Hahn decompositions of X with respect to p, then

M = P,AP; = (PL N N3) U(Ny N Py) = N AN,

is a null set.
Furthermore, since EN Py \ P, C PYAP, and EN Py \ P C PiAP,, it follows that

,U,(E n Pl) = ,U,(E NP N PQ) = /L(E N Pg)

for each F € A.
Similarly,
/L(E N Nl) = /J,(Eﬂ Ni N Ng) = [J,(E N NQ)

for each £ € A. What is true however, as we shall see, is that every Hahn decomposition induced a
decomposition of p into the difference of two positive measures and that any two Hahn decompositions
induce the same decomposition of p.

DEFINITION 4.2.8. Let {P, N} be a Hahn decomposition of X with respect to p. Define
i+ (E) = u(E N P)

and
po(E)=-p(ENN).

REMARK 4.2.9. It is easy to see that pu* and u~ are both positive measures and that
p=pt—p.
The pair {u™, ™} is called a Jordan decomposition of p.

DEFINITION 4.2.10. Two measures p and v on (X, A) are said to be mutually singular if there are disjoint
sets A, B € A with X = AU B and pu(A) = 0 while v(B) = 0. In this case, we write

uwl v

THEOREM 4.2.11. [Jordan Decomposition Theorem]
Let p be a signed measure on (X, A). Then there exist two mutually singular positive measures p+ and
w= such that

p=pt—p.
Furthermore, if X and v are any two positive measures with
H= A— v,
then for each E € A we have

and
Finally, if X L v, then \=pu" and v =p~.
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Proof. Let {u™, ™} be a Jordan decomposition of y arising from the Hahn decomposition {P, N} . Then
clearly

po=pt—p
Moreover, since
pH(N) = pu(PNN)=p~ (P)=0

we have that
pt L.
Let A and v be any two positive measures with

L=A—v
and let £ € A. Then

IN A

A similar argument shows that v(E) > p= (E).
Finally, assume that A L v.
Let {A, B} be a partition of X so that A(B) =0 and v(A) = 0. For each E € A we have

WENA) = NENA) —v(ENA)=\NENA) > 0.

That is A is positive. Similarly B is negative, so {A, B} is a Hahn decomposition. It follows that for an
EcA,
it (B) = w(E N P) = u(E 1 A) = \(E N A) = \(E)

and
p (E)=—uw(ENN)=—-u(ENB)=v(ENB)=v(E).

DEFINITION 4.2.12. Let u be a signed measure on (X,.A). Then if {u*, u~} is the Jordan decomposition
of p, then the measure

def _
| = pt 4

is called the total variation of pu.

EXAMPLE 4.2.13. Let (X, A, i) be a measure space and let f € £L(X,.A, u) be integrable. If
NE) = [ fau
E
then A is a signed measure with Jordan decomposition
V(B = [
E

and
AT (E) :/Ef* dpu.

In particular,

@) = [ 1w [ rdu= [ ifid
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DEFINITION 4.2.14. If i and v are signed measures on (X, .A), then we say that v is absolutely continuous
with respect to p and write
v

if |v] <« |p|. We say that p and v are mutually singular and write
pwlv

if [u] L [v].

REMARK 4.2.15. 1) If v is a signed measure and p is a positive measure on (X,.A), then we claim that
v < p if and only if whenever E € A with p(E) = 0, we have v(E) = 0.

Clearly if v < p and p(E) = 0, we have v(E) = 0. To prove the converse assume that {P, N} is a
Hahn-decomposition for v. Let E € A be such that m(E) = 0. Then clearly

m(ENP)=0=m(ENN).
It follows from our assumption that
vI(E)=v(ENP)=0

and
v (E)=v(ENN)=0.
Therefore, we have that |v|(E) = 0 and |v| < p as desired.

2) If v is a signed measure and p is a positive measure on (X, .A), then we claim that v L p if and only
if there are disjoint sets A, B € A with X = AUB and pu(A) = 0 while v(E) =0 for any E C B, E € A.

If v L p, then there are disjoint sets A, B € A with X = AU B and u(A) = 0 while |v|(B) = 0. But
then if E C B, E € A, we have |v|(E) = 0 and hence v(E) = 0.

To see that the converse holds let A, B € A be disjoint sets with X = AU B and u(A) = 0 while
v(E) =0 for any E C B,E € A. Let {P, N} be a Hahn decomposition for v. Let F; = BN P and
Ey = BNn. Then

ph(B) = p(Er) =0
and

u(B) = u(Es) = 0.
It follows that |v|(B) = 0 and that v L p.

The following proposition gives us an alternative characterization of absolute continuity for finite positive
measures which will prove useful later.

