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Right Angle Trigonometry
. __opposite _adjacent __ opposite
sinf) = hypotenuse cos 6§ = hypotenuse tan 6 = ad jacent
csch = = sech = —— cotf = L
sin 0 cos @ tan 6
Radians

The angle 6 in

radians equals the
length of the directed
arc BP, taken positive
counter-clockwise and
negative clockwise.
Thus, m radians = 180°

orlrad = %.

The Unit Circle
S

Definition of Sine and Cosine

For any 6, cos 8 and sin 6 are
defined to be the x— and y—
coordinates of the point P on the
unit circle such that the radius
OP makes an angle of ¢ radians
with the positive x— axis. Thus
sinf = AP, and cos 0 = OA.

hypotenuse

opposite side

o)

adjacent side

P (cos 6, sin 6)
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(0.-1)
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Trigonometric Identities

Pythagorean cos? 6 +sin’* 0 = 1
Identity
Range -1 <cosf<1

-1 <sinf <1
Periodicity cos(f = 2rr) = cosf

sin(f + 27) = sin 6

Symmetry cos(—6) = cos 6

sin(—0) = —sinf

Sum and Difference Identities

cos(A + B) = cos Acos B —sinA sin B
cos(A — B) = cosAcos B + sinA sin B
sin(A + B) = sin A cos B + cos A sin B

sin(A — B) = sinAcos B —cosAsin B

Complementary Angle Identities
cos(5 —A) =sinA

sin(3 —A) = cosA

Double-Angle | cos2A = cos® A —sin® A

Identities sin2A = 2sinAcosA

291 s 260
Half-Angle | cos®§ = ==

Identities | sin® § = =<2

Other | 1 +tan’A = sec’ A

il
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Differentiation Rules

Derivative

f'(x) = cax*”!

S’ (x) = cos(x)

J'(x) = —sin(x)
f/(x) = sec?(x)
f'(x) = sec(x) tan(x)

Function

f(x) = ext
f(x) = sin(x)
f(x) = cos(x)
f(x) = tan(x)
f(x) = sec(x)

,a#0,ceR

Table of Integrals

xn+1
[x"dx = +C
n+1

I
[-dx=In(x))+C
X

fexdx=6x+C

fsin(x) dx = —cos(x)+C

f cos(x)dx = sin(x) + C

[ sec?(x)dx = tan(x) + C

f(x) = arcsin(x) f(x) = N f 1 +1x2 dx = arctan(x) + C
f(x) = arccos(x) )=~ \1/11_—)62 ) 11_ = dx = arcsin(x) + C
J) = arcanty S = f - dx = arccos(x) + C
S = e £ = Vi-2
f(x) = a* witha > 0 (%) = a* In(a) f sec(x) tan(x) dx = sec(x) + C
fx)=Inx) forx>0 | f'(x)= % [a*dx= hf(;) +C
Inverse Trigonometric Substitutions
Integral Trig Substitution Trig Identity

f Va2 - 232 dx bx = asin(u) sin?(x) + cos?(x) = 1

[Va®+p2x%dx | bx=atan@) | sec’(x) - 1 = tan’(x)

f Vb232 — a? dx bx = asec(u) sec2(x) — 1 = tan?(x)

Additional Formulas

Integration by Parts

[ f0g' () dx = f(x)g(x) — [ f'(x)g(x)dx

Areas Between Curves

A= [1g) - f@)dr

Volumes of Revolutions: Disk I

V= fab nf(x)? dx

Volumes of Revolutions: Disk II

V= [ mge? - f(0?)dx

Volumes of Revolutions: Shell

V= [ 2mx(g(x) - f())dx

Arc Length

S = [/ T+ (F@)*dx

Taylor Series (Maclaurin Series)

| 5 Differential Equations

1——2x—1+x+x+x+ R=1 ;

n=0 Separable | y' = f(x)g(y)

o FELE L0 - ?

ZO PR S T TR T R =00 || golve () 20, [ sdy = [ fdx
cos(x) = X (-1 e e R=co || FOLDE |y = f(x)y+ g(x)

_ Js@idx _ -
sin(x) = Z( Y = x-S+ 544 |[R=oo || SOVe  |y=TTm— i) =e
n=0
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Chapter 1

Integration

Many operations in mathematics have an inverse operation: addition and subtraction;
multiplication and division; raising a number to the nth power and finding its nth
root; taking a derivative and finding its antiderivative. In each case, one operation
“undoes” the other. In this chapter, we begin the study of the integral and integration.
Soon you will understand that integration is the inverse operation of differentiation.

1.1 Areas Under Curves

The two most important ideas in calculus - differentiation and integration - are both
motivated from geometry. The problem of finding the tangent line led to the definition
of the derivative. The problem of finding area will lead us to the definition of the
definite integral.

1.1.1 Estimating Areas

Our objective is to find the area under the curve of some function.
What do we mean by the area under a curve?

The question about how to calculate areas is actually thousands of years old and it is
one with a very rich history. To motivate this topic, let’s first consider what we know
about finding the area of some familiar shapes. We can easily determine the area of
a rectangle or a right-angled triangle, but how could we explain to someone why the
area of a circle with radius r is 772?

The problem of calculating the area of a circle was studied by the ancient Greeks. In
particular, both Archimedes and Eudoxus of Cnidus used the Method of Exhaustion
to calculate areas. This method used various regular inscribed polygons of known
area to approximate the area of an enclosed region.

00000




Chapter 1: Integration 2

In the case of a circle, as the number of sides of the inscribed polygon increased, the
error in using the area of the polygon to approximate the area of the circle decreased.
As a result, the Greeks had effectively used the concept of a limit as a key technique
in their calculation of the area.

1.1.2 Approximating Areas Under Curves

Let’s use the ideas from the Method of Exhaustion and try to find the area underneath
a parabola by using rectangles as a basis for the approximation.

y

[ =

Suppose that we have the 1.5
function f(x) = x*. Consider the
region R bounded by the graph of
f, by the x-axis, and by the lines
x=0and x = 1.

1
0.5

1 05 0 05 1 %

How could we determine the area of this irregular region?

Y 2
For our first estimate, we can 2 J@)=x
approximate the area of R by 15
constructing a rectangle R; of ’
length 1 (fromx=0tox=1) 1 Ry (1,1
and height 1 (y = f(1) = 12 = 1).
This rectangle (in this case a 0.5 height
square) has area R

length x height = 1 x 1 = 1,
ensth = heig 1 =05 0 05 1 X

N—
length
% 2
2 Jx) =x
. 1.5
The diagram shows that the area
of rectangle R, is larger than the 1 R (1,1
area of region R. Moreover, the
error is actually quite large. 0.5} error
R

-1 -05 0 05 1 *

We can find a better estimate if we split the interval [0, 1] into 2 equal subintervals,
[0, 3] and [3, 1].

Foundations of Calculus 2 (B. Forrest)?



Section 1.1: Areas Under Curves 3

[ =

Using these intervals, two
rectangles are constructed. The
first rectangle R, has its length

fromx=0tox = % with height

1

equal to f(3) = 5 = 7. R /4,1

The second rectangle R, has its
length from x = % to x = 1 with

height £(1) = 12 = 1.

05 1 *
The area of rectangle R, is equal to

1 1 1
R, = length X height = IXm =3

while the area of rectangle R, is equal to

1 1
R, = length X height = 5 x 1 = 3

Our second estimate for the area of the original region R is obtained by adding the
areas of these two rectangles to get

>

Ri+R==-+=-= 3 = 0.625

0| =
| =

Observe from the diagram that
our new estimate using two
rectangles for the area under
f(x) = x* on the interval [0, 1] is
much better than our first
estimate since the error is
smaller. The region containing
the dashed lines indicates the
improvement in our estimate (this
is the amount by which we have
reduced the error from our first
estimate).

[ =x

R,
error

(1,1

EN,

error (3. 7)
05 1 *

To improve our estimate even further, divide the interval [0, 1] into five equal
subintervals of the form

i—1 i
[ 5 s g]
where i ranges from 1 to 5.
This produces the subintervals
1. 12 23 34 45
[09 g]’ [ga g]a [g’ 5]9 [g’ g]a [ga g]

each having equal lengths of %

Foundations of Calculus 2 (B. Forrest)?
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Next we construct five new rectangles where the ith rectangle forms its length from
% to ¢ and has height equal to the value of the function at the right-hand endpoint

of the interval. That is, the height of a rectangle is f(x) = x*> where x = é or
13 = @)
G

The area of the ith rectangle is given by

l thxh‘ht—lxiz—i2
eng eig =53X52 5

fx) =x?
21 [Cerror
D area under curve
1.5¢
S — Rs iy
Ry
0.5} R,
R,
R,
1 2
0 5 5335 3=1 «x
—~
1
5

Our new estimate is the sum of the areas of these rectangles which is

R] +R2+R3 +R4+R5

1,1 2,1 3,1 4,1 5,1
[(g) (g)] + [(g) (5)] + [(g) (g)] + [(5) (g)] + [(g) (g)]

12 22 32 42 52
T TS

1
= 5(12+22+32+42+52)

5

i i
3

5 =

1

Note: It can be shown that for any n

n

Z o )+ DHR2n+ 1)
B 6

i=1

Foundations of Calculus 2 (B. Forrest)?



Section 1.1: Areas Under Curves

This means that the sum of the areas of the rectangles is

So far the estimates for the area under the curve of f(x) = x* on the interval [0, 1]

1 0OG+DEG)+D

5 % 6
I (5)6)(11)
RO

1

25

= 044

are:
Number of Subintervals | Length of Subinterval Estimate for Area
(Rectangles) (Width of Rectangle) under Curve
1 1 1
2 % 0.625
5 3 0.44

Observe from the diagram that the estimate for the area is getting better while the

error in the estimate is getting smaller.

Let’s repeat this process again by

using 10 equal subintervals.

Foundations of Calculus 2

(B. Forrest)?




Chapter 1: Integration 6

In this case, the sum of the areas of the 10 rectangles will be

10
ZRi = R; +R2+R3+R4+R5 +R6+R7 +R8 +R9 +R10
i=1

10

1
- 1—0321'2

i=1
1 (10)(10 + 1)(2(10) + 1)
103 6

77
200

= 0.385

If we were to use 1000 subintervals, the estimate for the area would be

1000
ZR,’ = R1+R2+R3+...+R1000
i=1

1000

1 )
= 1000° 27

i=1
1 (1000)(1000 + 1)(2(1000) + 1)
10003 6

0.3338335

You should begin to notice that as we increase the number of rectangles (number
of subintervals), the total area of these rectangles seems to be getting closer and
closer to the actual area of the original region R. In particular, if we were to produce
an accurate diagram that represents 1000 rectangles, we would see no noticeable
difference between the estimated area and the true area. For this reason we would
expect that our latest estimate of 0.3338335 is actually very close to the true value of
the area of region R.

We could continue to divide the interval [0, 1] into even more subintervals. In fact,
we can repeat this process with n subintervals for any n € N. In this generic case, the
estimated area R,, would be

1 n

R, = = > 1
3
i=1

1 (m(n+1)2Mm)+ 1)
n3 6

’11—3(2113 +3n% +n)
6

2+34 1
n n
6

Foundations of Calculus 2 (B. Forrest)?



Section 1.1: Areas Under Curves 7

Note that if we let the number of subintervals n approach oo, then

| 24244
limR, = lim ——2%
n—oo n—oo 6

3 2

6

3 1

3

By calculating the area under the graph of f(x) = x* using an increasing number of
rectangles, we have constructed a sequence of estimates where each estimate is larger
than the actual area. Though it appears that the limiting value % is a plausible guess
for the actual value of the area, at this point the best that we can say is that the area

should be less than or equal to %

Number of Subintervals | Length of Subinterval Estimate for Area
(Rectangles) (Width of Rectangle) under Curve
1 1 1
2 % 0.625
5 : 0.44
10 % 0.385
1000 101W 0.3338335
approaches co approaches 0 approaches %
Yy
f(o) =¥
Alternately, we can use a 2T
similar process that would
produce an estimate for the
area that will be less than the 154
actual value. To do so we
again divide the interval
[0, 1] into n subintervals of
length 1 with the i-th interval L
%, fl]. This interval again
forms the length of a
rectangle L;, but this time we 057
will use the left-hand First
endpoint of the interval so ZZ;‘;,’%E has
that the value f(=1) is the

height of the rectangle.

S |~k

Foundations of Calculus 2

(B. Forrest)?



Chapter 1: Integration 8

In this case, notice that since f(0) = 0 the first rectangle is really just a horizontal
line with area 0. Then the estimated area L, for this generic case would be

1O
L= — =17
i=1

1 -Dr+1-D2n-1D+1)

n3 6
_ 1 m=-DmE@n-1)
s 6

123 =3n%+n

n 6
2-34 4
- 6
Finally, observe that
3,1
: et
lim L, = lim —— = —,
n—o0 n—oo 6 3

In summary, we have now shown that if R is the area of the region under the graph
of f(x) = x2, above the x-axis, and between the lines x = 0 and x = 1, then for each
neN,

L, <R<R,.
It would be reasonable to
conclude that the area under the
graph of f(x) = x> bounded by
the x-axis and the lines x = 0 and
x = 1 1s precisely the limit %
That is, the process of using more
and more rectangles to estimate
the area under the curve gives us
a sequence of values that
converge to the actual area under -1
the curve.

1.1.3 The Relationship Between Displacement and Velocity

In the previous section we looked at a method to determine the area under a curve.
In this section we will look at a different problem—finding a geometric relationship
between displacement and velocity. Perhaps surprisingly, the problem of finding the
area under a curve and the geometric relationship between displacement and velocity
are related to one another.

From the study of differentiation, we know that if s(¢) represents the displacement
(or position) of an object at time ¢ and v(¢) represents its velocity, then

ds

i s' (1) = v(t)

Foundations of Calculus 2 (B. Forrest)?



Section 1.1: Areas Under Curves 9

In other words, the derivative of the displacement (position) function is the velocity
function. By implementing the method we used to calculate area in the last section,
we will now see that another relationship exists between displacement and velocity.

Suppose that we are going to take a trip in a car along a highway. Our task is to
determine how far we have travelled after two hours. Unfortunately, the odometer in
the car is broken. However, the speedometer is in working condition.

With proper planning, the data from the speedometer can be used to help estimate
how far we travelled. To see that this is plausible, suppose that we always travel
forward on the highway at a constant velocity, say 90 km/hr. We know from basic
physics that provided our velocity is constant, if s = displacement, v = velocity, and
At = time elapsed, then

s = VAt

In our case, the velocity is v = 90 km/hr and the elapsed time is Ar = 2 hrs. Hence,
the displacement (or distance travelled since we are always moving forward), is

s = vAt = 90 km/hr X 2 hrs = 180 km

v(t) = 90 km/hr

Notice that the velocity function
v(t) = 90 is a constant function
90 < s = VAt and so its graph is a horizontal
line. The area below this constant
function is just a rectangle with

\ length from ¢t =0tot = 2.

21

—

At

Hence, the area below the curve v(¢) = 90 on the interval [0, 2] is

vX At =90 km/hr X 2 hrs = 180 km = s
Notice that the
area below the constant velocity function is equal to the displacement

during time At¢!

Unfortunately, we will drive through some small towns with heavy traffic so traveling
at a constant velocity over the entire trip is impossible. How can we calculate the
distance travelled if our velocity varies over the 2 hour duration of the trip?

Consider that it is still reasonable to assume that over any very short interval of time
our velocity will be relatively constant.

Let us proceed in the following familiar manner. First we will assume our velocity
is always positive and so in this case our displacement will be equal to the distance
travelled.

Foundations of Calculus 2 (B. Forrest)?



Chapter 1: Integration 10

Next let’s separate the 2 hour duration of the trip into 120 one minute intervals

O=ft<ti<bh<Bz<--<ti1<t<--+<t =2hours

so that #; = { minutes = % hours. Let s; be the distance travelled during time #;_; until
t;. In other words, each s; is the distance travelled in the i”* minute of our trip. Then
if s is the total displacement (distance travelled), we have

”
Il

(distance travelled in 1*" minute) + (distance travelled in 2" minute) + - - -

...+ (distance travelled in i"" minute) + - - - + (distance travelled in 120" minute)
S1+S)+Ss3+--F+ 85+ F 5120

7

Let v(7) be the function that represents the velocity at time ¢ along the trip, again
assuming that v(¢) > 0. At the end of each minute #;, the velocity on the speedometer
is recorded. That is, v(¢;) is determined.

1% S = V(ti)Ati
f (i, V(1))

T ]*li v =w1)

Next let At; denote the elapsed time between #;_; and ¢; so that At; = t,—¢,_;. However,
each interval has the same elapsed time, namely 6]—0 of an hour (or 1 minute). Since
it makes sense to assume that the velocity does not vary much over any one minute
period, we can assume that the velocity during the interval [¢#;_;, #;] was the same as it

was at t;. From this assumption, the previous formula (s = vAr) is used to estimate s;
so that

1
;=2 V()AL = v(t)—
si = v(1;) vt o5
Finally, we have the estimate for s:
120 120

120
5= ; 5= Z V()AL = Z v(r,-)6—10

i=1 i=1

Foundations of Calculus 2 (B. Forrest)?



Section 1.1: Areas Under Curves 11

To find an even better estimate, we could measure the velocity every second. This
means we would divide the two hour period into equal subintervals [#,_;, #;] each of
length ﬁ hours (i.e., 1 hr x 60 min/hr X 60 sec/min = 3600 sec/hr and 2 hrs X
3600 seconds/hr = 7200 seconds). We again let s; denote the distance travelled over
the i”* interval. This time we have

1
s; = V()AL = V(E‘)m

and
7200 7200 7200

i=1 i=1 i=

In fact, for any Natural number n > 0, we can divide the interval [0, 2] into n equal
parts of length % by choosing

O=t<th<thh<h< - <ty <t;<--<t, =2

where t; = % foreachi=1,2,3,...,n. If welet

n n

Su= > VAt =y v(,i)%

i=1 i=1

then it can be shown that the sequence {S,} converges and that

Iim{S,} =+

n—oo

Let’s consider what this last statement means geometrically. The diagram shows the
graph of velocity as a function of time over the interval [0, 2] partitioned into n equal

subintervals.
%
=T ~ v =v(t)
/7 0 / AN f
0= ‘! L t, =2
We have that
S = V(ti)Ati
but
v(t)At;

is just the area of the shaded rectangle with height v(#;) and length Az;.

Foundations of Calculus 2 (B. Forrest)?
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v si = v(t)AL
f = area of rectangle
T ]‘\ v =(1)
} V(t,'
N\
0 fi-1 L 2 !
-
At

Moreover, if

5,2 v,

i=1

then S, is the sum of the areas of all of the rectangles in the diagram.

= - ~ v =v(t)

S, = sum of areas of all rectangles

Notice that S, closely approximates the area bounded by the graph of v = v(¢), the
t-axis, the line r = 0 and the line r = 2. If n approaches co, we are once again led to
conclude that the

displacement (distance travelled) equals the area under the graph of the velocity function.

Note: This is the same process we used to
find the area under the graph of f(x) = x°. Vv =w(f)
This example shows geometrically that W
the displacemt?nt (distance travelled) from Distance travelled (S)

t;_1 through ¢; is equal to the area under

the graph of the velocity function v = v(¢)
bounded by the r-axis, t = t,_; and t = ¢;. 0 2 P

= Area under curve

Foundations of Calculus 2 (B. Forrest)?
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DEFINITION

1.2 Riemann Sums and the Definite Integral: An Introduction

In this section, the notion of a Riemann sum is introduced and it is used to define the
definite integralﬂ

Suppose that we have a function f that is bounded on a closed interval [a, b]. We
begin the construction of a Riemann sum by first choosing a partition P for the
interval [a, b]. By a partition we mean a finite increasing sequence of numbers of the
form

Aa=ty<th <th<--<ti,] <<+ <ty <t,=b.

This partition subdivides the interval [a, b] into n subintervals

[t()a tl]a [tb tZ]’ ) [ti—la ti]’ ) [tn—Z’ tn—l]a [tn—l’ tn]

Note that these subintervals need not be equal in length.

Foreachi=1,2,...,n, the
length of the ith subinterval i éji _ f/
[#;_1,;] is denoted by At;. In other fle) Ve

words, At; =t; — t;_;. | A
The norm of the partition P is the i
length of the widest subinterval i i

which we denote by 1 HHE
™\ ‘ HHE ;
a -~ b
[|P|| = max{At;, At,, ..., At,}. + ti1 t;
Ci
Now foreachi=1,2,...,n,a
point ¢; € [t;_1, 1] 1S chosenE]
Given these conditions, we can now define a Riemann sum for the partition P.
Riemann Sum
Given a bounded function f on [a, b], a partition P
a=th<h<h<--<ti 1 <t;<---<t,.1<t,=b

of [a, b], and a set {cy, ¢, ..., c,} where ¢; € [t;_1, t;], then a Riemann sum for f with

respect to P is a sum of the form

S = Zn] Sf(e)At;.
=1

'Riemann sums are named after the German mathematician Georg Friedrich Bernhard Riemann
(1826-1866) who worked on the theory of integration among many other accomplishments in analysis,
number theory and geometry.

%For a generic Riemann sum, the widths of the subintervals do not have to be equal to one another
and each ¢; need not be the midpoint of each subinterval.
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DEFINITION

The next diagram represents a Riemann sum for a function f defined on the interval
[1,4].

Since the function is positive on flen
this interval, the terms f(c;)At; 1
represent the area of the rectangle

with length equal to the

subinterval [¢#;_y, #;] and height \
given by f(c;). In the diagram,
the dashed lines represent the
location of the points c;. 1 Ci

Notice the similarity between these sums and the sums we used in the previous sec-
tion to determine the area under the graph of f(x) = x?. This similarity occurs
because the latter sums were actually special types of Riemann sums.

Regular n-Partition

Given an interval [a, b] and an n € N, the regular n—partition of [a, b] is the partition
P™ with
a=lh<h<th<---<ti 1 <t; <<t <t,=b

of [a, b] where each subinterval has the same length At; = l%“.
At At At At=Db-a
—— e —— e o e —— n
a-= to t1 t2 t3 / \ b= tn

"n" equal subintervals in [a,b]

In this case,

b_
a=ty = a+0-( a),
n
b_
no= a+1-(0),
n
b_
n o= a+2-(2=9,
n
L= a+i-(—),
0= avn-C2%Y 2,

Foundations of Calculus 2 (B. Forrest)?
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DEFINITION Right-hand Riemann Sum

The right-hand Riemann sum for f with respect to the partition P is the Riemann sum
R obtained from P by choosing c; to be t;, the right-hand endpoint of [#,_, #;]. That is

R= Z F(t)AL,.
i=1

If P™ is the regular n-partition, we denote the right-hand Riemann sum by
- b-a

D )

i=1 n

e () )

R, = Zn: SE)AL
=

Il
]
~
N}
:

DEFINITION Left-hand Riemann Sum

The left-hand Riemann sum for f with respect to the partition P is the Riemann sum
L obtained from P by choosing c; to be #;_;, the left-hand endpoint of [#;_y, #;]. That is

L= Z S@i-DA:,.
i=1

If P™ is the regular n-partition, we denote the left-hand Riemann sum by
: b-a

D [l

i=1 n

Soeenf

L,= ; fi_)AL

EXAMPLE 1
(a) Right-hand Riemann sum (b) Left-hand Riemann sum
using right endpoints using left endpoints
overestimate underestimate
(1, 1)
f(x) =¥
0 A | X X
Xi-1 X

Foundations of Calculus 2 (B. Forrest)?
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DEFINITION

A closer look at the examples in the previous section reveals that the sums used
to estimate the area under the graph of f(x) = x*> were right-hand Riemann sums.
Similarly, the sums used to find the distance travelled were right-hand Riemann sums
of the velocity function v(¢). Moreover, we saw that if we let n approach oo, then
these sequences of Riemann sums converged to the area under the graph of f(x) = x?
and the total distance travelled, respectively. These examples motivate the following
definition:

Definite Integral

We say that a bounded function f is integrable on [a,b] if there exists a unique
number / € R such that if whenever {P,} is a sequence of partitions with lim ||P,|]| = 0

and {S,} is any sequence of Riemann sums associated with the P,’s, we have

lim S, = 1.

n—-oo

In this case, we call I the integral of f over [a, b] and denote it byE|

b
f £t dt

The points a and b are called the limits of integration and the function f(7) is called
the integrand. The variable ¢ is called the variable of integration.

— Ab / integrand

limits of ] f(t) dt
integration \ )
a variable of

integration

| S —
Definite Integral

NOTE

The variable of integration is sometimes called a dummy variable in the sense that
if we were to replace #’s by x’s everywhere, we would not change the value of the
integral. <

It might seem difficult to find such a number / or even to know if it exists. The next
result tells us that if f is continuous on [a, b], then it is integrable. It also shows that
the integral can be obtained as a limit of Riemann sums associated with the regular
n-partitions.

3In the 17th century, Gottfried Wilhelm Leibniz introduced the notation f for the integral sign
which represents an elongated S from the Latin word summa.

Foundations of Calculus 2 (B. Forrest)?
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THEOREM 1  Integrability Theorem for Continuous Functions

Let f be continuous on [a, b]. Then f is integrable on [a, b]. Moreover,

b
f f@®dt=1lm§S,
where .
Sy = Z SflenAs
i=1
is any Riemann sum associated with the regular n-partitions. In particular,

b n
b —
f f@dr=1lmR, = lim Y f(t)"—
@ n—oo n—oo = n

and
b - b—a
f f(#) dt = lim L, = lim Z F(tie)
a n—0o0 n—o0 l:1 n

EXAMPLE 2  We have already seen that if f(x) = x* on [0, 1], then

n — 2
R, = % i 1} fW=x 7(1,1)
i3 |
T+ D20+ 1) R/
= c 1 il
2t il
- T e L
It follows that
e/
» T if =2
fxdx = lim ——%
0 n—oo 6
B 2
= = 1
1
= = j(;xzd.x
3
1

Soon we will see how to calculate integrals by means other than using limits of
Riemann sums. However, before ending this section, consider the following
important example.

Foundations of Calculus 2 (B. Forrest)?
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EXAMPLE 3
Then

Since R, = a(b — a) for each n, it

b
follows that f a dt = a(b - a).

R,

Let f(t) = a for each 1 € [a, b].

n

f=a
J adi=adb-a): a
T T Ib\'.ll T T ll)
b—a

n intervals

In other words, if f is any constant function (for example, @), then the integral of
f over the limits of integration from a to b is just a times the length of the interval
[a, b] or a(b — a).

REMARK

The conclusion of the Integrability Theorem for Continuous Functions also holds if f
is bounded and has finitely many discontinuities on [a, b]. However the proof of this
important theorem will require us to take a different approach to defining the integral

<

Foundations of Calculus 2
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DEFINITION

1.3 The Formal Definition of the Riemann Integral

1.3.1 Upper and Lower Reimann Sums

In this section we will introduced two important new Riemann sums associated with
a partition P, the upper and lower Riemann sums.

Upper and Lower Riemann Sum

Assume that f(x) is bounded on [a, b]. Let P be a partition on [a, b]. Let
M; = sup{f(x) | x € [x;i-1, x;]},

and let
m; = inf{f(x) | x € [xi_1, x:]}.

Then m; < f(x) < M, for all x € [x;_y, x;].

Given f, bounded on [a, b], and a partition P of [a, b], we define the upper Riemann
sum of f with respect to P by

U, P) = UNf, P) = )" M;- Ax;,
i=1
and the lower Riemann sum of f(x) with respect to P by
L(f, P) := Ly(f,P) = > m;- Axi,
i=1

where M; and m; are defined as above. Finally, for each i, choose ¢; € [x;_, x;]; a
Riemann sum for f(x) on [a, b] with respect to P is defined by

SU(f.P) = ) fle)Ax.
i=1

REMARK

Since m; < f(c;) < M; and Ax; > 0, we can conclude that

LA(f, P) < Si(f. P) < Ui(f, P).

We have already seen that in informally using Riemann sums to estimate areas under
the graph of a function adding points to our partition can make our estimates much
better. This leads us to the following definition.

Foundations of Calculus 2 (B. Forrest)?
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DEFINITION Refinements

Given a partition P, we say that a partition Q is a refinement of P if and only if P C Q.
We also say that Q refines P or P is refined by Q.

REMARK
While it should be obvious that for a given partition P, we have that
L(f, P) < U(f, P),

It may not be as obvious if given two partitions P and Q, that

L(f. Q) < U(f, P),

The next theorem will allow us to show this to be the case. It will prove extremely
useful in establishing a number of important results concerning integrability of func-
tions. <

THEOREM 2 The Refinement Theorem Let f be bounded on [a, b]. Let P, Q be partitions on
[a, b] with O a refinement of P. Then

L(f, P) < L(f, Q) < U(f, Q) < U(f, P).

PROOF

Assume that Q = P U {y,} for some y, € [a,b] \ P. Hence Q = {x;,yo: a = xp < x1 <
<X <Y< xi<--<x,=bland P={x;: a=xp<x; <---<x,=b}. Let

M; =sup{f(x): x € [xj_1, x;]},
m; = inf{f(x) : x € [xj_1, x;]}.

Also let
M;,

mi;y

sup{f(x) : x € [xi-1, Yo},
inf{f(x) : x € [xi_1, Y0},
M;, = sup{f(x) : x € [yo, xil},
m;o = inf{f(x) : x € [yo, x:]}.

Note that since f([xi-1, x:]) 2 f([xi-1, yol]) and f([x;-1, x;]) 2 f([o, xi1), we have that

Foundations of Calculus 2 (B. Forrest)?
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M;, < M; and M, < M;. Similarly, m;; > m; and m;, > m;. Now

U(f. P)

Similarly,

L(f. P)

We conclude that

i M; - Ax;
=1

= Z+Mj~ij+Mi-Axi

Jj=1
JE

i Axj+ Mi(yo — xi-1) + Mi(x; — yo)

1l
1M
+
=

\%

Z +M; - Axj+ Mii(yo — xi-1) + Mia(x; — yo)
J=1
J#

U(f, Q).

n
= E mj-ij
J=1

n
= Z+mj-ij+m,~-Ax,~

J=1
J#i

n
= Z +m; - Ax; + m(yo — xi—1) + mi(x; — yo)
i

n

< Z +m; - Ax; + mi (o — Xxi—1) + mia(x; — yo)
=1
JEI

= L(f,Q).

L(f, P) <L(f, Q) < U(f, Q) < U(f, P).

We can use induction on the number of points in Q \ P to establish the theorem. m

COROLLARY 3  If fis bounded on[a, b] and if P and Q are partitions of [a, b], then L(f, P) < U(f, Q).

PROOF

Let7 = PU Q. Then 7 refines both P and Q. Hence L(f, P) < L(f,7) < U(f,7) <

U(f, Q), as desired.

At this point we want to take a different approach to defining integrability. To do so
we begin with the following definitions:

Foundations of Calculus 2
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DEFINITION

DEFINITION

Upper and Lower Integrals

Let f(x) be bounded on [a, b]. The upper Riemann integral for f(x) over [a,b] is

b
f f(x)dx = inf{U(f, P) : P a partition of [a, b]},

and the lower Riemann integral for f(x) over [a, b] is

b
f f(x)dx = sup{L(f, P) : P a partition of [a, b]},

REMARK

Assume that f is bounded on [a, b]. Then the Refinement Theorem shows that

T b b
ff(x)dxsz(x)dx.

1.3.2 The Formal Definition

We are now in a position to give our formal definition of the Riemann Integral of a
bounded function if it exists.

The Riemann Integral

We say that f is Riemann integrable on [a, b] if

T b b
f A= f Aeb

in which case we denote this common value by

b
f f(x)dx.

The next example shows why we cannot simply assume that all functions are inte-
grable.
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EXAMPLE 4

THEOREM 4

Let

1 ifxe[o.11nQ,
f(x)_{—l ifxe[0.1]\ Q.

fP={x;: 0=xy<x; <---<x, =1}, then let

M; = sup{f(x) : x € [xi_1, x;]},
m; = inf{f(x) : x € [xi_1, x;]}.

We have that
U(f,P)= ) M;-Axi= Y Ax;=1, and
i=1 i=1
L(f,P)= ) mi-Axi= Y =Axi=-1.
i=1 i=1
Hence _
1 1
ff(x)dx =1#-1= f f(x)dx,
0 0
and hence this function is not integrable on [0, 1]. 0 |
REMARK

It is important to note that the function f in the above example is discontinuous
everywhere on [a, b]. In fact, we shall soon show that if f is continuous on [a, b],
then it is integrable, as we had earlier stated it would be. The next theorem is an
important step in this direction.

<

We end this section with the following two very useful criteria for a bounded function
to be integrable on [a, b]. Moreover, from these criteria we will be able to establish
the equivalence of our two definitions of integrability.

Criterion 1 for Integrability

Let f be bounded on [a,b]. Then f is integrable on [a, b] if and only if for every
€ > 0 there exists a partition P of [a, b] such that U(f, P) — L(f, P) < €.

PROOF
Assume that f is integrable on [a, b]. That is,

) b
ff(x)dx:ff(x)dx.
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Let € > 0. Since j; b f(x)dx = inf{U(f, P) : P is a partition}, there exists a partition
P, such that

b T b 6
ff(X)deU(f,P1)<ff(x)dx+§.

Similarly, since fa b f(x)dx = sup{L(f,P): P is a partition}, there exists a partition
P, such that o

b € b
f fydx =S <L(f. P < f £ dox.

Let Q = P, U P,. Then

b
fa Fx)dx - g

b
fa Fx)dx - g

L(f, P2)
L(f, Q) (by the RefinementTheorem)

U(f, 0)
U(f,P;) (by the RefinementTheorem)

o € b €
Lf(x)dx+§=faf(x)dx+§.

U(f’Q)_L(f’Q)<E-

IANIN N A

A

This implies that

To prove the converse, assume that for each € > 0 there exists a partition P of [a, b]
such that
U(faP)_L(f’P) <E€.

However, we have that

b T b
L(f,P)Sff(x)dxsff(x)deU(f,P),

and hence _
) b
0< f f(x)dx — f f(x)dx < e.

Since € is arbitrary, we obtain

b b
f Fdx = f £ dx

therefore f(x) is integrable on [a, b], as required. [
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EXAMPLE 5 Let f(x) = x>. Let P™ be the regular n-partition of [0, 1]. Then

2

- ~ 21
Us(F. P™) = 3 f)hx = ) — -~
i=1 i=1

and
Ll(f P(n)) — Zn:f(x )AX — zn: (l_ 1)2 . l
o i=1 o l i=1 1’12 n
Then
2 2
U(/, P™) ~ L(f, P7) = ("—2 - 1) - (0—2 - 1)
n n n n

1
e

This shows that for all € > 0, we can find a partition P such that U(f, P)—L(f,P) < €
(simply select a large enough n by the Archimedean Principle and use the n-regular
partition P,). Hence, f is integrable on [0, 1]. Later, we will be able to show that

1
1
f dx = —.
0 3

REMARK

A careful examination of the previous example shows that what made the argument
work was the fact that the function f(x) = x? is increasing on [0, 1]. In fact, as an
application of the previous Theorem we will show that any monotonic function on an
interval [a, b] is always integrable on [a, b].

<

THEOREM 5 Integrability of Monotonic Functions

Let f be monotonic on [a, b]. Then f is integrable on [a, b].

PROOF

Let P™ be the regular n-partition. Assume, without loss of generality, that f is
nondecreasing on [a, b]. Then

U P™) = S(f, P™) = ) f(x0) - b;—“ and
i=1

b—a
—

L(f, P™) = SL(f P™) = D f(xi) -
i=1
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THEOREM 6

So

n b— n—1 b—
UG P™) =LA PY) = ) ) = = ) fl) - —
i=1 i=0

b_
= 228 + o+ ()

n

—(f(xo) + -+ + f(xm1))]
b _
::ﬁfqm%ﬂm>

b_
- Tﬁq@—ﬂm.

Since lim,,_, ”n;“( f(b) — f(a)) =0, f(x) is integrable on [a, b] by theorem ??.

We can now show that if f is integrable on [a, b], then so long as a partition P is fine
enough, every Riemann sum S (f, P) will accurately approximate fa ’ f(x)dx.

Assume that f is integrable on [a, b]. Given € > 0, there exists 6 > 0 such that if P is
a partition of [a, b] with ||P|| < ¢, then

<€

b
%mm—ffmw

for any Riemann sum S(f, P).

PROOF
Since f is integrable, we can find a partition Py of [a, b] with U(f, P1) —L(f, P1) < 5.
In particular, for any Riemann sum S(f, P;), we have U(f, Py) > S(f, P1) > L(f, Py)

and U(f, Py) > fabf(x)dx > L(f,Py). Suppose Py = {x;: a=xg < x; <---<Xx, =
b}. Then let

M = sup{f(x) : x € [a,b]},
m = inf{f(x) : x € [a,b]}.

It M —m = 0, then f is constant on [a, b], so say f(x) = ¢ for all x € [a, b]. In this
case U(f, P) = c(b — a) = L(f, P) for any partition P. Hence any ¢ > 0 would satisfy
the theorem and we are done. So assume M > m.

Let5<m. LetP={y;: a=yy<y <---<y; <--- <y = b} be any partition

of [a,b] with ||P|| < 6. Let

T={j: jel{l,2,...,k}, and [y;-1,y;] € [x;-1, x;] for some i}.
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Also, let

M; =sup{f(x): x €[y 1,yIh
m; = inf{f(x) : x € [y;-1,y;1}.

Then we have that

U(f7P)_L(f’P)

k k
ZMJ'AYj—ij'ij‘
=1 =1

k
Z(Mj —mj)Ay;

J=1

D (Mi—mpAy;+ > (M;—m)Ay;.

jeT JE(L,2, J\T
Note that
D (M;—mpAy; < U(f,PyUP)-L(f,P\UP)
=
J < g(fapl)_L(f’Pl)
7
Observe that {1,2,...,k} \ T has at most n elements (since for each j ¢ T, we have

a unique i such that y;_; < x;_; < y; < x;; conversely for each such i there exists a
unique j ¢ T—but there are only n points in $;). Hence for each j € {0, 1,...,k}\ T,

we have
(M;—mpAy; < (M—m)-|P|
€
< M-m) ———
M =m) = m)
€
T
This shows that
€
Z (Mj—mpAy; < Z o
. , n
jel1,.2, . k\T jell.2, J\T
< €
_.n
)
_ €
= 5

Hence, if ||P|| < 6, U(f, P) — L(f, P) < 5 + £ = €; therefore, if S(f, P) is any Riemann
sum, then

< €,

b
me—ffmm

as required. ]
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COROLLARY 7

THEOREM 8

The next criterion of integrability is reminiscent of the Cauchy Criterion for conver-
gence of a sequence.

Criterion 2 for Integrability: Cauchy Criterion

Assume that f is bounded on [a, b]. Then f is integrable on [a, b] if and only if ()
for every € > 0 there exists a 6 > 0 such that if P and Q are is any two partition for
[a, b] with ||P||,]|Q|l < ¢, and if S (f, P) and S (f, Q) are any two Riemann sums, then

IS(f,P)=S(f, Q) <e.

PROOF

(&) Assume that (x) holds. Let € > 0. Choose a d > 0 as in (x). Let n € N be such
that ¢ < ¢, then since ||P™|| < &, by (+) we have that

U(f, P) - L(f, P™) < €.

It follows from Criterion 1 for Integrability that f is integrable on [a, b].

(=) Assume that f is integrable. Given € > 0 choose a 6 > 0 such that if P is a
partition of [a, b] with ||P|| < ¢, then

€
< —
2

b
ls<f, P)- f F0dx

for any Riemann sum S(f, P).

Finally, if Q is another partition with ||Q|| < §, we have

€

b b
IS(f,P)—S(f,Q)ISIS(f,P)—f f(x)dx|+|f FOdx=S(F,0l< 5+ 5 =e

Finally, we can now establish the equivalence of our two definition of integrability.

Equivalence of Our Two Definitions of Integrability

Assume that that f a bounded function on [a, b]. Then f is integrable on [a, b] if and
only (xx) there exists a unique number / € R such that if whenever {P,} is a sequence
of partitions with lim ||P,|| = 0 and {S,,} is any sequence of Riemann sums associated

with the P,’s, we have
lim S, = 1.

n—o0
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PROOF

(=) Assume that f is integrable on [a,b]. Let € > 0. Let {P,} be a sequence of
partitions with lim [|P,|| = 0 and {S,} is any sequence of Riemann sums associated

with the P,’s. We know we can find a 6 > O such that if ||P|| < 8, the

b
S(f, P) - f Fda < e.

Howeyver, since lim ||P,|| = 0, we can find an N € N so that if n > N, then ||P,|| < 9.
It follows that

b
S » —f f)dx| <€,
and hence that

b
limSn:ff(x)dx.

(<) Assume (*x) holds but that f is not integrable on [a, b]. Then there exists an
€ > 0 such that for any partition P of [a, b], we have

U(f, P) - L(f, P) = &.
In particular, if P is the regular n-partition we have that
U(f, P") = L(f, P™) > &.
However, if (x*) holds we would have

lim U(f, P™) —=L(f,P")=1—-1=0,

which is impossible. It follows that if () holds then I must be integrable and that

b
I:ff(x)dx.

1.3.3 Integrability of Continuous Functions on [q, b]

In this section our goal is to show that if f is continuous on [a, b], then f is integrable
on [a,b]. To do so we need to use the fact that f is also uniformly continuous on
la, b].

Recall the following definition:
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DEFINITION

THEOREM 9

Uniform Continuity

We say that f is uniformly continuous continuous on S C R if for every € > 0 there
exists a 0 > 0 such that if x,y € S and

|X—y|<5,

then

| f() = fO) I<e

Just as was the case with limits and with continuity, it should not be surprising that
there is a useful sequential characterization of uniform continuity.

Sequential Characterization of Uniform Continuity
Assume that f(x) is defined on § C R. Then the following are equivalent:

1) f(x) is uniformly continuous on §'.

i) If {x,}, {y,} € § with lim | x, =y, |= 0, then

lim | £06) = fO) |= 0.

PROOF
i) implies if):
Assume that f is uniformly continuous on S and that {x,}, {y,} € S with

lim | x, —y, |=0.

Let € > 0. Since f is uniformly continuous on §, we can find a § > 0 such that if
x,y €S and |x — y| < 9, then
lf(x) = fO)l < e

Moreover, because lim | x, — y, |= 0, we can find a cutoff N € N so that if n > N,
n—o00

then
|-xn - ynl <o.

It follows that if n > N, then

1f(xn) = fOm)l < €
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THEOREM 10

which shows that
lim | f(x) = fO) |= 0.

i) implies i):
This time we will show that if i) fails, the i) fails as well.

Assume that f is not uniformly continuous on S. Then there exists ¢ > 0 such that
for each ¢ > 0 there exists x5, ys € S with |x; — ys| < ¢ but

|f(xs) = f(s) = €o.

In particular, if n € N with 6 = 1, we get a pair of points x, and y, with |x, — y,| < 1
but
|/ (x0) = fOn) 2 €.

1/n

It follows that lim | x,, — y, |= 0, but

lim | £(x,) = f() 1 0.

Since i7) fails whenever i) fails, this means that i) implies i) completing the proof.

Using the Sequential Characterization of Uniform continuity we can now show that
if f is continuous on [a, b], then f is also uniformly continuous.

Uniform Continuity on [a, b]

If f is continuous on [a, b], then f is uniformly continuous on [a, b].
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PROOF

1/n

L ml

a - 'n  Yn:

o

Assume that f is not uniformly continuous. Then there exists an € > 0 such for each

n € N we can choose x,,y, € S with | x, —y, |< % but

| f(x) = fOn) |2 0.

[ ml

3 Xnk c ynkg

o

By the Bolzano-Weierstrass Theorem we can choose {x,, } such that

Xy, — C € [a,b].

. 1
Since | x,, = yn, |< P 0,

ynk — C.
. e Lo
E — £, €9
® 2
[ o ]
X
a nk Cc ynk b
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THEOREM 11

By continuity f(x,) — f(c)and f(y,) — f(c). It follows that if if n; is large
enough, we have

|fmu—f@n<%,

and &
[ fO0w) = @ 1< 5.
and hence
:l f(xnk) - f(ynk) |< €0
which is a contradiction. Therefore f must be uniformly continuous on [a, b]. [

We are now in a position to establish the integrability of a continuous function on
[a, b].

Integrability Theorem for Continuous Functions: Revisited

If f is continuous on [a, b], then f is integrable on [a, b].

PROOF

Let € > 0. Since f is continuous on [a,b], f(x) is also uniformly continuous on
[a,b]. We can find a 6 > O such thatif |[x —y| < 6, then |f(x) — f(y)| < ;5. Let Pbe a
partition of [a, b] with ||P|| = max{Ax;} < ¢. (For example, we can choose the regular
n-partition P of [a, b] with n large enough (chosen by the Archimedean Principle)

so that =4 = ||[P™|| < §). After we have chosen P, let

M; = sup{f(x) : x € [x;i_1, x]},
m; = inf{f(x) : x € [xi_1, x;]}.