PROPOSITION 4.2.16. Let A and p be finite positive measures on (X, A). Then the following are equivalent:
1) A< p
2) For every € > 0 there exist a 6 > 0 such that if E € A and u(E) < 6, then \(E) < e.

Proof. 1) = 2). Suppose that 2 fails. Then we can find an ¢y > 0 and a sequence of sets {F;} C A such
that p(Ey) < 2% but A(Ex) > €g.
Now let
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It follows that u(F,) < 57—t while A(F},) > €. From here, since {F},} is decreasing, we get that

m n) = lim wu(F,) =0,

n—oo

while

ﬂF = lim A(F},) > €.
n=1 n—oo

This shows that A is not absolutely continuous with respect to p.
2) = 1). Suppose 2) holds and p(E) = 0. Then for any ¢ > 0 we have that u(E) < § here 0 >0is
chosen as in 2). It follows that A(F) < e. But since € > 0 was arbitrary, we get that \(E) =
[ |

4.3 Radon-Nikodym Theorem

REMARK 4.3.1. We had previously asked about when, given a measure space (X, A, 1), and any measure A
on A, does there exists an f € M* (X, A) with the property that for every E € A,

E)=/Efdu

for all £ € A. We have also seen that if such an f exists then it must be the case that A < p. At this point
we are in a position to use what we have learned about decompositions of signed measures to establish the
converse of this result in the case of o-finite measures.

THEOREM 4.3.2. [Radon-Nikodym Theorem/
Let X and p be o-finite measures on (X, A). Suppose that \ is absloutely continuous with respect to p.
Then there exists f € M1 (X, A) such that
B)= [ fau
E

for every E € A. Moreover f is uniquely determined pi-almost everywhere.

Proof. Case 1: We assume that A,y are finite. For each ¢ > 0 let {P(c), N(c)} be an Hahn decomposition
for the signed measure A — cu. Let

A1 = N(C)
and for each k € N let
k
A1 = N((k+1)o)\ | J 4.
i=1
It follows that {A;}52, is pairwise disjoint and
k k

Consequently, we have

A = N(ke) N () Plic).

If E€ Aand E C Ay, then E C N(kc) and E C P((k — 1)c). As such we have

(k= Dep(E) < ME) < kep(E). (%)
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Next, let
B=x\JAi =X\ |JN(ic) = Pic).
i=1 i=1 i=1
Since B C P(kc) for all k € N, we get that
0 < heu(B) < A(B) < A(X) < 0

for each k € N. Therefore, u(B) = 0 and since A < p we have that A(B) = 0, as well.

We now define for each ¢ > 0,
) (BE=1)c ifx e A,
fc(x){ 0 if r € B.

For each F € A, we have

E=(ENnB)U (G(EmAk)).

i=1

Applying (%) to each of the component pieces above, we have that

/Efcd,uﬁ)\(E)S/E(fc-l-c)d,uS/Efcd,u—i—c,u(X).

Now for each n € N let
gn = fz%

We get
X
/ gndp < NE) < / gn dpt + Ln) ().
E E 2
If we let m > n then (xx) tells us that

X
[ontn<x® < [ gnin+ 20 ana [ gnawsxm) < [ gudu+
E E 2m E E

X
I/gndu—/gmduléLn)
E E 2

for each E € A. In particular this holds for By = {& € X|g,, — gm| > 0} and E2 = {z € X|g,, — gm| < 0}.
This allows us to deduce that
2p(X) _ p(X)

on - gn—1

u(X)
on

Combining these two give us that

|gn - gm| d,u S
X

and hence that {g,}52; is Cauchy in L;(X, A, p).
Assume that g, — f in L1(X, A, ). Since g, € M1 (X, A) we can also assume that f € M™*(X, A).
Moreover, for any E € A we have

I/ gndﬂ_/ £ dpl é/ \9n — fldp < lgn — fllx = 0.
E E E
It then follows from (x) that

A(E) = lim gndﬂz/ fdu.
E E

n—oo

Suppose now that f,h € M*(X,.A) are such that

[Efdu:)\(E):/Ehdu
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for all E € A. Let E; = {x € X|f(z) > h(z)} and Ey = {z € X|f(z) < h(x)}. Since

/‘f—mwzjmﬂm— hdp = A(Ey) — A(Ey) =0
Eq Eq Eq

and

/)f—mw=/‘ﬂm— B = A(Ez) — A(Ez) =0
Es Es Es

we have that u(F1) = u(E2) = 0 and hence that f = h u-a.e.
Case 2: Asume that A and p are o-finite. Let {X,,} C A be an increasing sequence such that X = |J X,

n

=1
AMX,) < oo and p(X,) < oco. Following the first case, we get for each n € N a function f, € MT(X,A)
such that fmxc =0, and if £ € A with £ C X,,, then

NE) = [ fudn
E
If m > n, then X,, C X,, , and by our previous uniqueness result, f, = f, p-a.e. Let

Fn :sup{f1;f27-'~7fn}-

Then {F,} is an increasing sequence of positive measurable functions with F,, = f,, p-a.e and F,(x) = 0 for
all x € X. Let
f= lim F,.

n—oo

If E € A, then
A(EﬂXn):/fndu:/Fndu.
E E

Given that EN X,, / F, continuity from below and the Monotone Convergence Theorem shows us that

AME)= lim A(ENX,)= lim [ F,du= / fdu.
B B

n—oo n— oo

The uniqueness of f is determined as in the finite case.