By the extreme value theorem, there exists c;, d; € [x;_1, x;] such that f(c;) = m; and
f(dl) = M;; note that M; — m; = |Ml - mil = |f(d,) - f(Cl)| Since |Ci - dl| < Ax; <0,
we have that | f(d;) — f(c)| < 3=. This shows that

iMi~Axi—imi-Axi
i=1 i=1

U(f’P)_L(f’P)

I
¢
X
E
E
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THEOREM 12

Hence f(x) is integrable by the Criterion 1 for Integrability. ]

REMARK

Assume that f is continuous on [a, b]. For each n, let P™ be the regular n-partition.
Then if S(f, P™) is any Riemann sum associated with P™, we have seen that

b
f f(x)dx = lim S(f, P™).

Note that the above argument shows that if f(x) is continuous, we have

b n
faf(x)dx:r}i_)%;[f(a+i-b;a)b;a].

In fact, this last formula can be extended to an arbitrary integrable functions.

1.4 Properties of the Definite Integral

Since the integral is a limit of a sequence, we would expect many of the limit laws to
hold. The next theorem shows that this is indeed the case.

Properties of Integrals
Assume that f and g are integrable on the interval [a, b]. Then:
i) Foranyc eR, fabcf(t) dt = cj;bf(t) dt.
i [[(f+e@) di= [ f@ di+ [ g dr.
i) Ifm < f(r) < M forall t € [a, b], then m(b — a) < fab f()dt < M(b - a).
iv) If0 < (1) forall 1 € [a, b], then 0 < [ £(2) dr.
v) If g(¢) < f(¢) for all t € [a, b], then fab g(t) dt < fab fQ@) dt.

vi) The function |f]| is integrable on [a, b] and | fab f(Hde|< fab | f(¥) ]| dt.

Properties (i) and (ii) in the previous theorem follow immediately from the rules of
arithmetic for convergent sequences. Property (iv) can be deduced from Property (ii1)
and Property (v) can be obtained from Properties (1), (ii) and (iv).
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Let’s consider why Property (iii) is true.

Assume that

f
m< f)< M /\/

for all ¢ € [a, b].

Let
a=lh<h<th<---<ti 1 <t;<:- <t <t,=b

be any partition of [a, b]. We first observe that ), At; = b — a. Then since
i=1
m< f(t;) < M,

mb—a)= Y mAt; <y f(t)At; < Y MAL; = M(b - a).
i=1 i=1 i=1

M
f
i m(b — a)
a b t
It then follows
M 7
b
m(b—a)Sf f(dt <M —a) m /fbf(t) ‘\/
as expected. a b !
. 7
e

a b t
Property (vi) can be derived by applying the triangle inequality to the Riemann sums
associated with fa b f()dt.

1.4.1 Additional Properties of the Integral

Up until now, in defining the definite integral we have always considered integrals of

the form ,
| s

where a < b. However, it is necessary to give meaning to

and to
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DEFINITION

DEFINITION

How do we define fa ¢ f(Hdr?

If we assume that f(a) > 0, we
can again view this integral as the
“area” of the region below the
graph of y = f(¢), but this time
the interval is “from x = a to

x = a.” This is a degenerate
rectangle that is just the line
segment joining (a, 0) and

(a, f(a)).

We can see that the line segment has height f(a) but length 0. As such it makes sense
to define its “area” to be 0. In keeping with our theme that the integral of a positive
function represents area, we are led to the following definition.

[ f(dt [identical Limits of Integration]
Let f(¢) be defined at r = a. Then we define

fa f(t)dt = 0.

Recall the convention that moving to the right represents a positive amount and mov-
ing to the left represents a negative amount. In the definition of

b
f f(Hde

where a < b, we began at the left-hand endpoint a of an interval [a, b] and moved to
the right towards b. In the case of the integral

f f(t)dt
b

where a < b, we are suggesting that using the interval [a, b] we move from b to the
left towards a. This is the opposite or negative of the original orientation. For this
reason, we define:

[* f(®dr  [Switching the Limits of Integration]

Let f be integrable on the interval [a, b] where a < b. Then we define

a b
f f(odt = —f f(dt.
b a
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EXAMPLE 6  Recall that we have already seen

1
1
f Xdx = —.
0 3
0
1
dx = ——.
fl 3 <

The next property shows us how to separate an integral over one region into the
sum of integrals over two or more regions. To motivate this rule, assume that f is
continuous and positive on [a, b] witha < ¢ < b.

It follows that

We know that the integral 31 y = f(@)
b .1
f f(o)drt
represents the area of the region ’/k R = L ’ f()dt
R bounded by the graph of , - ,
y = f(1), the t-axis, and the lines a b t

t=aandt=>b. -7

However, the line t = ¢ separates the region R into two subregions, which we denote
by R 1 and R2.

We also have that

f ) f(t)dt

b
f f@ydt Ri=

represent the areas of regions R,
and R,, respectively.

and

The diagrams show that the area of R is the sum of the areas of R, and R,. In other
words, R = R; + R,. But this suggests that

b C b
f fdt = f f(Hdt + f f()dt.
The definition of the integral can be used to prove this fact.

THEOREM 13 Integrals over Subintervals

Assume that f is integrable on an interval / containing a, b and c¢. Then

b C b
f ft)di = f o) de + f .

Foundations of Calculus 2 (B. Forrest)?



Chapter 1: Integration 38

Note: The proof of this theorem is not part of this course.

This theorem also holds when c lies outside the interval [a, b]. Consider the following
example.

EXAMPLE 7  Assume that f is integrable on the interval [a, c] where a < b < c¢. Then we have that

c c
= I fx) dx - I ftx) dx
a b

Since fbc f(x)dx = - fc b f(x)dx, then the previous theorem holds. That is,

b C C

f f(x)dx f f(x)dx — f f(x)dx
a a b
C b

f f(x)dx+ f f(x)dx.

1.4.2 Geometric Interpretation of the Integral

We have already seen from our
study of Riemann sums that the
area of the region R bounded by
the graph of f(x) = x?, by the
x-axis, and by the lines x = 0 and

1
leisf X dx.
0
0

In fact, whenever f(x) > 0 on all of [a, b], the area under f(x) and above the x-axis

p—
1

bounded by the lines x = @ and x = b will be fa ’ f(x) dx. However, what happens if
f(x) <0

on some part of [a, b]?
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y=fx)
For example, assume that f is as shown in /—/

the diagram. Then f f(x) dx is simply R

1
the area of the region R bounded by the
graph of f, the x-axis, and the lines x = 1
and x = 4.

0
Suppose instead that we wanted to calculate f f(x) dx.
-2

Notice that the function f is
negative on the interval [-2, 0].
Consider a term in a generic
Riemann sum from the regular
n—partition:

y=fx)

2
flc)—
n

Then 2 is the length of the

rectangle (i.e., the length of the Ci
interval [-2, 0] is 2 and we divide
2 into n intervals, so the length of :
each subinterval is %). However, ~f(ci)
in this case f(c;) < 0 (negative)
and it is the negative of the height
of the rectangle since the graph
of f lies below the x-axis in this
interval.

It follows that the Riemann sum

= o

- 2
Sp= f(ci)r_l

i=1

approximates the negative of the area bounded by the graph of f, the x-axis, and the
lines x = =2 and x = 0.

y=fx)

If we let n — oo, then

0 n 2
f f(x) dx = lim §,, = lim > f(c)=

) n—oo n—oo Py n

is the negative of the area of the X

. - 0 1 4
region R;. R,
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y=f(x)

Suppose now that we wanted to

evaluate
f‘] f(x) dx.
-2 0 4 X

Then, by the properties of the integral, we can write

0
f f(x)dx = f F(x)dx + f F(x)dx.
-2 -2 0

But we have just seen that

0
f f(x) dx
-2

represents the negative of the
area of region R, and we also R;

know that
_ 0 4 X
j: f(x) dx R,

represents the area of the region
R,.

y=fx)

It follows that f f(x) dx represents the area of region R, minus the area of region
-2

R;.
ff(x)dx:Rz—Rl
-2

In general, if f is a continuous function on the interval [a, b], then

b
f f(x) dx

represents the area of the region under the graph of f that lies above the
x-axis between x = a and x = b minus the area of the region above the graph
of f that lies below the x-axis between x = a and x = b.
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EXAMPLE 8

EXAMPLE 9

b
If you are not yet convinced that for f(x) < 0 on [a, b], f f(x) dx is simply the

negative of the area of the region above the graph of f, below the x-axis, and between
x = a and x = b, then the following example may convince you.

Consider the function f shown in the diagram and let g(x) = —f(x). (In other words,
g is areflection of f in the x-axis.)

Note that since area is preserved by reflection, the area of R, and the area of R,

are equal positive values since area is always a positive number. Suppose that we
1

want to calculate f f(x) dx. We note that f(x) < 0 on [—1, 1]. This means that
-1

1
g(x) = —f(x) = 0on [-1,1]. We also have that f g(x) dx is equal to the area of

-1
1
f 00 dx
-1

region R,. But

1
f 1(—g(X)) dx
1
= —f g(x) dx

-1

= —(area of region R,)
= —(area of region R))

since the area of R; and the area of R, are equal. As such, the example shows that
b

for f(x) <0 on [a,b], f f(x) dx is the negative of the area of the region above the

graph of f, below the x-gxis, and between x = a and x = b. <

3
Findf 2x-1) dx.
-2

When calculating definite integrals, it is always advisable to look at the graph of the
integrand, in this case f(x) = 2x — 1, if possible.
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EXAMPLE 10

f(x)=2x-1
Since 2x — 1 = 0 when x = %, the
graph of f sits below the x-axis
between x = —2 and x = 1 and R,
above the x-axis between x = 3 : 0
and x = 3. This gives us the -2 R 2 3
limits of integration for regions

R1 and Rg. —5-

Then

3 3
f 2x-1) dx+f 2x—-1)dx
-2 %

—area region R; + area region R,

3
f 2x—-1)dx
-2

That is, this is the area of the region R, minus the area of the region R;. The region
R, is a right triangle with base extending from x = -2 to x = % This means that its

base is 2.5 = % Since f(—2) = -5, the diagram shows that the height of the triangle
is 5. Since the area of a triangle is % (base) X (height), it follows that the area of

region R; is 1(2)5 = 2. It is again the case that the base of the triangle R, is 2.5 and

its height is f(3) = 2(3) — 1 = 5. It follows that the area of R; is also 24—5 and so

3 -25 25
2x—1 = 4+==0.
Iz(x ) dx 7 +4 0

Notice that in this example we avoided using Riemann sums by interpreting the
integral geometrically (in this case, the area of two triangles). <

1
Findf V1 — x2 dx.
-1

Yy
1
This is the area under the graph
of the function y = V1 — x2.
-1 0 1 X

The shape of this region is that of a semi-circle with radius 1. To see that this is the
case, we note that y> = 1 — x? so x> + y* = 1. The latter equation is the equation of
the circle centered at the origin with radius 1. (Since by assumption V1 — x? is the
positive square root, we are only interested in the top half of the circle.) A circle of

Foundations of Calculus 2 (B. Forrest)?



Section 1.5: The Average Value of a Function 43

radius 1 has area 7, so this half circle has area ’% It follows that

1
f Vl—x2dx:g.
-1

Problem!

Unfortunately, this method of evaluating integrals by identifying an easily calculated
area has severe limitations. For example, we would not be able to find f_ ll V1 - x2 dx
with what we know at present. Instead, there exists a powerful tool that can be used to
find the integral of general functions. This tool is called The Fundamental Theorem of
Calculus. Along with this theorem, you will be required to learn various techniques
in order to integrate a variety of functions. The remainder of this chapter will focus
on this task.

However, before we can state and prove the Fundamental Theorem of Calculus, we
must first investigate what is meant by the average value of a function over an interval
[a, b].

1.5 The Average Value of a Function

Question: What is meant by “the average value of a continuous function over an
interval [a, b]?”

We know that the average of n real numbers «y, as, ..., @, is

a+ay+...+q,
" .
But how do you add all of the values of f on [a, b]? Is this possible?

One approach would be to take sample
values of f and calculate the average of
these samples as an estimate of the
average value. However, we need a
satisfactory method for obtaining such f
samples. One method to ensure that the

choice of sample points is as
representative as possible is to use the

regular n-partition

N
f()
a=ty<th <---<t,1<t,=b
(b — li b
where t; = a + ib-a) and consider a4

n
__21 Sf(@)

-
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DEFINITION

To acquire an even better sample, more and more points need to be considered.
Therefore, it might make sense to define the average of f on [a, b] to be

n

f@)
lim =

n—oo n

i=

if this limit exists.

However, for continuous functions the limit always exists. In fact,

> () )
.= . 1 b-a)
lim = = lim — t
C (b-a)
= 1 t
— lim Zl £
1
= lim R, (where R, is the right-hand Riemann sum)
— d n—o
b
= — 1) dt
— | fo

We are led to the following definition:

Average Value of f

If f is continuous on [a, b], the average value of f on [a, b] is defined as

1 b
e f £t dt

1.5.1 An Alternate Approach to the Average Value of a Function

Recall that the Extreme Value Theorem implies that there exists m, M such that
m< f(x)<M

for all x € [a, b]. Moreover, there exists ¢y, ¢; € [a, b] suchthat f(c;) = m, f(c;) = M.

It make sense that the average of f on [a, b] should occur between m and M. Now

b b b
fmdxsff(x)dxsfde

b
m(b —a) < f fx)dx < M(b - a)

Therefore
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Equivalently,

1

b
ms—f f)dx<M
b—a/,

1 b
Leta = —— f f(x)dx. Then
b—a ],

flc)) £ a < fle).

By the Intermediate Value Theorem, there exists ¢ between ¢, and ¢, such that
1 b
floy=a= b—f J(x)dx

Geometrically, it follows that

Area R, + Area Ry = Area R,

| )
b
J

<

Il

~

—~

)

N

Ny SRR SRR

R,
a = f(c)

v
—

In other words, the area above @ = f(c) but below y = f(x) equals the area below
a = f(c) but above y = f(x).

Once again it makes sense to say that
1 b
f© =5 [ s

represents the average value of the function f on [a, b].

The following theorem is established.

THEOREM 14  Average Value Theorem (Mean Value Theorem for Integrals)
Assume that f is continuous on [a, b].

Then there exists a < ¢ < b such that

1 b
f(c):b—f fodt
_a a
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Important Note:

If b < a and if f is continuous on [b, a], then there exists b < ¢ < a with

flo) = rlbfbaf(t)dt
1 b
- L (_ [ f(t)dt)
1 b
= 34 f f(dt
so the Average Value Theorem holds even if b < a. <

You have now been presented with all of the background information required to
understand the The Fundamental Theorem of Calculus. It is so named because it is
one of the most important results in mathematics!

1.6 The Fundamental Theorem of Calculus (Part 1)

The goal in this section is to introduce the Fundamental Theorem of Calculus which
is attributed independently to Sir Issac Newton and to Gottfried Leibniz. As the name
suggests, this is perhaps the most important theorem in Calculus and many would ar-
gue, one of the most important discoveries in the history of mathematics. Despite this
lofty claim, the Fundamental Theorem is at its heart a simple rule of differentiation.
However, from this simple rule, we can derive a method that will allow us to evaluate
many types of integrals without having to appeal to the complicated process involv-
ing Riemann sums. Consequently, the Fundamental Theorem of Calculus enables us
to link together differential calculus and integral calculus in a very profound way.

Let’s begin by assuming that the function f is continuous on an interval [a, b].

Let’s also define the integral function
G(x) = f f(@®) dt.

What does this integral function do? If f > 0, then G(x) is the function that
calculates the area under the graph of y = f(¢) as x varies over an interval [a, b]
starting from a.
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y=f@)

G(x) = Area = [ f()dt
t

a 0 X —p
constant varies

The objective is to determine the rate of change in the area G(x) as x changes. In
other words, to find the derivative of the integral function G(x).

Before we consider the general case, let’s look at a simple example.

EXAMPLE 11  Let f(r) = 27 on the interval [0, 3]. Find a formula for G(x).

Recall that the integral function is defined by

Guo:t[iﬂndp

Then the integral function for AN
f(t) = 2t starting at a = O is

G(x) = fx 2t dt.
0

G(x) = [ 2tdt

0 < X —p 3
constant varies

In other words, G(x) is the integral function that calculates the area under the curve
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of f(t) = 2t as x varies over the interval [0, 3] starting at ¢ = 0.

Let’s try to calculate the area under f(¢) as t varies from x =0, x = 1, x = 2 and
x = 3. We will use these values to see if we can determine G(x).

Case x =0:

If x = 0, we have that G(0) = foo 2t dt = 0 since the limits of integration are
identical. (There is no area to calculate.) Thus we have the area under f(¢) on the
interval [0,0] is 0 and G(0) =0 .

Case x=1:

If x = 1, we have that G(1) = fol 2tdt and G(1) is the area under the graph of
f(t) = 2t on the interval [0, 1]. We can calculate this using geometry since the area
is a triangle.

1
Area = G(1) = f2tdt
0
1
= 3 X base X height /;\;\
QO
. AN
= 5(1)(2(1))
2 (1,2)
= 1

1
_G() = Jy 2tdr=1
Thus we have the area under f(¢)

on the interval [0, 1]is 1 and T
G)=1. 0 x=1

t

Case x = 2:

If x = 2, we have that G(2) = foz 2t dt and G(2) is the area under the graph of
f(®) = 2t on the interval [0, 2]. We can again calculate this using geometry since the
area is a triangle.

2
Area = G(2) = f 2t dt
0
1 N
= - X base x height 4 /;\/ 2,4)
2 Q)
S
1
= 5(2)(2(2))

2
_ /G(Z):fo 2tdt = 4

Thus we have the area under f(¢)
on the interval [0, 2] is 4 and T
GQ2)=4.
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Case x = 3:

If x = 3, we have that G(3) = fo3 2t dt and G(3) is the area under the graph of
f(#) = 2t on the interval [0, 3]. Once more we can calculate this using geometry

since the area is a triangle.

3.6)

5 6
Area = G(3) = f 2t dt
0
1 )
= 3 X base X height
1
= 5(3)(2(3))
=9
Thus we have the area under f(¢)
on the interval [0, 3] is 9 and 0
G3)=9.

Though we could continue to allow x to vary and
perform this calculation, let’s consider the results
for G(x). They are summarized in the following
table.

Notice that a pattern is forming. It appears that as
“x” varies, G(x) takes on the value of “x*.” In fact,
this is indeed the case.

Case: Generic x:

x=3

x | G(x)
1 1

2 4

3 9
x| x*

If x > 0, we have that G(x) = fox 2t dt and G(x) is the area under the graph of
f(#) = 2t on the interval [0, x]. We are still able to calculate this area using geometry

since the region is a triangle.

f 2t dt
0

1
3 X base X height

Area = G(x)

1
= 7))

= _xz

Thus we have the area under f(¢)

(x,2x)

_G) = [ 2tdr =%

on the interval [0, x] is x> and 0
G(x) = x°.

T
X

Important Observation: Notice that G(x) = x> and the derivative of G is
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G’(x) = 2x. In other words, we have just seen that

G'(x) = f(x).

This means that

d X
G'(x) = afo fdr = f(x).

In the previous example, we were able to calculate the area geometrically because f
was a linear function and the region under the graph of f was always triangular.
Normally we will not have an integrand that has its area calculated so easily. We
will now discuss the case where f is a generic function.

Again we begin by assuming that f(r) > 0 y=r®
1s continuous on the interval [a, b] and let
the integral function be defined by

G(x) = f f(dt.
In this case, G(x) represents the area G(x) = Area = fa f(0)dr
bounded by the graph of f(7), the r-axis, P 0 - x_>t
and the lines r = a and ¢ = x. ' }

constant varies

The objective is to determine the rate of change in the area G(x) as x changes. In
other words, to find the derivative G'(x) of the integral function G(x).

y=f@®
First we increment x by adding a
small amount denoted by 4. Then
G(x + h) is the area obtained by
adding the first region G(x) with
the shaded area between the lines
t=xandt=x+h. . G(x + h) >
G
() .
a 0 X x+h
T
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y=f®
Next, consider G(x + h) — G(x).
This difference is exactly the

shaded area.
G(x + h) — G(x)f»
It is important to remember that

the area of this region can also be

expressed as an integral, namely

x+h
f f() dt.
x . t

a 0 X x+h
i
Moreover, the Average Value y=f@
Theorem tells us that there is a ¢ )
with x < ¢ < x + h such that 7
w+h G(x+ h)— Gx)H»
f fdt = flO(x+h)—x)
* c
= f(©h o
So the area of this rectangle is )
. t
f(oh. a 0 xcx+h
i

As the diagram suggests, when 4 is small this means that there exists a ¢ with
X < ¢ < X+ hsuch that
G(x+h)—G(x) = f(c)h

and hence
G(x+h)—G(x)

h

= f(o).

However, if & is very small, then ¢ must also be very close to x. Since f is

Gx+h) -G
continuous, this means that f(c) = (x+h) @) must be very close to f(x). In

fact, if we let h approach O from the right, we get that ¢ must also approach x from
the right. All of this together with the assumption that f is continuous gives us

. Gx+h)-Gkx)
lim
h—0* h

= lim £(e) = f(x).

This is one side of the limit that defines G ’'(x). A similar argument shows that

. Gx+h) -Gk
lim
h—0- h

= f(®)
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and hence that
. Gx+h) -Gk
lim

h—0 h

= f().

That is,
G'(x) = f(x).

Note: When we calculated the one-sided limit we made a number of assumptions.
First, we assumed that f was continuous. This was used in two places. First, so that
we could apply the Average Value Theorem to get that

G(x + h) — G(x)
h

= f(o)

and second, to conclude that

lim f(c) = f(x).

The other assumptions were that f(¢) > 0 and that the increment 4 was positive.

The assumption that f be continuous is essential, but the other two assumptions
were only for our convenience and they can actually be omitted. This gives us a very
simple rule of differentiation for integral functions, though a rule with a profound
impact.

Fundamental Theorem of Calculus (Part 1) [FTC1]

Assume that f is continuous on an open interval / containing a point a. Let
X
G(x) = f f(@) dt.
a

Then G(x) is differentiable at each x € I and

G'(x) = f(x).
Equivalently,
d X
G'(x) = T f f@dt = f(x).
X a

PROOF

Assume that G(x) = fa ! f(t)dt and that f is continuous at xo € I. Let € > 0. Then
there exists a 0 > 0 so that if 0 < |c — xg| < 6, then

1f () = f(xo)l <€
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Now let 0 < |x — xp| < 8. Then

G(x) -Gl [ fdt— [ f(nyt

X — X X — X

— [ swar
X = X0 Jx,

But then there exists a ¢ between x and xy with

fley = — ffmm

X — Xo
by the Average Value Theorem.
This means that if 0 < |x — x| < 8, then since 0 < |¢c — xo| < 6 as well

G(x) — G(xo)

X — X0

= fxo)| =1f(c) = f(xo0)| <€

By the definition of a limit we get that

lig 28— Glxo)
m —---

X—X0 X — X

G’ (xo)

S (xo).

NOTE

If we use Leibniz notation for derivatives, the Fundamental Theorem of
Calculus (Part 1) can be written as

d X
aLﬂMﬁM)

This equation roughly states that if you first integrate f and then differentiate the
result, you will return back to the original function f. <

In the following example, a physical interpretation of the Fundamental Theorem is
presented.

Assume that a vehicle travels forward along a straight road with a velocity at time ¢
given by the function v(r). If we fix a starting point at ¢ = 0, then we saw from the
section about Riemann sums that the displacement s(x) up to time ¢ = x is the area

under the velocity graph. That is, s(x) = f v(t) dt.
0
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s(x) = [ v(r)dt

We can assume that velocity is a continuous function of time. Consequently, the
Fundamental Theorem of Calculus applies to the function s(x). Moreover, the
theorem tells us that s(x) is differentiable and that the derivative of displacement is
velocity

s'(x) = v(x)

exactly as we would expect! <

EXAMPLE 13  (a) Find F'(x) if F(x) = f e dt.
3

Since f(t) = ¢ is a continuous function, the Fundamental Theorem of Calculus
applies. Therefore to find F'’(x) we can simply replace 7 by x in f(¢) to get

F'(x) = v

x2
(b) Let’s modify the previous question. Let G(x) = f ¢ dt. Find G "(x).
3
This is not quite the same as the previous example. In fact, in order to find G’(x) we
note that

G(x) = F(x*)

where F(x) = f ¢ dt. But this means we can use the Chain Rule to get that
3
’ 1y 2 d 2
G'(x)=F'(x)—(x7).
dx

But to find F’(x?) we replace 7 by x2 in ¢". That is

252 4
F’(xz) =) = ¢
2

and < (x?) = 2x. It follows that if G(x) = f e dt, then
3

G'(x) = 2xe".
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There is an alternate method to solve this problem. First let u = x* since the goal is
. . X
to get an integral in the form fa . Then

2
4 e dt
d.x 3

U

G'(x)

d
= — ¢’ dt (substituting u = x%)
dx 3

d ([ d
= 4 f " dr)| 2L (by the Chain Rule)
du 3 dx
u
X

d
= ¢ - (by FTCD)
4

= ¢ - 2x

which is the same answer we calculated by the previous method.

In the statement of the Fundamental Theorem of Calculus, the lower limit of the
integral was always fixed. That is, it did not vary with x. We can now make our
example even more complicated by letting the lower limit of the integral vary as a

function of x. Let ,

H(x) = f e dt.
cos(x)

We can cleverly use the properties of the integral. In fact, we can write

How would we find H'(x)?

2

xz 2 3 2 * 2
H(x) :f e’ dt :f e dt+f e dt.
cos(x) cos(x) 3

Furthermore, we know that

3 X 0s(x) 5
f e dt =— f e dt
cos(x) 3

and this integral is in the form where we can use the Fundamental Theorem.
Therefore, we have that

X2 5 X2 ) Ccos(x) )
H(x) = f e dt = f e dt —f e’ dt.
cos(x) 3 3

Ccos(x)
H(x) = f e’ dt
3

H(x) = G(x) — Hi(x)
where G(x) is defined as before. But then

If we now let

then

H'(x) =G"(x) - H"(x)
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and we already know that
G'(x) = 2xe*.

This means that we only need to find H; '(x). To accomplish this we do exactly what
we did to find G’(x). We note that

H\(x) = F(cos(x))

SO

d
H,'(x) F '(COS(X))E(COS(X))

(cos(x))?

— sin(x)e

Combining all of this together gives us that

H'(x) G'(x) - H'(x)

2xe™ — (= sin(x)e ™)

(cos(x))?

2xe” + sin(x)e

The previous example leads us to an extended version of the Fundamental Theorem
of Calculus.

Extended Version of the Fundamental Theorem of Calculus
Assume that f is continuous and that g and / are differentiable. Let

hi(x)
H(x) = f(0) dt.

8(x)

Then H(x) is differentiable and

H'(x) = f(h(x)h’(x) — f(g(x))g " (x).

1.7 The Fundamental Theorem of Calculus (Part 2)

We have seen that the Fundamental Theorem of Calculus provides us with a simple
rule for differentiating integral functions and so it provides the key link between
differential and integral calculus. However, we will soon see it also provides us with
a powerful tool for evaluating integrals. First we must briefly review the topic of
antiderivatives from your study of differential calculus.
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DEFINITION

EXAMPLE 14

1.7.1 Antiderivatives

We know a number of techniques for calculating derivatives. In this section, we will
review how we can sometimes “undo” differentiation. That is, given a function f,
we will look for a new function F' with the property that F''(x) = f(x).

Antiderivative

Given a function f, an antiderivative is a function F such that

F'(x) = f(x).

If F’(x) = f(x) for all x in an interval I, we say that F' is an antiderivative for f on /.

Let f(x) = x*. Let F(x) = *. Then
4-1

F'(x) = ,

=x = f(x),

so F(x) = %4 is an antiderivative of f(x) = x°. <

While the derivative of a function is always unique, this is not true of antiderivatives.
In the previous example, if we let G(x) = %4 + 2, then G’(x) = x*. Therefore, both
F(x) = %4 and G(x) = %4 + 2 are antiderivatives of the same function f(x) = x°.

This holds in greater generality: if F is an antiderivative of a given function f, then

s0 is G(x) = F(x) + C for every C € R. A question naturally arises—are these all of
the antiderivatives of f?

To answer this question, we appeal to the Mean Value Theorem. Assume that F and
G are both antiderivatives of a given function f. Let

H(x) = G(x) — F(x).

Then
H'x) = G'(x)-F'(x)
Jo) = f(x
=0
for every x.

The Mean Value Theorem showed that there exists a constant C such that
H(x)=Gx) - F(x) =C.

But this means that
Gx)=F(x) +C.
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It follows that once we have one antiderivative F' of a function f, we can find all of
the antiderivatives by considering all functions of the form

G(x)=F(x) +C.

Let f(x) = x°. Find all of the antiderivatives of f.

We have already seen that F(x) = ’;—4 is an antiderivative of x>. It follows that the
family of all antiderivatives consists of functions of the form

4
X
Gx)=—+0C
(x) 7t
for C € R. <

Notation: We will denote the family of antiderivatives of a function f by

ff(x)dx.
4
fx3dx = xz +C.

f f(x)dx

is called the indefinite integral of f. The function f is called the integrand.

For example,

The symbol

We will be content to find the antiderivatives of many of the basic functions that we
will use in this course. The next theorem tells us how to find the antiderivatives of
one of the most important classes of functions, the powers of x.

Power Rule for Antiderivatives

a+1
fx"dx: al +C.
a+1

To see that this theorem is correct we need only differentiate. Since

If @ # —1, then

d xa/+1
— +C) = x,
dx(a+1 )=x

we have found all of the antiderivatives.

The following table lists the antiderivatives of several basic functions. You can use
differentiation to verify each antiderivative.
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Integrand Antiderivative
xn+1
— N h -1 Tdx = C

f(x)=x" wheren # fx X n+1+

1 1
f(x) = - [=dx=In(x])+C

X X
f(x)=¢€" fexdx:ex+C

f(x) = sin(x)

fsin(x) dx = —cos(x)+ C

J(x) = cos(x)

f cos(x)dx = sin(x) + C

f(x) = sec’(x)

f sec’(x)dx = tan(x) + C

f(x) = I -:xz f T+ dx = arctan(x) + C

fx) = 11_ = ) — dx = arcsin(x) + C

f(x) = -l f -l dx = arccos(x) + C
V-2 1—x2

f(x) = sec(x) tan(x) f sec(x) tan(x) dx = sec(x) + C

f)=a* wherea>Oanda# 1| [a'dx= ln‘f;) e

1.7.2 Evaluating Definite Integrals

2

Suppose that we want to evaluate £ dt. At this point we would have to resort to

0
using Riemann sums, a process that we have seen is very tedious and is best avoided
if possible. Instead let’s define

X
G(x) = f £ dt
0

2
GQ2) = f 2 dt.
0

Why does this help us? The Fundamental Theorem of Calculus shows that

and note that

G'(x) = x°.

That is, G(x) is an antiderivative of x>. However, we know from the Mean Value
Theorem and by the power rule for antiderivatives that if F' is any antiderivative of

x> then
4

X
F(x)==+C
(%) 7t
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where C is some unknown constant. This means that
X x4
G(x) = f £dt==+C
0 4

for some constant C;. If we knew C; we would be done.

To determine C; we know that

X X4
G(x):f £dt==+C
0 4

and
o:f £dt=G0)=—+C, =C,
0 4
SO 4
* X
G(x) = £dr ==,
(x) fo 1
Finally,

2 24
f £dt=GQ)== =4.
0 4

Question: Did we really need to find C,?
To answer this question we will make the following very important observation.

Key Observation: Let F' and G be any two antiderivatives of the same function f.
Then
Gx)=Fx)+C

Leta,b € R. Then

G(b) - G(a) (F(b)+C) - (F(a) + C)

F(b) - F(a)

Assume that f is continuous. We want to calculate

b
f £t dt.

G(x) = f ) f(Hdt.

Let

Then the Fundamental Theorem of Calculus (Partl) shows that G is an
antiderivative of f. Moreover, if F is any other antiderivative of f, then

b
f f(rde

G(b)

G(b) —G(a) (since G(a) = fa f®dt=0)
F(b) - F(a) ’
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For example, to evaluate

2
f £ dt,
0

4

F(x) = xz

is an antiderivative for f(x) = x°. It follows from the previous observation that

we know that

2
f £dt = FQ)-F()
0
24 04
- 44
= 4

This example shows us how we can now use antiderivatives to help us evaluate an
integral, which is further evidence that the two branches of calculus—differentiation
and integration—are intimately linked. Moreover, the observation we have just made
establishes a procedure for evaluating definite integrals that works in general
because of the Fundamental Theorem of Calculus (Part 1). This is summarized in
the following theorem. Because this procedure is essentially a consequence of the
Fundamental Theorem of Calculus (Part 1), this result is called the Fundamental
Theorem of Calculus (Part 2).

Fundamental Theorem of Calculus (Part 2) [FTC2]
Assume that f is continuous and that F is any antiderivative of f.
Then )

f f(®dt = F(b) — F(a).

Going forward, it is no longer necessary to use Riemann sums to calculate integrals;
we can use the Fundamental Theorem of Calculus (Part 2) instead.

We will now introduce the following notation to use in evaluating integrals. We
write

F(x) ’ = F(b) - F(a)

to indicate that the value of the antiderivative F evaluated at b minus the value of the
antiderivative F evaluated at a.
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EXAMPLE 16 Evaluate f sin(t) dt.
0

This is the area of the region R; under the graph of sin(¢) between t = 0 and ¢ = .
The value for the area is not a number that we can guess since the region is not a
familiar shape.

1 f(®) = sin(7)
Ry
t
0 Vs
~
However, f(¢) = sin(¢) is continuous and F(f) = — cos(¢) is an antiderivative of f.

The Fundamental Theorem of Calculus II tells us that

f ' sin(t)dt = F(m)— F(0)
0
= (—cos(m)) — (= cos(0))
= —(-D)=(-1)
= 1+1
= 2
Next let’s evaluate f " sin(?)dt.
1 () = sin(r)
R,
t
- 0 Vs
R,
-1

Using a geometric argument, the value of this integral should be the area of region
R, minus the area of region R,. But since sin(x) is an odd function, the symmetry of
the graph shows that R; and R, should have the same area. This means the integral
should be 0. To confirm this result we can again use the Fundamental Theorem of
Calculus to get
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f " sin(f)dt = (—cos(t)) |,

- = (—cos(m)) — (—cos(—m))
= (—(-1)=(=(=D)

= 1-1

=0

as expected. <

Before we end this section, it is important that we emphasize the difference between

the meaning of
b
f f(Hdt  and f f(n)at

b
f f()dt

is called a definite integral. It represents a number that is defined as a limit of

Riemann sums.
f f(t)dt

is called an indefinite integral. It represents the family of all functions that are
antiderivatives of the given function f.

The first expression,

The second expression,

The use of similar notation for these very distinct objects is a direct consequence of
the Fundamental Theorem of Calculus.

1.8 Change of Variables

While the Fundamental Theorem of Calculus is a very powerful tool for evaluating
definite integrals, the ability to use this tool is limited by our ability to identify
antiderivatives.

Finding antiderivatives is essentially ‘“undoing differentiation.” While we have
antiderivative rules for polynomials and for some of the trigonometric and
exponential functions, unfortunately it is generally much more difficult to find
antiderivatives than it is to differentiate. For example, it is actually possible to prove
(using sophisticated algebra that is well beyond this course) that the function

fx) =e"

does not have an antiderivative that we can state in terms of any functions with
which we are familiar. This is a serious flaw in our process since, for example,
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integrals involving such functions are required for statistical analysis. However, in
the next section a method is presented that can undo the most complex rule of
differentiation—the Chain Rule. By using this technique, you will be able to
evaluate many more types of integrals.

1.8.1 Change of Variables for the Indefinite Integral

Assume that we have two functions f(u) and A(u) with
h'(w) = f(u).
Then using the notation of antiderivatives we have
ff(u)du = h(u) + C.

Now let u = g(x) be a function of x. The Chain Rule says that if H(x) = h(g(x)) then

H'(x)

h'(g(x)g " (x)
f(g(x)g’'(x)  (since h'(u) = f(w))

Integrating both sides we get

f f(8(x)g " (x) dx H(x)+C

h(g(x)) +C  (since H(x) = h(g(x)))

However, this shows that

h(g(x)) +C

f f(g(x))g ' (x)dx

h(u) +C
u=g(x)

ff(u) du

o means replace u by g(x) in the formula for /(u) and the
u=g(x

symbol f f(u) du'u:g(x) means replace u by g(x) once the antiderivative has been

u=g(x)

where the symbol A(u)

found.

Let’s see how this works in practice.

Evaluate f 2xe® dx.

In this case, note that if we let u = g(x) = x?, then g’(x) = 2x. If we also let
f(u) = €", then
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|
2% X0 dx = j f@) g'(x) dx

‘ |
f 2xe” dx

We get that

f f(g(x)g’(x)dx

[,
f e’ du

e" 2+C

U=x

Uu=x

2
= " +C

To verify that
j\erx2 dx=e" +C

we can check the answer by differentiating. Using the Chain Rule, we see that
d
— (" +C) = 2xe"
dx

which is the integrand in the original question, exactly as we expected. <

The method just outlined is called Change of Variables. 1t is often also called
Substitution, since we “substitute g(x) for u.”

There is a notational trick that can help you to remember the process. Start with

f f(g(x)g’(x)dx.

We want to make the substitution

u = g(x).
Differentiating both sides gives us
du ,
T8 (x).

If we treat du and dx as if they were “numbers”, then
du = g'(x)dx.

We can now substitute u for g(x) and du for g’(x)dx to get
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| HER) () dx - | 0 du

| lu=g

which is the Change of Variables formula.

It is important to note that the expression
du =g’ (x)dx

does not really have any mathematical meaning. None the less, this trick works and
it is how integrals are actually computed in practice.

2
Evaluate f : +x > dx by making the substitution u = 1 + x.
x

If
u=1+x

then
du = 2xdx.

Substituting # = 1 + x? and du = 2x dx into the original integral gives us

2x 1
f1+x2 dx_f;du'u:l+x2

flduzln(lul)+C.
u

2x 1
f1+x2dx B f;du

hl(|lt|)‘u:1+x2-+ C

but

Hence

u=1+x2

In(1+x*)+C

= In(l+x>)+C

where the last equality holds since 1 + x> > 0.

Until you become comfortable with this technique it is always a good idea to check
your answer by differentiating. (In this case, the answer is f(x) = In(1 + x?) + C.

Differentiating we get f'(x) = T (L + )fz) = o which is the original
integrand for the question ... so the answer is correct!) <
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EXAMPLE 20

Evaluate f xcos(x?) dx.

In this example, using the substitution u = x? causes us to be out by a constant

factor. However, this will not be a problem by proceeding as follows.

The method of substitution suggests letting # = x*> and f(u) = cos(u). In this case
we have
du =2xdx (%)

However, it appears that we really wanted
du = xdx.

We can rearrange equation (x) to get that

1
Edu = xdx.

Then substituting % du for x dx and u for x> we get

fxcos(x2)dx f%cos(u)du
lf Vd
3 cos(u) du

+C
2

u=x

u=x2

u=x2

1
3 sin(u)

1
Emwnc

You should check that this answer is correct by differentiating % sin(x?) + C to
ensure it equals the integrand. |

The next unusual substitution allows us to evaluate an important trigonometric
integral.

Evaluate f sec(6) d6.

At first glance this does not appear to be an integral that can be evaluated by using
substitution. However, we can make the following clever observation:

sec(6)

sec(d) (sec(@) + tan(@))

sec(6) + tan(6)

sec?(0) + sec(6) tan(6)
sec(6) + tan(6)
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Let u = sec(f) + tan(d). Then

du = sec(6) tan(6) + sec*(6) d6.

f sec(6) db

It follows that

sec?(6) + sec(6) tan(6) "
f sec(6) + tan(6)

du
u

The antiderivative rules give us that

fd_u = In(jul) + C.
u

Letting u = sec(6) + tan(6), we get

fsec(@) df = In(] sec(d) + tan(6)|) + C.

1.8.2 Change of Variables for the Definite Integral
We can also use the Change of Variables technique for definite integrals. However,
for the case of definite integrals, we must be careful with the limits of integration.

Suppose that we want to evaluate

b
f flg(x)g’(x)dx

where f and g’ are continuous functions. We have just seen that if 4(u) is an
antiderivative of f(u), then

H(x) = h(g(x))
1s an antiderivative of
f(g(x)g’(x).

This means that we can apply the Fundamental Theorem of Calculus to get

H(b) - H(a)
h(g(b)) — h(g(a))

b
f f(g(x)g’(x)dx
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However, since h'(u) = f(u), the Fundamental Theorem of Calculus also shows us
that

2(b)
f | du = h(gb) ~ hig(@)).
g(a

Combining these two results shows that

b g(b)
f flg(x)g'(x)dx = f f(u)du.

8@

THEOREM 19 Change of Variables

Assume that g’(x) is continuous on [a, b] and f(u) is continuous on g([a, b]),

then

= u=g(b)
f i flg(x)g'(x)dx = f f(u) du.

=g(a)

Let’s see what this theorem implies by looking at some examples. Notice that you
must give special attention to the limits of integration.

EXAMPLE 21  Evaluate f(Sx — 6)° dx.
2

Let u = g(x) = 5x — 6. Then f(u) = u’. Since
du = g'(x)dx = 5dx,
we have

1
gdu = dx.

The Change of Variables Theorem shows us that

u=g(b)
f (5x —6)>dx f f(u)du
2 u=g(a)

=
f uw =du
u=g2 D

Now since g(a) = g(2) = 5(2) —6 =4 and g(b) = g(4) = 5(4) — 6 = 14 we have
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EXAMPLE 22

Eval tfl xdx
valuate )
0 VxZ+1

Let u = g(x) = x> + 1. Then

du = g'(x)dx = 2xdx,

We also have,

1 _1
f(u)—ﬁ—u .

The Change of Variables Theorem shows us that
1 u=g(b)

d 8
f 1 f f(u)du

0 V.Xz +1 u=g(a)
u=g(1) 1

(u™2) (5du)

u=5(0) 2

Now since g(a) = g(0) = 0>+ 1 = 1 and g(b) = g(1) = 1> + 1 = 2 we have

1 2
= Ej:u_édu

2 1
- 23 _1z
= V2-1
= 041
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%
EXAMPLE 23 Evaluate f —2cos?(2x) sin(2x) dx.
0
Let u = g(x) = cos(2x) and f(u) = u*. Then since
du = g'(x)dx = =2 sin(2x) dx
the Change of Variables Theorem shows us that
i u=g(b)
f —2cos*(2x)sin(2x)dx = f f(u)du
0 u=g(a)
fCOS(Z( i9))
- cos(2(0))
fcos( 7)
- cos(0)
f u® du
1
3 1
0 1’
- 33
-1
3
<
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Chapter 2

Techniques of Integration

The Change of Variables Theorem gave us a method for evaluating integrals when
the antiderivative of the integrand was not obvious. The underlying method involved
“substitution” of one variable for another. In this chapter, we continue using the
Change of Variables Theorem to calculate integrals. However, the substitutions will
involve trigonometric functions.

2.1 Inverse Trigonometric Substitutions

From the geometric interpretation
of the integral we have seen that

1
T
I1 Vl—xzdxzz. 1 F)= VI— 2

However, we did not explicitly
calculate this integral because we
did not know many integration
techniques. Instead, we found the
area by deducing that V1 — x?
was the top half of a circle with
radius 1 and using the high
school formula for the area of a
circle, area = nr?.

We will now explicitly calculate this integral using a trigonometric substitution.

Evaluate ]
f Vi 2dx="Z.
0 2
We will require the use of the Pythagorean Identity for trigonometric functions to

evaluate this integral:
sin®(x) + cos*(x) = 1.
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Let
x = sin(u)

for ﬂ< <7T
— <u<-—.
2 - T2

This might seem like an unusual suggestion since the substitution rule usually asks
us to make a substitution of the form

u = g(x).

However, we have actually done this! To see why this is the case, recall that on the

interval [<F, 7], the function x = sin(u) has a unique inverse given by u = arcsin(x).

In fact, we are really making the substitution u = arcsin(x) and this method is called
inverse trigonometric substitution.

Using the substitution x = sin(x«), the integrand
V1 — x?

becomes

\J1 = sin’(x) \Jcos2(u)

| cos(u) |

cos(u)

where the last equality holds since cos(u) > 0 on the interval [}, 7].

We can differentiate
x = sin(u)

to get
dx = cos(u) du.

This means that

1 arcsin(1)
f V1 — x2dx f cos(u) cos(u) du
-1 arcsin(—1)

f2 cos®(u) du

s
2

Note: Since u = g(x) = arcsin(x), we have that the new limits of integration are
u = g(—1) = arcsin(—1) = =5 and u = g(1) = arcsin(1) = 7.

To finish the integral calculation we need to use the following trigonometric identity:

1 + cos(2u)

2 —
cos“(u) = 7
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This means that

[STEY

1
f V1 — x2dx
-1

N

DI N

—

WIN N

—

(STE]

The first integral is

[STE]

1du

NS

[STE]

To evaluate the second integral

lfﬂ
2 J).x
2

use the substitution

cos’(u) du
1+ 2
c;s( 1) du

3 cos(2u)

du+fﬂ >
2

1
E dI/t

721'
cos(2u) du

(STE]

<
[STE

[STE

—
N
|
—_
N—
N —

DA = O] =
|
NN

2 cos(Ru) du

v ="2u
with
dv =2du.
If u =%, thenv = randif u = —7, then v = —x. We can apply the Change of

Variable Formula to get that

il

s

i cos(2u) du

(SIE]

| dv
3 [ﬂ cos(v) >
! ﬂcos( )d
1) v)dv
| ) d

) sin(v y

i(sin(n) — sin(—m))
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1
= —(0-0
4( )
=0
We have then shown that
1 3
f V1-x2dx = f cos*(u) du
~1 -z
1 (2 1 (2
= 2. 1du + 3 f:” cos(2u) du
2 2
n
= —-+0
2
_ T
)
which agrees with our previous argument.
<

REMARK

In general, there are three main classes of inverse trigonometric substitutions. The

first class are integrals with integrands of the form

Va? — b2x2.

The substitution, based on the pythagorean identity sin®(x) + cos?(x) = 1, is

bx = asin(u).

The previous example demonstrated this class.

The second class of trigonometric substitution covers integrands of the form

Va? + b2x2.

The substitution is based on the identity sec*(x) — 1 = tan?(x) and is given by

bx = atan(u).

The third type of substitution covers integrands of the form

Vb2x? — a?.

The substitution is again based on the identity sec?(x) — 1 = tan?(x) and is given by

bx = asec(u).
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The next example illustrates the third class of trigonometric substitution.

3 412 —
EXAMPLE 2  Evaluate f Nax =9
\/§ X

Consider the expression V4x2 — 9. We could try to substitute u = 4x> — 9 giving us
du =8xdxordx = %. This would have worked if the integral had been

3
f x V4x2 - 9dx
V3

because then the x’s would cancel. (You should verify this statement.) However, the
substitution u = 4x> — 9 does not help in this example.

Since the numerator of the integrand takes the form Vb?x? — a> where b = 2 and
a = 3, the correct substitution is

2x = 3sec(u)

arcsec 2x
u= —

3
where 0 < u < g

Since 4x? = (2x)?, we have (3 sec(u))? = 9 sec*(u). Therefore,

or

4x2-9 = +/9sec?(u)-9
= 9sec(w) - 1)
= 3+/sec?(u) -1
= 3+/tan®(u)
= 3| tan(u) |
= 3tan(u)

with the last equality holding since if 0 < u < 7, then tan(u) > 0.

Since 2x = 3 sec(u) we also have that
2dx = 3 sec(u) tan(u) du

or

dx = % sec(u) tan(u) du.

Next, we must find the new limits of integration for this integral. When x = V3, we
have

213

sec(u)

Bl
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This means that

—

cos(u) secl)

>

The only angle u with 0 < u < 7 and cos(u) = %5, is u = Z. (Verify this fact by
considering the Unit Circle.)

Similarly, if x = 3, then sec(u) = 2 so cos(u) = % This means that u =

wIN

Finally, we must also substitute for the x in the denominator of the integrand

4x2 -9
X
since it has not cancelled in the substitution. However, we know that x = % sec(u).

Combining everything we know gives us

3 sec(u) \2

3 - 5
f\f @ dx = f 3 tan(u) (é) sec(u) tan(u) du
! .

6

= 3 f tan®(u) du

6

wIN o

= 3f3(secz(u)—1)du

6

= 3(tan(u) — u)

- 3fen(5)-2)-3(f) -

- 00959

SN LN

T
= 2V3-2
\/_2

In general, when presented with an integral that you are unsure of how to solve, be
aware of the following classes of trigonometric substitutions to see if they can help
you evaluate the integral.
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Summary of Inverse Trigonometric Substitutions

Class of Integrand Integral Trig Substitution Trig Identity

Va2 — b2x? [ Va2 =b2x2dx | bx=asin@) | sin*(x)+ cos’(x) = 1

Va? + b2x2 f Va? + b2x2dx | bx=atan(u) | sec’(x)—1 = tan’(x)

V22 —a? | [Vb2x2—adx | bx=asec(u) | sec’(x)— 1 = tan’(x)

2.2 Integration by Parts

Suppose that we want to calculate

f xsin(x) dx.

There is no obvious substitution that will help. Fortunately, there is another method
that will work for this integral called Integration by Parts.

While the method of integration by substitution was based on trying to undo the
Chain Rule, Integration by Parts is derived from the Product Rule. If f and g are
differentiable, then the Product Rule states that

d
L) =/ "(0)g(x) + f(x)g"(x).

Since the antiderivative of a derivative is just the original function up to a constant,
we have

d
F(0)g(x) f —(f(0)g(x) dx
X

f (f"(0)g(x) + f(x)g"(x)) dx

f [/ (x)g(x) dx + f f()g'(x)dx

Rearranging this equation leads to the following formula:

DEFINITION The Integration by Parts Formula

f f)g'(x)dx = f(x)g(x) — f f'(x)g(x)dx.
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EXAMPLE 3

Use integration by parts to evaluate f x sin(x) dx.

The task is to choose the functions f and g’ in such a way that the integral
f x sin(x) dx has the form f f(x)g’(x)dx and the expression

Fg) - f F/(0g(0) dx

can be easily evaluated. The key is to view x sin(x) as a product of the functions x
and sin(x) and to note that differentiating x produces the constant 1. This will leave
us with only a simple trigonometric function to integrate. Therefore, we let f(x) = x
and let g’(x) = sin(x).

The next step is to determine f’ and g.

Since f(x) = x, we have that f’(x) = 1. We can choose any antiderivative of sin(x)
to play the role of g(x) so we choose g(x) = — cos(x). Substituting into the
Integration by Parts Formula

f J)g () dx = f(x)g(x) - f [/ (x)g(x)dx

gives
fxsin(x) dx = x(—cos(x)) — f(l)(— cos(x))dx
or
f xsin(x) dx = —xcos(x) + f cos(x) dx.
Since
f cos(x)dx = sin(x) + C
we get

f xsin(x) dx = —x cos(x) + sin(x) + C.

We can verify this solution by differentiation:

%(—x cos(x) +sin(x) + C) = —cos(x)+ xsin(x) + cos(x) + 0

xsin(x)

which is the original integrand as we expected.

The next example shows that we might have to combine Integration by Parts with
substitution to calculate an integral.
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EXAMPLE 4

Evaluate f xcos(2x) dx.

The strategy for this integral is again to use Integration by Parts to eliminate the x
from the integrand so that we are left with a simple trigonometric function to
integrate. Therefore, we let

f(x)=x and g’(x) = cos(2x).

We must now find f’(x) and g(x). Since f(x) = x, then f’(x) = 1. To find g(x), we

evaluate
f cos(2x) dx.

Let u = 2x, then du = 2dx so that dx = %. Substitute these into the integral to get

fcos(Zx)dx fcos(u)dju
1 .
= 3 f cos(u) du

sin(u)
= +C
2

sin(2x)
= +C
2

We can choose any antiderivative of cos(2x) for g(x), so let C = 0 to get

f(x)=x g'(x) = cos(2x)

=1 gx=""220

Applying the Integration by Parts formula gives

fxcos(zx)dx = @—I(l)@dx

xsin(2x) 1

> 7 f sin(2x) dx

To evaluate f sin(2x) dx, we can again use the substitution u = 2x so that du = 2dx
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EXAMPLE 5

and dx = 4. This shows that

f sin(2x) dx

I I
D=
— =z
2. =
2 S
& o] &
.
<

= C
> +
—cos(2x)
= +C
2
Therefore,
in(2 1
f reosQrydx = SmEv 1 f $in(2x) dx
2 2
xsin(2x) 1 [—cos(2x)
2 2 ( > )¢
xsin(2x)  cos(2x)
+C
2 4
NOTE
Since C is an arbitray constant we did not need to multiply it by % when we
substituted for f sin(2x) dx in this calculation. |

Evaluate f x’e* dx.

Once again there is no obvious substitution so we will try Integration by Parts. We
will use differentiation to eliminate the polynomial x> so that only a simple
exponential function is left to integrate. However, this time we will need to apply
the process twice.

We begin with

fx) = x°
f'(x) =2x

g'(x)=e"
gx) = e’
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Applying the Integration by Parts formula gives

fx2exdx x’e —f(Zx)e dx
x’e* — fxe dx

We are left to evaluate f xe* dx. This integral is again an ideal candidate for
Integration by Parts. Let

fWw=x gm=e
=1 gw=e

fxexdx = xe"—f(l)exdx
= xex—fexdx

= xef—-e"+C

to get

‘We can now substitute for f xe* dx to get,

fxzexdx = xzex—2fxexdx

xret —2xe* — ")+ C
X2 =2xe* +2¢5 + C

<
REMARK
You might guess from the previous example that the integral
f xledx
could be evaluated with three applications of Integration by Parts since we would
have to differentiate three times to eliminate the polynomial x*. <

The next example illustrates another class of functions that are ideally suited to
Intergation by Parts.
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EXAMPLE 6

Evaluate f e*sin(x) dx.

This example presents a different type of problem than any of the previous
examples. It is not clear which function should be f and which should be g’ since
no amount of differentiation will eliminate either ¢* or sin(x). In this case, we will
simply choose g’ to be the easiest function to integrate. For this example, this
means that g’(x) = e*. Therefore, we have

J(x) = sin(x) g'x)=e
fr(x) =cos(x)  glx) =e

The Integration by Parts Formula gives

f e sin(x) dx = e* sin(x) — f e’ cos(x) dx.

This result may appear somewhat discouraging because there is no reason to believe

that the integral
f e* cos(x)dx

is any easier to evaluate than the original integral f e* sin(x) dx.

The key is to apply the formula again to the integral f e* cos(x) dx with

f(x) = cos(x) g'(x)=¢
fi(x) = =sin(x)  g(x) = e

f e cos(x)dx

to get

e* cos(x) — f e*(—sin(x)) dx

e’ cos(x) + f e*(sin(x)) dx

We seem to be left with having to evaluate f e*(sin(x)) dx which is exactly where

we started! However, if we substitute e¢* cos(x) + f e*(sin(x)) dx for f e*cos(x)dx
in the original equation something interesting happens. We get

f e'sin(x)dx = e*sin(x) — f e'cos(x)dx

e* sin(x) — (e* cos(x) + f e*(sin(x)) dx)

e* sin(x) — e* cos(x) — f e*(sin(x)) dx
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You will notice that f e*(sin(x)) dx appears on both sides of our equation but with
opposite signs. We can treat this expression as some unknown variable and then
gather like terms as we would in basic algebra. This means adding f e*(sin(x)) dx to
both sides of the expression to get

2 ( f e*(sin(x)) dx) = ¢e"sin(x) — e¢* cos(x).

Divide by 2 so that

e’ sin(x) — e* cos(x)

2

f e*(sin(x)) dx =

At this point, you might notice that the constant of integration is missing in this
expression yet all general antiderivatives must include a constant. In fact, this is due
to the way that the Integration by Parts formula handles these constants (the
constants are always there implicitly even if they are not explicitly written). We
have identified just one possible antiderivative for the function e* sin(x). To state all
of the antiderivatives we know that we simply add an arbitrary constant so that

e* sin(x) — e* cos(x)

fex(sin(x)) dx = 7 +C.

Observation: The method we outlined in the previous example works because of
the cyclic nature of the derivatives for sin(x) and e*. This statement is also true of
both cos(x) and e*. Therefore, it should not be surprising to discover that

f e* cos(x) dx can be evaluated in the same manner.

Important Note: In summary, the Integration by Parts formula is ideally suited to
evaluating integrals of the following types:

o [x"cos(x)dx
o [x"sin(x)dx
o [x"e*dx

o [e*cos(x)dx
o [esin(x)dx

<

However, there are other more unusual examples of integrals that are also suitable
for Integration by Parts.
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EXAMPLE 7 Evaluate
f arctan(x) dx.

At first glance this integral does not seem to be of the form

f f(0)g'(x)dx

since there is no product in the integrand. However, the key is to rewrite the
integrand as
arctan(x) = (1) arctan(x).

Since arctan(x) is easy to differentiate and 1 is easily integrated, we can now try
Integration by Parts with f(x) = arctan(x) and g’(x) = 1. This leads to

f(x) = arctan(x) g'x)=1
£ = 7 g(x) = x

Applying the Integration by Parts formula gives

1
t d t - d
f arctan(x) dx x arctan(x) f x( o x2) X

xarctan(x) — f 1:6 5 dx
X

The integral f X dx can be handled by substitution. Let u = 1 + x* so du = 2xdx

1+x2
and dx = 4. Substitution gives

f X J fxdu
x = - —

1+ x2 u2x
1 1

= — | -d

2fu “

In(| u |)

= +C
2

In( 1+x2
n(l+2)

C
2

In(1 + x?
— %.}C

since 1 + x2 > 0.
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Returning to the original equation, we have

f arctan(x)dx = xarctan(x) — f 1j de
X

In(1 + x?
—n( ;x))+C

xarctan(x) — (

We can check this answer by differentiating:

2
M+C) arctan(x)+x( 1 )_l( 1 )(2x)

d
— (x arctan(x) —

dx 2 1+x2) 2\1+x2
X
= arctan(x) + o2 1+0
= arctan(x)
exactly as expected. <
EXAMPLE 8 Evaluate f In(x) dx.
Notice
In(x) = 1 - In(x)
T T
g'(x) S0
This gives

fE = g =1
o=t g0=x

Applying the Integration by Parts Formula

fln(x)dx xln(x)—fx()lc) dx
xIn(x) — fldx

xIn(x)—x+C

It is important to be cautious when trying to evaluate an integral. For example, the
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THEOREM 1

EXAMPLE 9

integral

f xe* dx

appears to be a candidate for Integration by Parts. However, this is not the case.

Instead, it can be evaluated by using the substitution u = x2.

The Integration by Parts Formula can also be applied to definite integrals. The
following theorem is a direct consequence of combining the Integration by Parts
formula with the Fundamental Theorem of Calculus.

Integration by Parts

Assume that f and g are such that both f’ and g’ are continuous on an interval
containing a and b. Then

b b
ffumvmﬁwummwlffnmmw.

1
Evaluate fo xe* dx.

Let
fx)=x g'(x)=¢"

=1 gw=e

Integration by Parts shows that

1
f xe*dx = xe*
0

| 1
—f e dx
0 0

A
= [e—O]—eO
= e—[e—1]
=1

2.3 Partial Fractions

Recall that a rational function is a function of the form

p(x)
J) =—
q(x)
where p and ¢ are polynomials. In this section, we will discuss a method for
integrating rational functions called Partial Fractions. We will illustrate this method

with an example.
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EXAMPLE 10

Evaluate [ —~dx.
Step 1:
First factor the denominator to get that

1 1
-1 (x-Dx+1)

Step 2:
Find constants A and B so that

1 A . B
x-Dx+1) x-1 x+1

)

To find A and B, we multiply both sides of the identity (*) by (x — 1)(x + 1) to get

I=A(x+1)+B(x-1) (**)

The two roots of the denominator were x = 1 and x = —1. If we substitute x = 1 into

equation (**), we have
1=A0+1)+B(1-1)

or
1 = 2A.
Therefore,
1
A=—.
2

If we then substitute x = —1 into equation (**), we get

1=A(=1+1)+B(-1-1)

or
1=-2B
and
1
B=—.
2

Using these values of A and B we have

1 1
U _ ! _ 3 . T2
2-1 (x=-Dx+1) x-1 x+1
Therefore . | | | |
dx = = dx — = d
fx2—1 o 2fx—1 * 2fx+1 o
Recall that

1
f dx=1In(x-a|)+C.
X—da
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DEFINITION

Hence
1 1 1 1 1
dx = = dx — = d
fx2—1 g 2fx—1 g 2f(x+1)x
1 1
= Eln(l x—1]) - Eln(l x+1)+C

1, (lx—1]

=1

2 n(| T+ |) ve
since In(b) - In(a) = In(2). <
The method we have just outlined required us to separate the function f(x) = xz_l—l

into rational functions with first degree denominators. This is called a partial
fraction decomposition of f.

Type | Partial Fraction Decomposition

Assume that
p(x)

= TE

where p and ¢ are polynomials such that

1. degree(p(x)) < degree(q(x)) = k,

2. g(x) can be factored into the product of linear terms each with distinct roots.
That is
q(x) = a(x —a))(x —a)(x —az) - (x — )

where the a;’s are unique and none of the a;’s are roots of p(x).

Then there exists constants A;, A,, As, - - -, A; such that

1] A A A A
f(x)=- S O T P
alx—a X —d X —daj X — dg

we say that f admits a Type I Partial Fraction Decomposition.

Key Observation: The existence of the constants A, Ay, - - -, A follows from
some basic algebra. However, what is important to us is that if the rational function
f(x) = ’q% has a Type I Decomposition, then it is easy to find its integral.
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THEOREM 2 Integration of Type | Partial Fractions

Assume that f(x) = p (x) admits a Type I Partial Fraction Decomposition of the form

f(x)=1[ A A A ]

alx—a X —ap X — g

A
[f f 2 a’x+---+f A dx]
X — al X—a X — ag

= E[Alln(lx—al D+ArIn(lx—a, )+ +ArIn(l x —ax D]+ C

Then

ff(x) dx

x+2
EXAMPLE 11 Evaluat
vauaefx(x_ D=3 X
In this case, p(x) = x + 2 and ¢g(x) = x(x — 1)(x — 3). Notice that
1 = degree(p(x)) < degree(g(x)) = 3. Since g(x) has the distinct roots 0, 1 and 3, we
have a Type I Decomposition. Therefore, there are constants A, B, and C such that

x+2 A B C

- Dx=3) x x-1 x=3

Step 1: Cross-multiply to get

x+2=Ax-1Dx-3)+Bx)(x-3)+C(x)(x—-1) )

Step 2: To find the constants we will substitute each of the roots into the identity
(*). If x =0, then

0+2=A0-1)0-3)+B0O)0-3)+CO)0-1)

or

Hence

Let x =1 to get
1+2=A01-1)A-3)+BMDHA-3)+C)A-1).

Therefore,
3=-2B
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so that

Finally, with x = 3
3+42=AB3-1)B-3)+B3)3-3)+C3)3-1)

SO

5=6C

and 5
C=-.
6

Notice that when we substitute the root a; into identity (*), we get back the

coeflicient A; corresponding to this root.

This means that

[SY[oV)
Nl

x(x—D(x=3)

1 3
—dx— =
fxx 2

+

x+2 % -
X 3

+
x—1 x

Therefore

f xX+2 dr - 2
x(x—1D(x-=3) t T 3

1 5
fx_ldX‘Fgf

DEFINITION  Type Il Partial Fraction Decomposition

Assume that o
_ )
fx) = 700

where p(x) and g(x) are polynomials such that

1. degree(p(x)) < degree(q(x)) = k,

X —

3dx

2
gln(|x|)—%ln(|x—1|)+%1n(|x—3|)+c

2. g(x) can be factored into the product of linear terms with non-distinct roots.

That is
g(x) = a(x —a)™ (x — a)™(x — az)™ - - (x — a)™

where at least one of the m;’s is greater than 1.

We say that f admits a Type II Partial Fraction Decomposition.

In this case, the partial fraction decomposition can be built as follows.
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EXAMPLE 12

Each expression (x — a;)™ in the factorization of g(x) will contribute m; terms to the
decomposition, one for each power of x — a; from 1 to m;, which when combined
will be of the form

l
P N\ A A i Aja ey Ajimy §
q(x) ‘o X4 (x—aj))* (x—ay) (x—am

The number m; is called the multiplicity of the root a;.

1
Evaluate fmdx

In this case, p(x) = 1 and g(x) = x*(x — 1). The roots of g(x) are 0 and 1 and since
the root 0 has multiplicity 2, this is a Type II Partial Fraction. Therefore, we can find
constants A, B and C such that

1 A B C
- =+

Rx—-1) x 2 x-1

To find the constants A, B and C, we follow a similar procedure.

Step 1: Cross-multiply to get

l=Ax(x— 1)+ B(x—1)+Cx? *

Step 2: Substitute the roots x = 0 and x = 1 into identity (¥).

If x = 0, then
1 =A0)0-1)+BO-1)+C(0%
or
1=-B
SO
B=-1

Notice that substituting x = 0 only gave us the coefficient of the term with the
highest power of x in the decomposition.

Next, let x = 1. Then
1=ADA-1D)+B(1-1)+ C(lz)

and hence
1=C.

Step 3: We have not yet found the coefficient A. There are a number of methods we
could use to find A. We could, for example, substitute into the identity (*) any value
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other than 0 and 1 and use the fact that we already know B and C to solve for A. For
example, if we let x = 2, we have

1=AQ)2-1)+BQ2-1)+C2?%

or
1=2A+ B+4C.

Substituting B = —1 and C = 1 gives

1=2A-1+4
or
-2 =2A.
Hence
A=-1.

Perhaps an easier method is to compare coefficients. If we expand the expressions
on the right-hand side of identity (*) we get

=AM -x)+Bx-1D+C(x* =(A+C)x*+(B—-A)x — B.
We can rewrite this as
0 +0x+1=A+C)x*+(B-A)x—-B.

Since the two sides must agree for all x, they must both be the same polynomial.
This means that the coefficients must be equal. In particular, the coefficients of x?
must agree so that

0=A+C
or
A=-C
Since C = 1, this tells us that
A=-1

Therefore,

1 A B C
——dx = —dx+ | —dx+ d
fo(x—l) o fx o fxz o fx—l o
-1 -1 1
f—dx+f—dx+f dx
X x2 x—1
1 1 1
—f—dx—f—dx+f dx
X x2 x—1
1

= -In(lxPD+—-+In(|x-1+c
X
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DEFINITION

since

Unfortunately, not all polynomials factor over the real numbers into products of
linear terms. For example, the polynomial x> + 1 cannot be factored any further.
This is an example of an irreducible quadratic. In fact, a quadratic ax? + bx + c is
irreducible if its discriminant b* — 4ac < 0.

However, the Fundamental Theorem of Algebra shows that every polynomial g(x)
factors in the form

q(x) = a(p1(x))™ (p2(x))™ (p3(x)™ - - - (pr(x)™

where each p;(x) is either of the form (x — a) or it is an irreducible quadratic of the
form x* + bx + c.

Type Ill Partial Fraction Decomposition

Let f(x) = % be a rational function with degree(p(x)) < degree(g(x)), but g(x)
does not factor into linear terms. We say that f admits a Type III Partial Fraction
Decomposition.

In this case, the partial fraction decomposition can be built as follows:

Suppose that g(x) has an irreducible factor x* + bx + ¢ with multiplicity 7. Then this
factor will contribute terms of the form

Bix+ C; " Byx + C, " B,x+ C,
X2 +bx+c (x*+bx+c)> (x* + bx + )"

to the decomposition.

The linear terms are handled exactly as they were in the previous cases.

Note: We will not consider the case where m > 1 for some irreducible quadratic in
evaluating integrals of rational functions with Type III Partial Fraction
Decompositions. <

The method for finding the constants in a Type III Partical Fraction Decomposition
is very similar to that of the first two types. We illustrate this with an example.
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EXAMPLE 13

1
Evaluate f 3 dx.
X+ x

First observe that { {

Jo = Crx x(x2+1)
so there will be constants A, B and C such that
1 A Bx+C
= _ — + _ .
X+x x(x2+1) x Z2+1

Jx) =

Step 1: To find the constants, we begin by cross-multiplying to obtain the identity
1 =AW+ 1)+ (Bx+C)x (*)

Step 2: Substitute x = 0, the only Real root, to find the coefficient A. This gives
1 =A@+ 1) + (B(0) + C)(0)

or
A=1.

Step 3: The remaining constants are found by comparing coefficients. Expanding
the identity (*) gives
1=(A+B)x"+Cx+A.

Comparing the coefficients of x? gives

0=A+B
or

B=-A
Since A = 1, we get

B=-1

Comparing the coefficients of x gives

C=0.
Therefore,
1 3 1 X
x(2+1) x x2+1
and

1 1
dx = -
fx3+x x fx(x2+1)dx
1 X
—dx— | ——
fx o fx2+1dx
X
ln(|x|)—fx2+1dx
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To finish the calculation, we use the substitution u = x> + 1, so du = 2xdx and

dx:%toget
X x du
fxm"x = fm
1 1
— | —=d
2fu .

1
Eln(|u|)+c

1
= z1n(x2+1)+c

Putting this all together we get that

1 1
f dx:ln(|x|)—§1n(x2+l)+c.

X3 +x

NOTE

1. Since C = 0 in the previous example, the integral was straightforward to
evaluate. Unfortunately, this is not the case for most Type III Partial Fractions.

2. All of the Partial Fraction Decompositions required the rational function to
satisfy degree(p(x)) < degree(q(x)). If this is not the case, then we need to
use division of polynomials to find new polynomials r(x) and p;(x) such that

@ _ pi1(x)
PR

with degree(p(x)) < degree(q(x)).

2.4 Introduction to Improper Integrals

The Riemann Integral was defined for certain bounded functions on closed intervals
[a, b]. In many applications, most notably for statistical and data analysis, we want
to be able to integrate functions over intervals of infinite length. However, at this

point
[ swas
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has no meaning.

If f(x) > 0anda < b, then

b
f f(x)dx

can be interpreted geometrically as the area bounded by the graph of y = f(x), the
x-axis and the vertical lines x = @ and x = b. We could use this to guide us in
defining the integral over an infinite interval.

For example, for the function
f(x) = %, we might want

f 12 dx

1 X

to represent the area bounded
by the graph of y = f(x), the
x-axis and the vertical line
x=1. 1

Since this region is unbounded it might seem likely that this area should be infinite.

However, if this was true
then it should be the case that
by choosing b large enough
we should be able to make
the area bounded by the
graph of y = f(x), the x-axis
and the vertical lines x = 1
and x = b at least as large as
2.

. L b
However, this area is given by fl x—12 dx and

Foundations of Calculus 2 (B. Forrest)?



Chapter 2: Techniques of Integration 98

This shows that no matter how large b is the area bounded by the graph of y = f(x),
the x-axis and the vertical lines x = 1 and x = b will always be less than 2. In fact, it
is always less than 1. This suggests that the original region should have finite area
despite the fact that it is unbounded.

We are now in a position similar to when we first defined the integral. While we
have an intuitive idea of what area means, we do not have a formal definition of area
that applies to such unbounded regions. One method to avoid this problem would be
to define the area of the unbounded region as the limit of the bounded areas as b

goes to co. That is
b

Area = lim —dx.
b—oo 1 _x2

In particular, we would have

b

Area = lim —dx
b—oo )4 _x2

= liml—l
b

b—o0

In this case, we would like to have

|
—dx=1.
;X

This motivates the following definition:

DEFINITION Type | Improper Integral

1) Let f be integrable on [a, b] for each a < b. We say that the Type I Improper

Integral
[ s

b
l}im f f(x)dx

converges if

exists. In this case, we write

€ b
f f(X)dx=I}imf f(x)dx.

Otherwise, we say that fa - f(x)dx diverges.

Foundations of Calculus 2 (B. Forrest)?



Section 2.4: Introduction to Improper Integrals 99

EXAMPLE 14

2) Let f be integrable on [b, a] for each b < a. We say that the Type I Improper

3)

flm % dx represents the area
of the region bounded by the
graph of f(x) = %, the x-axis
and the vertical line x = 1.

Integral

fa f(x)dx

lim | f(x)dx
b——c0 Jp,

converges if

exists. In this case, we write

fﬂ f)dx = blim fa f(x)dx.
) 7 b

Otherwise, we say that f_ aoo f(x)dx diverges.

Assume that f is integrable on [a, b] for each a,b € R with a < b . We say that
the Type I Improper Integral
[ swas

converges if both f_ Coo f(x)dx and fc . f(x) dx converge for some ¢ € R.

In this case, we write

fwf(x)dx:fc f(x)a’x+foof(x)dx

Otherwise, we say that L O:O f(x)dx diverges.

Note: In general, we will focus our attention on Type I improper integrals of the
form

faw f(x)dx

Show that [~ 1 dx diverges.

1
fO0 =~
X
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This unbounded region looks very similar to the region discussed previously.

However, this time
* , b1
f ~dx lim | = dx
1 X b—oo 1 X

lim1 ’
= lim In(x)|

= I}im(ln(b) —In(1))

= lim In(b)

b—o0

This shows that flm i dx diverges to co and hence that the area of the region bounded
by the graph of f(x) = )1(, the x-axis and the vertical line x = 1 is also infinite. <

We have seen that flw x‘—z dx converges while flm }c dx diverges. More generally, we
have the following natural question.

|
f —dx
o xP

converge? In fact, the answer to this question will be crucial to our study of series.
Since we already know what happens if p = 1, we can assume that p # 1.

Question: For which p does

To answer this question we require the following facts. If @ > 0, then

lim b” = oo

b— oo
and if @ < 0, then
lim 5% = 0.

b—oo

b 1 b
—dx = f x Pdx
X 1

—p+1

For any b > 1,

X b

-p+1
b'-p 1
l-p —-p+1

1

b'-p 1
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THEOREM 3

If p<1,then 1 — p > 0. Therefore,

bl-»
lim
b—oo | — p

=

since the exponent is positive. This means that

b'r 1
lim + =0
b—oo 1 -p p- 1

and hence that flw £ dx diverges.

However, if p > 1, then 1 — p < 0. This time since the exponent is negative,

and hence

lim + =

bool=p p-1 p-1

Therefore, if p > 1, flw 4 dx converges and

| 1
f—dx:—.
1 XxP p—1

This is summarized in the following important theorem.

p-Test for Type | Improper Integrals

|
f —dx
o XP

The improper integral

converges if and only if p > 1.

If p > 1, then

We end this section with one more important example of a convergent improper

integral.
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EXAMPLE 15  Evaluate [ ¢~ dx.
We have

o) b
e dx lim e dx
0 b—eo Jo

= lim—-e*

b— oo

= lim(—e? +¢°)

b—o0

= l}im(—e_b +1)

since lim —e™? = 0. <

b— oo

2.4.1 Properties of Type | Improper Integrals

Since the evaluation of an improper integral results from taking limits at co, it makes
sense that improper integrals should inherit many of the properties of these types of
limits.

THEOREM 4  Properties of Type | Improper Integrals
Assume that fa = f(x)dx and fa ~ g(x) dx both converge.

1. fa * ¢ f(x) dx converges for each ¢ € R and

foocf(x)dx: cfwf(x)dx.

2. fa oo( f(x) + g(x)) dx converges and

f(f(x)+g(x))dx=f f(x)dX+f g(x)dx.

3. If f(x) < g(x) for all a < x, then

foof(x)dx < foog(x)dx.

4. If a < ¢ < o0, then fc - f(x) dx converges and

f " A = f fodx + f " Fwda.
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Note: Unfortunately, it is usually not possible to explicitly evaluate an integral

fa ’ f(x)dx for every b > 1 . Therefore, it may be difficult to apply the definition to
determine if an improper integral converges. For example, it is not obvious how to

evaluate the integral
b
1
f 5 dx.
1 e+ x

However, we do know that

b b
1 1

f 2dxsf—2dx
1 e+ x 1 X

foreach b > 1 since ¢* > 0
for each x > 1.

From this we can

immediately conclude that
the area under the graph of
g(x) = e between = 1
x =1 and x = b should be / x2
less than the area under the

1
graph of f(x) = — between
X

x=1and x = b. 1 \ 1 b

<1
‘We also know that f — dx 1is finite and
1

X2
b )
1 1
—de<f —zdx
1 X -

for each b > 1. It follows that for every b > 1

which

This suggests that the area of the region under the graph of g(x) = g
e+ x

lies above the x-axis and to the right of the line x = 1 should be finite.

For functions g with g(x) > O for all x > a, we want to interpret the integral

fa g(x) dx as the area of the region bounded by the graph of y = g(x), the x-axis and
the vertical line x = a. To say that the fa ~ g(x) dx converges should be equivalent to
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dx

the area being finite. As such we should be able to conclude that f
converges. !

e* + x2

Unfortunately, we have not explicitly shown that

b
1
lim

dx
bow J; e¥ + x?

dx with any of the techniques

b
actually exists because we cannot evaluate f —
1 € + X

we have developed.

1

e* + x?

b
We can however make the following observation: If we let G(b) = f dx,
1

then when viewed as a function on the interval [1, 00), G is increasing and

<1
G(b)sf — dx
1 X

for all b € [1, 00). In the next section, we will see that this is enough to show that

b
dx

lim G(b) = li
bl—{g () b1—>r2> 1 ex+x2

exists and hence that the improper integral f dx does in fact converge.
1

e’ + x2

2.4.2 Comparison Test for Type | Improper Integrals

Suppose that
0<gx) < f(x)

on [a, o0). Assume also that fa * f(x) dx converges. Then the area under the graph of
f from x = a to oo is finite. But 0 < g(x) < f(x) so the area under the graph of g
from x = a to oo should be less than the area under the graph of f, and hence it
should also be finite. This should imply that fa “ g(x)dx converges.

On the other hand, if fd “ g(x)dx diverges, then the area under the graph of g from
X = a to oo is infinite. Since f(x) is larger than g(x), it should be true that area under
the graph of f from x = a to oo is infinite. That is, fa f(x)dx diverges.

In summary, if
0<g(x) < f(x)

on [a, c0) and the integral of the larger function converges, so does the integral of the
smaller function. However, if the smaller function has an integral that diverges to
infinity, so should the larger function. To see why this is the case, we can use an
analogue of the Monotone Convergence Theorem for functions.

Recall that the Monotone Convergence Theorem tells us that a non-decreasing

sequence {a,} converges if and only if it is bounded above and that if it does

converge, then lim a, = lub({a,}). We can now prove a similar result for functions.
n—oo
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THEOREM 5 The Monotone Convergence Theorem for Functions

Assume that f is non-decreasing on [a, o).
1. If {f(x) | x € [a, )} is bounded above, then lim f(x) exists and
lim f(x) = L = lub({f(x) | x € [a, co)}).

2. If{f(x)| x € [a, )} is not bounded above, then lim f(x) = co.

PROOF

The proof of this theorem is very similar to that of the Monotone Convergence
Theorem for sequences.

1. Assume that { f(x) | x € [a, 00)} is bounded above, and let
L =lub({f(x) | x € [a, c0)}).

Let € > 0. Then L — € is not an upper bound for {f(x) | x € [a, c0)}. Therefore,
there exists an N € [a, o)} so that

L—-e< f(N)<L.
But if x > N we would have that
L—-e< f(N)< f(x) <L.

This means that if x > N, then |f(x) — L| < € so that lim f(x) = L as claimed.

L

L—¢€

A

2. Assume {f(x) | x € [a, )} is not bounded above. Let M > 0. Since M is not
an upper bound for {f(x) | x € [a, c0)}, there exists an N € [a, 00)} so that
M < f(N). Butif x > N, we have

M < f(N) < f(x)

which shows that lim f(x) = oo.
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THEOREM 6

We can now establish one of the most important tools for determining the
convergence or divergence of improper integrals.

Comparison Test for Type | Improper Integrals

Assume that 0 < g(x) < f(x) for all x > a and that both f and g are continuous on
la, ©0).

1. If fa - f(x) dx converges, then so does fa = g(x)dx.

2. If fa a g(x) dx diverges, then so does j; = f(x)dx.

PROOF

The two statements are logically equivalent (why?). This means that we only have
to prove the first statement and then the second statement follows. As such, assume
that fa f(x)dx converges. Next let

!
F(t) = f f(x)dx.
Since f(x) > 0, we have that F' is non-decreasing on [a, o) and that
! 00
Iim F(¢) =lim | f(x)dx = f f(x)dx < oo.
[—0o0 —o0 a a

Let )
G(t) = f g(x)dx.
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EXAMPLE 16

EXAMPLE 17

This time since 0 < g(x) < f(x) we have that G is non-decreasing on [a, c0) and that
G(t) < F(¢) for any ¢ € [a, c0). But then

G(t) < foo f(x)dx < oo

for all ¢ € [a, c0). This shows that {G(?) | f € [a, )} is bounded above. Finally, the
Monotone Convergence Theorem for Functions tells us that

t
lim G(¢) = tlimf G(x)dx

t—o00

exists. This proves statement 1. ]

Show that floo ﬁ dx converges.

We have already seen that
1 1
0< —— < —=
eX+x2  x?
for all x > 1 and that floo xiz dx converges. It follows immediately from the

Comparison Theorem that floo ﬁ dx also converges. <

00 .
Does fl dx converge or diverge?

X+ VX

‘We know that |

x+ Vx

for all x > 1. However, flm i dx diverges so the Comparison Test does not apply
since we cannot say anything about the smaller integral if the larger one diverges.

0<

< —
X

The key observation is that x + v/x < x + x = 2x for x > 1. Therefore,

1 1
0<—<
2x T x+ x

. (& .
for x > 1. Moreover, since fl %dx diverges, so does

|
— dx.
f12xx

This time we can use the Comparison Test to conclude that flm ﬁ} dx diverges.

<

So far we have dealt almost exclusively with improper integrals involving positive
functions. In particular, the Comparison Test applies to positive functions.
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EXAMPLE 18

Moreover the Monotone Convergence Theorem for Functions allows us to establish
the following important fact.

Fact

If f is integrable on [a, b) for every b > a and if f(x) > 0 on [a, o), then
fa f(x)dx converges if and only if there exists an M such that

b
f f)dx<M

for all b > a.

Note: The previous statement is not true without the assumption that f(x) > 0 as
the following example illustrates. |

Show that fooo cos(x) dx diverges.

By definition,

oo b
f cos(x)dx lim cos(x) dx
0

b—co 0

b
= }}1_210 sin(x) o
= lim(sin(b) - sin(0))

However, sin(b) osculates between —1 and 1 as b — oo so that l}im sin(b) does not

exist. Therefore, fooo cos(x) dx diverges despite the fact that

b
-1< f cos(x)dx = sin(b) < 1
0

forall b > 0.

However, we can still often use our tools for improper integrals of positive functions
to determine convergence of some improper integrals of more general functions. To
do so we introduce the notion of absolute convergence which is an analog of
absolute convergence for sequences.
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DEFINITION

THEOREM 7

Absolute Convergence for Type | Improper Integrals

Let f be integrable on [a, b) for all b > a. We say that the improper integral
fa f(x)dx converges absolutely if

f | f(x) | dx

converges.

Similar to the case for sequences we will now see that absolute convergence implies
convergence for improper integrals.

Absolute Convergence Theorem for Improper Integrals

Let f be integrable on [a, b] for all b > a. Then |f]| is also integrable on [a, b] for all
b > a. Moreover, if we assume that

f | )| dx
foo f(x)dx.

In particular, if 0 < |f(x)| < g(x) for all x > a, both f and g are integrable on [a, b]
for all b > a, and if fa g(x) dx converges, then so does

foo f(x)dx.

converges, then so does

PROOF

Assume that fa o f(x) | dx converges. Then so does

f 21 f(x) | dx.

0 < f() +[f()] < 2[f ()

so by the Comparison Theorem

We also have that

f SO+ 1 f(x) | dx
converges. Finally, since

S = [f(0) + [fl] = If (0l

Foundations of Calculus 2 (B. Forrest)?



Chapter 2: Techniques of Integration 110

EXAMPLE 19

we get that fa ” f(x) dx converges with

f f(x)dx = f JO+ 1 f) | dx—f | f(0) | dx.
To prove the second statement, assume that fa " g(x)dx converges. The Comparison

Test shows that -
f | f(x) | dx

also converges. We can now apply the first statement to conclude that

fw f(x)dx

converges. |

Show that f;o s/ x converges.

X2+2x+1
We know
cos(x) ‘ < 1
X2 +2x+1 X2 +2x+1
1
< —
S 2
for all x > 3.

The p-Test shows that f;o x]—z dx converges.

Therefore, by the Comparison Test,
I

The Absolute Convergence Theorem shows that f;o

cos(x)

—1d
X2 +2x+1 o

converges.

cos(x)
X24+2x+1

dx converges.

2.4.3 The Gamma Function

An important class of examples of improper integrals arise as values of a function
called the Gamma function.
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DEFINITION

EXAMPLE 20

The Gamma Function

For each x € R, define

I'(x) = f rleldr.
0

The function I is called the Gamma function.

Observation: In order to properly define the I function we should really show that
the improper integral that arises from each choice of x is actually convergent. We
have actually already seen this to be true for x = 1 as the example below reminds us.
Later we will provide strong evidence of why this is so in general, but the
verification of convergence is left as an exercise.

() = f Peldt = f e'dt.
0 0

f eldt

0

b

= lim e’'dt
b—o0 0

Calculate

By definition

I'(1)

= lim —e

b—oo

b
’i
0

= l}im(—e_b) —(=e™)

= 1

Note: To see why the integrals involved in the definition of the Gamma function
always converge we first note that by modifying the previous example we can show
that for any M > 0, the improper integral

f e 1dt
M

also converges. Next we observe that the Fundamental Log Limit shows that for any
x € R we have that

lim~'e2 = 0.

—o0
Combining these two observations and using the Comparison Test for Improper
Integrals we can show that fo t*~le™'dt is always convergent. <
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Observation: If we apply the Integration by Parts formula we get the following
interesting result:
f re’'dt = —t'e +x- f rleldt.

b
T(x+1) = lim | fe'dt

b— oo 0

It follows that

b
b
= lim —txe_t‘o +x-f e dr
0

b—oo

b
= lim -b*e¢? + x- lim e ldr

b—oo b—oo 0
= O+x-f e dt
0
= x-I'(x)

As an immediate application of this observation we can show that for any n € N, we
have that
I'(n)=m-1)!

In fact, we know that I'(1) = 1 = (1 — 0)!. Now suppose that I'(k) = (k — 1)!. Then

I'tk+1) k-T'(k)
k-(k-1)!

k!

so we can deduce that I'(n) = (n — 1)! by using Mathematical Induction. For this
reason the I function is viewed as a means of generating factorial values for
non-natural numbers.

Note: The I function also has important applications in statistics and probability
theory.

2.4.4 Type Il Improper Integrals

So far in considering improper integrals we have only considered the case where the
interval over which we are integrating is unbounded. There is a second type of
improper integral which we call a Type II Improper Integral. In the case of a Type II
Improper Integral the assumption will be that the integrand f has a vertical
asymptote at some point a € R. To illustrate what we mean by a Type II Improper

Integral we consider the function f(x) = L on the interval (0, 1]. We might ask:

[N}
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DEFINITION

Problem: What is the area under the
graph of f above the x-axis and between
the lines x =0 and x = 1?

We note that f has a vertical asymptote at
x = 0 and as a consequence this region
(which we denote by R) is also
unbounded.

0 1
However, if this was the case, then for any M > 0 we should be able to find a
b € (0.1] so that the area under the graph of f above the x-axis and between the lines
x = b and x = 1 should be at least M. We know that this latter area is
1
1
- dx
b X2

Il

[\®)

<
D=

2(1 — Vb)
< 2

Just as we deduced that the unbounded area under the graph of f(x) = xl—z on the
interval [1, co) could be finite, we again see that the area of this unbounded region R
could be finite. In fact, similar to Improper Integrals of Type I, we could define the
area A of region R to be

1 [l
A=1lim | —dx=lim2x2| = lim2(1 - Vb) =2.
b=0* Jp  x3 b—0* b b—0*

Type Il Improper Integral

1) Let f be integrable on [z, b] for every ¢ € (a, b] with either lim f(x) = co or
lim f(x) = —co . We say that the Type Il Improper Integral

b
f f(x)dx

b
lim | f(x)dx
t—a* ¢

converges if

exists. In this case, we write

b b
ff(X)dx=tlirqff(x)dx.

Otherwise, we say that L ’ f(x)dx diverges.
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THEOREM 8

2)

3)

Let f be integrable on [a, f] for every ¢ € [a, b) with either liril_ f(x) = o0 or
lirlr}_ f(x) = —co . We say that the Type Il Improper Integral

converges if

exists. In this case, we write

b 1
ff(x)dx=tlilglff(x)dx.

Otherwise, we say that fa ’ f(x)dx diverges.

If f has an infinite discontinuity at x = ¢ where a < ¢ < b, then we say that the
Type Il Improper Integral
b
f f(x)dx

C b
converges if both f f(x) dx and f f(x) dx converge. In this case, we write

b C b
ff(x)dx:ff(x)dx+ff(x)dx.

b
If one or both of these integrals diverge, then we say that f f(x) dx diverges.

Remark: In determining the convergence or divergence of a Type I Improper
Integral the p-test was an important tool. There is a natural analog of the p-test for
Type II Improper Integrals.

p-Test for Type Il Improper Integrals

The improper integral

1
1
—dx
o XP
converges if and only if p < 1.
If p <1, then
1
1 1
—dx=——.
o XP l-p
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PROOF

First assume that p # 1. By definition

1 1
1 1
—dx = lim —dx
0 xP t—0* : xP
1
= lim xi=r
t—0* 1 -p ¢
1 1
= lim—— — ——f

Nowif p<1,then1—p > 0so

Finally, if p = 1, then

1 1
I 1
f —dx = lim | -dx
0 X t—0* ;X

1
= lim ln(x)'
t

t—0+

= lim In(1) — In(?)
t—0*

It follows that fol xlp dx converges precisely when p < 1 and that in this case

!
1 1
—dx= ——

o XP l-p

as claimed. ]
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Chapter 3

Applications of Integration

In this chapter, we will consider four types of calculations that use integration: areas
between curves, volumes using the disk method, volumes using the shell method,
and arc length.