REMARK 4.3.3. A close look at the proof of the Radon-Nikodym Theorem shows that the construction of the
function f resembles differentiation. The next example shows that in fact this is not simply a coincidence.

EXAMPLE 4.3.4. Let F : R — R be a continuously differentiable function with F’(z) > 0. Then F is strictly
increasing. Let up be the Lebesgue-Stieltjes measure on (R, B(R)) generated by F. Then pp is o-finite and
ur < m. Moreover, the Fundamental Theorem of Calculus shows that

b
MF((a,b]):F(b)—F(a):/ F’(x)dx:/[ Frdm= [ ptam,

From here we can deduce that if E € B(R), then

pur(E) = / F'dm.
E
In particular, the function we would have obtained in via the Radon-Nikodym Theorem is m-a.e equal to
F'.

Motivated by the previous example, we have the following definition.
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DEFINITION 4.3.5. The function f whose existence was established in the Radon-Nikodym Theorem is called
the Radon-Nikodym derivative of A with respect to u and it is denoted by %.

REMARK 4.3.6. 1) % is integrable if and only if A is a finite measure.

2) In the case that X is o- finite, with X = |J X,, and each X,, being such that A\(X,) < oo, we have
n=1
that
d\

X, :/ —du
0=/ 5
dA

so 9, must be finite y-a.e on X,,. As such, we may assume that Z—A is actually finite everywhere on X.
M 1

3) Let (X, A,\) = (R, M(R), m) be the ususal Lebesgue measure space. We can define p on (R, M (R))
to be the restriction of the counting measure on (R, P(R)) to (R, M(R)). Then m < p, since u(FE) =0
implies £ = (). However, there is no f € M (R, M(R)) such that

m(E) = / fdu.
E
This shows that the Radon-Nikodym Theorem can fail if u is not o-finite. However, we leave it as an
exercise to show that the Radon-Nikodym Theorem can be extended to the case where A is arbitrary.

4) Let p, A\, v be o-finite measures on (X, .A) with A < p and v < p.

(i) If ¢ > 0, then e\ < p and
d(eX) dA

d'u = C@.

(ii) We have (A4 ) < p and
dA+v)  d\  dv

d
(iii) If v < X and A < p, then v <« p and
dv _dv dx
dpu  d\ du’
(iv) If p < X and A < pu, then
dv 1
— =
du &

Note: All of the equalities above apply almost everywhere. The proofs are left as an exercise.

5) If A is a signed measure and p is a o-finite measure with A < p, then AT < pand A~ < p. In
this case, we let
dX\ def dXt dAT

du du dup

As an application of the Radon-Nikodym Theorem we present the following fundamental Decomposition
Theorem.

THEOREM 4.3.7. [Lebesgue Decomposition Theorem]
Let A and p1 be o-finite measures on (X, A). Then there ezists two measures A1 and Ag on (X, A) such
that A = A1 + s, A1 L pand Ay < . Moreover, these measures are unique.
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Proof. Let v = A + p. Then clearly v is o-finite, A < v and p < v . It follows that there are functions
f,g € MT(X,A) such that

)\(E):/Efdu and u(E):/Egdy.

for every F € A.
Let
A={z e X]|g(x) =0}

and
B ={z € X| g(x) > 0}.

Then {A, B} is a partition of X. Let
M(E)=AENA)

and
A1 (E) = )\(E N B)

for every E € A. Clearly A = Ay + \so.
Since

M(A)=M(E)=/Egdv

we have that A\ L p.
If u(E) = 0, then [, gdv = 0 so g(z) = 0 for v-almost every in E. It follows that v(E N B) = 0 and
hence that
X(E)=AXENB)=0

since A < v. That is Ay < p.
To see that A; and Ag are unique we first assume that both A and p are finite. Assume also that we can
find Ay and Ay and v; and vo with A= A1 +Xo, Ay L pand Ao < g, A =v1 + 15, v1 L pand v < . Then

’}/:)\1—1/1:V2—)\2.
In addition ~ is such that v L p and v <« p and hence v = 0 . (It is an easy exercise to verify this claim).

The case where A and u are o-finite is left as an exercise.
]
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