3.1 Areas Between Curves

We have already seen that there is a strong relationship between integration and

area. In particular, if the continuous function f is positive on [a, b], then we
b

interpreted f f(¢) dt to be the area under the graph of f that is above the r-axis and
bounded by the lines f = a and ¢ = b.

In this section, integration is used to answer a more general problem—that of
calculating areas between curves (rather than between the curve and the x-axis).

)

Problem

Let f and g be continuous on an
interval [a, b]. Find the area of
the region bounded by the graphs
of the two functions, f and g, and : 3
the lines t = a and ¢ = b. 3 1

Let’s begin with a simple case.
Assume that f(#) < g(¢) for all
t € [a, b]. The task is to find the
area A of the region in the
diagram.

a 0
We will use a method similar to our previous area calculation under a curve with
Riemann sums. That is, we begin by constructing a regular n-partition

a=th<h<h<---<ti1<t;,<---<th.1<t,=b
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i(b—a)

with A = =4 and 1, = a + ©=2

This partition divides A
into n subregions which
we label as

A1, Ay, - A, where A;
is the region bounded by
the graphs f and g, and
the lines r = #,_; and

= ti-

n .

\
0
a=1t th b tiy'

A rectangle R; can now be used to estimate the area A; as follows:

f
/_\>g(fi)
—
R, 8
\ g(t) — f(t)
\ﬁ
‘ \f(ri)
a=1t 1 bh ti_li t,=b
At;

The height of the rectangle R; is h = g(¢;) — f(t;) and its width is Az; = ”n;“, so the

area A; is estimated by

Thus

A; = (g(t) — f(1) At,.

IR

IR

=1
Zn: (g(t) — f(t))Ay
=1

S (et - fan =2
i=1 n

with the latter sum equal to a right-hand Riemann sum for the function g — f on

[a, b].
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f
8
AN
>>
>~ L
0 .
a=1 1 B ti_ltl t,=b

Let n — oo. Then

A = lim Y (g(t) - fu)AY
i=1

b
f (8() = f()dt

The general case where f and g may cross at one or more locations on the interval
[a, b] is similar. We again construct a regular n-partition

a=th<h<h<---<ti1<t;,<---<tb1<t,=b

withAt; = 22 and t, = a + l(b 9 This divides A into n subregions A, A,, - -+ , A,
where A, is the region bounded by the graphs f and g, and the lines # = #,_; and t = t,.

f

Moreover, we can again
estimate the area A; by

constructing rectangle R;.

. . A
However, this tgne we must - III..V 1
be concerned with whether 8

f(t;) < g(t;) or whether
g(t) < f(1).

a=tht b 0 ri_fi t,=b

If f(#;) < g(1,), then the height of the rectangle R; is h; = g(t;) — f(t;) and its width is
At; = 24 That is
A; = (g(t) — f(1) At
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g(t)

2(t) = f(t) { f
—-ft)
At
/
/ e
I 8
a=1 N 0 t,'_lti t,=b

However, if g(#;) < f(¢;), then the height of the rectangle is now h; = f(t;) — g(t,).

The width remains as Af; = b%", SO

A= (f(t) — g(t) Ay,

f@)
ft) = g(t) f
——-g(t)
At;
_—
8
a=1t hH h 0 li_1ti t,=b
To summarize, we have that
Ai = hi Ali

where
h = { gty - f(t) if  gt) - f() 20
S ) -g) it g() - () <O
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0[ 1
a=1ty t, b i1’ t,=b

[]f@) > g() B g@) > f(1)

Once more, the estimate for the area between f and g on [a, b] is

A= ) A

IR
g
B
g

However, since

h:{ﬂm—ﬂm it g(t) — f(6) 20
l f@)—g) if gt - f() <0

then A, is equivalent to
hi =| g(1;) — f(1;) |

SO

A = Z A,
i=1

D le) - )| A
i=1

IR

and the latter sum is a right-hand Riemann sum for the function | g — f | on [a, b].

Finally, letting n — oo gives us

A = lim > | g) - f@) | A
i=1

b
jﬂ|ga>—fu>|m
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Area Between Curves

Let f and g be continuous on [a,b]. Let A be the region bounded by the
graphs of fand g, the line # = a and the line r = b. Then the area of region A
is given by

b
A=f | g() = f() | dr.

EXAMPLE 1  Find the area A of the closed
region bounded by the graphs of
the functions g(x) = x* and
f(x) = x*. This area is the shaded
region in the diagram.

2

The graphs cross when x* = x* or equivalently when

0 = X©-x

= 0 = X(x-1)
This occurs when x = 0 and x = 1. It follows that we are looking for the area

bounded by the functions g(x) = x* and f(x) = x> between the lines x = 0 and x = 1.
Moreover, on the interval [0, 1] notice that x*> > x>. This means that the area is

1
_ 2 .3
A = [)(x x)dx

X3 x4 !
5

0

1 1
_ 1
12
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EXAMPLE 2

11
J(x)=x

Find the total area A of the closed
regions bounded by the graphs of o(x) = X3
the functions f(x) = x and ; x
g(x) = x*. The shaded regions in -1 0 1
the diagram represent A. g(x) = 3

fo=x|

First we must locate the points where the graphs intersect. That is, where x> = x or
equivalently where

0 = ¥—x
= 0 = x(x*-1)
= 0 = x(x+1D(x-1)

The solutions are x = —1, x = 0, and x = 1. This means that the left-hand bound is
x = —1 and the right-hand bound is x = 1. Using this information, we know that the

area is given by
1
f | x* = x| dx.
-1

However, we cannot apply the Fundamental Theorem of Calculus directly to
| x* — x | to finish the calculation since f and g intersect on the interval [—1, 1].
Instead, we must consider the area in two parts, A1 and A2.

Area of A1

On the interval [—1, 0] we have 1
x> x
It follows that

0 0
f | x*—x| dx:f (x*=x)dx g(x) = x° >
-1 -1
) = x|

This integral represents A1, the
shaded area in the diagram.

Foundations of Calculus 2
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Area of A2
On the interval [0, 1] we have 1 f(x) = x
x> x.
A2 =53
It follows that g(x? *
-1 0 1

1 1
j(; |x3—x|dx=fO (x—x*)dx g(x) = x°

This integral represents A2, the
shaded area in the diagram.

) = x|

Total Area Between the Curves

The total area A between the curves f(x) = x and g(x) = x* on the interval [-1, 1] is
A = Al + A2. Thus the total area is:

1
A = f | x> — x| dx
-1

= Al +A2

0 1
1Af(x):x = f |x3—x|dx+f | x> — x| dx
-1 0

0 1
A2/g(x) = X3 = f(x3—x)dx+ (x = x))dx
‘ -1 0
1 0 1
/A L
8(x) = x - \a 7 2), T2 4|
f(x) =x
1-1 1 1 I 1
- (0-0-(3-5))+((3-3)-0-0)
_ L1
T 1'%
1
T2
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3.2 Volumes of Revolution: Disk Method

In this section we will use integration to calculate the volume of various types of

solids obtained by rotating a region in the plane around a fixed line.

Problem 1:

Assume that f is continuous on
[a, b] and that f(x) > 0 on [a, b].
Let W be the region bounded by
the graph of f, the lines x = a
and x = b and the line y = 0.

If region W is revolved around
the x-axis an object called a solid
of revolution is generated with
the property that each vertical
cross section of the solid is a
circle with radius equal to the
value of the function at the
location of the slice.

Our goal is to determine the volume V of this solid.

y

y=f(x)

We will use integration to solve this problem and begin with a regular n-partition

a=lh<h<th<---<tiy 1 <t;<- <t <t,=b

of [a, b] with At; = l% andt;, = a+ ’U’T_“) This partition subdivides the region W into

n subregions. Let W; denote the subregion of W in the interval [x;_, x;].
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If we let V; be the volume obtained by rotating W; around the axis, then

V:ZV,-.

y = f(x)

We will use the same idea that
was used to calculate areas to
estimate the volume V;. In
particular, replace W; by the Ri | pf(x)
rectangle R; with height f(x;) and
base on the interval [x;_;, x;].

Xi-1 Xi X

AX,’

If Ax; is small, then V; is
approximately equal to the
volume obtained by rotating R;
around the x-axis. Rotating each
R; generates a thin cylindrical
disk D;. Therefore, the solid is
approximated by a series of thin
disks.

For this reason, this method to find the volume of revolution is often called the
Disk Method.

The next step is to determine the volume V' of the disk D;.

However, a close look at this disk shows that it has radius equal to the value of the
function at x; and its thickness is Ax;. Therefore, since the volume of a cylindrical
disk is

7t X (radius)? X (thickness)
we get that
Vi =1 f(x)ax;.

1
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Radius = f(x;)

A x
- J
AX,‘

Volume = 7 f(x;)*Ax;

Then the approximation for the total volume of the solid of revolution is:

V:ZVi

It follows that
\%

4

D e ax

i=1

and this is a Riemann sum for the function 7 f(x)? over the interval [a, b].
Therefore, letting n — oo, we achieve the formula for the volume of revolution.

Volumes of Revolution: The Disk Method |

Let f be continuous on [a, b] with f(x) > 0 for all x € [a,b]. Let W be the
region bounded by the graphs of f, the x-axis and the lines x = a and x = b.
Then the volume V of the solid of revolution obtained by rotating the region
W around the x-axis is given by

b
V= f nf(x)*dx.

EXAMPLE 3  Find the volume of the solid of revolution obtained by rotating the region bounded
by the graph of the function f(x) = x?, the x-axis, and the lines x = 0 and x = 1,
around the x-axis.
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Using the formula, the volume is

1
f ﬂf(x)zdx
0
1
= f n(x*)* dx
0
1
=7 f xtdx
X 0

1

14

xS
= T—
5

0

il
5

In the next example, we will use what we have learned about volumes of revolution
to derive the formula for the volume of a sphere.

EXAMPLE 4  Find the volume of the sphere of radius r obtained by rotating the semi-circular
region bounded by the graph of f(x) = Vr? — x?, the linesx = —r,x =rand y =0
around the x-axis.

Applying the disk method we get

V = frﬂf(x)zdx

r

Irﬂ(M)zdx

r

f n(r* — x*) dx

3 r
2,2
ﬂ(rx 3)

Il
)
—_
—_
=
W
I
w| Y,
SN —
|
|
~
(98]
I
~
w4
N
w
SN—
S —

—7r

which is the general formula for the
volume of a sphere. |
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Until now we have looked at volume problems that involved a region that was
bounded by a function f and the x-axis. Next we will look at a more general
problem where the region that is revolved is bounded by two functions.

—X
Problem 2:
Suppose that 0 < f(x) < g(x). We want to w
find the volume V of the solid formed by \
revolving the region W bounded by the v/
graphs of f and g and the lines x = a and
x = b around the x-axis. !
/2

a b YV
Observe that if we let W, denote the and we let W, denote region bounded by
region bounded by the graph of g, the  the graph f, the x-axis, and the lines x = a
x-axis, and the lines x =aand x = b and x = b,

Wi

then W is the region that remains when we remove W, from Wj. It follows that the
solid generated by revolving W around the x-axis is the same as the solid we would
get by revolving W, around the x-axis and then removing the portion that would
correspond to the solid obtained by revolving W, around the x-axis.

If we let V; be the volume of the solid obtained by rotating W; and V, be the volume
of the solid obtained by rotating W,, then we have

V=V -V,
However, the formula for volumes of revolution tells us that

b
Vi :f ﬂg(x)zdx
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EXAMPLE 5

and

b
V, = f nf(x)* dx.

Therefore,

V. = Vi-V,

b b
= f 7rg(x)2 dx—f 7rf(x)2 dx

b
= f (g(x)? — f(0?) dx

Volumes of Revolution: The Disk Method Il

Let f and g be continuous on [a, b] with 0 < f(x) < g(x) for all x € [a, b].
Let W be the region bounded by the graphs of f and g, and the lines x = a
and x = b. Then the volume V of the solid of revolution obtained by rotating
the region W around the x-axis is given by

b
V= f m(g(x)* — f(x)*) dx.

Find the volume V of the solid obtained by revolving the closed region bounded by
the graphs of g(x) = x and f(x) = x* around the x-axis.

Since we have not been given the interval over which we will integrate, we must
find the x-coordinates of the points where the graphs intersect. But this means that
we must solve x = x*> so x> — x = x(x — 1) = 0. Hence, the points of intersection are
located at x = 0 or x = 1. Moreover, on [0, 1], we have 0 < x*> < x (i.e., the graph of
x? lies below the graph of x on this interval). Therefore, the region appears as
follows:

f(x)=x*
g(x) =x

1.1
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Then the volume is

1

f

S—

Exercise:

Suppose that f and g are continuous on
[a, b] with ¢ < f(x) < g(x) for all

x € [a, b]. Let W be the region bounded
by the graphs of f and g, and the lines

x = a and x = b. What is the volume V of
the solid of revolution obtained by
revolving the region W around the line

y = ¢? The previous analysis still applies.
Therefore, as an exercise, verify that the
volume in this case is

b
f m((g(x) — ¢)* — (f(x) — ¢)*) dx.

b (x)

7 (8(x)* = f(x)?) dx

— (")) dx

3.3 Volumes of Revolution: Shell Method

Sometimes using the Disk Method to find the volume of a solid of revolution can be
onerous due to the algebra involved. Additionally, the Disk Method is sometimes
difficult to use if the region is revolved around the y-axis instead of the x-axis. There
is an alternate method called the Shell Method that may be easier to implement in

such cases.
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Problem: Assume that f and g are continuous on [a, b], with a > 0 and f(x) < g(x)
on [a, b]. Let W be the region bounded by the graphs of f and g and the lines x = a
and x = b. Find the volume V of the solid obtained by rotating the region W around
the y-axis.

y
T _\
w
N
v/
f
a b X

We can proceed in a manner similar to the development of the Disk Method by
constructing a regular n-partition of [a, b] with

Aa=Xxg<x;]<--<Xj_1<x;<--<x,=b.

y
<P "
N
Once again, this partition subdivides the Wi
region W into n subregions. Let W; denote \
the subregion of W on the interval [x;_;, x;] N |
—~ L
f
a | X; b X
Xi-1

Let V; be the volume obtained by rotating W; around the y-axis so that

V:Z:V,-.
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Yy
=
Next, approximate W; by the rectangle R; R;
with height g(x;) — f(x;), and base on the \\
line y = f(x;) and top on the line y = g(x;) H | =
in the interval [x;_;, x;]. T ’
a | Xi b X
Xi-1
Ax,
y
“b)
=
K&
It follows that if Ax; is small, then V; is
approximately equal to the volume < R;
obtained by rotating R; around the y-axis. shell S
This time rotating R; generates a thin
cylindrical shell S ;. A X;
X

For this reason, this method for finding volumes is called the Shell Method (or
Cylindrical Shell Method).

The volume V' of the shell generated by R; is
(circumference) X (height) X (thickness)
which is the same as

21 X (radius) X (height) X (thickness).

The height of the shell is g(x;) — f(x;), its thickness is Ax;, and the radius of
revolution is x; (the distance from the y-axis). Therefore, the volume V' of §; is

2rexi(g(x;) — f(x))Ax;.
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> thickness = Ax;
radius = x;

y
«
-l

~circumference = 27 x;

«height = g(x;) - f(x,)

Xi X

Volume = 27 x; (g(x;) — f(x;)) Ax;

It follows that

V = ZV,-
NG
i=1

D 2mxi(g(x) = F(x)ax;
i=1

IR

Letting n — oo, we get

b
V= f 2rrx(g(x) — f(x)) dx.

Volumes of Revolution: The Shell Method

Let a > 0. Let f and g be continuous on [a, b] with f(x) < g(x) for all
x € [a,b]. Let W be the region bounded by the graphs of f and g, and the
lines x = a and x = b. Then the volume V of the solid of revolution obtained

by rotating the region W around the y-axis is given by

b
V= f 2rrx(g(x) — f(x)) dx.

Foundations of Calculus 2 (B. Forrest)?



Chapter 3: Applications of Integration 134

EXAMPLE 6  Find the volume of the solid obtained by revolving the closed region in the first
quadrant bounded by the graphs of g(x) = x and f(x) = x* around the y-axis.

As we have seen from a previous example, the graphs intersect in the first quadrant
when x = 0 and x = 1 on the interval [0, 1] with f(x) < g(x). Thus

Vv

1
j; 27x(g(x) = f(x))dx

1
f 27x(x — x})dx
0

1
f 2n(x* — ¥*)dx = d
0 6

Observe that previously we calculated the volume obtained by rotating this same
region around the x-axis to equal %T (which is less than £). This should not be
surprising since the region is closer to the x-axis than to the y-axis and the further
away from the axis of revolution, the larger the volume. <

3.4 Arc Length

The next application of integration that we will develop is a method for finding the
length of the graph of a function over an interval [a, b]. The calculation of arc length
has many important applications though most are beyond the scope of this course.

Problem: Let f be continuously differentiable on [a, b]. What is the arc length S of
the graph of f on the interval [a, b]?
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S = arc length y = f(x)

Let
Aa=Xg <X < <X <Xx;<---<Xx,=b

be a regular n-partition of [a, b].

Let S; denote the length of the arc joining (x;_;, f(x;-1)) and (x;, f(x;)).

y
y=f
S, :
_—
a | X; b x
Xi-1
Ax;

Then the length of the graph of f on the interval [a, b] is
S=> 5.
i=1

Observe that if Ax; is small, then §; is approximately equal to the length of the
secant line joining (x;_y, f(x;_1)) and (x;, f(x;)).

secant

(xi-1, f(Xi—l)) /

/ FS s
portion of
arcony = f(x) : :

Axi
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It follows that

S = V(Ax)? + (ay)?
= VX2 + (Fx) = f(xi1))?
y
(it S length = AR ¥ (PG — )2
f(xiz) = f(x) {
* (xi, f (x)
AX,’ :
xill xli X

Next, applying the Mean Value Theorem guarantees a c; € (x;_p, x;) such that

fx) = f(xiz) = f(c)Ax;.

Therefore,

e
Il

V)2 + (f(x) — f(xin)?

VAx)? + (f '(c)px;)?

V@x)2 + (f ()X (bx,)?

V@x)2(1+ (f(c)?)

VI +(f"(c)* ax;.

Hence

IR

VI +(f'(c)* ox;

i=1

This is a Riemann sum for the function +/1 + (f’(x))? over the interval [a, b].
Therefore, letting n — oo, we get

Foundations of Calculus 2 (B. Forrest)?



Section 3.4: Arc Length

137

EXAMPLE 7

b
S :f V1+(f(x)?*dx.

Arc Length

b
S = f 1+ (f"(x))?dx

Let f be continuously differentiable on [a, b]. Then the arc length S of the
graph of f over the interval [a, b] is given by

REMARK

The derivation of the arc length formula has many important applications that are
beyond the scope of this course. Unfortunately, due to the square root in the
integrand of the formula, there are very few functions for which we can calculate the
arc length explicitly. Even calculating the arc length of the graph of f(x) = x* over
the interval [0, 1] is beyond our current ability. However, there are a few examples

that we can evaluate explicitly.

<

2y
Find the length S of the portion of the graph of the function f(x) = %2 between

x=1and x = 2.

In this case, f'(x) = x2. Hence

IR

2
f 1+ (f/(x)? dx
1

2
f 1+ (xP2dx
1

2
f V1 + xdx
1

21+ 03 [

3

1
203)° _2(2)?
3 3
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DEFINITION

Chapter 4

Differential Equations

In this chapter we introduce and study differential equations. Differential equations
are equations involving functions and their derivatives. These equations are used to
model problems in the physical, biological, and social sciences.

4.1 Introduction to Differential Equations

Differential equations (DEs) often arise from studying real world problems. For
example, if we let
P(1)

denote the population of a colony of bacteria at time ¢, then empirical evidence
suggests that in an environment with unlimited resources the population will grow at
a rate that is proportional to its size. This makes sense since the more bacteria that
are present, the more “offspring” they will produce. Mathematically, this gives rise
to the differential equation

P'(t) = kP(1)
where k is the constant of proportionality. If a function satisfying this equation can
be determined, it would be helpful in predicting how the population will evolve.

The goal of this section is to introduce differential equations and to see how to find
solutions for some basic examples.

Differential Equation

A differential equation is an equation involving an independent variable such as x, a
function y = y(x) and various derivatives of y. In general, we will write

Fx,y,yy" -,y =0.
A solution to the differential equation is a function ¢ such that

F(x,(x), 0" (x), -+, 0" (x)) = 0.

The highest order of a derivative appearing in the equation is called the order of the
differential equation.
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EXAMPLE 1

EXAMPLE 2

Consider the equation

F(x,y,5") = (cos(x)y +y” = 0.

This is an example of a differential equation of order 2. The constant function
¢(x) = 0 1is a solution to this equation since

cos(x)p +¢"” =cos(x)-0+0=0.

However, at this point we have no tools to find any other solutions should they exist.

<

NOTE

1)

2)

In this course, we will typically consider only first-order differential
equations. Such DEs can be written in the form

y' =[xy
A solution for a first-order differentiable equation is a function ¢ for which
¢'(x) = f(x, p(x)).
The simplest first-order DE is the equation

y' = f(x).

Hence y = y(x) is a solution if and only if y is an antiderivative of f.
Therefore, the solutions to this equation are given by

ff(x)dx: Fx)+C

where F is any antiderivative of f and C € R is an arbitrary constant. This
shows that differential equations do not need to have unique solutions. In
particular, each different choice of C results in a new solution. The constant C
is called a parameter and the collection of solutions {F(x) + C | C € R} is
called a one parameter family. |

Solve the differential equation y’ = cos(x).

We have that

y= f cos(x)dx = sin(x) + C

where C is an arbitrary constant. |
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4.2 Separable Differential Equations

In this section we consider an important class of first-order differential equations
and outline a technique for finding their solutions.

DEFINITION Separable Differential Equation

A first-order differentiable equation is separable if there exists functions f = f(x)
and g = g(y) such that the differentiable equation can be written in the form

y' = f(0)gW).

EXAMPLE 3  Consider the following differentiable equations:

i) y’ = xy? is separable. In this case, f(x) = x and g(y) = y*.
i1) y’ = yis separable. In this case, f(x) = 1 and g(y) = y.

111) y’ = cos(xy) is not separable since it can not be written in the
form y” = f(x)g(y). <

Solving Separable Differential Equations

There is a simple process to follow to find the solutions to a separable differential
equation y’ = f(x)g(y). The steps are:

Step 1: Identify f(x) and g(y)

Step 2: Find all constant (equilibrium) solutions

Step 3: Find the implicit solution

Step 4: Find the explicit solutions

We will illustrate this process with a series of examples.
Step 1: Identify f(x) and g(y)

Often when you are presented with a differential equation, it will not be obvious
whether the DE is separable. You may have to factor the differential equation in
order to identify f(x) and g(y).
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EXAMPLE 4

DEFINITION

EXAMPLE 5

Lety’ = xy* + x. Determine if this DE is separable.

In this case, the DE must be factored first in order to identify f(x) and g(y). Note
that

y = xy*+x
= x(?+1)

so f(x) = x and g(y) = y* + 1. Since this differential equation can be rewritten in the
form y’ = f(x)g(y), it is a separable DE. <

Step 2: Find all constant (equilibrium) solutions

Let
y = f(x0)g®)

be a separable DE.
Suppose that g(y,) = 0 for some y,. Then the constant function
y = ¢(x) = yo
is a solution to the separable differential equation since
@'(x) = 0= f(x)go) = f(x)g(e(x))

for every x.

Constant (Equilibrium) Solution to a Separable Differential Equation

If
y' = f(0)g)

is a separable differential equation and if y, € R is such that g(y,) = 0, then

¢(x) = yo

is called a constant or equilibrium solution to the differential equation.

Consider the separable differential equation

y =yl -y).
Then f(x) =1 and g(y) = y(1 —y). Moreover, g(y) =0ify=0o0ry = 1.

Let ¢(x) = O for each x. Then, since ¢ is constant ¢ '(x) = 0,

0=¢"(x) = e(x)(1 - ¢(x))
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and hence ¢(x) = 0 is an constant (equilibrium) solution.

If y(x) = 1 for all x, then ¥ '(x) = 0 and (1 — ¥(x)) = O for each x. Therefore,

0=¢'(x) = ¢0)(1 - ¥(x))

for each x. Hence /(x) = 1 is also a constant solution of the differential equation.
These are the only two constant solutions to this separable differential equation.

Step 3: Find the implicit solution

If y = f(x)g(y) is a separable differential equation, when g(y) # 0 we can divide by
g(y) to get

y o
sy J@.

Integrating both sides with respect to x gives

fy/ dx:ff(x)dx.
g8

However, if we note that y = y(x), we can apply the Change of Variables theorem to
the left-hand integral to get

y’ 1 ,
dx = d
f ok f 200 W
1

J

This gives us the formula

f$dy:ff(x)dx

Evaluating these integrals gives us an implicit solution to the differential equation of
the form

Gy)=Fx)+C

where C is an arbitrary real constant.
1
This step will be successful only if we are able to evaluate f Edy and f f(x)dx.
8

Step 4: Find the explicit solutions
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EXAMPLE 6

Try to solve the implicit equation
Gy)=Fx)+C

for y in terms of x. This will be the explicit solution to the differential equation.
Unfortunately, it is not always easy to solve this equation for y in terms of x.

The next example illustrates all four of the steps required to solve a separable
differential equation.

Solve the separable differential equation

y'=x(7+1).

Step 1: Identify f(x) and g(y)

Since this separable differential equation is already in factored form, we can see that
f(x) = xand g(y) = y* + 1.

Step 2: Find all constant (equilibrium) solutions

We must find all values y, such that g(yo) = (v5 + 1) = 0. Since y* + 1 > 0 for all y,
there are no such yy’s. Thus we conclude that there are no constant solutions.

Step 3: Find the implicit solution

1
Using the formula f —dy = f f(x)dx, we get

8)
1
fy2+1dy:fxdx.

1
f ] dy = arctan(y) + C1
y

2
X
dx=—+C2
[xax=%4

evaluating the integrals gives the implicit solution

Since

and

2
arctan(y) = > +C (%)

Note: We only need to include the constant once since it is arbitrary.
Step 4: Find the explicit solutions

To find the explicit solutions, we must try to solve equation (x) for y. Observe that

tan (arctan(y)) = y
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EXAMPLE 7

so that we can apply the tangent function to both sides of the implicit solution (x) to
get

2
y = tan (arctan(y)) = tan (% + C).
Therefore, the explicit solutions to the separable differential equation

y' = x07+1)
are all functions of the form )
X
=tan|—+C
where C is an arbitrary constant. There were no constant solutions.

Check your work: You can verify that these are the correct solutions by
differentiating.

If y =tan (% + C), then

2

, 5 (X 2x

= — +C|l—

"=z 3)
+

2
2
= — +(
X S€C ( > )

The trigonometric identity sec?(d) = 1 + tan*(6) give us that

2
y' = xsecz(% +C)

2
x(l + tan® (% + C))

= x(1+y)
which was the original separable differential equation, exactly as expected. <
Solve the differentiable equation
y'=xy+y.

Step 1: Identify f(x) and g(y) (if possible) to determine if the DE is separable

This DE factors as
y'=x+1y
so f(x) = x+ 1 and g(y) =y, so this DE is separable.
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Step 2: Find all the constant (equilibrium) solutions

Since g(y) =y, the only y, such that g(yg) = 0 is yo = 0. Therefore,
y=0
is the only constant solution.

Step 3: Find the implicit solution

1
If y # 0, using the formula f Edy = f f(x)dx, we get
8

fldy:f(x+1)dx
y

X2
ln(|y|)25+x+C (*)

SO

where C is an arbitrary constant.
Step 4: Find the explicit solutions

To solve the implicit equation () for y, we first exponentiate both sides to get

2
eln(lyl) — e%+x+C
o)
x2
| y | — 6C67+x
x2
- C167+x
where C; = ¢ > 0.
However,
x2
| y |: C167+x
means that
x2
y = +C1€7+x
2
— Cze%+x
where C, = +C; # 0.
Therefore, the solutions are
y=0 (equilibrium solution)
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or 5
5 x

y=Cse (explicit solutions)

where C, # 0.
Finally, since
y=0=0es*
we actually have that all of the solutions are of the form
y= C3€§+x

where Cj3 is an arbitrary constant. <

Strategy [Solving Separable Differential Equations]

Solving the separable differential equation

y' = f(0)g()

consists of 4 steps.

Step 1: Determine whether the DE is separable. You may have to
factor the DE to identify f(x) and g(y).

Step 2: Determine the constant solution(s) by finding all the values y,
such that g(yy) = 0. For each such yy, the constant function

y=y(x) =y
is a solution.

Step 3: If g(y) # 0, integrate both sides of the following equation

1
—dy= d
20) y ff(x) x

to solve the differential equation implicitly.

Step 4: Solve the implicit equation from Step 3 explicitly for y in terms
of x.

Step 5: [Optional] Check your solution by differentiating y to
deterimine if this derivative is equal to the original DE y’.
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DEFINITION

EXAMPLE 8

NOTE

Each of these steps could be difficult or even impossible to complete! For this
reason, it is often necessary to find qualitative solutions or numerical solutions for
the differential equation. We will discuss qualitative solutions later in the chapter. «

4.3 First-Order Linear Differential Equations

Linear differential equations form one of the most important classes of differential
equations. There is a very well developed theory for dealing with these equations
both algebraically and numerically. Furthermore, a common strategy for handling
many differential equations that arise in real world problems is to use approximation
techniques to replace the given equation by a linear one. In this section, we will
develop an algorithm for solving first-order linear differential equations that
provides a rather simple formula for determining all solutions to this class of
equations.

First-Order Linear Differentiable Equations [FOLDE]

A first-order differential equation is said to be linear if it can be written in the form

vy = fx)y + gx).

Consider the following differential equations:

1) The separable differential equation

y' =3x(y-1
may be rewritten as
y" =3xy-3x
so it is also linear.
i1) The differentiable equation
yl — x2y3

is not linear since the term y* is of third degree.

The next example will introduce a method for solving first-order linear differential
equations.
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EXAMPLE 9  Solve the first-order linear differential equation

y' =3xy - 3x.

The first step is to rewrite the differential equation so that “g(x)” is alone on the
right-hand side of the equation,

y' =3xy =-3x.
The next step is to multiply both sides of the equation by a nonzero function I = I(x)
to get
Iy' =3xIy=-3xI (1)

The goal is to find the nonzero function I = I(x) such that if we differentiate /(x)y(x)
we will get the left-hand side of equation (1). That is,

d :
T @y() = Iy = 3xly
x
Using the Product Rule we see that

d
2 d0y() = Iy’ +1'y
X

so we require that
Iy'+1'y=1Iy"-3xIy (2)

A close look at equation (2) shows us that we need

I'=-3xI (3)

Equation (3) is a separable differential equation which we know how to solve.

Since the only constant solution is I = I(x) = 0 and we require a nonzero function,
we proceed to Step 2 of the algorithm for solving separable equations.

Write |
f;d] = f(—?)x) dx.

3
In(| 1)) = —Exz +C.

This gives

Exponentiating shows that
3
|1]=Cie>*
where C; = ¢¢ > 0 and hence that

32
I =Cse 2%

with C, # 0.
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We only require one such function, so choose C, = 1. Then

I=1(x)= e 2
With this choice of / we now have an equation of the form
d
T @y(x) = =321
x

where I = I(x) = erv,

Integrating both sides of this equation gives us

d

| (d—(l(x)y(x))) dx
X

= f =3xI(x)dx

f —?))ce_%x2 dx

Let u = 22x? to get that du = —3xdx so dx = <4~ which gives

f—3x.e23)‘2 dx
= fe”du

= é+C

I(x)y

f(—3xl(x)) dx

=3 .2
= e2" +C

This means o
I(x)y=e2" +C.

Solving for y gives us

eV +C
I(x)

¥+ C

—

ez

1+ Ce2*

where C is an arbitrary constant.
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Finally, we can verify this answer by differentiating y to get
y' = Ce%x2(3x)
G0y -1
= 3xy-3x
which, as we expected, is the original DE that we were trying to solve. <

The function 7 = I(x) in the previous example is called the integrating factor. The
reasons for introducing such a function may look a little mysterious. However, in
general, the use of /(x) works for solving all first-order linear differential equations.

Strategy [Solving First-Order Linear Differential Equations]

Step 1:

Step 2:

Step 3:

Step 4:

Solving the first-order linear differential equation

y = f(x)y + g(x)

consists of 3 steps.

Determine whether the DE is linear. Write the equation in
the form

y' =y =g
and identify f(x) and g(x).
Calculate the integrating factor I(x) with I(x) # 0. Solve for /

by using
[ = ¢ Jf@adx

Since I(x) # 0, the solution is

~ [ g(0)I(x)dx
I

[Optional] Check your solution by differentiating y.

We can now state the following theorem which summarizes what we have learned
about solving first-order linear differential equations.
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THEOREM 1 Solving First-Order Linear Differential Equations

Let f and g be continuous and let

vy = fx)y + g(x)

be a first-order linear differential equation. Then the solutions to this equation are of
the form

 JeWIx)dx
I

where I(x) = ¢~/ @ dx,

Note: In theory, the method we have just outlined provides us with a means of
solving all first-order linear differential equations. However, in practice this only
works provided that we can perform the required integrations.

EXAMPLE 10  Solve the first-order linear differential equation
y =x-y.
First we rewrite the DE in the form y” — f(x)y = g(x) to get
y —(=ly)=x

so this DE is linear and we have f(x) = —1 and g(x) = x.

The integrating factor is
I(x) = e JEDdx = px,

The general solution can be found by using
JsWI(x)dx
I(x)
f xe* dx

ex

Integration by parts can be used to show

fxe"dx: xe* —e* +C.
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It then follows that

Il
)

I
[—
+
Q
Q

&

The general solutionisy = x — 1+ Ce™™.

Check your work. You can verify that this is the correct solution by differentiating

y. Since

y=x-1+Ce™*
then

y=1-Ce™.
We get
y = 1-Ce™
= x—(x—-1+Ce™
= Xx-—Yy

which is the original FOLDE. This verifies that y = x — 1 + Ce™" is the correct
solution.

4.4 Initial Value Problems

We have seen that a first-order differential equation

y'=fxy)
generally produces infinitely many solutions.

However, there are times when we are looking for a particular solution. This
happens, for example, when a real world problem dictates that the solution must
take particular values at a set of predetermined points. That is, we must satisfy
constraints such as

y(xo) = Yo
yx) = oy
yx) = »

y(x3) = »
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THEOREM 2

These constraints are called initial values or initial conditions and a differential
equation specified with initial values is called an initial value problem.

The use of initial values are often important in real world problems. For example,
we have seen that with unlimited resources, we can expect the population P(¢) of a
bacteria colony to satisfy the differential equation

P’ = kP
for some k. It is then easy to verify that the general solution to this equation is
P(t) = Ce"
where C is arbitrary and k is potentially unknown.

In this form, it is impossible to use the solutions to derive information about the
population at a specific time. However, suppose we knew that the initial population
at time ¢t = 0 was P,. This specifies the initial condition

P0) = Py.

Substituting ¢ = 0 into the general solution gives us
Py = P(0) = C"? = e = C.

Therefore, we now know that
P(t) = Pye".

If we also knew that the population at = 1 was P; we would have
P] = Poek(l) = Poek.

This gives us that

and hence that
P
k=1n (—1) .
Py

The population function has now been completely determined. (In fact, knowing the
population at any two distinct times completely determines the population function).

We have just seen how initial values can help us to determine which of the
potentially infinitely many solutions to a differential equation arising from a real
world problem gives the desired solution. For linear equations, this fact is illustrated
by the next theorem.

Existence and Uniqueness Theorem
for First-Order Linear Differential Equations

Assume that f and g are continuous functions on an interval I. Then for each xy € 1
and for all y, € R, the initial value problem

y' = f(x)y + g(x)
y(x0) = yo

has exactly one solution y = ¢(x) on the interval /.
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EXAMPLE 11

EXAMPLE 12

Solve the initial value problem

with y(0) = 1.

Observe that this differential equation is linear since it takes the form

Y = f(x)y + g(x) where f(x) = x and g(x) = 0, so the previous theorem tells us that
there will be a unique solution. However, this differential equation is also separable
since it can be written in the form y’ = f(x)g(y) with f(x) = x and g(y) = y, so we
can use the method developed for separable equations to find the solution.

The only constant solution is y = y(x) = 0 which does not satisfy the initial

conditions. Hence we have |
f —dy = f xdx.
y
2

X
In(lylh==+C

This shows that

SO ,
y=Cie”.
We also have that )
1=y(0) = Cie? = Cie” = C,.

X2 . . . . . .o .
Therefore y = eZ is the unique solution to this initial value problem. <

A Mixing Problem

Assume that a brine containing 30g of salt per litre of water is pumped into a 1000L
tank at a rate of 1 litre per second. The tank initially contains 1000L of fresh water.
It also contains a device that thoroughly mixes its contents. The resulting solution is
simultaneously drained from the tank at a rate of 1 litre per second.

Problem: How much salt will be in the tank at any given time?

Let s(r) denote the amount of salt in the tank at time ¢. Then s’(¥) is the difference
between the rate at which salt is entering the tank (in the brine) and the rate at which
salt is leaving the tank (in the discharge). Label these r;,(¢) and r,,(f), respectively.
That is,

5" () = rin(1) = rou(D).

S(?)

rin(t) —_—> — r()ul(l)

Salt in Salt out
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To find ri,(f) we note that the concentration of salt in the brine entering the tank is
constant at 30g per litre. The flow rate is 1L per second and the rate at which the salt
is entering the tank is the product of the concentration and the flow rate. Hence

L
() = 308 x 12 = 308
L S S

and so the rate at which salt is entering the tank is 30 grams per second.

Calculating r,.(?) is similar. It is the concentration of the discharge times the rate of
flow. The rate of flow is again 1L per second but this time the concentration is not
constant. In fact the concentration of the discharge is the same as that of the tank.

Since the concentration of salt in the tank is fo%)o, we get

s(1) s(2)
rou® = 7500 % 1 = To00

grams per second. It follows that

s()
1000

s'(t) =30 -

This is a first-order linear differential equation with f(7) = —ﬁ and g(¢) = 30.

(Note: It is also a separable DE). To solve the equation as a FOLDE, the integrating
factor 1(¢) is

t

I(r) = e‘fﬁ’ﬁ = ¢ T000

Using the FOLDE formula
_ Jewiwar
I
gives us
[ 30emm dr
s@) =
e 1000

30000e™ + C

t
e 1000

30000 + Ce™ ™0

Since s(0) = 0, we get
0 = 30000 + Ce° = 30000 + C

and hence
C = -30000.
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Therefore, at any given time
s(t) = 30000 — 30000¢™ ™

grams.

Finally, since lim e™* — 0, observe that

X—00

tlgg s(r) = tlgg 30000 — 30000 ™% = 30000
grams. This means that if the system was allowed to continue indefinitely, the
amount of salt in the tank would approach 30000 grams. At that level, the
concentration in the 1000L tank would be 30 grams per litre, which would be the
same as the inflow rate. Therefore, the system is moving towards a stable
equilibrium.

Note: In general, initial value problems need not have any solutions or may not
have unique solutions. For example, to see that the solutions need not be unique
consider the initial value problem

’

y =y

W=

with y(1) = 0. Then the constant solution
y=yx=0

satisfies the initial condition. However so do both

2 3
y=[3(r=DP.

4.5 Graphical and Numerical Solutions to Differential Equations

It is often is the case that an explicit formula for the solution to a differential
equation cannot be determined. When this occurs, we can still learn about the
possible solutions to a differential equation through a graphical analysis (direction
fields) or a numerical analysis (Euler’s Method).

4.5.1 Direction Fields

Most differential equations cannot be solved by obtaining an explicit formula for the
solution. However, we can construct local approximations to solutions by looking at
short segments of their tangent lines at a number of points (x, y), with the slope of
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these tangent lines determined by the differential equation. This set of tangent line
segments form a direction field and the direction field helps to visualize the solution
curve that passes through any point that sits on a solution to the differential equation.

For example, consider the differential equation
y =x+y.

This differential equation tells us that the derivative y’ (or slope of the tangent line)
of any solution whose graph contains the point (x, y) is the sum of the components
of the points, x + y.

Let’s consider a set of points (x, y) chosen at random. For each pair (x, y) the
corresponding value of y” is calculated. This information is listed in the following
table. The tangent line segments through (x, y) with the given slopes y’ are then

plotted.
x | y | tangent line slope from DE
y
y/ =Xx+Yy point (-1,3) |
210 y' ' =-2+0=-2 y'=S|0pe=?®
-1 0 y/:_1+0:—1 21
O 0 y’:O+O:0 RS / i
110 y'=140=1 ) .
210 y'=2+40=2 = A ; ?
0 1 y/:0+1:1 N, -1
11 y=1+1=2
2 1 y,:2+1:3 ]
13 Y =-1+3=2
-1 -1 y/:_1+—1:—2

For example, at the origin (0, 0), we have y” = 0 + 0 = 0, so the tangent line has
slope O at the origin which gives us a horizontal line segment there. Similarly, at

(1, 1), the tangent line has slope 2 so a line segment rising to the right is drawn. At
(=1, -1), the tangent line has slope —2 so a line segment falling to the right is drawn.

The more tangent line segments that are drawn in the direction field, the easier it is
to visualize the solution curves to this differential equation. However, this exercise
can become tedious if done by hand. Instead, a mathematical software program is
normally used to render the direction field.

—— 77777 M1 111111111
~—— 777771777 111111]1
~N~——=~" 7777177771 1171111
N~N~——~ /7787777171 1111]1
Th leted direction field NSt XA
e completed direction fie NN T2 s
for NN\NNN\NN~~——~ 7777777111
NNNNN\N~~——L~ 777777771

. NNNNNSNS~ -7 7 7777
y =x=ty R N VR M M S E— 2 v e Ay A A
RN e
is shown. VYL VNN NN SN~ 7
VYV VN VNN NNINN SN~ 7
A A N AR e ar
VYLV VLUV LN RN NN SN
LRSS =
| L A R A A A R R R R
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Once we can view the direction field, specific solutions can be sketched by drawing
along the tangent line segments. For example, the following diagrams show the
hand sketch of the solution to y” = x + y for y(0) = 1 and for y(—1) = 0 suggested by
the direction field. Notice that the solution curve for y(—1) = 0 is linear! By
studying the shape of these solution curve sketches, we can better understand the
nature of the solution set of the differential equation even though we may not know
the explicit solutions.

Sjélt;’»tipr}f: ‘ /
fory(0)=1 /-

/ F x
// ///

Note: Since this linear differential equation y’ = x + y can be solved explicitly with
the initial values y(0) = 1 or y(—1) = 0, it is a worthwhile exercise to compare the
explicit solutions with the solution curves we obtained from the direction field. <«

4.5.2 Euler’s Method

In the previous section, we used linear approximation to construct direction fields to
graphically approximate solutions to differential equations. We will explore this
idea further and describe an algorithm known as Euler’s Method for numerically
building an approximate solution to a differential equation y” = f(x,y) on a closed
interval [a, b].

Suppose the function y = y(x) is known to be a solution of a differential equation

y' = f(xy)

and that y(xo) = yo. This means that the point (xg, yo) is located on the graph of
y = y(x). Moreover,

y'(x0) = f(x0,¥0)

is the slope of the tangent line to the graph of y = y(x) through the point (x, yy). We
know near x that y(x) can be approximated by its linear approximation:

Ly,(x)

y(x0) + ¥ (x0)(x = xo)
Yo + f(xo, yo)(x — Xo)

In the following algorithm, the key idea will be the fact that if x is close to xy, then

y(x) = Ly, (x) = y(xo) + y ' (x0)(x — x0).
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Euler’s Method

The first step in this algorithm is to choose a partition
P={a=xo<x1<x<---<x,=b}
of the closed interval [a, b].

Let
@(xo) = ¢(a) = yo.
On the interval [xo, x;], we define ¢(x) to be the function

Ly, (x) = yo + f(x0,Y0)(x — Xo).

slope = f(xo,
Since this is the tangent P <( 0:Y0)

line approximation to y” at

the point (xo, yo), the graph

of L, (x) is a line through the /
point (xg, yo) with slope

equal to f(xg, yo)- J J J J J J

The next step is to calculate the value of this linear approximation at x; to determine
the y-coordinate of the right-hand endpoint of the tangent line approximation. This
is given by

y1 = Ly (x1) = yo + f(x0, y0)(x1 — Xo).
We can now find the linear approximation to the solution function through the new
point (x;,y;). The approximate solution will then be defined as

Ly, (x) =y + f(x1, yD)(x — x1)

on the interval [x, x»].

slope = f(x1,y1)
The graph is again a line

through the point (x, y;)
with slope equal to /
S, y0).

_——@

a = X X1 X2
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We then find y,, the y-coordinate of the right-hand endpoint of the new tangent line
approximation. We have

2 = Ly (%) = y1 + f(x1,y)(x2 — xp).

In a similar manner we find the linear approximation to the solution function
through the new point (x;, y,). This new approximation is

L, (x) = y2 + f(x2,y2)(x — x2)

and its graph is the line through the point (x,, y,) with slope equal to f(x,, y,).

Once again we let the slope = f(x2,2)
approximate solution agree

with this linear / -—‘\‘/.

approximation on the
interval [x, x3].

a = X X1 X2 X3

@(x)
We proceed in this manner

moving left to right until we
have defined ¢(x) on the /

entire interval [a, b].

In summary, Euler’s method begins at the left-hand endpoint x;, = a of an interval
and a short tangent line is created in the direction indicated by the direction field.
After proceeding a short distance along this tangent line, stop at the next location in
the partition x = x;, adjust the slope of the tangent line, and proceed in this new
direction. Repeat this process according to the direction field to find an approximate
solution ¢(x). It is important to emphasize that Euler’s method will not produce an
exact solution to an initial value problem. However, the larger the number of terms
in the partition and the closer together we choose successive points in the partition,
the closer ¢(x) will be to a true solution to the differential equation.
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EXAMPLE 13

4.6 Exponential Growth and Decay

It is known that a population of bacteria in an environment with unlimited resources
grows at a rate that is proportional to the size of the population. Therefore, if P(¢)
represents the size of the population at time ¢, there is a constant k such that

P’ =kP.

The general solution to this differential equation is given by
P(t) = Ce"

where C = P(0) represents the initial population.

P(1) = P(0)é

Exponential Growth

From the shape of the graph, it makes sense when we say that the bacteria
population exhibits exponential growth.

Physical considerations generally limit the possible solutions to the equation. In the
case of the bacteria population we will see that if we know the initial population as
well as the size of the population at a one other fixed time, then the exact population
function can be determined.

At time ¢ = 0, a bacteria colony’s population is estimated to be 7.5 x 10°. One hour
later, at ¢ = 1, the population has doubled to 1.5 x 10°. How long will it take until
the population reaches 107?

Let P(r) represent the size of the population at time ¢. We know that there is a
constant k such that
P’ =kP

SO
P(t) = CeM

and C = P(0) = 7.5 x 10°.

We also know that
1.5x 10° = P(1) = 7.5 x 107D,
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Therefore
K 1.5 x 10° 3

© T I5x105

To find k, take the natural logarithm of both sides of the equation to get

k = In(2).

This tells us that the population function is

P(t) = 7.5 x 10’

Now that we know the general formula for P(¢), to answer the original question we
need to find #, such that

P(fy) = 7.5 x 10°0 = 107,

Therefore,
on@o _ 107
7.5 % 10°
SO ;
10
In2)ty = In| ——
(nC2)to n(7.5><105)
and

10’
_In (7.5><105)

ty = = 374h .
0 In(2) ours

There are many other real world phenomena that behave in a manner similar to the
growth of a bacteria population. In other cases, rather than exponential growth, we
have exponential decay. For example, the rate at which radioactive material breaks
down is proportional to the mass of material present.

Let m(¢) denote the mass of a certain radioactive material at time ¢. Then there is a
constant k such that

d
d—n; =m’ = km.
We have
m(t) = CeM

where C = m(0) = M, is the initial mass of the material. Therefore,

m(t) = Mye®.

Since the amount of material is decreasing, m'(¢) < 0. But

m'(t) = km(¢)
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and m(t) > 0 so it follows that k < 0. Therefore, the graph of m(t) appears as
follows:

Exponential Decay

In particular, notice that
lim m(¢) = lim Mpe = 0
—o0

—o0

since k < 0.
We call such a process exponential decay.

All radioactive materials have associated with them a quantity #, known as the
half-life of the material. This is the amount of time it would take for one-half of the
material to decay. The half-life is a fundamental characteristic of the material.

Mathematically, if
m(t) = Mye*

then 1, is the time at which

M
m(t,) = M()ekth = 70

Dividing by M, shows that

kth I

¢T3

and hence that

kt, =In (%) = —1In(2).

Therefore, the half-life is given by the formula

[ = = ln(2).

k

In particular, this shows that the half-life of a material is independent of the original
mass.
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EXAMPLE 14

_Ih®
Half-life

Carbon Dating

All living organisms contain a small amount of radioactive carbon-14. Moreover,
each type of organism has a particular equilibrium ratio of carbon-14 compared to
the stable isotope carbon-12.

When an organism dies the equilibrium is no longer maintained since the
radioactive carbon-14 slowly breaks down into carbon-12. It is also known that
carbon-14 breaks down at a rate of 1 part in 8000 per year. This means that after 1
year an initial quantity of 8000 particles will be reduced to 7999. Hence

7999 = m(1) = 8000 "

so that

7999
k"ln(sooo)'

Problem 1: Find the half-life of carbon-14.

From the previous discussion, we know that
—1n(2)
k
—1In(2)
In (w)

, =

8000

IR

5544.83 years

Problem 2: After a fossil was found research showed that the amount of carbon-14
was 23% of the amount that would have been present at the time of death. How old
was the fossil?
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Let M, be the expected amount of carbon-14 in the fossil and let 7, be the age of the
fossil. Then the research shows that

(0.23)My = m(ty) = Moe*™.

We must solve this equation for #,. The first step is to recognize that

 (0.23)M,

0

ekto

=0.23

This shows that we did not need to find the quantity M, explicitly to solve this
question.

Taking the natural logarithm of both sides of the equation gives
kty = In(0.23)

and hence that

In(0.23)
k
In(0.23)

7999
In ( 8000)

= 11756 years

4.7 Newton’s Law of Cooling

Newton’s law of cooling states that an object will cool (or warm) at a rate that is
proportional to the difference between the temperature of the object and the ambient
temperature T, of its surroundings. Therefore, if 7'(¢) denotes the temperature of an
object at time #, then there is a constant k such that

T =k(T-T,.
If D=D() =T()-T,, then
D'=T"=kD
so D satisfies the equation for exponential growth (or decay). We know
D = Cé".

It follows that
T(t)=Ceé" + T,
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where C = D(0) =Ty — T, and Ty = T(0).
Therefore,
T(t) = (To — T)e" + T,.

There are three possible cases.

1. Ty >T,.

Physically, this means that the object is originally at a temperature that is
greater than the ambient temperature. This means that the object will be
cooling.

Since T'(¢) is decreasing
T' =kT-T,) <0.

However, T > T,, so that k < 0.
2. Ty <T,.

In this case, the object is originally at a temperature that is lower than the
ambient temperature. Therefore, the object will be warming.

This time 7' () is increasing so
T'=k(T-T, >0.
Since T < T,, it follows again that £ < 0.

3.Ty=T,.

Then
T =k(T-T,)=0

so the temperature remains constant. We call this the equilibrium state.

The diagram summarizes the possible graphs of the temperature function.

k<0
Ty > T,
Ta:TQ
;////E:;:—_—
k<O

Newton’s Law of Cooling
T(t) = (TO - Ta)ekt + Tu
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Notice that in all three cases,
Iim7() =T,.

t—00

Regardless of the initial starting point, if a process always moves towards a
particular equilibrium value, we call this value a stable equilibrium.

EXAMPLE 15 A cup of boiling water at 100°C is allowed to cool in a room where the ambient
temperature is 20°C. If after 10 minutes the water has cooled to 70°C, what will be
the temperature after the water has cooled for 25 minutes?

Let 7T'(t) denote the temperature of the water at time ¢ minutes after cooling
commences. The initial temperature is 7 = 100°C and the ambient temperature is
T, = 20°C. Newton’s Law of Cooling shows that there is a constant & < 0 such that

T(t) = (TO - Ta)ekl + Ta
(100 — 20)e! + 20
= 80" + 20

The next step is to determine k. Note that

70 = T(10) = 801 + 20

SO
50 = 80e'*.
Hence,
50
10k = In| —
o(5o)
and
(@)
10
= -0.047

We can now evaluate 7'(25) to get that the temperature after 25 minutes is

T(25) = 800042 420
44.71

degrees Celsius.
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4.8 Logistic Growth

We have seen that a population with unlimited resources grows at a rate that is
proportional to its size. This leads to the differential equation

P’ =kP.

However, the assumption that resources will be unlimited is usually unrealistic.
More likely, there is a maximum population M that the surrounding environment
can sustain. This means that as the population P(¢) approaches M, resources will
become more scarce and the growth rate of the population will slow. On the other
hand, when the population is small in comparison to the maximum population
possible, the growth rate will be similar to that of the unrestricted case since there
will be little resource pressure. It is known that such a population satisfies a
differential equation of the form

P’ = kP(M - P).

This equation means that the rate of growth is proportional to the product of the
current population and the difference from the maximum sustainable population.

Populations of this type are said to satisfy logistic growth and the differential
equation

y' =ky(M - y)
is called the logistic equation.

The logistic equation need not only model a population. However, in the special
case where we are trying to describe the behavior of a population, we have the
additional constraint that P(z) > 0.

Let Py = P(0) be the initial population at the beginning of a study.

Observe that if the initial population is smaller than M, then the population will be
growing. This means that we would have

0<P’'=kP(M~-P)

since both P and M — P are positive. As such, we would expect that k > 0.

However, if the initial population exceeds the maximum sustainable population,
then the population would decrease so

0> P’ =kP(M - P)

and again we would have k > 0 since P >0and M — P < 0.

A third possible case occurs when the initial population is already at the maximum.
In this case,
P ' =kP(M-P)=0

so the population would remain constant. This shows that P(t) = M is an
equilibrium solution.
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The last case we will consider occurs when Py = 0. In this case, we have that
P ' =kP(M-P)=0

which makes sense since there are no parents to produce offspring. Therefore,
P(t) = 0 s also an equilibrium, but its nature is quite different than that of the
equilibrium at P(t) = M.

It follows that in all cases, we may assume that P(¢) > O for all ¢ so that the possible
solutions look as follows:

S now
M
m

’_/ PO:0

t

Logistic Growth

You will notice that as long as Py # 0 we have

lim P(t) = M.

t—00

This means that P(t) = M is a stable equilibrium. However, since we will never
move towards an equilibrium of P(f) = 0 once there is a nonzero population,
P(t) = 0 is called an unstable equilibrium.

So far, we have presented a qualitative solution to the logistic growth problem.
However, since the equation is separable, we can try to solve it algebraically. We
have already observed that P(x) = 0 and P(x) = M are the constant solutions. We

can then try to solve
1
f—dP: fkdt:kt+C1
P(M - P)

To evaluate [ Far—p AP we use partial fractions.

The constants A and B are such that

1 A B

— = —+
PMM-P) P M-P
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or
1 =AM - P) + B(P).

Letting P = 0 gives

1 =AM)
SO
1
A= —.
M
Letting P = M, we get
1 = B(M)
and again
1
B=—.
M
Therefore

1 1 1+ 1
PM-P) M|P M-P|
It follows that

[sa=m2 = 5| par+ [ spar
P(M — P) M|J) P M-P

%[ln(l P)-In((M-PDI+C,

1 P
_ (P
M \|M-P|

‘We now have that

1 | P(2) |
—In|l—————|+C, =kt + C;.
M“(|M—P(t>| ’ !
Therefore,
| P(2) |
In[—————|=Mkt+C
! (| M= P()| ’
where Cj is arbitrary.
This shows that
(PO _ i
| M — PQ) |

where C = ¢© > (.
There are two cases to consider.
Case 1: Assume that 0 < P(t) < M. Then

| PO PO

_ Mkt
M-P0)| M-P@ ¢
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Solving for P(t) would give

P(?) (M — P(1))CeM™

= MCeM - P(Ce"™

so that
P(t) + P(1)CeM™ = MCeM*.

We then have
P)(1 + CeM*y = MCeMM

and finally that

MCeMkt
1 + CeMkt

C Mkt
M=t
1 + CeMk

P(@)

There are two important observations we can make about this solution.

(a) Since C > 0, the denominator is never O so the function P(¢) is continuous and

CeMkt

O< Ticom <!

so that
O<Pty<M

which agrees with our assumption.

(b) Since k > 0, we have that

. ) CeMk
Y ]
] CeMkt
= Mo
=M
and it
. . Ce
A, PO = B M =

This shows that the population would eventually approach the maximum
population M but if you went back in time far enough, the population would
be near 0. Both of these limits are consistent with our expectations.
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If t = 0, then .
Ce C
P = P O = M = M .
0= PO =M en =M
Solving for C yields
Py(1+C)=MC
Py+ PyC =MC
Py = (M - Py)C
and finally that
Py
C =
M - Py
Mkt
The graph of the function P(¢) = M T3 Coltta looks as follows:
P

Logistic Growth

Case 2: If P(0) > M, then

|PO)] _ Pt) P

- — — Mkt
\M—-PGt)| M-Pt) P-M Ce™.

Proceeding in a manner similar to the previous case, we get that there exists a
positive constant C such that

CeMkt

P(r) = Mm

Notice that this function has a vertical asymptote when the denominator

ceM —1=0.
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Moreover, the function is only positive if

Ce" > 1

or equivalently if
1
eMkt > —
In ¢)
The use of some algebra shows that this happens if and only if ¢ > - to.
If we ignore the fact that population must be positive, the graph of the solution
Mki

function P(t) = M Tl — 1 appears as follows:

)

Since we are looking for a population function and so we require P(¢) > 0, we will
only consider values of  which exceed fy. Therefore, the graph of the population
function is:
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EXAMPLE 16

It is still true that

Mkt
i Py = im M= =
and
lim P(¢) = oo.

z—>tg

M.

A game reserve can support at most 800 elephants. An initial population of 50
elephants is introduced in the park. After 5 years the population has grown to 120
elephants. Assuming that the population satisfies a logistic growth model, how large

will the population be 25 years after this introduction?

Let P(¢) denote the elephant population ¢ years after they are introduced to the park.
We know that there are positive constants C and & such that the population of

elephants is given by

CeSOOkt

P(1) = 800~

Recall that if Py = P(0), then
Py

M-Py
We are given that Py = P(0) = 50 and M = 800. Then

C =

C- 50 50 1
~800-50 750 15°
Therefore,
1800kt
15¢
P = 8001—.
1 + L o800ks
15
To find k, we use the fact that
1 ,800k(s)

120 = P(5) = 800—2

1 + L 800k(5)”

15

Hence

120 3 11_5 £S00K(S)
800 20 [ + L eBO0KS)
and thus
9 #4000k
4 1+ L 4000k
Cross-multiplying gives
9 1
Z(1 4 — H000ky _ 4000k
gUrgse )=
and o 3
74 = £A000k _ 4000k
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EXAMPLE 17

SO
9 _ 1_7 £A000k
4 20 '
This means
ﬁ — 4000k
17
and finally that
In (%)
~ 4000

Substituting k back into the population model and evaluating at r = 25 we get

Ini %
23003505~ (25)

1
800—L

(%
1+ % 2800 fo}}))m)

P(25)

11_5851[1(%
= 800—>———
1+ %esm(ﬁ)

717 elephants

It follows that after 25 years the population has very nearly reached its maximum

(800 elephants).

Logistic growth also applies to many other situations.

A rumor is circulating around a university campus. A survey revealed that at one
point only 5% of the students in the school were aware of the rumor. However, since
news on campus spreads quickly, after 10 hours the rumor is known by 10% of the

student body. How long will it take until 30% of the students are aware of the
rumor?

Let r(¢) be the fraction of the student body at time ¢ that have heard this rumor. Then

0<r(®<l.

Experiments have shown that the rate at which a rumor spreads through a population
is proportional to the product of the fraction of the population that have heard the

rumor and the fraction that have not. Therefore, there is a constant k such that

r’'=kr(l1-r)

and so this is a logistic growth model with M = 1. It follows that there is a positive

constant C such that
C ekt

1+ Cekt’

r(t) =
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We know that at #(0) = 0.05 so
r(0) 0.05
C= = = 0.0526315
1-r(0) 0.95
and hence that
0.1 = r(10)
% 10k
1+ 2 0k
Therefore 0.005 0.05
01 + . 10k - 10k
095 ~095°
and 0.045
0.1 = ——'%,
0.95 ¢
This gives
Q106 _ 0.095
~0.045
and ( )
In (2095
0.045
k= = 0.07472
10
Finally, we want to find 7, such that
Celo
03=——.
1 + Cekt
Therefore,
0.3(1 + Cel"y = Ce™
o)
0.3 = 0.7Cé"
and
ko _ 0.3
0.7C
This shows that
0.3 0.3
oo In (W) 3 1“(0.7(0.0526315)) _28.07
0 k 0.07472 '
hours.
After 28.07 hours, 30% of the student population had heard the rumor.
<
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There are many other important examples of logistic models that are similar to the
previous example. For example, the spread of disease through a population also
behaves like the spread of a rumor and as such can be studied with a logistic growth
model.
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Chapter 5

Numerical Series

The main topic in this chapter is infinite series. You will learn that a series is just a
sum of infinitely many terms. One of the main problems that you will encounter is
to try to determine what it means to add infinitely many terms . We will accomplish
this task by defining the sequence of partial sums and then studying the convergence
of the series.

5.1 Introduction to Series

The Greek philosopher Zeno, who lived from 490-425 BC, proposed many
paradoxes. The most famous of these is the Paradox of Achilles and the Tortoise. In
this paradox, Achilles is supposed to race a tortoise. To make the race fair, Achilles
(A) gives the tortoise (T) a substantial head start.

A T

—@ @

I P

Zeno would argue that before Achilles could catch the tortoise, he must first go from
his starting point at P to that of the tortoise at P;. However, by this time the tortoise
has moved forward to P,.

A T
—0 & @
PO P] P2

This time, before Achilles could catch the tortoise, he must first go from P; to where
the tortoise was at P,. However, by the time Achilles completes this task, the
tortoise has moved forward to P;.

A T
R P

_oe

_.
PO
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EXAMPLE 1

Each time Achilles reaches the position that the tortoise had been, the tortoise has
moved further ahead.

AT

hee

— o o o
R X R R B4R

This process of Achilles trying to reach where the tortoise was ad infinitum led
Zeno to suggest that Achilles could never catch the tortoise.

Zeno’s argument seems to be supported by the following observation:

Let #; denote the time it would take for Achilles to get from his starting point Py to
P,. Let t, denote the time it would take for Achilles to get from P, to P,, and let #3
denote the time it would take for Achilles to get from P, to P;. More generally, let
t, denote the time it would take for Achilles to get from P,_; to P,. Then the time it
would take to catch the tortoise would be at least as large as the sum

h+bh+iz3+l+---+1,+---

of all of these infinitely many time periods.

Since each ¢, > 0, Achilles is being asked to complete infinitely many tasks (each of
which takes a positive amount of time) in a finite amount of time. It may seem that
this is impossible. However, this is certainly a paradox because we know from our
own experience that someone as swift as Achilles will eventually catch and even
pass the tortoise. Hence, the sum

h+bh+t+t 4+ +t,+- -
must be finite.

This statement brings into question the following very fundamental problem.

Problem: Given an infinite sequence {a,} of real numbers, what do we mean by the
sum

ai+ay+az+as+---+a,+---7

To see why this is an issue, consider the following example.

Let a, = (—1)""'. Consider
I+-D+1+CED+1+CED+1T+(=D)+---

If we want to find this sum, we could try to use the associative property of finite
sums and group the terms as follows:

MT+ED]+[1+ED]+[1+ED]+1+ D]+
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DEFINITION

This would give

0+0+0+0+---

which must be 0. Therefore, we might expect that

I+-D+1+CED+1+(CD+1+(=D)+---=0.
This makes sense since there appears to be the same number of 1’s and —1’s, so
cancellation should make the sum O.

However, if we choose to group the terms the differently,

1+ + N+ [ED+ 4D+ 0+ (=D + 1+

then we get

1+0+0+0+0+---=1.

Both methods seem to be equally valid so we cannot be sure of the real sum. It
seems that the usual rules of arithmetic do not hold for infinite sums. We must look
for an alternate approach.

<

Since finite sums behave very well, we might try adding all of the terms up to a
certain cut-off k and then see if a pattern develops as k gets very large. This is in fact
how we will proceed.

Series

Given a sequence {a,}, the formal sum
a+a+az+ag+---+a,+---

is called a series. The series is called formal because we have not yet given it a
meaning numerically.

The a,’s are called the ferms of the series. For each term a,, the index of the term is
n.

We will denote the series by

o0
Sa.

n=1
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Note that all of the series we have listed so far have started with the first term
indexed by 1. This is not necessary. In fact, it is quite common for a series to begin
with the initial index being 0. In fact, the series can start at any initial point.

final index
N
(o]
Z‘an =ajtajgtajptajpt...
n=j

initial index

DEFINITION Convergence of a Series

Given a series .
Sa
n=1
for each k € N, we define the k-th partial sum S ; by
k
S k = Z a.

n=1

(o9

We say that the series ), a, converges if the sequence {S;} of partial sums

n=1
converges. In this case, if L = %im S i, then we write

ian:L

n=1

and assign the sum this value. Otherwise, we say that the series ), a, diverges.

n=1

We can apply these definitions to the series that we considered earlier in this section.

EXAMPLE 2 Leta, = (-1)""!. Consider the sequence of partial sums:

S] = a =1
S, = a+a = Si+a, = S§-1 =
S; = aj+a+as = So+ta; = S,+1 =
S4 = aj+ary+asz+ay = S3+as = S3-1 =0
Ss = aj+amr+az+tas+as = Si+as = Ss+1 =1
Therefore,

g = 0 if kis even
k 1 ifkisodd
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EXAMPLE 3

This shows that the sequence of partial sums {S;} diverges, and hence so does

gl(_l)n—l .

Determine if the series

converges or diverges.

Observe that

Moreover, we can write

Therefore the series becomes

To calculate S ; note that

k= n n+1

n=1

1 1 1

4 4 5

If we regroup these terms, we get

.1 1 .1 1

1 1
Sio= =D+ G-D+G- PG+ +(

2 2 3 4
1 1 1 1 1 1 1 1
= l—(==—2)=(==2)—(==-=
(2 2) (3 3) (4 4 5
1
- 1-0-0-0-0—=+-+—-0—= ——
0-0-0-0 0 P

Then

1 1 1 1
1=+ G-+ G-+ G-+

(52—

1
G

I 1 1
TS
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DEFINITION

(o]
. . . ]
Since the sequence of partial sums {S;} converges to 1, the series 21 — - converges
n=

and

o1
Zn2+n:1'

n=1

What is remarkable about the previous series is not that we were able to show that it
converges, but rather that we could find its sum so easily. Generally, this will not be
the case. In fact, even if we know a series converges, it may be very difficult or even
impossible to determine the exact value of its sum. In most cases, we will have to be
content with either showing that a series converges or that it diverges and, in the

case of a convergent series, estimating its sum.

The next section deals with an important class of series known as geometric series.
Not only can we determine if such a series converges, but we can easily find the

sum.

5.2 Geometric Series
Perhaps the most important type of series are the geometric series.

Geometric Series

A geometric series is a series of the form

[ee)
Zr":1+r+r2+r3+r4+---
n=0

The number r is called the ratio of the series.

If r = (—1), the series is

Z(—l)“:1+(—1)+1+(—1)+1+(—1)+1+(—1)+~~

n=0
which we have already seen diverges.
If r = 1, the series is

D=l lel+l+T+-
n=0

k
which again diverges since S = ), 1" = k + 1 diverges to co.
n=0

Question: Which if any of the geometric series converge?
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Assume that r # 1. Let

Sp=l+r+r+r+rt+-.-+/.

Then
rSy = r(1+r+r2+r3+r4+---+rk)
= r+r+r+rt 4o,
Therefore
Se=1Se = (M+r+rP+r+rf++/H -0+ +r7++ -+ 7+~
— 1—1"k+]
Hence

(1=rSy=Si—rSy=1-r*

and since r # 1,

1= rk+1

Sp=—.
k 1-r

The only term in this expression that depends on k is 7**!, so %irn S exists if and

only if I}im r**1 exists. However, if | 7 |< 1, then 7#**! becomes very small for large k.

That is ]}im 1 =0.

If | 7 |> 1, then | 7**! | becomes very large as k grows. That is, ;im | 71 |= oo.

Hence, lim #**! does not exist.

k—o0

Finally, if r = —1, then #**! alternates between 1 and —1, so ]}im r**1 again diverges.

This shows that 7**!, and hence the series Y ", converges if and only if | r |< 1.

n=0
Moreover, in this case,
_ k+1
limS; = lim
k—o0 k— o0 1 —-r
1 — lim /!
_ k—o0
1-r
1
1-r
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THEOREM 1

EXAMPLE 4

THEOREM 2

EXAMPLE 5

Geometric Series Test

o0
The geometric series ) r" converges if | r |[< 1 and diverges otherwise.
n=0

If |  |< 1, then

Evaluate rg‘o (%)n

SOLUTION  This is a geometric series with ratio r = % Since 0 < % < 1, the

. . X n
Geometric Series Test shows that }; (%) converges. Moreover,
n=0

206 -

n=0

NI

5.3 Divergence Test

It makes sense that if we are to add together infinitely many positive numbers and
get something finite, then the terms must eventually be small. We will now see that
this statement holds for any convergent series.

Divergence Test

Assume that ) a, converges. Then

n=1

lim a, = 0.

n—oo

Equivalently, if lim a, # 0 or if lim a, does not exist, then ), a, diverges.
n—oo

n—00 n=1

The Divergence Test gets its name because it can identify certain series as being
divergent, but it cannot show that a series converges.

Consider the geometric series ), r" with | r |> 1. Then lim #" = 1 if r = 1 and it

’1:0 n—oo

does not exist for all other » with | » |> 1 (in other words, if r = —1 or if [r| > 1). The

Divergence Test shows thatif | » [> 1, then }, 7" diverges. <
n=0
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The Divergence Test works for the following reason. Assume that ), a, converges
n=1

to L. This is equivalent to saying that
lim S, = L.

k—o0

By the basic properties of convergent sequences, we get that
]}11’11 Sk—l =L
as well.

However, for k > 2,
k k-1

Si=8Sr1 = Zan_zan
=1 =1

(a1+a2+a3+a4+---+ak_1+ak)—(a1+a2+a3+a4+-~~+ak_1)

Therefore,
]}11’1’1 ap = l}lm(Sk - Sk—l)
= limS; - limS;_;
k—o0 k—o0
= L-L
= 0.
EXAMPLES

1. Consider the sequence {-"5}. Then

n

li =1.
n1—>rgn+1

Therefore, the Divergence Test shows that

N
Zn+1

n=1

diverges.
2. While it is difficult to do so, it is possible to show that

lim sin(n)

n—oo

does not exist. Therefore, the Divergence Test shows that the series

(9

Z sin(n)

n=1

diverges.
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3. The Divergence Test shows that if either lim a, # 0 or if lim a, does not

n—00 n—o0o

exist, then ), a, diverges. It would seem natural to ask if the converse
n=1

statement holds. That is:

Question: If lim a, = 0, does this mean that ), a, converges?

n—oo n:l
We will see that the answer to the question above is: No, the fact that

lim a, = 0, does not mean that )’ a, converges.

n—oo n=1

Leta, = 1 and

Then

%!
[\

Il
[
+

%!
n
Il
p—
+
+

o W =
+
Bl—a =Bl
N

—

= 1+

+
—_
|
+

p—

+

+
~~~
K=

= 1+

+
Y

= 1+
Sg:l+

= 1+

+
,r
+
U
+
~~
|
+
|
+
O | =
+

> 1+

Il

p—

+

+
| =
| =

Il

p—

+
NSRRVSE SNl SN R (S L SR R SR SR SN L S S e S e S

We have seen that

S] = S20 = 1+Q
S, = S2I = 1'|'i
Sq4 = Sp > 1+£
Sg = > 1+§

Sy
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A pattern has emerged. In general, we can show that for any m
m
Som>1+ E

However, the sequence 1 + 5 grows without bounds. It follows that the partial
sums of the form §,» also grow without bound. This shows that the series

Y, L diverges to oo as well. <

n=1

This example shows that even if lim a, = 0, it is still possible for }; a, to diverge!!!

Note:

1.

n—oo n=1

The sequence {%} was first studied in detail by Pythagoras who felt that these
ratios represented musical harmony. For this reason the sequence {%} is called

(o8]
the Harmonic Progression and the series ), ﬁ is called the Harmonic Series.
n=1

We have just shown that the Harmonic Series ) % diverges to co. However,
n=1

the argument to do this was quite clever. Instead, we might ask if we could
use a computer to add up the first k terms for some large k and show that the
sums are getting large? In this regard, we may want to know how many terms
it would take so that

The answer to this question is very surprising. It can be shown that k£ must be
at least 10°°, which is an enormous number. No modern computer could ever
perform this many additions!!!

Recall that in Zeno’s paradox, Achilles had to travel infinitely many distances
in a finite amount of time to catch the tortoise. If D, represents the distance
between points P,_; (where Achilles is after n — 1 steps) and P, (where the
tortoise is currently located), then the D,’s are becoming progressively
smaller.

D, D, D, , D
; ; B

n
R

sU @

Rk,

-1

If ¢, 1s the time it takes Achilles to cover the distance D,, then the t,’s are also
becoming progressively smaller. In fact, they are so small that lim #, = 0 and

n—oo

indeed it is reasonable to assume that

2
n=1

converges! This is how we can resolve Zeno’s paradox.
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THEOREM 3

5.4 Arithmetic of Series

Since convergent series can be viewed as the limit of their sequences of partial
sums, the arithmetic rules for sequences can be applied whenever they are
appropriate. With this in mind, we get:

Arithmetic for Series |
Assume that } a, and } b, both converge.

n=1 n=1

(o8]
1. The series ), ca, converges for every ¢ € R and

n=1

2. The series ) (a, + b,) converges and

n=1

i(an +b,) = ian + i b,.
n=1 n=1 n=1

These rules should not be surprising. They follow immediately from the
corresponding rules for sequences.

There is one other rule that we will need that does not have an analog for sequences.

Given a series ), a,, let j € N. Let

n=1

(o)
Zan:aj+aj+]+aj+2+aj+3+~-- .

n=j

We say that ) a, converges if

n=j

lim Tk
k—o0
exists, where
J+k—1
Tk = Z a, = a; +Clj+1 + ajy2 + ajy3 + .- +Clj+k_1.
n=j

The following theorem relates the convergence of the series ), a, with that of the
n=j

[
original series ), a,.
n=1
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THEOREM 4

EXAMPLE 6

Arithmetic for Series Il

1. If 3, a, converges, then ) a, also converges for each ;.

n=1 n=j

[e9) [ee)
2. If ) a, converges for some j, then }; a, converges.
n=j n=1

In either of these two cases,

(o) (o]
Zan:a1+a2+---+aj_1+2an.
n=j

n=1

Observation: As a consequence of the previous theorem, we make the following
very important observation. Given a sequence

ap, s, asz, -+ , 4y, """
and the first j — 1 terms are changed to create a new sequence

by, by, b3, by, -+

where b, = a, and if n > j, then the series ) a, and ), b, are identical. Hence, they
n=j n=j
either both converge or both diverge. The previous theorem can now be used to

show that either both } a, and ) b, converge or they both diverge!!! Therefore,
n=1 n=1

convergence of a series depends completely on the zail of the sequence of terms.
Changing finitely many terms will not affect convergence, though in the case of a
convergent sequence it will almost always affect the final sum.

A ball is launched straight up from the ground to a height of 30m. When the ball
returns to the ground it will bounce to a height that is exactly % of its previous
height. Assuming that the ball continues to bounce each time it returns to the
ground, how far does the ball travel before coming to rest?

Prior to returning to the ground for the first time, the ball travels 30m on its way up
and then 30m down for a total of 2(30) = 60m.

On the first bounce, the ball will travel upwards ?m and down again the same
distance for a total of 2 (33—°)m.

On the second bounce, the ball will travel upwards one third the distance of the first
bounce or

1(30 30

—|—]=—m.

313 32

It will also travel down the same distance for a total of 2 (z—g))m

Foundations of Calculus 2 (B. Forrest)?



Section 5.4: Arithmetic of Series 191

On the third bounce, the ball will again travel upwards one third the distance it

traveled on the second bounce or
1(30) (30
g —32 = —33 m.

With the downward trip, the third bounce covers a distance of 2 (%)m.

Note the pattern that has formed. On the n-th bounce, the ball will travel a distance
of 2 (2—S)m. The total distance D the ball travels will be the sum of each of these
distances.

30m

30/3m

® 30/3’m

3
30/3°m
ol ].30/(3;‘m 30/3)°m 30/(3)8 m

® O e

30/3)°m  30/(3)" m

Distance=2[30-+ 30/3+30/(3)° + 30/(3)3 + 30/(3)* + 30/(3)° + 30/(3° + 30/(3) "+ 30/(3)8 + ...]

Therefore, using our rules of arithmetic and what we know about geometric series,

we get
30 30 30 30
1 1 1 1
= 2001+ 4+ g5+ h o]
_ 6oi(l)"
B 3
n=0
60
-]
= 90 meters.
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Since we are assuming that the ball will bounce infinitely often, we might expect
that this process would continue forever. However, this is not the case. In fact, the
reasoning is very similar to that of the resolution of Zeno’s paradox since the
amount of time it takes for the ball to complete each bounce decreases very rapidly.
Indeed, by using some basic physics, we can actually calculate the total time it
would take for the ball to complete its travels.

It is known from physics that if a ball is dropped, it will fall a distance

1
S = —gt
2g

meters in ¢ seconds, where g = 9.81 m/(sec)? is the acceleration due to gravity.
Therefore, if a ball is dropped from a height 4 we can determine how long it will
take to reach the ground. We have

1
h=—gt
2g
so that
£ = 2h
8
or
2h
t= —_—.
8

In our case, the ball will take the same amount of time to make the upward trip as
the downward trip. Therefore, the total time it will take to complete the n-th bounce
(the O-th bounce is the original trip) will be

2h,
8

th =2

where £, 1s the height of the n-th bounce. But

30
-2

2(30) 60 1y
=202 o 2 —
A PED [ g](\/i)

It follows that the total time it will take for the ball to complete all of the bounces is

hy

SO
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= 11.708 seconds.

5.5 Positive Series

We will soon see that the Monotone Convergence Theorem can help us determine
the convergence of series, particularly those series with positive terms. Recall the
following definition:

DEFINITION Monotonic Sequences

Given a sequence {a,}, we say that the sequence is

1) non-decreasing if a,,; > a, for every n € N.
i) increasing if a,,, > a, for every n € N.
iii) non-increasing if a,., < a, for every n € N.

1v) decreasing if a,,, < a, for every n € N.

We say that {a,} is monotonic if it satisfies one of these four conditions.

The Monotone Convergence Theorem gives us a simple criterion for determining
the convergence or divergence of a monotonic sequence.

THEOREM 5  Monotone Convergence Theorem (MCT)
Let {a,} be a non-decreasing sequence.

1. If {a,} is bounded above, then {a,} converges to L = lub({a,}).

2. If {a,} is not bounded above, then {a,} diverges to co.

In particular, {a,} converges if and only if it is bounded above.
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DEFINITION

Note: A similar statement can be made about non-increasing sequences by
replacing the least upper bound with the greatest lower bound and oo by —oo. <

Positive Series
We call a series ), a, positive if the terms a, > 0 for all n € N.

n=1

Assume that a, > 0 for all n. Let

k
Sk:Zan:a1+a2+---+ak

n=1

be the k-th partial sum of the series with terms {a,}. Then

k+1 k
Sie1 =Sk = Zan_zan
n=1 n=1
= (a1+a2+---+ak+ak+1)—(a1+a2+---+ak)
= Qg+
> 0
This shows that
Sie1 = Sk

so {S} is a non-decreasing sequence. The Monotone Convergence Theorem tells us
that there are two possibilities for the sequence {S;}:

1. {S4} is bounded and therefore, by the MCT it converges.

2. {S} diverges to co.

In terms of the series this is equivalent to

(e8]
1. 2 a, converges.

n=1

2. 2 a, diverges to co.

n=1

Key Observation: Therefore, for positive series, the convergence of the series
essentially depends only on how large are the terms a,. Generally speaking, the
larger the a,’s, the more likely it is that a series will diverge to co and the smaller the
a,’s, the more likely it is that a series will converge.
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To make this statement more precise, assume that we have two series,

ian and ibn
n=1 n=1

with 0 < a,, < b, for all n € N. Assume also that the series ) b, with the larger
n=1
terms converges to some number L. Since a, < b, for all n € N, we would not

expect ), a, to diverge to co. In fact, if we let

n=1

k
=1

Sk: a,
and
k
Tk:an,
n=1
then
Sk = at+ta+---+a
< bi+by+---+ b
= T
< L

since L = lim T5.

k— o0

We have shown that for each k,

SkSLZEbn.
n=1

However, the sequence {S} is increasing and we have just shown that it is bounded
above by L. The Monotone Convergence Theorem shows that {S;} converges to
some M with M < L. In other words,

ianzM.

n=1

On the other hand, if the series ), a, with the smaller terms diverges to infinity, then
n=1
we can make the partial sum S, as large as we like. But, S, < T}, so that we can

make the T}’s as large as we like. This shows that

lim Tk = o0

k—o0

so that )’ b, diverges to co.

n=1
This leads us to one of the most important tools we will have for determining the
convergence or divergence of positive series.
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5.5.1 Comparison Test

THEOREM 6  Comparison Test for Series

Assume that 0 < a,, < b, for eachn € N.

1. If ), b, converges, then ) a, converges.

n=1 n=1

2. If ), a, diverges, then }’ b, diverges.

n=1 n=1

Remark: We must make three important observations concerning the Comparison
Test.

1. If ) a, converges, then we cannot say anything about }; b,.
n=1 n=1

2. If ), b, diverges, then we cannot say anything about )’ a,.
n=1 n=1
3. Since the first few terms do not affect whether or not a series diverges, for the
Comparison Test to hold, we really only need that
0<a,<b,

for each n > K, where K € N. That is, the conditions of the theorem need only
be satisfied by the elements of the tails of the two sequences.

EXAMPLE 7  We have seen that the Harmonic Series )’ % diverges. We also know that

n=1

1 1
0<-=<—
n =V
foralln e N. Leta, = % and b, = % Then the Comparison Test shows that the
series Y \/iﬁ also diverges. <

n=1

EXAMPLE 8 Consider the series

(o8]

1 - 1
an—n:;n(n—l)'

n=2

If we use a method similar to that of the Partial Fraction decomposition, we get that

1 1 1

nn—1) :n—l n
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Let

SN N R R WA

Sl sl a) s ) )

Since lim S = lim 1 - 1 = 1, the series ), —— converges with

k—o0 —00 n=2

= 1
Z - L
Lin?—n
Next, observe that for n > 2, we have n> > n*> — n and hence that
1 1
0<—=< .
n? n*-n

However, we have just shown that ), ﬁ converges to 1. We can use the
n=2

Comparison Test to conclude that }, nlz converges and that

n=2

> 1

P

n=2 n

We can now immediately conclude that the series }; n1_2 also converges and
n=1

> 1 1 o1
Z;:§+Zﬁsl+1:2
n=1 n=2

In fact, using techniques that are beyond the scope of this course, it can be shown
that 3, L = = = 1.64493. <
n=1

Foundations of Calculus 2 (B. Forrest)?



Chapter 5: Numerical Series 198

EXAMPLE 9

EXAMPLE 10

Let p € R with p > 2. Then for each n € N, n? < n”. Hence

1 1
< .
nP = n?

0<

Mg

Since Z] nlz converges, the Comparison Test shows that if p > 2, nip also
p
converges.

S
1l
—_

If p <1, then n” < n for each n € N. It follows that

1
n_p.

0<-<

S| =

This time, we know that the series ), % diverges. The Comparison Test shows that
n=1

] .
2. 7 also diverges.

n=1

Therefore, ), ni,, converges if p > 2 and diverges if p < 1. It would be natural to ask
n=1

about what happens when 1 < p < 2. For example, does Y, -5 converge?

n=1n2

Unfortunately, we have
1

<
n2

<

:|,_
S| =

[SI[o%)

Since Y, & converges and -5 < -, this tells us nothing about ¥, . Similarly,
n2

n=1 n=1 n2

[Se]
since ), % diverges and L% <
n=1 n

, this tells us nothing about Y, -
n=1 n2

1
n

By making use of what we know about Improper Integrals, we will see later that

> L actually converges. |
n=1n2
Recall that
nl=1-2-3---n
for n > 1 and that
0l'=1.

Problem: Show that }, # converges and that
n=0 "

Note: In fact )’ % =e.
n=0
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First consider that

Leta, = - and let b, = 5.

Then
1 1 1
a = T:§:F:bl
11
@ = 75=5°b
o1y
BT T 33 122 277
B R SR S
da 1-2.3.4 1222 2 ™
1 1 1
a, = - = b,

This shows that 0 < a,, < b, for each n € N.

Now

n=1 n=1
1 1 1
= §+§+22+
_ ii
j=02]
B 1
- 1
1-3
= 2
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Since 0 < a, < b, for eachn € N and ), b, converges, the Comparison Test shows

n=1
o0

that ) a, = ). # also converges and that

n=1 n=1
_' b — 2.

M

0<

Il
—_

n

However, since a,, < b, for each n > 3, we have that

0<i’%<ibn:2.
’ n=1

n

Il
—_

ButZ$:i+i+%+--->1.Theref0re,

Finally, since

we get that

We have seen that the Comparison Test can help determine whether certain series
converge. We will now present a variation of the Comparison Test that will work for
a significant collection of series, including all of those series where the terms are
ratios of polynomials in n. We begin with such an example.

EXAMPLE 11  Leta, = 2. Notice that if 7 is very large, then (—n + 1) is negligible in

nd-n+l"
comparison to n*. Therefore, we could say that for large n

w-n+1=n

and so
2n 2n 2

an:—"’—:—

mw—-n+1" nd n?

2n
n3-n+1

In other words, for very large n the terms a, =
to n%

are roughly comparable in size
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THEOREM 7

(o] [s+]
We know that }; n]—2 converges and hence so does ), n% Since

n=1 n=1

2n
n3—n+1

we might guess that }; also converges. Unfortunately,
n=1

0<2< 2n
n nmw-n+1

for all n. This means that we cannot immediately apply the Comparison Test to
establish the convergence. However, we will be able to show that the next theorem
will work in this case. It is essentially an upgraded version of the Comparison Test.

<

5.5.2 Limit Comparison Test

Limit Comparison Test (LCT)

Assume that a,, > 0 and b,, > O for each n € N. Assume also that

where either L € R or L = oo.

1. If 0 < L < oo, then }; a, converges if and only if )] b, converges.

n=1 n=1
2. If L =0and } b, converges, then )’ a, converges. Equivalently, if ) a,
n=1 n=1 n=1

diverges, then so does ). b,.
n=1

3. If L = 0o and }; a, converges, then ), b, converges. Equivalently, if ), b,
n=1 n=1 n=1

(o)
diverges, then so does ). a,.
n=1

PROOF

Assume that
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1) If 0 < L < oo, the interval (£, 2L) is an open interval containing L. It follows

2)

3)

that we can find a cutoff N € N so that if n > N, then

L a
— <2 <2L
2 b,

or equivalently that

L
E-bn<an<2Lbn

Now if }’ a, converges, then the Comparison Test shows that
n=1

converges and hence so does

If ) b, converges, then so does
n=1

iZLJ)n.

n=1
But again we can use the Comparison Test to show that
al’l
n=1
converges.

If L = 0, then we can find a cut off N € N so that if n > N, then

0<@<1

or equivalently that
0<a,<b,.

In this case, if ), b, converges, then } a, converges as well by the

n=1 n=1

Comparison Test. Equivalently, if }’ a, diverges, then so does }’ b,,.
n=1

n=1

If L = oo, then we can find a cut off N € N so that if n > N, then
n > 1
by
or equivalently that
b, < a,.
If 3 a, converges, then ), b, converges by the Comparison Test.
n=1 n=1

Equivalently, if ), b, diverges, then so does )’ a,.
n=1

n=1
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Remarks:
We can informally summarize why the Limit Comparison Test works.

If lim 2 = L where 0 < L < oo, then for large n we have

n—o0 by

IR

L

SHE

or
a, = Lb,.

This suggests that } a, converges if and only if }, Lb, converges. However, the
n=1 n=1

properties of convergent series show that if 0 < L < oo, then ), Lb, converges if and

n=1

only if }} b, converges. Combining these statements gives us that ), a, converges if
n=1 n=1

and only if )} b, converges.

n=1

When lim ¢ = L where 0 < L < oo, we say that a,, and b, have the same order of

n—o0 by

magnitude. We write
a, = b,.

The Limit Comparison Test says that two positive series with terms of the same
order of magnitude will have the same convergence properties.

If lim 7 = 0, then b, must eventually be much larger than a,. In this case, we write

n—o0 bn

a, < b, and we say that the order of magnitude of a, is smaller than the order of
magnitude of b,,.

In this case, if the smaller series ), a, diverges to oo, it would make sense that }; b,
n=1 n=1
also diverges to co.

Finally, if lim % = oo, then a,, must eventually be much larger than b,. That is

n—o00 bn

b, < a,. This time, if the larger series ), a, converges, it would make sense that

n=1

> b, would converge as well. |
n=1
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EXAMPLE 12

EXAMPLE 13

Leta, = n}_zﬁ and b, = nl—z Then

an  _ Wiavl
- 1
2n?
n-n+1
. ( 2 )
- 3 1 1
ALt s
2
- 1 1
1 ) + 3
Therefore,
) 2 2
lim — = lim =-=2
n—)oobn n—><>ol_l2_|_i3 1
n n-

This confirms for large n that a, = =2~ = 2b, = 5.

m-n+1

Since ) nlz converges, the first statement in the Limit Comparison Test shows that
n=1

21 n3—2:zl+l converges as we expected. <

=

Show that E} sin( ) diverges.
n=1

1
It can be shown that for any 0 < x < 1 that O < sin(x) < x and hence that

1 1
0< sin(—) < -
n n

(o)
for each n € N. However, since )’ i diverges, we cannot use the Comparison Test
n=1
n

directly to show that }; sin(l) diverges. (Why?)
n=1

Recall that the Fundamental Trigonometric Limit states that as x — 0, &f‘) — 1. As
n — oo, we have ﬁ — 0. Therefore, by the Sequential Characterization of Limits

lim sin (%)

n—oo 1
n

=1.

If we let a,, = sin (%) and b, = %, then we have just shown that

Since ) % diverges, the Limit Comparison Test shows that )’ sin ( ]) diverges. <

n=1 n=1 "
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EXAMPLE 14

5.6 Integral Test for Convergence of Series

We have seen that the series )| ﬁ diverges while the series Z % converges. The

n=1
Comparison Test can then be used to show that if p > 2 the series Z nip converges,
n=1

while if p < 1 the series Z diverges. We are not yet able to determine what

happens when I<p< 2 smce the Comparison Test fails in this case since

n2 < L < Lforn > 1, and the convergence of a series with smaller terms or the
dlvergence of a series with larger terms does not help us determine whether a
particular series converges or diverges.

It turns out that we can use improper integrals to establish the convergence or
divergence of this remaining case. To see how we do this, we will consider the

o0
series ), -y
n=1n2

Show that Z T converges.
=1 n2

We begin by noting that the series Z _ converges if and only if the series Y L

n1n2 n=2n

converges. Next we will consider the function f(x) = % This function is

3
2

continuous on [1, o) and is decreasing on this mterval You can verify the last
statement by noting that the derivative is f'(x) = —Ex 7, which is negative if x > 0.

The function appears as follows:

Observe that on the interval [1,2], f has a minimum value of - at the
22

right-endpoint x = 2. Therefore,
1
f(x) = —3
2
for all x € [1,2].
From this fact and the following diagram,

we see that the area of the rectangle with flx) = %
helght and width 1 is less than the

integral fl x—% X. 53
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Similarly, we see that f(x) = XL%
1 1 31
— + — < f Y dx.
22 32 X2 L
27 | L
32

Continuing on we get that for any k € N, k > 2,

\

S| =
\
V/

+
| —
| =

IA
I
=

=
— 2= DM
w ‘
[\S][08}

=
i |

We know that

110
= lim -2x2
b— oo 1
I -2 N 2
= m | —— —
| V5 TV
= 2

This shows that for every £,

Therefore, {S} is an increasing sequence that we have just seen is bounded. The

Monotone Convergence Theorem tells us that it must converge. Therefore, 3. -
n=2 n2

converges. Finally, this shows that 3° -5 also converges as we expected. <

3
n= n2

—_
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EXAMPLE 15  We can use a similar argument to provide us another way to show that }’ % diverges.
n=1

Let f(x) = % Then we know that

* b
f —dx lim | —dx
1 X b—oo 1 X
lim (o
- 0 n(x)l
= lim [In(b) ~ In(1)]

= &

so that flm i dx diverges.

Since f(x) = }C is decreasing, the maximum value for the function on an interval of
the form [n,n + 1] occurs at the left-hand endpoint n with f(n) = % It follows that

N+

fn 1 % dx is smaller than the area of the rectangle with height f(n) = % and base of
width 1 between n and n + 1.

1
flo) =-
X
1/1]1|1 ]
12|34 al R
1 2 3 4 5 n n+l k k+1

must also grow toward co as k gets large. Therefore, }; % diverges. <

n=1
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Remark: It turns out that the process we have used in the last two examples
provides us with powerful tools for studying the convergence and divergence of
many important series. In general, we will assume that

1. fis continuous on [1, c0).
2. f(x) >0on[l,o0).

3. fis decreasing on [1, c0).

Let a, = f(n). Then just as was the case for f(x) = % forany n € N, n > 2, the
2

minimum value for the function f(x) on the intervalx[n — 1, n] is at the right-hand
endpoint and as such is f(n) = a,. Again, as in the case of f(x) = %, for any k € N,
x2

k > 2, we have
k

k
Zan:a2+a3+--~+ak§f f(x)dx.
1

n=2
Xf(z)

\ o

fi y = f(x)

Therefore, if floo f(x) dx converges, then

k 00
ZanSf F(x)dx < o
n=2 1

for each k. Using the Monotone Convergence Theorem, this shows that if

flm f(x) dx converges, then so does 22 a,. Finally, we get that 21 a, also converges.
n= n=
: k k : .
As we have justseen » a, =a +az+---+a; < f1 f(x)dx. From this observation
n=2
we get that

k
2
n=1

k
a) + E a,
n=2

k
a1+ff(x)dx.
1

IA
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Allowing k to approach co, we see that if flm f(x)dx < oo converges, then

Z < 1+f f(x)dx.

n=1

Again, just as was the case for f(x) = )lc, for any n € N, the maximum value for the
function f(x) on the interval [n,n + 1] is at the left-hand endpoint and as such is
f(n) = a,. It follows that for any k € N, we have

k+1

k
f(x)dx§a1+a2+a3+---+ak:Zan.

n=1

f(1)
/2
y=f)
S3)
IAC))
S i
NACS)
aj an as as eoe eee a, 000 ay ——
1 2 3 4 5 n n+l k k+1

This means that if f f(x)dx diverges to oo, then Z a, must also diverge or

n=1

equivalently that if Z a, converges, then so does f f(x)dx.

n=1

Combining what we have done so far we get that }; a, converges if and only if

n=1

[ f(x)dx converges!

Note: We have just seen how improper integrals can help us analyze the growth
rates of the partial sums of a series. In fact, so long as the series arises from a
function f with the stated properties we have that for each k € N that

k
fxydx< Y ay<an+ f f(x) dx.
n=1

k+1

Assume now that )’ a, converges to S. Then by allowing k to approach oo in the
n=1

previous inequality we get

fwf(x)dxsb’ < fwf(x)dx+a1.
1 1
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Unfortunately, if a; is large, this estimate for S is rather crude. The good news is
that we can do better!

Observe that since the terms in the series are positive, we have

0 < S-S5«

This means that estimating how close the partial sum is to the final limit is
equivalent to estimating how large is the sum of the tail of the series.

However, as the following diagram shows

0<S -S¢= n < dx.
<S=S5i= Y as [ fwas

n=k+1

y=fx)
............. ak+1ak+2ak+3ak+4 ces cee an+1 cee secsssscsssces
k k+1 k+2 k+3 k+4 n n+1

The previous discussion leads us to the following important test for convergence.

THEOREM 8 Integral Test for Convergence

Assume that

1. f is continuous on [1, c0),
2. f(x)>0on[l,c),
3. fis decreasing on [1, o), and

4. ap = fk).
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Foreachn e N, let S, = 2 a;. Then
k=1

i) Foralln e N,
n+1 n
f f(X)deSnSa1+f f(x)dx.
1 1

ii) Z a; converges if and only if f f(x) dx converges.
k=1

iii) In the case that ) g, converges, then

k=1
f f(x)dxsz 1+f f(x)dx

and

f"" fx)dx<§-5,< foof(x)dx,
n+1 n

where § = f: ay. (Note that by (i1), fn - f(x)dx exists.)
k=1

Note: In the case where the series and the improper integral converge, they do not
have to converge to the same value. Furthermore, all of the conditions are important,
particularly that f is eventually decreasing (or at least non-increasing). Otherwise,
the series and the improper integral could converge or diverge independent of one
another.

The conditions of the Integral Test do not have to hold on all of [1, o) for this
analysis to be useful. What is really important is that they hold from some point
onward. In fact, if these three conditions hold on the interval [m, co) for some
positive integer m, then we can conclude that

Z a, converges if and only if f f(x) dx converges.

n=m

L converges and that
1n2

We have essentially used the Integral Test to show that Z

Z diverges. Since Z + converges, the Comparison Test shows that Z

nP
n= ln2 n=1

converges for any p > 5 and we know from before that Z -5 diverges if p < 1. We

n=1

still don’t know what happensif 1 < p < 5. The Integral Test can help us fill in this
gap.
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THEOREM 9

EXAMPLE 16

p-Series Test

The series }; nip converges if and only if p > 1.

n=1

PROOF
We already know that Z = converges 1f p > 2 and it diverges for p < 1. We can use
the Integral Test to address the missing interval.

. It is easy to see that if p > 0, then f(x) satisfies the
= f(n) = =, then for any p > 0,

the series Z — will converge if and only if the improper integral f Ldx
n= 1

converges. However, we know that

“1

f —dx

o XP

converges if and only if p > 1. Since we know that ), nl,
n=1

Consider, the function f(x) = F
three hypotheses of the Integral Test. If we let a, =

diverges if p < 0, this tells

us that Z — will converge if and only if p > 1. []

n= 1

Show that N
; ni—n+l1
converges.
We will use the Limit Comparison Test and the p-Series Test.
A close look at the terms of the series shows that for large n,
Lo

3 3°
n2-n+1 n2

IR

In fact
1 3
) n3 . o n2—-n+1
lim - = lim ————
n—o00 3 n—oo ni
n2-n+1
) 1 1
= llm(l - —3)
n—oo nz n2
= 1
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EXAMPLE 17

Therefore, the Limit Comparison Test shows that Z —L— converges if and only if
n=1 n2 n+1

M
|-

S

converges. However, the p-Series test shows that Z T converges. We can

n2 nln2

Il
—_

n

conclude that Z

n=1 n2-n+1

converges as well. <

Determine whether the series Z converges.

ln(n)

Consider the function f(x) = Then

X ln(x)

1. f(x) is continuous on [2, c0).
2. f(x) > 0on[2,0).

3. f(x) is decreasing on [2, 00).

While all of these claims are easy to verify, we will explicitly show that condition 3
holds. To do this, note that from the quotient rule it follows that

(x1In(x))(0) — (In(x) + 1)(1)
x*(In(x))?
—(In(x) + 1)
x?(In(x))?
< 0

[

if x > 2.

This shows that f’(x) < 0 for every x € [2, o). Hence, f(x) is decreasing on [2, c0).
Alternatively, we could have observed that the function x In(x) is increasing on
[2, ) and as such its reciprocal - ln(x) must be decreasing.

We can apply the Integral Test to see that Z converges if and only if

n ln(n)

fz xln(x) dx converges.

Now
f o d li 1 d
x = lim X
»  xIn(x) b—oo J, xIn(x)
To evaluate f = ( 5 dx use the substitution u = In(x), du = < to get
b In(b)
1 1
f dx = f —du
» xIn(x) mne)
In(b)
B In(2)

In(In(b)) — In(In(2))
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Therefore,
S b
f dx = lim
»  xIn(x) b—eo ), xIn(x)
= l}im In(In(b)) — In(In(2))
= &
Since fz xln(x) dx diverges, the Integral Test shows that Z also diverges. <

EXAMPLE 18  Show that i m converges.
n=2

Let f(x) = It is easy to verify that

JE
X(n()?
1. fis continuous on [2, c0).

2. f(x) > 0on [2,00).

Moreover, since x(In(x))? is increasing for x > 2, it follows that f(x) =

decreasing. Alternatively, f'(x) = — 2+In(x)

x2(In(x))3

n ln(n)

1 .
() 18

which is negative for x > 2. Therefore,

the Integral Test can be used to conclude that }, n(lnlw converges if and only if
n=2

fz x(ln(x))z dx converges.

b oL
To evaluate f2 m dx, use the substitution u# = In(x), du = d—;‘ to get

b
fz anGy

Therefore,

0 1
f2 anGy

In(®) 1
f —2 du
R U

lln(b)
B _; In(2)
1 1
~ In2) In(b)

|
li _
bl—{?"fz xinGoP @

lim ! — !
b—eo In(2)  In(b)
1
In(2)
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EXAMPLE 19

o0
. o 1 1
Since fz TEOF dx converges, so does ng‘z P

5.6.1 Integral Test and Estimation of Sums and Errors

The Integral Test is a powerful tool for determining the convergence or divergence
of many important series. However, much more can be said. In fact, we have seen
that if

1. fis continuous on [1, c0),

2. f(x) >0on[l,00),

3. f(x)1is decreasing on [1, o),
4. a, = f(n), and

k
5. Sk: Zan,

n=1

then
k+1

k
f()dx < Sy Sf f(x)dx + a,.
1 1

Therefore, we can use integration to estimate the value of the partial sum S of the

(o)
series ). a,.
n=1

How large is the k-th partial sum S, of the harmonic series ), %?
n=1

In this case, f(x) = 1 and a; = 1. But we know that

k+1 k
1 1 1 1
f —dx<Sy=—-+ +-~~+—5f—dx+a1
1 X 1 k 1 X

f L ar = @) = 1n(e) = In(1) = In(e)
1 X 1

| =

Since

for any value of ¢ > 0, this inequality becomes

1 1 1
< —F k=<
1n(k+1)_1+2 +k_ln(k)+1

If we let k = 1000, we see that In(1001) = 6.908754779 and
In(1000) = 6.907755279. This tells us that

1 1 1
. < —dF i —< 7.
6.908754779 < 1 + > +- 4+ 1000 < 7.907755279
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EXAMPLE 20

If k = 10°, then the inequality would show us that

I 1 1
< 444 —<
20.72326584 < 7 + > 4+ 4 T 21.72326584

What is remarkable about these estimates is not their accuracy in estimating a
particular partial sum, but that while we know the harmonic series will diverge to co,
after 1000 terms the sum has not yet exceeded 8, and after 1 billion terms, the sum is
still less than 22! This shows us that we would not have been able to guess that this
series diverged by testing some partial sums on a computer.

To emphasize home this last comment consider how many terms one would have to
add together so that

1 1 1
Sk:T+§+-~-+%>IOOO.

‘We know that
St = Ink).

As such to have §; > 1000 we would need enough terms so that
1000 < In(k).
This means that we should have

k> elOOO ~ 10434

This is an enormous number. |

The p-Series Test shows that the series )’ n% converges. Let
n=1

Estimate the error in using the first 100 terms in the series to approximate S. That is,
estimate |S — S 100/

The first observation we make is that since all the terms are positive we have that
S — 8100 > 0 and hence that

IS = Si00l =S = S100-

But we also know from the Integral Test that

<1 |
—dx<S -8 Sf — dx.
ﬁmﬁ 100 100 X*
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EXAMPLE 21

But for any m € N, we have that

fmld lim bld
—dx = 1l — dx
m-x4 b—>oomx4
i 1

= lim -],

1

lim — — —

o 33 33
1

3m?3

Substituting m = 101 and m = 100 respectively in 317 we get that
1 €SS < 1
3(101)3 ~ %= 3(1003
or

3.2353x 1077 <8 = S 100 < 3.3333x 107",

Now if we calculate S g9 we get S 190 = 1.082322905 (up to 9 decimal places) and
hence our prediction would be that

1.082323229 < § < 1.082323238
In fact, it is actually known that

o1 a7
=Y — = — =1.082323234
S Zln4 o = 108232323

which does indeed lie within our range. <

The Integral Test tells us that the series Y. —L— converges. But it can also show us
i n(In(n))

oo

that the series converges very slowly. For example, suppose that S = }; n(ln]W and
n=2

k
Sk =3 wineor Then we know that

n=2
S -85, = f ) ! d
=)0 xineor "

b 1 In(b) 1
—dx = f —du
j/: x(In(x))? In(k) u?

1 In(b)

u

But

In(k)
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DEFINITION

1 1
In(k)  In(b)

Therefore,

| , b
fk MGy X = 355‘ofk anGy

1
In(k)  In(b)

= lim
b—oo

1
In(k)

This means if we want

S—Sk<m

we would choose & so that | |

< RS
In(k) 100

or equivalently that
100 < In(k) &= k> ',

Therefore, to have the partial sum S; approximate the final sum to within only %

we would need roughly e!® = 10* terms.

5.7 Alternating Series

<

We have seen that for a series ), a, with positive terms (in other words, a, > 0 for

n=1

all n) that | a, will either converge if the terms are small enough or it will diverge

n=1
to co.

Without the assumption that a,, > 0 for all n, the situation can become much more
complicated. In this section, we will look at one more class of series whose

behavior is particularly nice.

Alternating Series

A series of the form

(e8]
Z(—l)"‘lan =a;—a+az—as+---

n=1

or of the form

(59
Z(—l)"an =-—a1+ay—az+as—---

n=1

is said to be alternating provided that a,, > 0 for all n.
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EXAMPLE 22

The most important example of an alternating series is

> 111
PG e
p— n 2

___+...'
3 4

Problem: Does the series Z( 1y-1i - converge?
n=1

For positive series, we saw that two series with terms of the same order of magnitude
would either both converge or both diverge. If a, = (=1)""'1 and b, = 1, then

1
|an|:_:|bn|
n

so the terms a,, and b, are of the same order of magnltude Our rule of thumb would

suggest that since Z diverges, we might expect that 2( 1)~ “ would also

n=1
diverge. However, Z (—1)”‘1% is not a positive series

n=1

LetS; = Z( 1)"'2 be the j-th partial sum of the series Z( 1)"'1. Then

n=1
S =1

We can represent this graphically by beginning at 0 and then moving 1 unit to the
right toreach S| = 1.

v

W — ¢

Next we have that

Again, this can be represented graphically. This time we begin at §; = 1 and then
move % units to the left to reach S, =

a,=1/2

A

w
N
wn— ¢ VY
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Notice that since we have moved to the left, we have S, < §, but since % was
smaller than 1, we did not get back to 0. This means that

O<S2<S].

In the third step, we get

1 1 1 5
- 4-=S,4+2=2.
S3 2+3 SQ+3 6

To reach S ;3 we move to the right a total of % units. It is also very important to note
that because % < % we do not get all the way back to §;. That is,

0<52<S3<S1.

a3=1/3

»
»

ay=1/2

w — ¢
—

Sy S3

The fourth step will take us to the left a total of % units. Since our previous move to
the right was % units and clearly i < %, we now have

0<S,<8S,<85;<8,.

—

_— >

Sy 54 S3 5

After two more steps, we see a clear pattern emerging with

0<8S, <S4 <Se<S5<853<95,.
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a,=1/6
g1
a,=1/4
a3=1/3

v

w — ¢

S2 S4 Sé S5 SS 1

The terms with even indices are getting larger, while the terms with odd indices are
decreasing. In fact, if we continue on we will see a picture that looks as follows:

wn— ¢ Y

8 515 (S5 Ss

Sok Sox

If we denote the odd indexed terms by Sy fork =1,2,3,--

- and the even indexed
terms by Sy for k = 1,2, 3, -- -, then after 2k steps we have

0<8S, <S4<Seg<- <SSy <Spu1<---<855<85;<8,.
Eventually, we will have two sequences consisting of the odd partial sums {S 21}
with

S1>83>85>-->8Sy1>Sys1>--->0
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and the even partial sums {S,;} with

So<84<Se< - <Su <SSy <---<1.

Both of the sequences are monotonic and bounded. The Monotone Convergence
Theorem shows that they both converge. Let

]}1m SZk—l =M
and
]}im So=L.

Since the elements of {S,;_;} decrease to M and the elements of {S,;} increase to L,
we can show that
L<M

L::M

I o P g—o PY Py
T < ¢

1
Sy 545 Sy Syi%5 S5 Sy

Moreover, since the odd terms and the even terms combine to give the entire
sequence {S ;} of partial sums, to show that {S ;} converges we need only show that
M = L. The key observation is that

Sy <L<M< Sy

for every k. But to get to S 5, from S;_;, we subtract ﬁ This is equivalent to stating

that
1

Sok-1 =S = =
2%k-1 % =5y

Moreover, the distance between M and L is less than the distance from S;_; to S 5.
Putting this all together gives us

1
O<M-L<—
2k
for every k € N. Since ﬁ can be made as small as we would like, the last statement
can only be true if L = M.
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We have just succeeded in showing that the sequence {S ;} of partial sums of the

series ). (—1)"‘% converges. This means that ) (—1)”‘% also converges.

n=1 n=1
There is one more observation that we can make. The process above shows that any
two consecutive partial sums S ,, and S ,,,; will always sit on opposite sides of the
final sum. If we denote ), (—1)”‘1% by L, then this means that the distance from S,

n=1

to L is less than the distance from S, to S ,,4+1.

However, to get to S, from S ,,, we either add or subtract ﬁ units depending on
whether m is odd or even. Either way this tells us that the distance from S, to S .41
is exactly ﬁ Therefore, we get that for any m,

1
|Sm_L|S|Sm_Sm+1 |: - .
m+1

Om+]=]/(m+])

That is, the partial sum §,, approximates the sum of the series }; (—1)"‘1% with an
n=1
error of less than ——. <
m+1

Important Observation: A careful observation of the analysis of the series

> (—1)”‘1% will show that we used the following properties of the sequence a, = %

n=1
to show that the series converges:

1. a, > 0 for all n.
2. a, < a, for all n.

3. lima, =0.

n—oo

In fact our analysis is valid for any alternating series with these properties. We can
summarize this in the following theorem:
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THEOREM 10  Alternating Series Test (AST)

Assume that

1. a, > 0 for all n.

2. ap+1 < a, for all n.

3. lima, = 0.

n—oo

Then the alternating series

converges.

(o)

D (-1 a,

n=1

k 00
If Sy = 3 (-1)""'a,, then S; approximates the sum S = Y (—1)*"'a, with an error

n=1

that is at most a;,;. That is

PROOF

n=1

| Sk =8 < agyr.

We will show that the two subsequences of partial sums {S,;_;} and {S 5} converge
to the same limit L.

We first prove that both subsequences are monotonic. We have

Soten-1 — S 2k-1

= Sor1 — S
241 -1

= > D", - Y (=D,
n=1 n=1

= (=D*ay + (=)D gy,

= —ay t+ A+
< 0

This shows that {S ,;_,} is decreasing. Similarly,

Sy — S 2k

>

Sok+2 — Sk
242

2k
D= a = Y (=D,
n=1 n=1
(=D gy + (=)D gy,

Wh+1 — A2k+2

0

This shows that {S »;} is increasing.

+2
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Now we will show that both subsequences are bounded. We have

Sou-1 = (a1 —ax) + (a3 —as) + -+ + (an-3 — A1) + Az
> 0+0+---+0+ax-1
> 0
and
Su = ay—(ay—az)—(as —as) — -+ — (Axy- — ax—1) — Az
< a4 —0-0—-—0—ay
< a

Hence {S -1} is bounded below by 0 and {S 5} is bounded above by a;. By the
Monotone Convergence Theorem, ]}im So-1 =L €eRand ]}im Sor =M eR.

Next we show that L = M. To see why this is the case we note that

2k-1

%
IS0k = S ok-1l = Z(—l)n_lan - Z(—l)"_lan = ay.
n=1

n=1

Then

M - L]

lim [S o — S 2x-1]
k—o0

= lim [25)%

k—o0

0

so L = M and the series converges. Next we let
S =) (-1)"a,.
n=1

Finally, since {S ,;} increases to S and {S,;_;} decreases to S, we have
Su <8 <S8

for all k € N. This shows that S sits between S and S, for each k € N.

Thus we get that

1St =S| <18k = Skl = =D ars| = @iy

for all k € N. This proves the last part of the theorem. ]
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EXAMPLE 23

Remark: There are a few important observations we should make concerning this
theorem.

1. Historically, the series ), (—1)”‘1% is the most important of the alternating
n=1

series. For this reason it is usually called The Alternating Series.

2. All three of the conditions in the statement of the theorem are important for
the theorem to be valid. However, it is actually sufficient for the first two to
hold for all » > M where M is some fixed integer. In this case, the error
estimate will only be valid when k > M.

3. For the series Y (=1)""'a,, we have

n=1

0 < 52§S4§S6§...SSst_,_Z(_l)n—lan

Therefore, if jis even, S ; under estimates the sum and if j is odd, S ; over
estimates the sum.

4. With the obvious changes, the theorem remains valid for series of the form
D (~1'a,
n=1

provided that the three assumptions on the sequence {a,} hold.

Show that the series Y (—1)"! n1—3 converges and determine how large k must be so
n=1

that
= 1
| S, — §(—n“t§|<1o*.

n=1

Leta, = n% Then
1 1

ShEly w

and lim ”% = 0. Therefore, the series Y, (—1)"""! n% converges by the Alternating

n—eo n=1

Series Test.

The Alternating Series Test tells us that

1

= 1
n—1 _
[S6= D (D5 1< d = G

n=1

We must choose k large enough so that

1 -6

10
G+1p
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After cross-multiplying this inequality is equivalent to

10° < (k + 1)°.

Taking cube roots of both sides gives
102 <k+1

and hence that
99 < k.

Therefore, if k > 100, then

= 1
[Si= ) -1 = 1< 107,
n=1

It is not surprising that this series converges since the terms become quite small very

quickly. In fact, the series ), n% also converges.
n=1

We can use the Integral Test to see how many terms are needed so that

[Se]

1
7= = 1< 107

n=1

k
where Ty = ), n% The Integral Test tells us that

n=1
- 1 <1
E n—1
| Tk - n:1(_1) E |< L ;dx

Now

y -1 N 1
= m\|— —_—
b—oo \ 2%  2k2
1
2k?

We would like to choose k large enough so that

1 -6
2_k2<10

Foundations of Calculus 2 (B. Forrest)?



Chapter 5: Numerical Series 228

EXAMPLE 24

or equivalently so that
10° <R
> .

Taking square roots of both sides of this inequality shows us that we require

1000
— <k
V2
and since % =707.1068, we get that k must be at least 708 to ensure that the error
in approximating Y’ (~1)""'-k by T} is no more than 107°. <

n=1

The previous example illustrates the fact that alternating series converge much more
quickly than positive series with terms of equal magnitude. An even more extreme
example of this phenomenon can be seen by comparing the number of terms it
would take for the partial sums of the alternating series

= 1
n—1
;(_1) n(In(n))?

versus the partial sums of the positive series

(o)

Z 1
n(In(n))?

n=2
to be within 1072 of the corresponding sum.

In the case of the series

(o)

n—1 1
2D n(In(n))?

n=2
we can use the Alternating Series Test to show not only that the series converges,
but also that

k 00
_1\y-1 1 _ _ 1yl 1 1
HZ_;( D n(In(n))? ;( D n(In(n))? = (k + D(In(k + 1))*

If we sum up to k = 14, then since

1 1 .
(k + D(In(k + 1))2 = (15)(In(15))2 = 0.009091 < 00

we will be within 1072 of the final sum.

‘We can show that the series

(o)

Z 1
n(In(n))?

n=2
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DEFINITION

converges using the Integral Test. Moreover, we have already seen that the Integral
Test shows us that to approximate the final sum within a tolerance of 1072 we would
need to use approximately e!% terms. This number is larger than 10** which as we
mentioned before is unimaginably big! In particular, this example shows us that we
could not find a reasonable approximation to this latter sum by simply asking a
computer to add the terms one by one. |

5.8 Absolute versus Conditional Convergence

Recall that the Harmonic Series }, % diverges, while the Alternating Series

n=1

> (—1)”‘1% converges even though the terms have the same order of magnitude. In
n=1

fact, . . .
i
n n n

and the second series converges because of the cancellation that occurs as the terms
of the series alternate in sign.

On the other hand, both ¥, 5 and Y, (~1)""'- converge because - is small enough!
n=1 n=1

We will see that there are differences between series that converge because the
magnitude of the terms is small and those that rely on cancellation. We begin with
the following definition:

Absolute vs Conditional Convergence

A series ). a, is said to converge absolutely if

n=1
[se]
D layl
n=1

converges.

(o)
A series ). a, is said to converge conditionally if
n=1

diverges while

converges.
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EXAMPLE 25 The series ), (—1)”‘1% converges by the Alternating Series Test. However,

n=1

S EEE R S RE .
ngl | (=1)"" - |= ngl - diverges so that nZ:]l(—l)" < 1s conditionally convergent. |

EXAMPLE 26 If a, > O for each n, then | a, |= a,, so the series ). a, either converges absolutely or
n=1

it diverges. <

EXAMPLE 27  The series Y, (5})" converges absolutely since Y, | (31" |= 3 (3)" converges by the
n=0 n=0 n=0

Geometric Series Test. <

The terminology for absolute versus conditional convergence seems to suggest that
if a series converges absolutely it should also converge without the absolute values.

Question: Is it possible that ), | a, | converges while )’ a, does not?

n=1 n=1

It turns out that such a scenario is not possible as the following theorem illustrates.

THEOREM 11 Absolute Convergence Theorem

o0 [ee)
If . | a, | converges, then so does }, a,.
n=1 n=1

Note: The sums }; | a, | and }] a, will converge to different values unless a, > 0
n=1 n=1
for all n.

PROOF

The proof is an application of the Comparison Test.

Assume that )| | a, | converges. Then so does

n=1
(oo}
Zz|a,,|.
n=1

Next observe that
O<a,+|a,|£2]|a,]|.

(This is true because if a,, > 0, then a,, =| a,, |, so a,+ | a, |= 2 | a, | and if a, < O,
thena, = - |a,|soa,+|a,|=0.)
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EXAMPLE 28

Since 0 < a,+ | a, |[< 2| a, |, we can apply the Comparison Test to show that

St lan )
n=1

converges. Finally, we have that
a, = (an+ I an |)_ | an |

and hence

iaﬁi(aﬁlanl)—ilanl-
n=1

n=1 n=1

The two series on the right-hand side both converge. Therefore, ) a, will also
n=1
converge. []

Remark: This theorem is very useful because there are many more tests for
determining the convergence of positive series than there are for general series. In
fact, the only test we have so far that will determine if a non-positive series
converges is the Alternating Series Test. However, the conditions under which the
Alternating Series Test applies are rather restrictive.

Show that the series Y, <% converges.

n=1 "
It can be shown that as n goes from 1 to oo the values of cos(n) will be positive
infinitely often and negative infinitely often. Moreover, since

cos(l) = 0.540
cos(2) = -0416
cos(3) = -0.9899
cos(4) = -0.6536
cos(5) = 0.2836
> %’” is not an alternating series. Strictly speaking, none of the tests we have

n=1
discussed up to this point apply to this series. However, if we can show that

cos(n)

2

(59
converges, then ), %én) also converges.

n= n=

8

We know that | cos(x) |< 1 for any value of x. Therefore, for every n

1
_;.

0 < cos(n)

n2
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The p-Series Test shows that Z -5 converges. Therefore, by the Comparison Test

n=1
o0

n=1

cos(n)

converges. Hence, by the Absolute Convergence Theorem, the series Z COS(")

n=1

converges. <

x"
EXAMPLE 29  Show that the series Z it ) converges absolutely if | x |< 2, converges
n=0 2"(n +

conditionally at x = —2 and diverges if x = 2.

X}
Choose x, with | xy |[< 2. Let a, = W(:'l)' Then

n
X0

2"(n+ 1)
Xo
2n

|an| =

1
n+1

1
n+1

)C()n

2

)C()n

2

If | xp |< 2, then | x—2° |< 1 and so by the Geometric Series Test,

(o9
25

n=0 2

converges. The Comparison Test shows that

(o)

X
2n(n + 1)

converges.

If x = 2, the series becomes

Z 2"(n+ n -

n=

gk
S
+ | =
[E—

—l—3
=)

N =
W =
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which is the Harmonic Series and as such diverges.

If x = -2, the series is

o (<2 o (1)
ZZ"(n+1) - Zn+1

n=0

This is the Alternating Series and as such it converges conditionally.

Remark: We have seen that absolutely convergent series also converge and that
testing for absolute convergence allows us to use most of the tools we have
developed. There is one more important reason why we would want to know if a
series converges absolutely.

If we have a finite sum
ay +ay +as

we can add the terms in any order and we will get the same sum. For example,
ay+a, +az =az+a +a

and
ay+a,+az =ap +asz+a.

We would hope that this would also be true for infinite series. Unfortunately, this is
not the case. However, if the series converges absolutely then it is true. That is, no
matter how we rearrange the terms, the result will be a new series that has the
same sum as the original. Hence,

a7 +azsy+ags ezt =art+ataz+ag+ -

Alternately, if a series ), a, converges conditionally, then given any @ € R or
n=1

[ee)
a = +oo, there is a new series ), b, consisting of exactly the same terms as our

n=1

original series except in a different order but with

ibnza.

n=1

This means that absolutely convergent series are very stable, whereas conditionally
convergent series are not.

‘We can make this remark more formal.

Foundations of Calculus 2 (B. Forrest)?



Chapter 5: Numerical Series 234

DEFINITION Rearrangement of a Series

Given a series ), a, and a 1-1 and onto function ¢ : N — N, if we let
n=1

bn = Agn)»

then the series

n=1

(o8]
is called a rearrangement of 3, a,.
n=1

This definition leads to the following theorem.

THEOREM 12  Rearrangement Theorem

1) Let ) a, be an absolutely convergent series. If ), b, is any rearrangement of

n=1 n=1

[Se] [se]
>, an, then ) b, also converges and
n=1 n=1

2) Let ) a, be a conditionally convergent series. Let @ € R or @ = +o0. Then
n=1

there exists a rearrangement ), b, of } a, such that

n=1 n=1

Remark: In summary, whenever you must test a series with terms of mixed signs
for convergence it is always a good idea to first check if the series converges
absolutely.

5.9 Ratio Test

Recall that the Geometric Series Test states that a geometric series

(o)
§ rl’l

n=0
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will converge if and only if | 7 |< 1.

Suppose that we had a series where

fim | %21 = 1
n— | a, _2'
Then, for a large number N, we would have
1
lays | = §|aN|
1 1\
lans | = §|CIN+1|— 3 | ay |
1 1\
lanss | = =z lave|=(=z)] lan|
2 2
1 1\
| ansa | = §|61N+3|— 5 | ay |

1 1\
| ans | = §|61N+k—1|E 5 | ay |

0
Since | ay |= 1- | ay |= (3) | ay | this would suggest that

The series

converges by the Geometric Series Test. Therefore, we might expect that

(o)
> laya|
k=0
also converges. Since

[Se] o0
Dllavul= ) lal,

k=0 n=N
o0 (e8]
if )} | aysx | converges, so does ), | a, |. Finally, from the properties for series, we
k=0 n=N

could conclude that | | a, | would converge.

n=1
This argument seems plausible, but can we make the argument above more
rigorous? In fact we can.
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If we assume that {

=5

then we can find an N large enough so that if n > N then | “L | approximates % with

Apt1

lim

n—oo

an

an error of less than }V This means that forn > N, | "a—“ | must be in the interval

(+3)

1/4 1/2 3/4

In particular, if n > N we get that | =L |< § or equivalently, that

3
| Gpi1 I< < | ay |

4
for every n > N. This shows that
3
laysa | < Z|ClN|
3 3\
lay | < ZlaN+1|< 1 | ay |
3 3\
lans | < ZlaN+2|< 1 | ay |
3 3\*
| ansa | < ZlaN+3|< 4_1 | ay |

k
3
| anc | < ZlaN+k—1|<(Z) | ay |

The Geometric Series Test shows that
) 3)k 00 3 k
—| lay |=]ay| (—)
converges. Since
3
| ank 1< (Z)k | ay |

the Comparison Test tells us that

(o)
D laya|
k=0

Foundations of Calculus 2 (B. Forrest)?




Section 5.9: Ratio Test 237

also converges. From this we can conclude that

[se]
D layl
n=0

converges.

In fact, if lim | = |= L and O < L < 1, then a similar method would show that

n—0oo a

[ee)
>. | a, | converges.

n=0

On the other hand, if lim | "a—*‘ | = 2, then for large n we would have that

n—oo
|an+l|22|an|-

This means that rather than going to 0, the terms in the tail are getting larger. Since

we would then have that lim a, # 0, the Divergence Test would tell us that )’ a,

n—0o0 n=0

diverges.

A similar statement would hold whenever lim | “;” |=Land L > 1.

n—oo

This is summarized in the next theorem which gives us one of the most important
tests for convergence of series.

THEOREM 13 Ratio Test

(o)
Given a series ). a,, assume that
n=0

Ap+1
ay

n—oo

where L € R or L = oo.

1. If 0 < L < 1, then }; a, converges absolutely.
n=0

2. If L > 1, then } a, diverges.
n=0

3. If L = 1, then no conclusion is possible.

Remarks:

1) If 0 < L < 1, the Ratio Test shows that the given series converges absolutely
and hence that the original series also converges.

2) If lim | “a—:' | = L exists with L # 1, then the series ) a, behaves like the

n—oo n=0

[ee]
geometric series ), L" as far as convergence is concerned.
n=0
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EXAMPLE 30

EXAMPLE 31

3) While the Ratio Test is one of the most important tests for convergence, we
will see that it cannot detect convergence or divergence for many of the series
we have seen so far. In fact, it can only detect convergence if the terms a,
approach O very rapidly, and it can only detect divergence if lim |a,| = co.

n—oo

This means that the Ratio Test is appropriate for a very special class of series.

1
Show that ), — converges.
n=0 n!

We have already seen how this could be done using the Comparison Test. However,
the Ratio Test is perfectly suited to series involving factorials.

With q,, = # , we see that

Ap+yl (n+D)!
- 1
n!
T (m+ D!
3 1
Con+1
Therefore 1
.. a )
lim 2L = Jim =0.
n—oo  d, n—oo N + 1
) |
The Ratio Test shows that }; — converges. <

n=0 1n.

In the previous example, we saw how that Ratio Test could be used to show that the

series ), — converges. This series actually converges very rapidly since n! grows
n=0 1!

very quickly. However, if we let

_1000000"

a, |
n:

the situation is quite different. For example, a;o > 10°°.
Still,

1000000"+!
[ (n+1)!

1000000"
n!

1000000 7!
1000000™(n + 1)!

1000000
n+1
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Section 5.9: Ratio Test 239

EXAMPLE 32

and so we again have that

Ay . 1000000
im—— =0

n—o a, n—oo N+ 1

This means that despite the enormous size of 1000000" in the numerator, n!
eventually dominates. Consequently, we can use the Ratio Test to show that

[ee)
i
Y, 100% converges. <
n=0

Based on the two previous examples, for which values of x would the series

)

n=0

| %%

!

S

converge?

To answer this question, we first note that if x = 0

& n

0
DS =1+0+040+---=1
n!
n=0
so the series converges when x = 0. Next fix a value for x # 0.

n

X
If a, = —, then
n!

ap]

ay

Then

The Ratio Test shows that

converges and hence that

also converges. |
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Remark: One final observation can be made from the previous example. Since

0o n

D — converges for any x and since the Divergence Test tells us that the terms of a
n=0 1:

convergent series must approach O we have the following theorem.

THEOREM 14  Polynomial vs Factorial Growth

For any x e R

Remark: This important limit tells us that exponentials are of a lower order of
magnitude compared to factorials. That is, for any fixed xy € R, | x¢ |"< n!

Note: We know that the series ) r" will diverge if | r |= 1. Therefore, since the

n=0
conclusions of the Ratio Test are based on the Geometric Series Test, it might be
surprising that if L = 1, the Ratio Test would not show that the series diverges.
However, it is important to recognize that lim | “a—“ |= 1 does not actually mean that
n—oo n

| ayyik |=| ay | for large N as would be the case if the ratio was exactly 1.

The next two examples show that when L = 1 we could have either convergence or
divergence.

S =

EXAMPLE 33  Apply the Ratio Test to the divergent series
n=1

In this example, a, = i so that

Ap+l _ n+l
a, %
3 n
 on+1
3 1
1+1
n
Therefore, lim “a—” = lim 111 = 1 and the Ratio Test fails. |
n—oo n n—oo n

EXAMPLE 34  Apply the Ratio Test to the convergent series Y, =.
n=1

In this example, a, = = so that
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EXAMPLE 35

1

Ap+l _ (n+1)?

a niz
2

o2+ 2n+1
1
1+2+ 1
n n
Therefore, lim % = lim —— = 1 and the Ratio Test fails again. <
n—oo n n—o0 1 n yTz

We see that the Ratio Test cannot detect convergence or divergence of many other
series similar to the previous two examples.

Fact: If p(x) = ap + a1 x + - -+ + ax* and g(x) = by + byx + - - - + b, X are two
polynomials, then the Ratio Test will always fail for the series

Consider the series

=1

3

It is even more difficult to predict how the growth of #n" compares with that of n!
than it was for x" versus n!. Since the base is increasing as well as the exponent, n"
will get very large, very quickly. However, this is also true of n!. For example, there

(106)106
100!

is no easy way to determine the value of . Instead, observe that

<> 1.

n! 1-2:3---n

=
S
=
—_ S
SR IN
w3
SIS

Since the terms of the series are always larger than 1, they cannot converge to 0 and
hence the series diverges.
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The Ratio Test would also show this result because

(n+1)n+l
(n+1)!
n"

n!

Ap+l

(n+ 1)"™'n!
n'(n+1)!
(I’l + 1)n+1
n"(n+1)

(n+1)

n}’l

Recall that

1 n
lim (1 + —) =e.
n—oo n

Therefore, lim “= = ¢ > 1. The Ratio Test shows that the series diverges.

n—oo “n

This also shows that

since for large N we will have that
~ k
anN+k = dye — 09,
Hence

n! <« n".

Alternately, if we consider the series
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then

n"

n!
(n+1)"+1
(n+1)!

n"(n+1)!
(n + 1)y"*+n!
n"(n+1)
(n + 1)r+!

(n)"
(n+ 1)

)

Ap+1

This time, we get

0 . 1
lim 22+ m <1

Q| =

n—oo (1, n—oo (1 + ’ll)n

so the series

= n!

n=1

converges. <

The following is a summary of what we have learned about the order of magnitude
of various functions:

In(n) < n” < x" < n! <n"
for| x|> 1.

Therefore,

5.10 Root Test

The next test is related to the Ratio Test. In fact, it can be derived in a manner similar
to the Ratio Test by comparing the series with a suitably chosen geometric series.
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THEOREM 15

EXAMPLE 36

EXAMPLE 37

Root Test

o0
Given a series ), a,, assume that
n=1

lim +/|a,| = L
where L € R or L = oo.
1. If 0 < L < 1, then ) a, converges absolutely.
n=1
2. If L > 1, then }; a, diverges.
n=1

3. If L = 1, then no conclusion is possible.

[Se]
: 3241 \" : 9
Does the series ngl ( s I— ) converge or dlverge !

Leta, = (ﬂ)n Then </a, = (ﬂ)

4n?+n-1 4n?+n-1

‘We know that

: : 3n* + 1 3
igwa_nﬂ:%(m)wd

It follows from the Root Test that ), ( 341 )n converges.
n=1

4n2+n—1

2

. b n .
Does the series ), (1 + l) converge or diverge?
n=1 "

Leta, = (1+ 1) Then @, = /(1 +1)" = (1+1)"

‘We know that

lim (1+l) =e> 1.

n—0oo n

(&) n2
Hence, by the Root Test the series ), (1 + %) diverges.

n=1

Foundations of Calculus 2
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Chapter 6

Power Series

So far all of the series we have considered have been numerical. That is, they have
consisted of an infinite sum of real numbers which either converged or diverged. In
this chapter, we will introduce a type of series called a power series which
resembles a polynomial of infinite degree.

6.1 Introduction to Power Series

In this section, we will introduce an important class of series called power series.

Power Series

A power series centered at x = a is a series of the form

(o)

D, dnlx—a)"

n=0

where x is considered a variable and the value a, is called the coefficient of the term
(x—a)".

Once we assign a value to the variable x, the series becomes a numerical series. In
particular, the following is the fundamental problem that we must answer.

Problem : For which values of x does the power series }; a,(x —a)" converge?
n=0

Note that if x = a, the series becomes

[

Z a,(0Y".

n=0

Since our convention is that 0° = 1, we have
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EXAMPLE 1

EXAMPLE 2

D a0 = a(l)+ai(0) +a0) + -

n=0
= ay+0+0+0+---

This shows that every power series centered at x = a will converge at x = a to the
value ay. The problem now is to determine what happens for other values of x.

As you might expect, the answer depends on the coeflicients a,,.

Note: Before we proceed to study the convergence properties for power series we
note that if we let u = x — a, then

(&9

(o)
Z a,(x—a)' = Z a,u”.
n=0

n=0
This allows us to transform a power series centered at x = a into a power series

o0
centered at u = 0. Moreover, the power series ), a,(x — a)" converges at a point x if
n=0

and only if the power series ), a,u” converges at xy — a. This means that if we know
n=0

all of the values of u at which the series ) a,u” converges, then we know all the
n=0

(o)

values of x for which the series )’ a,(x — a)" converges. For this reason, in studying
n=0

the basic properties of convergence of power series we can focus almost exclusively

on the case where a = 0. Therefore, unless otherwise specified, we will be dealing
with power series of the form

(o)

Z a,x".

n=0

If we choose a, = 1 for each n, we get the power series

S
n=0

We know from the Geometric Series Test that this series will converge if and only if
| x |< 1. <

We saw as an application of the Ratio Test that the series

X n

X

n!
£ p!
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will converge no matter what value we assign to x. Moreover, it converges
absolutely for each x. <

EXAMPLE 3

For which values of x does the series

“—n+ 1

converge?
We can use the Ratio Test to answer this question.

Fix a value for x and let

n

X
b, = .
"on+1
Then
(x)n+]
. |b . o
lim |[=2 = lim |22
n—eo | b, n—co | "
n+1

(n+ 1) x !
im
n—eo (n+2) [ x|

lim(n+1)| |

= X
n—oo (n + 2)

1

= lelirn(n+ )

n—co (n + 2)

= x|

= |x]

The Ratio Test shows that the series ), n% = ). b, converges (absolutely) if
n=0 n=0

b,
lim | = =) x|< 1
and it diverges if
. bn+1
lim = > 1.
lim | | = x|

n

The Ratio Test fails to tell us what happens if | x |= 1, so we must consider this case

separately.

When x = 1, the series is

|
;”"‘1

Foundations of Calculus 2
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which is just the Harmonic Series written in a different form. Therefore, when
x = 1, the series diverges.

When x = —1 the series becomes

o (1)
;n+1'

This is just the Alternating Series and as such when x = —1, the series converges.

In summary, the power series ), n’% converges absolutely if | x |< 1, diverges if
n=0

| x|>1andif x =1, and conve}ges conditionally at x = —1. That is, the series
converges if
xe[-1,1)

If we take a closer look at these three examples we will see that they have certain

common features. First observe that the series ), x" converges if x € (—1, 1). In fact
n=0

it converges absolutely on this interval. The series )] % converges absolutely on the
n=0

interval (—oo, 00). The series )’ n"j converges if x € [—1, 1) and it converges
n=0

absolutely if x € (=1, 1).

These three power series have the following two properties:

Property 1: The set of points on which the power series converge is an interval
centered around x = 0.

Property 2: There exists an R with either R € [0, o) or R = oo such that the power
series converges absolutely if | x [< R and it diverges if | x |[> R when R € [0, c0),
and the series converges absolutely at each x € R when R = oco. In the first and third
examples R = 1, while in the second example R = co.

We will now show that two properties are shared by all power series centered at

x = 0. Moreover, if a power series is centered at x = a, then Property 1 will hold
with an interval centered around x = a and Property 2 will hold if we replace | x | by
|x—al.

Key Observation:

Assume that the power series ), a,x" converges at x = xy. If 0 <| x; |<| xp |, then we

n=0
[ee]
D la |

n=0

claim that the series
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also converges. To see why this is the case, we first note that since
2,
n=0
converges, the Divergence Test shows that
lim |a,xp| = 0.
n—oo
It follows that there exists an Ny such that
la,xpl < 1

for all n > N,.

Next observe that

n n

X1 X1
n
lan Xyl = lanxgl - |—| <|—
X0 X0
for all n > N,. But i—(‘) < 1 so the series
(o]
>
n=Ny X0
. . . X n
converges by the Geometric Series Test. Since we know that |a,x]| < ﬁ the

Comparison Test shows that
Dl
n=Ny

also converges. Finally we get that

(o)
> lanx]]

n=0

converges as claimed.

Summary: We have actually shown that if we are given a series }; a,x" then the set
n=0

(o)
— n
I ={xp| Z | a,x; converges}
n=0
is an interval centered at x = 0. Moreover, a similar result is true for a series of the

form § a,(x —a)".
n=0

This leads us to the following definition:
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DEFINITION Interval and Radius of Convergence

Given a power series of the form )’ a,(x — a)", the set

n=0

I={xy]| Z | a,(xo — a)" converges}
n=0

is an interval centered at x = a which we call the interval of convergence for the
power series.

Let

R .= lub({|xy — a| | xo € I}) if I is bounded,
" o if 1 is not bounded.

Then R is called the radius of convergence of the power series.

The following theorem summarizes what we now know about convergence of a
power series.

THEOREM 1 Fundamental Convergence Theorem for Power Series

Given a power series ), a,(x — a)” centered at x = a, let R be the radius of

n=0

convergence.

1. If R =0, then }; a,(x — a)" converges for x = a but it diverges for all other
n=0
values of x.

2. If 0 < R < oo, then the series ), a,(x — a)" converges absolutely for every

n=0
x € (a—R,a +R) and diverges if | x — a |> R.

3. If R = oo, then the series ), a,(x — a)" converges absolutely for every x € R.

n=0

In particular, ) a,(x — a)" converges on an interval that is centered at x = a which

n=0

may or may not include one or both of the endpoints.

The following are some important observations concerning the interval of
convergence.

1. As the previous theorem states, if 0 < R < oo, the power series ), a,x"
n=0
converges absolutely on the interval (—R, R). It may or may not converge at

x = R or at x = —R. These points must be tested separately. As we will see
later, the interval of convergence could be (=R, R), [-R, R), (—R, R] or [-R, R].
The next few examples show that all four cases are possible.
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2. If R = oo, then the power series has interval of convergence (—oo, 00) and it

converges absolutely at each point. For example, the series )| ;—}: has (—o0, c0)
=0

as its interval of convergence.

. If R = 0, then the power series only converges at x = 0. That is, “the interval

of convergence” is just the single point {0}. An example of such a power

series is ), n!x".
n=0

EXAMPLE 4  The following power series all have radius of convergence R = 1. The interval of
convergence is specified.

1. ), x" has interval of convergence (-1, 1) since when x = 1, the series

n=0

n=0

diverges and when x = —1, the series

Sty
n=0

also diverges.

Mg

=
Il
—

converges.

n=1 n
converges but when x = —1, the series

)

n=1

S | =

diverges.

n - . .
=~ has interval of convergence [—1, 1) since when x = 1, the series

& n.n . . .
) % has interval of convergence (-1, 1] since when x = 1, the series
n=1

Foundations of Calculus 2
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4. Y Z—Z has interval of convergence [—1, 1] since when x = 1, the series
n=1

21
i

n=1

converges and when x = —1, the series

o (1)

also converges.

6.1.1 Finding the Radius of Convergence

Given a power series ), a,x", we have seen that we can often use the Ratio Test to
n=0
find the radius of convergence. To see how this works in general, assume that

an+l
ay

lim

n—oo

=L

where 0 < L < oo For x # 0, let

b, = a,x".

Then

Al xn+1

bn+1
by

= lim

n—oo

n—0oo

a,x"

= lim | x|

n—oo

ap+1 '

n

Apyl

= [x|lim

n—oo

an

= L|x|

The Ratio Test shows that the series ) b, = >, a,x" converges absolutely if
n=0 n=0
L|x|<1anddivergesif L|x|> 1.
Assume that 0 < L < oco. Then L | x |< 1 if and only if | x |< % Therefore, the radius
of convergence is R = %
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THEOREM 2

EXAMPLE 5

If L = 0, then no matter what x is, we have L | x |= 0 < 1. Therefore, R = co. At this

point we might be tempted to cheat with our notation and write co = (l), since this is

consistent with the first case. However, the symbol

1
0
actually has no numerical meaning.
If
. a
lim |22 = L = oo,
n—oo | @,
then the same calculation would show
. b
lim | n+1 |: 0o

n—oo n

and so the series diverges for all non-zero x. However, we know that the series must
converge at x = 0 so the radius of convergence is 0. Again, we might be tempted

write 0 = L but once more
1

[S0]

is not actually defined. Instead we can simply make use of the following theorem
which summarizes what we have just discussed.

Test for the Radius of Convergence

Let > a,(x — a)" be a power series for which
n=0

an+1
ay

lim

n—oo

—i

where 0 < L < oo or L = oo. Let R be the radius of convergence of the power series.

1. f0< L<oo,thenR = 1.
2. If L =0, then R = co.

3. If L =co0,thenR = 0.

Find the radius and interval of convergence for the power series

) o
Z 3n?+1)

n=0

1

We begin by trying to calculate }1_{?0 | “Z—“ |. In this case, a, = D

Foundations of Calculus 2 (B. Forrest)?
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Therefore

1
. api . 3+l 1)2+1
lim == = lim —((n; D

n—oo an n—oo m

. 3%+ 1)
= lim
n—eo |31+1(n + 1)2 + 1)

| n-+1
= lim=-|—
n—co 3\n2 +2n+2

It follows from the Test for Radius of Convergence that R = 1 = 3.

Wl —

We know that the series converges absolutely on (-3, 3). We must check for
convergence at x = 3 and x = —3.

For x = 3, the series becomes

- S|
Z 3n(n2 +1) Z; 2+ 1

n=0
Since
1 1
< —_
n+1 n?
(o)
and since Z
n= 1 n=1
hence that
(o]
w=0 !
converges.

Similarly, if x = -3, the series becomes

i =3 < D"
31(n? +1) n0n2+1'

n=

Notice that the Alternating Series Test applies and so this series also converges.

Alternatively, we have
1

o2+ 1

D"

n?+1
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THEOREM 3

EXAMPLE 6

[

We have just shown that the series Z
n=0 n=0"

converges absolutely.

We have just shown that the interval of convergence includes both endpoints,
therefore the interval of convergence is [—3, 3].

If the previous calculation is repeated, it would show that the power series Z m

and the power series Z ~ have the same radius of convergence, namely 3, though
=0
they have a different 1nterval of convergence. (A close look at the second series

shows that it really looks like a geometric series with r = 5 so it must converge
when | 3 |[< 1 and diverge when | 3 [> 1.) |

The following theorem will be very useful when we consider differentiation and
integration for functions obtained from power series. It may also help to find the
radius of convergence of many series more quickly. It essentially says that
multiplying or dividing the terms of a power series by a fixed polynomial in n will
not change the radius of convergence, though it is important to remember that it may
change the interval of convergence.

Equivalence of Radius of Convergence

Let p and g be non-zero polynomials where g(n) # O for n > k. Then the following
series have the same radius of convergence:

1. E a,(x — a)"
n=k

anp(n)(x—a)"
2. Z q(n)

However, they may have different intervals of convergence.

Note: The limit lim |==

n—o0

clever thought to find the radius of convergence. <

may not always exist. In this case, it might require some

Consider the power series

[ee)

Zanxnz1+2x+x2+2x3+x4+2x5+---
n=0

with a, = 1 if nis even and a,, = 2 if n is odd. When x = 1 the series is

1+2+1+2+1+2+---
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EXAMPLE 7

DEFINITION

which diverges. In fact the series also diverges for x = —1. This shows that R < 1.

Next pick xo € (=1, 1). Then |xo| < 1 then
lanxgl < 2xg]

and since the series

D20
n=0

converges, the Comparison Test shows that the original series converges absolutely
at x = xo. This shows that the interval of convergence is (—1, 1) and that R = 1.

An+1
an

An+1

does not exist.

} osculates between 2 and 1 so lim

n—oo

However, the sequence {

n

<

6.2 Functions Represented by Power Series

In this section, we consider power series centered at x = a with radius of
convergence R > 0. We will see how these series define functions with particularly
nice properties.

Recall that the geometric series

[Se]
2%
n=0

converges for each x with | x |< 1. Moreover, if | x |< 1, then we also know that

| o0
1_x:Zx".

n=0

This means that the series provides us with a means to represent the function
f(x) = = on the interval (-1, 1). <

Functions Represented by a Power Series

Let ) a,(x —a)" be a power series with radius of convergence R > 0. Let [ be the
n=0

interval of convergence for ), a,(x — a)". Let f be the function defined on the
n=0
interval / by the formula

(o)

f@) =) anx—-a)

n=0

foreach x € I.
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We say that the function f(x) is represented by the power series ), a,(x —a)" on I.
n=0

The next theorem tells us that a function represented by a power series must be
continuous on its interval of convergence.

THEOREM 4  Abel’s Theorem: Continuity of Power Series

Assume that the power series ) a,(x — a)” has interval of convergence /. Let
n=0

(o9

f@) =) anx—a)

n=0

for each x € I. Then f(x) is continuous on /.
The proof of this theorem is beyond the scope of this course.

6.2.1 Building Power Series Representations

Suppose that f and g are two functions represented by power series centered at x=a
with

[ee)

f) =) ax-ay

n=0
and

g0 = ) by(x-a),
n=0

and that the two series have intervals of convergence /; and I, respectively.
Question: Can this information be used to build a power series for the sum f + g?

To see why this is possible, we first start by noting that if both series converge at a
point xo € Iy N I,, then

(f + &)(x0)

f(xo0) + g(x0)
k k
= lim ZO a,(xo —a)" + lim Z; bu(xo — a)
k
= lim Z;mn +b,)(x - @'

= D (@ +b)xo-a)
n=0
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This tells us that the function f + g can be represented by the power series

D (@ +b)(x - a)'
n=0
onlyNI,.

Addition of Power Series

Assume that f and g are represented by power series centered at x = a with

(o)

fx) =) anx—a)

n=0
and .
g0 = ) by(x—a),
n=0
respectively.

Assume also that the radii of convergence of these series are Ry and R, with
intervals of convergence /; and /,. Then

(f + @) = ) (an +b)(x - a)'.
n=0

Moreover, if R; # R,, then the radius of convergence of the power series
representing f + g is R = min{Ry, R, } and the interval of convergence is I = Iy N I,.

If R; = R,, then R > R

Next assume that h(x) = (x — a)" f(x) where m € N. We might guess that 4(x) would
be represented by the following power series centered at x = a:

[

h(x) = (x —a)" Z a,(x—a)' = Z a,(x —a)™™.
n=0

n=0
To see why this is the case, we note that if x, € /¢, then
h(xo) = (xo—a)"f(xo)
k
= (o-a)"lim Z(; (%0 — a)"
k
= lim a,(xg—a)

k—o0

n=0

n+m

[

— Z an(-xO _ a)n+m

n=0
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THEOREM 7

We can summarize this in the following Theorem.

Multiplication of a Power Series by (x — a)”

Assume that f is represented by a power series centered at x = a as

(o)

f) =) ax-a)

n=0
with radius of convergence R, and interval of convergence /;.

Assume that s(x) = (x — a)" f(x) where m € N. Then h(x) can also be represented by
a power series centered at x = a with

o0

h(x) = Z ap,(x —a)™"

n=0

Moreover, the series that represents / has the same radius of convergence and the
same interval of convergence as the series that represents f.

Finally, assume that f has a power series representation

[

fay = au

n=0
centered at u = 0 with interval of convergence /;.

Question: Can we find a power series representation for 4(x) = f(c - x™) centered
at x = 0 where ¢ is some non-zero constant?

In fact, if we choose x so that ¢ - xjj € I, then substituting ¢ - x' for u gives us

[ee)

h() = fle-x) = Y anc- )" = D (ay- )"

n=0 n=0

This leads to the following Theorem.

Power Series of Composite Functions

Assume that f has a power series representation

(o)

flwy= ) au"

n=0
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centered at u = 0 with radius of convergence R, and interval of convergence /. Let
h(x) = f(c - x™) where c is a non-zero constant. Then 4 has a power series
representation centered at x = 0 of the form

B0 = fle-x") = > (@ ™
n=0

The interval of convergence is

I, ={xeR|c-x" €I}

and the radius of convergence is R, = ;"/% if Ry < co and R, = oo otherwise.

. . . X
Find a power series representation for f(x) = 122 centered at x = 0.
- 2x
We know that
1 (o9
l—u Z u
—u n=0

for u € (-1, 1). Then
1 (o) [e]
— (2x2)n — 2nx2n
1-2x2 ; ;

provided that 2x* € (-1, 1). However, 2x € (=1, 1) if and only if x* € (-1, 1).

Therefore,
X _ . n. 2n _ n_2n+1
1_2x2—x ZZx —Z2x
n=0 n=0
if and only if x € (—\L@, %) <

6.3 Differentiation of Power Series

While the Continuity of Power Series Theorem has important theoretical
applications, we will be more interested to see if we can differentiate or integrate
functions that can be represented by power series.

Let f(x) = 2, a,(x — a)" be a function that is represented by a power series. We
n=0

could naively try to differentiate f by differentiating the series one term at a time.
We would hope that we can do this because we know that for the sum of two
functions we have

d
d—(g(x) +h(x)) = g'(x) + ().
X
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Since d%(an(x —a)") = na,(x — a)"~', we would also hope that f’(x) would exist and
that

fx = Z na,(x —a)""' = Z na,(x — ay*!
n=0 =1

where the last equality holds since multiplying by 0 gives 0.

Unfortunately, since we are dealing with infinite sums rather than finite sums, we do
not even know if the above series will converge. Even if it does, it is not at all
obvious that it will sum to f’(x). At the very least, the process of term-by-term
differentiation does produce another power series centered at x = a.

The Formal Derivative of a Power Series

[Se]
Given a power series ), a,(x — a)", the formal derivative is the series

n=0
[ee) (o)
Z na,(x —a)"' = Z na,(x — a)"!
n=0 n=1

We are left to consider two fundamental problems.

Problem 1: For which values of x does the formal power series

(o)

Z na,(x — a)"™!

n=1

converge? In particular, does this series converge for the same values as does the

(o)
original series )’ a,(x —a)"?
n=0

Problem 2: If both the series Y a,(x —a)" and Y na,(x — a)"~' converge at the
n=0 n=1
same at x, must it be the case that

(o8]

/)= ) nayx—ay"?

n=1

In other words, why must the statement that the derivative of a sum is the sum of the
derivatives carry over from finite sums to infinite sums?

Fortunately, Problem 1 is not too difficult.

In the previous section, we saw that multiplying the terms of a power series by a
polynomlal in n does not change the radius of convergence R. Therefore, the series

Z a,x" and the series Z na,x" have the same radius of convergence. A minor
n=0 n=0
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modification of this result shows that the series >, a,(x — a)" and its formal
n=0

derivative Y na,(x — a)"~! also have the same radius of convergence, though the
n=1

interval of convergence may be different. Therefore, we have that

[ee)

§(x) = ) nay(x—a)"!

n=1

is defined for all x € (a — R, a + R). The question that remains is:

Does g(x) = f'(x)?

A rigorous answer to this question is very difficult. It involves a number of very
sophisticated results including the Fundamental Theorem of Calculus. However, the
following theorem tells us that functions represented by power series do indeed have
the remarkable property that we require.

Term-by-Term Differentiation of Power Series

Assume that the power series ) a,(x — a)" has radius of convergence R > 0. Let
n=0

(o)

f@) =) anx-a)

n=0

for all x € (a — R,a + R). Then f is differentiable on (a — R, a + R) and for each
x€(a—R,a+R),

(9]

f/0)= ) nayx—ay.

n=1

REMARK

1) It may be tempting to dismiss the previous theorem as obvious since we
would expect differentiation to be preserved by sums. However, this theorem
illustrates a very special property of power series that is not shared by other
types of series of functions. For example, it can be shown as an application of
the Comparison Test and the Geometric Series Test that for each x € R, the

series
00 3 n . .
Z (4_1) sin(9" x)

n=0

converges. This allows us to define a function

o a\
f(x) = Z(Z) sin(9"x)

n=0
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2)

that is defined for all x € R.

Notice that f is the sum of infinitely many differentiable functions, namely
3 n
Ja(x) = (Z) sin(9"x)

for each n. Based on our experience with power series, we might be tempted
to think that f(x) should be differentiable and that its derivative would be the
sum of all of the derivatives of the f,’s. Unfortunately, this is false. In fact, it
turns out that the function f(x) is a continuous function that is not
differentiable at any point on the real line. This is about as strange as a
continuous function can be!

This example, which is one of a class of everywhere continuous but nowhere
differentiable functions discovered by the 19th century mathematician Karl
Weierstrass. This is a historically important example because up until
Weierstrass’ discovery it was thought that a continuous function had to have
some points of differentiability. The graph of such a function has “fractal-like”
properties. This means that no matter how close we zoom in to any given
point, the graph of the function does not start to resemble a straight line.

While it may not be immediately obvious, the Differentiation Theorem for
Power Series actually says much more about a function f that can be
represented by a power series than just simply that it is differentiable. To see

why, observe that if f(x) = ) a,(x —a)" is represented by a power series on
n=0

the interval (a — R, a + R), then f’(x) = Y na,(x — a)*~! is also represented by
=1

a power series on (@ — R,a + R). Applyin_g the previous theorem again shows
that f’(x) is also differentiable on (a — R, a + R). Moreover, we can calculate
%C( f’(x)) = f”(x) by differentiating the series representing f’(x)
term-by-term. Therefore

Fr@) =) nm = Dayx-a)' = > nn - Day(x - ay'>.

n=1 n=2
(Note: We begin the series at n = 2 since forn = 1, n(n — 1) = 0.)

Furthermore, we need not stop here. We can term-by-term differentiate again
to show that

£ = ) nn = D(n = Day(x - )"
n=3

and that

(o)

FD(x) = Z n(n — D - 2)(n - 3a,(x —a)™>.

n=4
In fact, we can show that f(x) has derivatives of all orders on (a — R,a + R)
with

(9]

FO) = Z nn—-1)n-2)(n-3)--(n-k+ Da,(x —a)"*

n=k
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EXAMPLE 10

for each k. <

We know that if | x |< 1, then

Let f(x) = ﬁ = (1 — x)~!. Differentiating, we get

1

fx) = m

We also get a power series representation for f’(x) by term-by-term differentiation

of the series ), x". It follows that
n=0

o0

’ _ 1 _ -1
F'®= G = > nx!,

n=1

We can use this to evaluate the sum of the series

sz—l'

n=1

Observe that this series is obtained from Y nx""! by letting x = % Therefore,

n=1

) (1
Zzn—l / (E)

n=1

We have seen that if a function f satisfies the differential equation Y " =y, then there

is a constant C such that f(x) = Ce*. We also know that the series Z <7 converges
n=0"
for every value of x. Let

[

X0 xR N8
g(x ZO—‘:— 1—+2— 3'+".
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We can find g ’(x) by term-by-term differentiation. Therefore

g%w:§]“f

n=1

If we take a close look at this series we see immediately that it becomes

Z} (=D

Writing out the terms, we get

O X 2 X

—+—+—+—+
or 1! 2 3!
which is identical to the series that gave us g(x). This shows that
g'(x) = g(x)

for every x. Therefore, there is a C such that g(x) = Ce*. Moreover, g(0) = Ce° = C.
But

Q

S

g0) = 53—
n=0

o o 0 0

B I TR T TR
= 1+0+0+0+---
=1

Hence C =1 and

b "

g(x):Z—,:

n=0

for every x € R.

This is an extremely important example that we will come back to again and again.
one immediate application is that

This series converges quite rapidly so we can get a very accurate approximation for
e by summing a relatively small number of terms. <

Foundations of Calculus 2 (B. Forrest)?



Chapter 6: Power Series 266

EXAMPLE 11

Find a power series representation for the function f(x) = e

We have just seen for any u € R that
o0 un
=)
P n.

Given x € R, let u = —x? and substitute for u in the expression (x). This gives us

e s (_x2)n B s nx2n
e—Z;m —;enj
At first glance
2 4 6 2n
-x2 _ _x_ x___ 1yt
e TR TR YA S A

may not look like a power series since there are no terms involving x" when n is
odd. But in fact, it is a power series where the coefficients are of the form ay;_; = 0
and ay, = (-1)*4; foreach k = 0,1,2,3,4,....

Moreover, since the original series converges for all u € R, the power series for
2 . . . . .
f(x) = e=* will also converge for all x € R. That is, its radius of convergence is
R = o0, |

Key Observation:
We have seen that if

fx) = Z a,x"
n=0

for all x € (=R, R), then f(x) is infinitely differentiable on (—R, R). We can now use
this to show that once a function f(x) has a power series representation at x = 0, the
coeflicients are uniquely determined by the various values of the derivatives of f(x).
In particular, once we fix the center x = 0, the function f can only be represented by
one such power series at x = 0 (though there may well be other representations of f
with different centers). To see why this is true, recall that for any function

s = ) b’
n=0
represented by a power series, if we substitute in O for x, we get that

8(0) = bo.

That is, g(0) is simply the coefficient of the term x° in the power series
representation of g(x). Therefore, if

[ee)

fx) = Z a,x"

n=0
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is any power series representation for the function f(x), then ag = f(0). This shows
that a is in fact, uniquely determined by the value of f(x) at x = 0.

We can show that something similar occurs for all of the other coefficients. For
example, we note that since

o

f'xo= ZnanX”‘l

n=1

then f’(0) is the coefficient of x° in this series new representation. But we get x°
when n = 1 and when n = 1, the coeflicient is (1)(a;). It follows that

f0) = (Day = ai.

Alternatively, we could get this directly by substituting x = 0 in the expression for
f(x) to get

f(0)

(D)a;(0)° + (2)ax(0)! + (3)asz(0)* + (4)aq(0)* + - --
ar+0+0+0+0+---

By either method, we see that f’(0) = a;, so the coeflicient a; is also uniquely
determined by f(x).

A similar calculation shows that f”(0) is the coefficient of x° in

(o)

f"(x) = Z n(n — Da,x" .

n=2

This time to get "> = x°, we let n = 2. From this we see that the coefficient of x° in
the previous expression is given by 2(2 — 1)a; or 2 - la, = 2!a,. As a result we have

f7(0) =2la,

or that

70

a»r» =
DY

Once again, a, is uniquely determined.

To find a3, start with

[ee)

£ =) nn = 1)(n - a,x",

n=3
Then f"’(0) is the coeflicient of x° in this series and therefore
f70)=03B)3-1)3B-2)a;=3-2-1a; = 3las.
Solving for a3 shows that

B f ///(0) .

ar =
3 31
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In fact, for any k > 2, we have

(o)

O (x) = Z nn—Dn-2)n—-3)(n—k+ Dax"™*

n=k

so that the coefficient of x° is obtained when n = k and hence

)k = 1)k =2)--- (k = (k = 2))(k = (k = 1))ay

20)

k-(k=1)-(k=2)---2-1la
k!ak

Solving this expression for a; shows that for k > 2,

AN
ay = ! .
If we note that o
_ _ O
ap = f(0) = 0!
and 0
, 0)
a=ro0="1
then we see that for every k,
AN
ap = ! .

This tells us if a function can be represented by a power series ) a,x" centered at

x = 0, then the function f(x) and its various derivatives uniquely determine the

coefficients.

A similar argument shows that the previous observation holds for a power series

centered at x = a. This situation motivates the next theorem.

Uniqueness of Power Series Representations

Suppose that .
fx) = ax—a)
n=0
for all x € (a — R,a + R) where R > 0. Then
_ ")
T

In particular, if
fo) =) bx—a),
n=0
then
b, = a,

foreachn =0,1,2,3,---.
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6.4 Integration of Power Series

Up until now we have seen that a function which is represented by a power series
has the remarkable property that it is infinitely differentiable and that its derivatives
can be obtained by repeated term-by-term differentiation of the power series. It
would make sense to determine if a similar statement could be made with respect to
anti-differentiation and integration.

We begin with the following definition:

Formal Antiderivative of a Power Series

Given a power series ), a,(x — a)", we define the formal antiderivative to be the
n=0

ifan(x—a)”dx: C+i
n=0 n=0

where C is an arbitrary constant.

power series

n

a )n+1
n+1

(x—a

In the definition, we called the series a formal antiderivative because at this point we
do not know if it is an actual antiderivative of f. In fact we do not even know if the
formal antiderivative converges at any point other than the center.

Problem: Suppose that the power series >, a,(x — a)" has radius of convergence

n=0
R > 0. Let

(o)

f) =) anx-a)

n=0
be the function that is represented by this power series on the interval (a — R, a + R).
Are the formal anitderivatives

C+i
n=0

true antiderivatives of the function f?

an n+1
X—d
n+1( )

To see why this is in fact the case we first note that the series

(o)

ch-l:l(x_a)n

n=0

is obtained from }; a,(x — a)” by dividing each coefficient a, by g(n) = n+ 1. We
n=0

know that this will not change the radius of convergence. Hence, }, 5 (x — a)" will
n=0

also converge on (a — R, a + R). Then the formal antiderivative

[e9)

Qn n+l1
+Zn+1(x—a)

n=0
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will have radius of convergence R. This means that we can define a function

on(a—R,a+R).
Next we show that F is an antiderivative of f.

Since F is represented by a power series, it is differentiable. Moreover, its derivative
can be obtained by term-by-term differentiation. Therefore

d N d an n+1
7O+ Do)

F'(x)

so F is an antiderivative of f. Moreover, since the constant C is arbitrary, all
antiderivatives have this form.

The next theorem summarizes what we have just discussed. It also tells us that we
can evaluate definite integrals using term-by-term methods. (The proof of this last
statement is beyond the scope of the course.)

Term-by-Term Integration of Power Series
Assume that the power series ) a,(x — a)” has radius of convergence R > 0. Let
n=0

(o)

fx) =) anx-ay

n=0

for every x € (a — R,a + R). Then the series

S n _ S an _ \ntl
Zfan(x—a) dx=C+ E n+1(x a)
n=0 n=0
also has radius of convergence R and if
o a
F(x)=C+ " (x —a)"™"!
) ZO —(x=a)

then F'(x) = f(x).
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Furthermore, if [¢, b] C (a — R,a + R), then

b [S]
f f(x)dx f Z a,(x —a)" dx
€ ¢ n=0
© b
Z f a,(x —a)"dx
n=0 Y'¢

D (-0 - -y
n=0

Note: Similar to the case with the term-by-term differentiation rule for power
series, it should seem natural that we are also able to integrate term-by-term the
functions that are represented by a power series. But as was the case with
differentiation, the reason we are able to do this is because of some very special
properties impacting how power series converge. If

F) =) fi)
n=1

for each x € [a, b], then we might hope that

b SN
f F(x)dx = Z f fu(x)dx.
a n=0 vYa

Unfortunately, if we do not make any additional assumptions about the nature of the
functions f,, or how the series converges, then this statement could be false. In fact,
it is possible that the function F need not even be integrable on [a, b]. <

We can use the previous theorem to build power series representations for many
functions.

EXAMPLE 12  Find a power series representation for In(1 + x).
We begin by recognizing that

1
1+x

d
E(ln(l + X)) =

If we had a power series representation for ﬁ, we could use the previous theorem
to build a representation for In(1 + x).

We know that for any u € (-1, 1),

| oo
I_M:Zu”.

n=0
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Let x € (—1,1). Then (—x) € (-1, 1). If we let u = —x and substitute this into the

previous equation, then
1 TN
- (x) ;(_x)

so that for any (—x) € (-1, 1),

We now know %(ln(l + x)) = — and that

1+x
= i(— 1)"x".
n=0

Therefore, there is a constant C such that

In(1 +x) = C+Zf(—l)"x”dx

(=1)"
C+ Zn+1

for all x € (—1,1).
To find C, let x = 0. Then

0 = In(l+0)
= C+ ( 1) 0n+1
n+1
=0
= C

This shows that for all x € (-1, 1),
S D

n:0n+1

In(1 + x) =

There is one more very useful observation that we can make regarding this example.
We know that the series

& —1)
( ) xn+1

:On+1
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has radius of convergence R = 1. However, if we let x = 1, the series becomes

1
n+1 1

n=0

+

N =
W —
B—

which is exactly the Alternating Series. Therefore, the series also converges at
x = 1. However, the equation

o _1 n
In(1 + x) = %f“
= n+

is actually valid wherever this new series converges. This tells us that

I 1 1 1 1
1n(2):1n(1+1):I—§+§—Z+§_...

so we have found the sum of the alternating series.

6.5 Uniform and Pointwise Convergence

At this point we have given a heuristic description of some of the key properties of
power series. In particular, we stated several natural theorems concerning
term-by-term integration and differentiation of power series. We will now look at
how we can go about rigorously proving these results. To do so we will have to take
a careful look at the manner in which sequences of functions converge.

6.5.1 Pointwise Convergence of Functions

The following definition introduces a very natural notion of convergence for a
sequence of real valued functions {f,}.

Pointwise Convergence

Given a sequence {f,} of functions defined on a set / C R, we say that the sequence
{f.} converges pointwise to a function fj if

31_{{)10 Ja(x0) = fo(xo)

for all xy € 1.

We also say that fj is the pointwise limit of {f,}; we write f, — f, pointwise on 1.
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We will now look at the nature of functions obtained as limits of continuous
differentiable or integrable functions. In particular we start with the following
important question:

Question 1: Assume that {f,} is a sequence of continuous functions that converges
pointwise on / to a function fy. Is f; also continuous on /?

To answer this first question we note the following important example:

EXAMPLE 13 Foreachn € N, let f,(x) = x". We know that for any 0 < xy < I, that lim xj = 0.

n—oo

And of course lim 1" = 1. It follows that the sequence {f,(x)} converges pointwise

on[0. 1]t
o ifxefo.1),
fO(x)_{l ifx=1,

0.8

0.64

/'
%
O'O
#
0.4+ ’
o /
0.2 K
# K
o .
o’ ¢/ -
S T e .
0. — T T @ == T
0 0.2 0.4 0.6 0.8

B f(0)  [fa(05) [fa(9) Wl fR(1)

Flaw 1: The pointwise limit of continuous functions need not be continuous!

So now we turn our attention to the second key question about pointwise limits:
Question 2: Is the pointwise limit of integrable functions integrable?
EXAMPLE 14 Let[0,11N\Q ={ri,r2, -+ , 7y, ---} and let

£ = {(1) it x € [0, 11\ {r1, 72+, Pt}

iftxe{r,r, - ,rma}
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EXAMPLE 15

Note that each of the functions f, is integrable on [0, 1] since they are continuous
except at finitely many points. However, since when k < n the rational number r; is
in{ry,r, -+ ,r,_1}, it is easy to see that the sequence {f,} converges pointwsie to the
function f; given by

{0 ifxe[o.11\Q
fO(x)_{l if x€[0,11NQ.

We have already seen that f; is not integrable on [0, 1].

The example above illustrates the second major flaw associated with pointwise
convergence

Flaw 2: The pointwise limit of integrable functions need not be integrable!
Our last question about the nature of pointwsie limits asks:
Question 3: Assume that {f,} is a sequence of integrable functions on [a, b] which

converges pointwise to fy on [a, b]. Assume also that f; is integrable on [a, b]. Must
it always be the case that

b b b
lim f fu(t)dt = f lim £,(f) dt = f fot) dr?

That is, is the limit of the integrals the integral of the limit?

Unfortunately, as the next example shows, this may also fail to be the case.

15(X)
Let
4n’x if x € [0, 5]
fu(x) =320 — 4n*(x - 2]_}1) if x € (zl_n’ %
0 if x € (i, 1]
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Then f,(x) — fo(x) = 0 for each x € [0, 1]. Moreover, since for each n € N,

fol J.(?) dt can be interpreted as the area of a triangle with base of length % and
altitude 2n, it follows that

1 1
1 =lim f fu(H)dt # f lim f,(¢#)dt = 0.
n—eoo Jo g "o

Flaw 3): If {f,(x)} is a sequence of integrable functions on [a, b] that converges
pointwise to an integrable function fy(x) on [a, b] it is possible that

b b b
limf f,,(t)dtif limf,,(t)dt:f Jo(®) dt.

Question 3: Can we repair these flaws?

REMARK

One clue as to how we might address the flaws in pointwise convergence comes
from observing how the rate at which { f,(x)} converges to fy(x) can vary as x varies
across /. For example, if we let f,(x) = x" and we look at how this sequence of
functions behaves on [0, 1], then we see from the diagram below that the
convergence of { fn(%)} is much more rapid than that of {f,(0.9)}.

0.8

0.64

0.44

0.2

T T
0 0.2 0.4

B f(0)  [Ifn(0.5) [Ofa(9)  EHfR(1)

In fact, as will will soon see, it is precisely this variance in rates of convergence that
produces the flaws we have identified above.

<
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6.5.2 Uniform Convergence of Functions

DEFINITION  Uniform Convergence

We say that a sequence of functions {f,} converges uniformly on S C R to a function
fo if for every € > 0, there exists an N € N such that if n > N, then

1fn(x) = fo(x)l < €

forall xe S.

REMARK

1) It is worth noting that that if { f,} converges uniformly on I to f, then {f,} also
converges pointwise to fy on I. However, as we shall now see, the converse is
not true.

2) Visually, to verify that a sequence {f,,} of functions converges uniformly to f;
on [ it must be the case that given an € > 0, provided that the index #n is large
enough the graph of f, over I must lie entirely between the graphs of fy(x) — €
and fo(x) + €.

fo (X) +¢
fo (X
fo (%) -

R

x
L
(2}

I\

EXAMPLE 16  In our previous section we saw that

0 ifxel0,1)

Ji) = ¥ = fo) = {1 o
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pointwise, but we claim that it does not converge uniformly on [0, 1]. To see why
uniform convergence fails on [0,1] we let € = 0.1 Since {f,,(x)} converges to 0 on
[0, 1) if our convergence was uniform if our index was large enough we would need
to have

~0.1 < fo(x) < 0.1

for all x € [0, 1). However for any n € N we have that f,(0) = 0 and f,(1) = 1. Since
fn(x) = X" is continuous on [0, 1], the Intermediate Value Theorem shows that f,,(x)

must take on all values in [0, 1) as x ranges over [0, 1). In particular, there will exist

an xo € (0, 1) such that f,(xp) = %

0.8

0.6

0.44

0.2

(] | | | J %8=0.1

0.2 0.4 0.6 0.8

It is important to note however, that the issue of uniform convergence is not
inherently solely a property of the sequence of functions alone, but rather about the
relationship between the sequence and the set on which it converges. For example,
if we take the same sequence {f,,(x)} = {x"} as above but focus our attention on the
interval [0, %], then the sequence again converges to the same f, which is identically
equal to 0 on [0, %]. This time however, we can use the fact that

1 1
()= 0] < |~ — 0] = —
| fn(x) = O |2n | T
to show that given € > 0, if n is large enough so that 5; < €, then if x € [0, 5], we
have

1
|fn(x) — 0] <= > <€
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0.57

0.4+

0.3

0.2+

0.1+

T T T T
0.1 0.2 0.3 0.4 0}5

This shows that the sequence {f,,} converges pointwise on [0, 1] but not uniformly,
while it does indeed converge uniformly on the smaller interval [0, %].

We are now in a position to show that uniform convergence repairs the flaws we
showed in pontwise convergence.

THEOREM 11 Preservation of Continuity Theorem

Assume that f,, is continuous on an interval / C R for all n € N. Assume also that
{f.} converges uniformly to fy on I. Then f; is continuous on /.

PROOF

Let xo € I. Let € > 0. We choose an n € N so that

|M@—MM<§

for all x € I. Since f, is continuous at x = x, there exists a 9 > 0 such that if x € /
and |x — xp| < 6, then

mm—ﬁWM<§

If x € I with |x — x| < 6, we have

[fo(x) = fo(xo)l < 1fo(x) = fuCOl + 1 fu(x) = fu(xo)] + [ fu(x0) = fo(xo)l
€ € €
< § + 5 + g
= €.
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fo(xo) +&
# L 7 (x)  Te/3]
| G ef3 | fo(Xo)
fo(xo)
fo(Xo)'8
P 1
b X Xo Xo+d Bk

REMARK

The previous theorem shows that the first of the three flaws we stated for pointwise
convergence does not apply to uniform convergence.

It turns out that the argument we give in the proof also can be used to establish that
the second flaw is also eliminated with uniform convergence. However, to give an
explicit proof of this fact is somewhat beyond the scope of this course. It relies on a
deep result that states that a bounded function f on [a, b] is integrable if and only if
f 1s continuous except on a set that is of Lebesgue measure 0. The precise meaning
of this statement is quite technical in nature, but suffice it to say that such a set is
small relative to the size of the interval [a, b]. While we may not be able to provide a
complete proof that the uniform limit of a sequence of integrable functions is
integrable, we do know this will be the case if each f, is continuous since the limit
function f; is continuous and hence is also integrable. As such, with the additional
assumption of continuity we can show that the third flaw in pointwise convergence
disappears if we use uniform convergence rather than pointwise convergence.

<

THEOREM 12 Assume that f;, is continuous for all n € N on an interval [a, b]. Assume also that
{f.} converges uniformly to f, on [a, b]. Then

b b b
lim f Fut) dt = f lim f,(f)dt = f fot) dt.
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PROOF

Let € > 0. Choose N € N large enough so that if n > N then for any x € [q, b]
€
| fo(X) = fo(x) [< P
-a

If n > N, then

IA

b b
|ffn<t>dr—ffo(r>dz|

b
f D = fol0) | dr
b

€ ar

IN
—

. b—a

Il
m

6.6 Normed Linear Spaces

In this section we will see how we can interpret uniform convergence as a
generalization of the concept of a convergence of sequences in R. To do so we see
how we can define a notion of distance between points in a vector space over R.
Before doing so it will be helpful to review some of the basic properties of the
absolute value function.

DEFINITION  Absolute Value The absolute value of a real number x is the quantity

X if x>0,
x| := .
—x ifx<O.

REMARK

Recall that the main geometric interpretation of absolute value was that |x — y|
represents the distance between x and y. <

The following are the key properties of the absolute value function that we will need
to motivate our abstract definition of distance.

THEOREM 13  Properties of the Absolute Value

For any x,y and z in R.
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I): | x|>0and| x |=0if and only if x = 0.
2 la-x|=lallx|=|x|=-x|.

3: |x+y|<| x|+ ]y (Triangle Inequality)

We will now see that it is often possible to define meaningful notions of ’distance”
for vector spaces over R. To do so we first haev to define an abstract notion of
“length” for a vector in an abstract vector space. The key will be to try and mimic
the key properties of the absolute value function.

DEFINITION Normed Linear Space

Let V be a vector space over R. A norm on V is a function || - || : V — R satisfying:

1. [Positive Definiteness] |[x|| > 0 and ||x|| = O if and only if x = 0, forall x € V;
2. [Positive Homogeneity] ||ax|| = |a|||x|| for all x € V;

3. [Triangle Inequality] ||x + y|| < ||x|| + |lyl|, for all x,y € V.

The ordered pair (V, || - ||) is called a normed linear space.

REMARK
Intuitively, |[x|| represents the “length” or “magnitude” of the vector x.

The triangle inequality is so named because geometrically it can be interpreted as
saying that the length of any one side of a triangle is less than or equal to the length
of the sum of the other two sides.

[yl

11 lIx + vl
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EXAMPLE 17

EXAMPLE 18

THEOREM 14

THEOREM 15

We will now present several examples of normed linear spaces.

Let V = R with the usual addition and scalar multiplication, and let || - || = | - |, the
usual absolute value. Then (R, | - |) is a normed linear space.

<
Let V = R? with the usual vector addition and scalar multiplication, and for each
X = (x1,x) € R%, let ||x|, = ,/x% + x%.

<

REMARK

As is often the case, in verifying that [|x|l, = {/x? + x3 is in fact a norm on R?, the

first two properties are clear, but showing that the Triangle Inequality holds is not so
straightforward. In this case, this follows from an important inequality known as the
Cauchy-Schwarz Inequality.

Cauchy-Schwarz

Let (a1, as,...,a,) € R"and (by, b,,...,b,) € R". Then

S labii< (Y 1a S 15 P
i=1 i=1 i=1

In fact, The Cauchy-Schwarz Theorem is a special case of a more general theorem
called Holders Inequality with p = g = 2.

Holders Inequality

Let (ay,as,...,a,) € R"and (b, bs,...,b,) eR". Let1 < p < ooand%+ é =1.

Then . . .
Dilabi 1< QS 1a PN b ). (+%)
i=1 i=1 i=1
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PROOF

First observe that we can assume that
(ar,ay,...,a,) #(0,0,...0) # (b1, bs,...,b,),

otherwise the inequality is trivially and equality holds. Moreover since for any
a, 8 > 0 we have that

S 1 a b = aB Y b |
i=1 i=1

O, laa; 17 =a(d a7,
i=1 i=1
and i .
O~ 1Bbi 1) = BO . 1bi 1)1,
i=1 i=1
it follows that () holds for (a;,ay, ...,a,) € R" and (by, by, ..., b,) € R" if and only

if it holds for (aay, aas, ..., aa,) € R" and (Bby,5b,, . .., Bb,) € R" for some
a,B > 0. As such, by scaling if necessary, we may assume that

ilailp:1:i|bi|q-
i=1 i=1

Now foreachi =1,2,...,n, we have

P b |4
Iaibilslall +| zl.
q
As such
n Z:|ai|’7 ;'bilq
Zlaibil < =l + 2
=1 p q
1 1
= — 4+ —
P 4
=1

= Ol a1
i=1 i=1

To derive the Triangle Inequality for the Euclidean norm we will need the following
inequality which follows from Holders Inequality.
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THEOREM 16  Minkowski’s Inequality
Let (aj,az,...,a,) € R" and (b1, b;,...,b,) € R". Let 1 < p < co. Then

O lai+biyr <O Lag Iy + O 1bi 1)
i=1 i=1 i=1

PROOF
Firstlet L + 1 =1.
P q
We can again assume that
(ar,az,...,a,) #(0,0,...0) # (b1, ba, ..., by),

otherwise the inequality is trivially true.

Now
Dila+bil? = > la+bil-laj+b """
i=1 i=1
< >dail-la+bi P+ Y bl lag+ b 7!
i=1 i=1
By Holders Inequality

IA

n
-1
Dolail-lag+bil
i=1

O la e - lai+b; [~
i=1 i=1

Qn] @i 1")7 - (Zn] @i + by |77
i=1 i=1

Similarly we get that

Dbl la+ b P < Q1B )P - O Tai+ by ).
i=1 i=1 i=1

Putting everything together we get
n n n
Dila+bil < Yo lal-lai+b 7+ 1bil-lai+bi
i=1 i=1 i=1

(O TaPyr + O b )1 Lag + b )
i=1 i=1 i=1

IA

IA
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EXAMPLE 19

EXAMPLE 20

Therefore, dividing both sides of the above inequality by (2, | a; + b; |p)$, we get,
i=1

. _1 & 1 - 1 - 1
QO lai+bi )T = lai+bi )2 < 1ai e+ 1bi )2
i=1 i=1 i=1 i=1

While the Euclidean norm is perhaps the most natural norm that we can define on
R? since it agrees with our usual sense of length, we will now see that there are other
norms on R? so that a vector space can become a normed linear space in more than
one way. In fact we can use what we have seen to define norms on R* for any n € N.

Let V = R" with the usual addition and scalar multiplication, and let

X = (X1, X2,...,X,). Let 1 < p < co. Define the p-norm of x to be

n

1

I, = O 1% 1),
i=1

It is easy to see that || - ||, satisfies the first two properties of a norm on R” and the
Triangle Inequality follows immediately from Minkowski’s Inequality.

As mentioned earlier, the case where p = 2 results in the Euclidean norm which we
have now extended to any dimension. Moreover, it is worth noting that if n = 1, then
all of these norms agree with the absolute value. Hence they are true generalizations
of the absolute value function. Moreover, whenever we reference a norm on R we
will always be referring to the norm |x — y|.

Let V = R" with the usual vector addition and scalar multiplication, and for each

X = (x1,%,...,x, € R", let
n
il = > il
i=1

The || - ||y in this example is called the 1-norm.

As before, it is easy to verify that the first two properties of a norm hold. The fact
that the Triangle Inequality holds follows immediately from the Triangle Inequality
for the absolute value function. <
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EXAMPLE 21

DEFINITION

Let V = R” with the usual vector addition and scalar multiplication, and for each
X = (x1,x2,...,x, € R", let

IXllo = maxix, xa, ..., x,}.

The norm || - || in this example is called the co—norm or the sup-norm.

As before, it is easy to verify that the first two properties of a norm hold. The fact
that the Triangle Inequality holds follows immediately from the Triangle Inequality
for the absolute value function. <

6.7 Metric Spaces

In the previous section we saw that it is possible to define abstract notions of length
on various vector spaces. In this section, we will see how to define abstract notions
of distance on a set X.

REMARK

If x,y € R, then
dx,y) =l x—y|

represents the distance from x to y. From what we know of the absolute value
function we can deduce the following important properties of this distance function:

1) d(x,y) =| x—y|>0and d(x,y) = 0if and only if x = y.
2) dx,y) =l x—yl|=ly-x|=d(y,x).
3) Forany x,y,z€ R
dix,y) =l x—ylslx—z[+|z-yl|=d(x,2) +d(z,y).

(Triangle Inequality)

Just as we did for our notion of length, we can now use our distance function
obtained from the absolute value as a model for our notion of a distance on an
arbitrary set X.

Metric Space

Given a nonempty set X, a metric on X is a function d : X X X — R satisfying:
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EXAMPLE 22

1) [Positive Definiteness] d(x,y) > 0 and d(x,y) = O if and only if x = y, for all
X,y €X;

2) [Symmetry] d(x,y) = d(y, x), for all x, y € X
3) [Triangle Inequality] d(x,y) < d(x,z) + d(z,y), forall x, y, z € X.

The ordered pair (X, d) is called a metric space.

REMARK

Given a metric space (X, d), we can think of d(x, y) as representing the distance
between x and y. The triangle inequality states that distance from x to a point y is
less than the sum of the distance from x to z, plus the distance from z to y.

y d(y,z)

d(x,y)

d(x,z)

Given a non-empty set X, the distance functions can take many forms and as we
shall now see it is always possible to define at least one metric on X.

Let X be any non-empty set. Define d : X X X — R by

0 ifx=y,

d(x,y) =
(x.) {1 if x # y.

It is actually very easy to see that d satisfies the first two properties of a metric. The
Triangle Inequality also follows readily and we leave it as an exercise to verify that
this is the case. As such d defines a metric on X which we call the discrete metric on
X.

<
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THEOREM 17

DEFINITION

The discrete metric is the most simplistic example of a metric on a set X. It is not
very interesting in that all it can tell us is if two points are equal or not. We will see
however that if (V,|| - ||) is a normed liner space, then the norm induces a natural
metric on V that gives a much richer structure than we would get from the discrete
meftric.

Let (V,|| - ||) be a normed linear space. Letd : V X V — R be defined by
d(x,y) = ||x — y||. Then (V,d) is a metric space.

The metric d above is said to be induced by the norm || - ||.

PROOF
Let d be defined as above. We have:

1) dx,y) =|x—yl|| >0forallx,y € V. Also, forall x,y € V, if
d(x,y) =[x — yll = 0, then x — y = 0, implying that x = y.

2) dx,y) = lIx =yl = I(=D(@y =x)ll = | = lly = xI| = [ly - xI| = d(y,x), for all x,
yeV.

3) dx,y)=lx-yll=llx-2)+ Z -yl < |x—z|| + Iz - y|ll = d(x,2) + d(z,y),
forallx,y,ze V.

REMARK

You will recall that we defined convergence of sequences in R by utilizing the
absolute value function to measure the distance between elements x, of our
sequence and a possible limit x. Given a metric space (X, d) we have a notion of
distance that mimics all of the important properties of the absolute value function.
As such it make sense to extend our notion of convergence for sequences to metric
spaces.

Convergence of Sequences

Given a metric space (X, d), we say that a sequence {x,} C X converges to x, € X if
for every € > 0 there exists an N € N such that if n > N, then

d(x,, xp) < €,

or equivalently that d(x,, xo) — 0.

In this case, we write
lim x, = xp.

n—oo

Foundations of Calculus 2 (B. Forrest)?



Chapter 6: Power Series 290

EXAMPLE 23

DEFINITION

Let X = R” and define the Euclidean distance to be

dr(x,y) = lIx =yl = (Y (xi =32
i=1

Assume that {x;} is a sequence in (R", d>) which converges to xy. Note that for each
i=1,2,...,n, we have
Xt — X0, < da(X, ).

This shows that for eachi = 1,2, ..., n the real sequence {x;;} converges to x;. That
is each of the coordinate sequences converge to the corresponding coordinate of Xy.

Conversely, assume that we knew that each coordinate sequence {x;;} converges to
some x; in R. We let

X0 = (X0,1, X025 - - - » X0,0)-

Given € > 0 we can find a cutoff N so that if kK > N, then

€
X, — X0l < —

\Vn
foreachi=1,2,...,n. Next observe that if Xk > N, then

d(X’X):(n(X,i—x,i)z)%<(n(i)2)%:e.
2 &k> A0 FZI k 0 lzzl \/71

This shows that {x;} converges to Xj.

What we have just seen is that in (R", d,) a sequence {X;} converges to X, if and only
if each coordinate sequence {x;;} converges to xy; in R

<

Just as we did for sequences in R, we can ask if there is an intrinsic way to
determine if a sequence {x,} in a metric space (X, d) converges. As a guide for what
that characteristic might be, we recall that if {x,} is a convergent sequence in R, then
we can show that for any € > 0, there exists a cutoff N € N such that if n,m > N,
than d(x,, x,,) = |x, — x,,| < €. That is every convergent sequence is Cauchy.

Cauchy Sequence

Given a metric space (X, d), we say that a sequence {x,} C X is Cauchy if for every
€ > 0 there exists N € N such that if n, m > N, then

d(x,, x,,) < €.

We will now use the Triangle Inequality to show that in any metric space (x, d)
convergent sequences are again Cauchy.
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THEOREM 18

DEFINITION

EXAMPLE 24

Theorem:

Assume that {x,} is a convergent sequence in a metric space (X, d). Then {x,} is
Cauchy in (X, d).

PROOF

Let € > 0. Assume that lim x,, = xo. We can find an N € N so that if n > N, then

n—oo

€
d(x,, xg) < 7

If n, m > N, then we have

A

d(Xn, xm) = d(xn, X()) + d(xO’ xm)
€

<€+
272
€.

This shows that {x,} is Cauchy in (X, d).

Note: In R we saw not only that every convergent sequence was Cauchy, but also
that every Cauchy sequence was also convergent. We called this The Completeness
Property of R. We will now define the analog for a general metric space.

Complete Metric Spaces

We say that a metric space (X, d) is complete if every Cauchy sequence {x,} C X is
convergent in (X, d).

Since Cauchy sequences in R converge, the following question is very natural:
Question: Is every metric space (X, d) complete?

Unfortunately, the answer to the above question is generally no as the next example
shows.

Let X = (0, 1) with d(x,y) = |x — y|. Consider the sequence {%}. This sequence is
Cauchy, but it does not converge to any element in X.

In contrast to the previous example, we can show that like R, the Euclidean metric
spaces (R", d,) is complete for each n € N.
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EXAMPLE 25

DEFINITION

Consider the metric space (R”, d>). Assume that {x;} is a Cauchy sequence in
(R",d,). Since foreachi = 1,2, ...,n we have that

[k, — x5l < do(Xg, X))

it follows that each coordinate sequence {x; ;} is also Cauchy in R. But since R is
complete with respect to the usual metric, each {x;;} converges to some xj; in R.
But then we know that {x;} also converges in (R", d5) to Xo = (X0.1, X025 - - - » X0.1)-
That is (R", d,) is complete.

REMARK

It turns out that if we define d, on R" to be

dp(x,y) =[x = ¥ll,

then (R", d,) is a complete metric space for any 1 < p < co. The proof of this fact is
very similar to how we showed (R”, d,) to be complete. In fact we can say much
more than this. If V is an finite dimensional vector sace and if d is a metric on V
induced by a norm || - || on V, then (V, d) is always complete. The proof of this
statement is somewhat beyond the scope of this course but it is a consequence of the
Bolzano-Weierstrass Theorem.

<

6.8 Completeness of C([a, b)), ] - ||c)

In the previous section we introduced the concept of convergence for a metric space.
In this sections we will see that niform convergence of a sequence of continuous
functions on a closed interval [a, b] can be interpreted as convergence in a metric on
the space C([a, b]) of all continuous functions on the interval [a, b].

C([a, b)), | - [le)

Let
C([a,b]) = {f(x) | f(x) is continuous on [a, b]}.

Define |l - [l :C([a,b])— R by

Iflle = Tub{lf()| [ x € [a,b]}
= max{|f(0)l | x € [a,b]}.

Claim: (C([a, b)), || - |lo) is a normed linear space.
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Observations:

D) |Ifll = O by definition and ||f||.. = max{|f(x)| | x € [a, b]} = 0 implies that
|f(x)| = 0 for all x € [a, b], hence f(x) = 0 for all x € [a, b].

2) Note that

laflle = max{laf(x)]|x € [a,b]}

= max{le|-|f(x)]: x € [a,b]}
= |af - max{|f(x)| : x € [a,b]}
= la| - Iflle-

3) Itis easy to establish that

If +glle =

IA A

max{|(f + g)(x)| : x € [a, D]}

max{|f(x) + g(x)| : x € [a, D]}

max{|f(x)| + [g(x)| : x € [a, D]}

max{|f(x)| : x € [a, b]} + max{|g(x)| : x € [a, b]}
/1l + llgllco-

As is the case with any norm, || - ||, induces a metric on C([a, b]) as follows:

DEFINITION  C([a,b]),d)

Given f, g € C([a, b]), define

REMARK

dw(fs g) = ”f - g”oo

Geometrically the distance d.(f, g) represents the maximum vertical distance
between points on the graphs of f and g over [a, b].

f(x)

de(f.9) =11 T-gll,

R
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THEOREM 19

Next, consider the metric space (C([a, b]), d). A sequence {f,} € C([a, b])
converges to fy € C([a, b)) if and only if for every € > 0 we can find an N € N such
that if n > N, then d.(f,, fo) < €. However

doo(fus f0) = Ilfa = folleo
max{|f,(x) = fo(x)| : x € [a,b]}

It follows that { f,,} ¢ C([a, b]) converges to f, € C([a, b]) if and only if for every
€ > 0 we can find an N € N such that if n > N, then |f,(x) — fo(x)| < € for all
X € [a, b].

Key Observation: This is precisely the definition of uniform convergence! That is
{f.} converges to fy in (C([a, b]), d) if and only if {f,} converges to f, on [a, b].

<

The next result, which shows that C([a, b]), d-) is a complete metric sace, will be
our main tool in verifying our earlier assertions about term-by-term differentiability
and integration of power series.

Completeness Theorem for (C([a, b)), d.)

The metric space (C([a, b)), d) is complete. That is , if {f,} is Cauchy in
(C(la, b)), d), then there exists fy € (C([a, b)), d-) such that f, — fyin
(C([a, b)), de).

PROOF

Step 1: he first step in our proof is to identify a candidate for our limit function fo.
To do so we note that if {f,,} converges uniformly to some f;, then it also converges
pointwise to fy. As such we can start by trying to identify a pointwsie limit of our
sequence {f,}.

Key Observation: Since {f,} is Cauchy in (C([a, b]), d.,), for any € > 0, we can find
N € N such that if n, m > N, then

dw(ﬁu fm) = ||f;’l - fm”oo <eE€.
Let xo € [a, b]. Then if n, m > N, we have

|/a(x0) = fn(xo)l < |lfn = funlleo < €.

It follows that real-valued sequence {f,(xo)} is Cauchy in (R, | - |) for each xj € [a, b].
Hence {f,(xo)} converges. Let f; : [a,b] — R be defined by

S = lim £,
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THEOREM 20

for each x € [a, b].
Step 2: Show that { f,} converges to fy uniformly on [a, b].

Let € > 0. Choose N € N such that if n, m > N, then

dammrﬂm—mm<§.

Assume that n > N and that x € [a, b]. Then

| fo(x) = fu(x) | Lim | fu(x) = fu() |

€
S —_

2
< €
Hence ||fo — fullo < €. This shows that {f,} converges to f; uniformly on [a, b].

From this it follows that f; is also continuous on [a, b] and that {f,} converges to f
in (C([a, b]), dw).

[
‘We know that if i | a, | converges, then so does, i a,. We will now give an
n=1 n=1
important analog of this result for (C([a, b]), d)
Weierstrass M-Test
Let {f,} c C([a,b]). Let
k
k= fu
n=1
Assume also that -
D il
n=1
converges. Then {S} converges uniformly to a function
S =) fix)
n=1
in C([a, b]).
PROOF
Key Observation: Since (C([a, b)), || - ||~) is complete, we need only show that {S}
is Cauchy.
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THEOREM 21

Let

k
T = > Ifille.
n=1

Since {7} is convergent it is Cauchy.

Let € > 0. Then there exits an N € N such that if m > k > N, then

m k m
| To=Tel= D fillo = D Mfalle = D Iille < €.
n=1 n=1

n=k+1

Now if m > k > N, then for any x € [a, b],

IA

| Sm(x) = Sk(x) | 1S m = Slleo

1> il

n=k+1

S e

n=k+1
< €.

IA

Hence {S} is Cauchy, and as such converges uniformly to S (x) € C([a, b]).

6.8.1 Uniform Convergence of Power Series

We are now in a position to show that the convergence of a power series with radius
of convergence R > 0 is uniform on any closed interval [—x;, x;] when 0 < x; < R.

Uniform Convergence Theorem for Power Series

Assume that the power series ) a,x" has radius of convergence R > 0. Let
n=0
0 < x; < R and let
k

Si(x) = Z a,x".

n=0

Then {S;(x)} converges uniformly on [—x;, x;] to the function

(o)

Sx) = Z a,x".

n=0
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PROOF

T
X4

,
X4

[F)]=Tex"|

We begin by observing that if x; > 0, then the function f(x) = cx” on [—xy, x;] such

that

11l = max{| f(x) | x € [-x1, x11} =| ¢ | x7.

Let f,(x) = a,x". We know that || f,[|. =| cx] |. We also know that since 0 < x; < R.

>

n=1

[
fillo = Y Tex] |
n=1

converges. The result now follows from the Weierstrass M-Test.

EXAMPLE 26  We know that the power series Y, x" has radius of convergence 1. The previous

n=0
theorem tells us that

1—x

with the convergence being uniformly [—

(o)
1+x+x2+-~~:Zx"

n=0
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L] 11— [ ] 1+x+x2+x3+x4
-X

7

04 02 02 04
1 x
o s T3t

REMARK

Recall that Abel’s Theorem told us that if a power series | a,x" hd a radius of
n=0
convergence R > 0 and an interval of convergence /, then the function

f(x) = >, a,x" represented by the power series would be continuous on 1. The

n=0
previous theorem allows us to prove this fact for all x € (=R, R).

Assume that the power series ), a,x" has radius of convergence R > 0 and that for
n=0
all x in the interval of convergence 1,

(o)

fo) = ax"
n=0
Let xy € (=R, R) Then 0 <| xy |[< R. As such, we can find x; with

OSlXQ|<X1<R.

k

But then if S, (x) = > a,x", Si(x) — f(x) uniformly on [—xy, x]. Since each S;(x)
n=0

is continuous, f(x) is also continuous on [—x1, x;] and hence at x;.

6.9 Term-By-Term Integration of Power Series

In the previous section we showed that the convergence of a power series is uniform
on any closed interval [—x, x;] if 0 < x; < R and R is the radius of convergence of
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the power series. In this sections we will explore the consequences of that result for
evaluating definite integrals of functions represented by power series.

We begin with the following example.

EXAMPLE 27

Foranyu € (—1,1)

1 _ 2 3 N n
l_u—1+u+u +u’ + ngzou.

If £ € (-1,1), then —¢* € (=1, 1). So if we let u = —¢* for every ¢ € (-1, 1) we get,

| o o
W = —— Z(—t“)" - Z(—l)”t“".
n=0

n=0

k
Moreover if f,(f) = (=1)"*", then Sy = 3 f, = h uniformly on [0, %].
n=0

Observation : We can use this to evaluate
1

2 1 J
.
L 1+#4

With

1+¢

Mo = —— = 3 (-1,
n=0

we have

1 1k
2 1 2
dt = 1i g —1)"* dt
f(; 1+ P 0 n:O( )

k 1
2
= lim ) f (=)'t dt
k—o0 0
n=0
k t4n+l

= i 1y
kir?o;( e

1
2

0
: 1

T .

ke ;( i an 1)

= 1
= § “y_
2V @

The series, which satisfies the conditions of the Alternating Series Test, in turn
allows us to very accurately estimate the value of the integral numerically.
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THEOREM 22

THEOREM 23

We have seen that if { f,,} is a sequence of continuous functions that converges
uniformly to fj on [a, b], then

b b b
lim f fu(t)dt = f lim £,(f) dt = f fot)dt.

But we also know that the convergence of a power series is uniform on any closed
interval [—x;, x;] when 0 < x; < R and R is the radius of convergence of the power
series. The next theorem is now immediate.

Term-By-Term Integration for Power Series

Suppose that f(x) = ) a,x" on (R, R), where R > 0. Suppose [a, b] C (—R, R).
n=0
Then

[ee) (o8]

b b " a,b™" — a,a"
Lf(x)dsz[Lanxdx]:Z —

n=0 n=0

+1

6.10 Term-By-Term Antidifferentiation of of Power Series

Recall: Given a power series ), a,x" we defined the term-by-term derivative and
n=0
antiderivative of the series to be respectively

and

We can ask the following question:

Question: Do these have any relationship to the actual derivative or antiderivative
of the function

fo) = ax
n=0
represented by the power series? In the case of the antiderivative, we can now show
that the term-by-term antiderivative is in fact true antiderivative of f.

Term-by-Term Anitiderivative for Power Series

Assume that )} a,x" has radius of convergence R > 0. Then the formal
n=0
antiderivative

[e9)
C+Z n_ 1
n+1
n=0
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has radius of convergence at least R.
Moreover, if
f(x) = Zanx" and F(x)=C+
n=0 n=0
then F is differentiable on (—R, R) with F’(x) = f(x).
PROOF
For each x € (—R, R), let
H(x) = f f(Hdt = f a,t" dt
0 0 Z
= Z f a,t" dt
N a +1
= X
; n+1
Hence Z “‘ x"*! converges on (—R, R).
Since f is continuous on (—R, R) the FTC shows that
F(x) = :C+f f() dt,
0
is differentiable on (—R, R) with F''(x) = f(x).
[

EXAMPLE 28

We know that ﬁ = Y u" foru € (=1, 1). Hence if we let u = —£2.

n=0
1 N n,2n
5= D=1y
n=0

for all r € (-1, 1). It follows that

x2n+1
+1

arctan(x) = C + Z( s
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LEMMA 24

for some C. But arctan(0) = 0 implies that C = 0 and

2n+1

arctan(x) = Z(—l)"
n=0

2n+1
Moreover, because ) (—1 ”gi;i also converges at x = 1, we have
n=0
T _ arctan(1) = i(—nn !
4 4 2+

This implies that

0 4
=N (1) .
d ;;( T

6.11 Term-by-Term Differentiation of Power Series Part 2

In this section we will prove that a function f that is represented by a power series
>, a,x" with radius of convergence R > 0 is differentiable on (—R, R) and that the

n=0
term-by-term derivative represents the true derivative of of f on this interval. To do

so we begin with the following lemma.

(o)
Assume that a power series ) a,x" has radius of convergence R. Then its formal
n=0

[e6]
derivative ) na,x""! has a radius of convergence of at least R.

n=1

PROOF

If R = 0, the theorem is trivial, so assume R > 0.

Observation: The series Y na,x"~' and 3 na,x" have the same radii of
n=1 n=1
convergence. As such, if we choose xy € (=R, R). It suffices to show that

(o]
Z na,Xx;

n=1

converges.
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Let x; be chosen so that 0 < |xg| < x; < R. Then

(o)
2 leni

n=0
converges.
Next we note that ol
Xo
[na,xt| = |a,x}|(n - .
n*Q n-vi |x1|n)
We have .
. |xo]
lim n =0,
n—oo |x1 |"

so eventually n -
have
[na,xp| < la,x}|.

By the Comparison Test }; |na,x;| converges and hence so does

n=1
(o)
E nanxo

n=1

since the term-by-term derivative of the term-by-term antiderivative is the original
series and since the original series is a term-by-term antiderivative of the
term-by-term derivative, we now have the following theorm:

THEOREM 25

All three of the series
1) > a,x"
n=0
2) 3 na,x""', its formal derivative and
n+1

3) C+ Z Lu_yn+l its formal antiderivative
n=

have the same radius of convergence.

We are finally in a position to confirm that the term-by-term derivative of a power
seres does indeed represent the derivative of the function represented by the original
series.
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THEOREM 26

Term-by-Term Differentiation of Power Series

(o9
Assume that a power series ), a,x” has radius of convergence R > 0. If
n=0

(o)

f@ =) ax,

n=0
then f is differentiable on (—R, R), and for every x € (—R, R) we have

()

f'(x) = Z na,x""".

n=1

PROOF

Since we know that ) na,x""! converges on (R, R), we have that the function

n=1
(Y na, Y dt
)

o X

g(x)

I

M
S
S
%
&

is differentiable on (—R, R) with g’(x) = 3 na,x""'. But

n=1
f(x) = g(x) + ao

so we are done.

6.12 Review of Taylor Polynomials

Recall that if f is differentiable at x = a, then if x = a

f(x) - f(a)
x :

—a

f(a) =
Cross-multiplying gives us

fr@(x-a)= f(x) - fla)
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and finally that
J) = fla) + f(@(x—a).

This led us to define the linear approximation to f at x = a to be the function

Ly(x) = f(a) + f'(a)(x — a).

We saw that the geometrical significance of the linear approximation is that its
graph is the tangent line to the graph of f through the point (a, f(a)).

Ly(x) = f(a) + f'(a)(x — a)

/\

Recall also that the linear approximation has the following two important properties:

1. Lia) = f(a).
2. L'(a) = f'(a).

In fact, amongst all polynomials of degree at most 1, that is functions of the form

p(x) =co+ci(x—a),

the linear approximation is the only one with both properties (1) and (2) and as such,
the only one that encodes both the value of the function at x = a and its derivative.

‘We know that for x near a that
f(x) = Ly(x).

This means that we can use the simple linear function L, to approximate what could
be a rather complicated function f at points near x = a. However, any time we use a
process to approximate a value, it is best that we understand as much as possible

about the error in the procedure. In this case, the error in the linear approximation is

Error(x) =| f(x) — L,(x) |

and at x = a the estimate is exact since L,(a) = f(a).

There are two basic factors that affect the potential size of the error in using linear
approximation. These are

Foundations of Calculus 2 (B. Forrest)?



Chapter 6: Power Series 306

1. The distance between x and a. That is, how large is | x —a |?

2. How curved the graph is near x = a?

Note that the larger | f”/(x) | is, the more rapidly the tangent lines turn, and hence the
more curved the graph of f. For this reason the second factor affecting the size of
the error can be expressed in terms of the size of | f”'(x) |. Generally speaking, the
further x is away from a and the more curved the graph of f, the larger the potential
for error in using linear approximation. This is illustrated in the following diagram
which shows two different functions, f and g, with the same tangent line at x = a.
The error in using the linear approximation is the length of the vertical line joining
the graph of the function and the graph of the linear approximation.

Ly(x) = f(a) + f'(a)(x — a)

\

Notice that in the diagram, the graph of g is much more curved near x = a than is
the graph of f. You can also see that at the chosen point x the error

Error(1) =| f(x) — Ly(x) |
in using L,(x) to estimate the value of f(x) is extremely small, whereas the error
Error(2) =| g(x) — L,(x) |

in using L,(x) to estimate the value of g(x) is noticeably larger. The diagram also
shows that for both f and g, the further away x is from a, the larger the error is in
the linear approximation process.

In the case of the function g, its graph looks more like a parabola (second degree
polynomial) than it does a line. This suggests that it would make more sense to try
and approximate g with a function of the form

p(x) =co+ci(x—a)+cr(x— a)z.

(Notice that the form for this polynomial looks somewhat unusual. You will see that
we write it this way because this form makes it easier to properly encode the
information about f at x = a).
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In constructing the linear approximation, we encoded the value of the function and
of its derivative at the point x = a. We want to again encode this local information,
but we want to do more. If we can include the second derivative, we might be able
to capture the curvature of the function that was missing in the linear approximation.
In summary, we would like to find constants ¢, ¢y, and c¢;, so that

L. p(a) = f(a),
2. p'(a) = f'(a), and
3. p"(a) = f"(a).

It may not seem immediately obvious that we can find such constants. However, this
task is actually not too difficult. For example, if we want p(a) = f(a), then by noting
that

pla) = co+ci(a—a)+cx(a—a)* = ¢

we immediately know that we should let ¢y = f(a).

We can use the standard rules of differentiation to show that
p'(x) =c1 +2c(x —a).
In order that p’(a) = f’(a), we have

f'@=p'a)=c+2ca—-a)=c.

Finally, since

p"(x) = 2¢,
for all x, if we let ¢, = #, we have
144 ”(a) 144
p (a)=2€z=2(f2 )=f"(a)
exactly as required. This shows that if
()

(x - a)’,

p(x) = fla) + f(@)(x - a) +

2

then p is the unique polynomial of degree 2 or less such that

L. p(a) = f(a),
2. p'(a) = f'(a), and
3. p’a@) = f"(a).

The polynomial p is called the second degree Taylor polynomial for f centered at
x = a. We denote this Taylor polynomial by 7> .
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EXAMPLE 29 Let f(x) = cos(x). Then,
f(0)=cos(0)=1, and f'(0)=—sin(0) =0,
and
f7(0) = —cos(0) = —1.
It follows that

Lo(x) = f(O) + f'(O)(x—0) =1+ 0(x-0) =1

for all x while

f7(0)
2
= 1+0(x—0)+_71(x—0)2
2

X
= 1-=.
2

T5,0(x) JO) + f'(0)(x - 0) + (x - 0)?

The following diagram shows cos(x) with its linear approximation and its second
degree Taylor polynomial centered at x = 0.

Lo(x) =1

f(x) = cos(x)

—2/ -1 0 1
~0.5- /

_1] Tro(x)=1-%

Notice that the second degree Taylor polynomial 7 does a much better job
approximating cos(x) over the interval [-2, 2] than does the linear approximation L.

<

We might guess that if f has a third derivative at x = a, then by encoding the value
f""(a) along with f(a), f’(a) and f " (a), we may do an even better job of
approximating f(x) near x = a than we did with either L, or with 75 ,. As such we
would be looking for a polynomial of the form

p(x)=co+ci(x—a)+c(x— a)2 + c3(x — a)3

such that
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L. pla) = f(@),

2. p'(a) = f'(a),

3. p”(a) = f"(a), and
4. p"(a) = f"(a).

To find such a p, we follow the same steps that we outlined before. We want
p(a) = f(a), but p(a) = cy + c1(a — a) + ca(a — a)* + c3(a — a)® = ¢, so we can let

co = f(a).
Differentiating p we get

p/(x) = ¢ +2c2(x — a) + 3c3(x — a)?

so that
p’(a) = ¢ +2cx(a — a) + 3c3(a — a)* = c;.
Therefore, if we let ¢; = f'(a) as before, then we will get p’(a) = f'(a).

Differentiating p’ gives us
p(x) =2c +312)c3(x — a).

Therefore,
p'(a) =2cr +3Q)c3(a — a) = 2c¢;.

@
2

Now if we let ¢, = , we get

p"(a) = f"(a).
Finally, observe that
p"(x) = 3(2)c3 = 3(2)(1)cz = 3les

for all x, so if we require
p"(a) =3les = [ (a),

then we need only let ¢3 = %

It follows that if

f (@)
2

(x—a)’ + w(x - ay’,

p(x) = f(@) + f(@)(x - a) + 31

then

L. p(a) = f(a),

2. p'(a) = f'(a),

3. p”(a) = f"(a), and
4. p”(a) = f"(a).
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DEFINITION

In this case, we call p the third degree Taylor polynomial centered at x = a and
denote it by T3 ,.

Given a function f, we could also write

Tou(x) = f(a)
and
T 4(x) = Ly(x) = f(a) + f'(@)(x - a)

and call these polynomials the zero-th degree and the first degree Taylor
polynomials of f centered at x = a, respectively.

Observe that using the convention where 0! = 1! = 1 and (x — a)® = 1, we have the

following:
Tou(x) = %(x - a)’
Tia(x) = %(x —a)’+ #(x -a)
Tra(x) = %(x -a) + %(x —a)' + %(x —a)’
T3.4(x) %(x—a)o + #(x—a)l - #(X—a)2 + #(x—af

Recall that f®(a) denotes the k-th derivative of f at x = a. By convention,
F9(x) = f(x). Then using summation notation, we have

)
Tou = Y P - af
k=0 ’

e k!
2 k)

D = > LD af
k=0 ’

and

This leads us to the following definition:

Taylor Polynomials

Assume that f is n-times differentiable at x = a. The n-th degree Taylor polynomial

for f centered at x = a is the polynomial
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n_ rk)
Toalx) = fkka—mk
k=0 :

f@)+ f(@)(x—a) +

f"(@)
2!

(x —a)® +-

(x—a)

NOTE

A remarkable property about T, , is that for any k between 0 and n,
T,a(a) = fPa).

That is, T, , encodes not only the value of f(x) at x = a but all of its first n
derivatives as well. Moreover, this is the only polynomial of degree n or less that
does so! |

EXAMPLE 30 Find all of the Taylor polynomials up to degree 5 for the function f(x) = cos(x) with
center x = 0.

We have already seen that f(0) = cos(0) = 1, f’(0) = —sin(0) = 0, and
f"(0) = —cos(0) = —1. It follows that

Too(x) =1,
and
Tio(x) =Lo(x)=14+0(x—-0)=1
for all x, while
2

-1
T =1 — —(x-02%=1-
2.0(x) +0(x—-0)+ X (x-=0) 7

Since f"”(x) = sin(x), f®(x) = cos(x), and f©(x) = —sin(x), we get
£77(0) = sin(0) = 0, f¥(0) = cos(0) = 1 and ¥ (0) = —sin(0) = 0. Hence,

-1 0
T30(x) 1+0(x-0)+ 7(x -0 + §(x -0)°

x2

1-=
2

T50(x)
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We also have that
1 -1 2 0 3 1 4
1 4,0(-x) = O(x O) 71 (x O) 31 (-x 0) T (-x O)

X X

= 1- 4+

and

-1 0 1 0
Tso(x) 1+0(x—0)+ Q—!(x -0+ 5(x -0 + 4—!(x -0)* + §(x -0y

[
—_—
|
|
+
|

I
&
[=]
—~

=
~

An important observation to make is that not all of these polynomials are distinct. In
fact, TO,Q(X) = Tl,o(X), Tz’()()C) = T3’0(X), and T4,Q(.X) = T5’0(X). In general, this
equality of different order Taylor polynomials happens when one of the derivatives
is 0 at x = a. (In this example at x = 0.) This can be seen by observing that for any n

f(n+1)(61)

T a)"!

Tn+1,a(x) = Tn,a(x) +

so if f(n+1)(a) =0, we get Tyy1.4(x) = Ty 0().

The following diagram shows cos(x) and its Taylor polynomials up to degree 5. You
will notice that there are only four distinct graphs.

Too(x) = Tyo(x) = 1
0.5 1 T4,0(-x) = TS,O(X) =1- %2 + %
/ T 5 . x
) 1 1 2
o f(x) = cos(x)
2 —1 -
T2,0(x) = T3,0(X) = 1 — %

In the next example, we will calculate the Taylor Polynomials for f(x) = sin(x).
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EXAMPLE 31

Find all of the Taylor polynomials up to degree 5 for the function f(x) = sin(x) with

center x = 0.

We can see that f(0) = sin(0) = 0, f’(0) = cos(0) = 1, f”(0) = —sin(0) = 0,
£7(0) = —cos(0) = —1, f¥(0) = sin(0) = 0, and > (0) = cos(0) = 1. It follows

that
Too(x) =0,
and
Tl’()()C) =L(x)=0+1(x-0)=x
and
0 2
Tho(x) = 0+1(x-0)+ g(x -0)
. !
= Tio(x).

Next we have

0 -1

Tio(x) = 0+ 1(x=0)+ 57(x - 0)* + T 0)*
_ .~
B 6

and that

0 -1 0
Tip(x) = 0+1(x=0)+ Z(x— 0)* + T 0)° + yTLG 0)*

- o
B 6
= T30(x).

Finally,
Too@) = 041(x—0)+ 2 (x—0) + —(x =00 + 2 (x = 0)* + —(x - 0)°
s00) = 0+ 1(x— )+2—!(X— ) +§(X— ) +4—!(X— ) +§(X— )
x X
=ty
XX
= g tg

The following diagram includes the graph of sin(x) with its Taylor polynomials up

to degree 5, excluding T since its graph is the x-axis.
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3
Tio(x) =Tro(x) =x
7 |
1 ] .x3 XS
Tj,()(X) =X - 3 + 10
Sf(x) = sin(x)
— -2 -1 1 2 3
1.
9 .
T30(x) = Tao(x) = x— ¢
3.

Notice again that the polynomials are not distinct though, in general, as the degree
increases so does the accuracy of the estimate near x = 0.

To illustrate the power of using Taylor polynomials to approximate functions, we

can use a computer to aid us in showing that for f(x) = sin(x) and a = 0, we have
[ [ 1 9 1 11 1 13

120° 75040 T 362880"  39916800" 6227020800

1
Ti30(x) =x— gxs +

The next diagram represents a plot of the function sin(x) — T3 o(x). (This represents
the error between the actual value of sin(x) and the approximated value of T3 o(x).)

0.02
sin(x) — T3,0(x)
0.011
4 ) 0 2 4
~0.014
~0.02

Notice that the error is very small until x approaches 4 or —4. However, the y-scale
is different from that of the x-axis, so even near x = 4 or x = —4 the actual error is
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still quite small. The diagram suggests that on the slightly more restrictive interval
[—m, 7], T130(x) does an exceptionally good job of approximating sin(x).

To strengthen this point even further, we have provided the plot of the graph of
sin(x) — T'130(x) on the interval [—m, 7].

0.000024 ~
sin(x) — T30(x)
1 1 1 1 1 1
0
-3 -2 -1 1 2 3
—0.000024 -

Note again the scale for the y-axis. It is clear that near 0, T3 (x) and sin(x) are
essentially indistinguishable. In fact, we will soon have the tools to show that for
xe[-1,1],

| sin(x) — Ty30(x) < 10712

while for x € [-0.01,0.01],
| sin(x) — T130(x) |[< 107
Indeed, in using 73 0(x) to estimate sin(x) for very small values of x, round-off

errors and the limitations of the accuracy in floating-point arithmetic become much
more significant than the true difference between the functions.

EXAMPLE 32  The function f(x) = e* is particularly well-suited to the process of creating
estimates using Taylor polynomials. This is because for any k, the k-th derivative of
e* 1s again e”*. This means that for any n,

no k)
T = YD ay

I

|
~
=

|
=)
S
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In particular,

Too(x) = 1,
Tl,o(X) = 1+x,
x2
Tz’()(X) = 1+x+ ?,
2 X
T = l4+x+—+—
3.0(X) X+ 5+
X2 X3 x4
T. = l+x+—+—+ —,and
40(¥) Ty T T ™
2 3 4 5
Tso(x) = l+x+ by 2

2 %6 T o

Observe that in the case of e*, the Taylor polynomials are distinct since e*, and
hence all of its derivatives, is never 0. <

The next diagram shows the graphs of ¢* and its Taylor polynomials up to degree 5.

12 - f(x) =" [ Tsp(x)
T4o(x)
10 A
T50(x)
g |
T50(x)
6 |
4 To(x)
7
~ Too(x)
— T T
/1 0 1 2

6.13 Taylor’s Theorem and Errors in Approximations

We have seen that using linear approximation and higher order Taylor polynomials
enable us to approximate potentially complicated functions with much simpler ones
with surprising accuracy. However, up until now we have only had qualitative
information about the behavior of the potential error. We saw that the error in using
Taylor polynomials to approximate a function seems to depend on how close we are
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DEFINITION

THEOREM 27

to the center point. We have also seen that the error in linear approximation seems
to depend on the potential size of the second derivative and that the approximations
seem to improve as we encode more local information. However, we do not have
any precise mathematical statements to substantiate these claims. In this section, we
will correct this deficiency by introducing an upgraded version of the Mean Value
Theorem called Taylor’s Theorem.

We begin by introducing some useful notation.

Taylor Remainder

Assume that f is n times differentiable at x = a. Let

Rya(x) = f(x) = Tha(X).

R, .(x) is called the n-th degree Taylor remainder function centered at x = a.

The error in using the Taylor polynomial to approximate f is given by

Error =| R, ,(x) | .

The following is the central problem for this approximation process.

Problem: Given a function f and a point x = a, how do we estimate the size of
Ry a(x)?

The following theorem provides us with the answer to this question.

Taylor’s Theorem

Assume that f is n + 1-times differentiable on an interval / containing x = a. Let
x € 1. Then there exists a point ¢ between x and a such that

f(n+l)(c)
(n+1)!

f(X) - Tn,a(-x) = Rn,a(x) = (x - a)n+1-

We will make three important observations about Taylor’s theorem.

1) First, since T ,(x) = L,(x), when n = 1 the absolute value of the remainder
R, ,(x) represents the error in using the linear approximation. Taylor’s
Theorem shows that for some c,

| Ria(o) 1= 1L 2(%— 7l

This shows explicitly how the error in linear approximation depends on the
potential size of f”’(x) and on | x — a |, the distance from x to a.
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2)

3)

The second observation involves the case when n = 0. In this case, the
theorem requires that f be differentiable on / and its conclusion states that for
any x € [ there exists a point ¢ between x and a such that

J ) = Tou(x) = f(0)(x —a).
But T ,(x) = f(a), so we have
Jx) = fla) = f'(o)(x - a).
Dividing by x — a shows that there is a point ¢ between x and a such that

Jf(x) - f(a)

X—a

= f"(0).

This is exactly the statement of the Mean Value Theorem. Therefore, Taylor’s
Theorem is really a higher-order version of the MVT.

(x, f(x))

(a, f(a))

Finally, Taylor’s Theorem does not tell us how to find the point ¢, but rather
that such a point exists. It turns out that for the theorem to be of any value, we
really need to be able to say something intelligent about how large | f"*V(c) |
might be without knowing c¢. For an arbitrary function, this might be a
difficult task since higher order derivatives have a habit of being very
complicated. However, the good news is that for some of the most important
functions in mathematics, such as sin(x), cos(x), and e*, we can determine
roughly how large | f**"(c) | might be and in so doing, show that the
estimates obtained for these functions can be extremely accurate.
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EXAMPLE 33

Use linear approximation to estimate sin(.01) and show that the error in using this
approximation is less than 1074,

SOLUTION  We know that f(0) = sin(0) = 0 and that f’(0) = cos(0) = 1, so
Lo(x) = T1p(x) = x.
Therefore, the estimate we obtain for sin(.01) using linear approximation is

sin(.01) = Ly(.01) = .01

Taylor’s Theorem applies since sin(x) is always differentiable. Moreover, if
f(x) = sin(x), then f’(x) = cos(x) and f”(x) = — sin(x). It follows that there exists
some ¢ between 0 and .01 such that the error in the linear approximation is given by

)

|R1o(.OD)| = 5

(.01 — 0)? (.01)?

B ‘— sin(c)
2

Recall that the theorem does not tell us the value of ¢, but rather just that it exists.
Not knowing the value of ¢ may seem to make it impossible to say anything
significant about the error, but this is actually not the case. The key observation in
this example is that regardless the value of point ¢, | —sin(c) |< 1. Therefore,

—sin(c
| Rio(.01)| = 2()(.01)2
1
< =01y
< f )
< 1074,

This simple process seems to be remarkably accurate. In fact, it turns out that this
estimate is actually much better than the calculation suggests. This is true because
not only does 7' o(x) = x, but we also have that 7, o(x) = T o(x) = x. This means
that there is a new number ¢ between 0 and .01 such that

| sin(.01) = .01 | = |R,0(.01)|
T AL C P
= ‘ 2 (01-0)
_|=cos(c) 3
= ; (.01
< 107

since | — cos(c) |< 1 for all values of c.

This shows that the estimate sin(.01) = .01 is accurate to six decimal places. In fact,
the actual error is approximately —1.666658333 x 1077,
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EXAMPLE 34

Finally, we know that for 0 < x < 7, the tangent line to the graph of f(x) = sin(x) is
above the graph of f since sin(x) is concave downward on this interval. (In fact, the
Mean Value Theorem can be used to show that sin(x) < x for every x > 0.) Since the
tangent line is the graph of the linear approximation, this means that our estimate is
actually too large.

1 £(x) = sin(x)

Taylor’s Theorem can be used to confirm this because

—sin(c) () <0

sin(x) — x = Ry p(x) =

since sin(c) > 0 for any ¢ € (0, 5). |

In the next example we will see how Taylor’s Theorem can help in calculating
various limits. In order to simplify the notation, we will only consider limits as
x — 0.

sin(x) — x

Find lim
x—0 2

X

SOLUTION  First notice that this is an indeterminate limit of the type g.

We know that if f(x) = sin(x), then T o(x) = T20(x) = x. We will assume that we
are working with 7, . Then Taylor’s Theorem shows that for any x € [-1, 1], there
exists a ¢ between 0 and x such that

—cos(c) ;5
3

| sin(x) — x| =

since | —cos(c) | < 1 regardless where c is located. This inequality is equivalent to

-1 1
?|x|3Ssin(x)—x36|x|3.
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If x # 0, we can divide all of the terms by x? to get that for x € [-1, 1]

—|x]? - sin(x) —x | x|?
6x2 x2 - 6x2

or equivalently that
—| x| < sin(x) —x | x|

S S
6 x2 6
We also know that x| x|
—_ . X
m—e ~Me ~°
The Squeeze Theorem guarantees that
lim MW X _
x—0 x2

The technique we outlined in the previous example can be used in much more
generality. However, we require the following observation.

Suppose that f&*1 is a continuous function on [—1, 1]. Then so is the function

f(k+1)( x)

$) =1 !

The Extreme Value Theorem tells us that g has a maximum on [—1, 1]. Therefore,
there is an M such that
f(k+l)( X)

(k+ 1)!

<

forall x e [-1,1].

Let x € [-1, 1]. Taylor’s Theorem assures us that there is a ¢ between x and 0 such

that .
f i (C) k+1
R = |—/———
| k,O(x)l k+1)! X
Therefore,
| f(x) = Tro(x) | = | Rio(x) |
f(k+l)(c) iol
—x
(k+ 1)!
< M | X |k+1

since c is also in [—1, 1].

It follows that
—M | x < f(x) = Tro(x) < M | x [

We summarize this technique as follows:
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THEOREM 28

EXAMPLE 35

Taylor’s Approximation Theorem |

Assume that f**1 is continuous on [—1, 1]. Then there exists a constant M > 0 such
that
| f(x) = Tro(x) |< M | x [

or equivalently that
~M | x 1< f(x) = Tro(x) < M | x [

for each x € [-1, 1].

This theorem is very helpful in calculating many limits.

-1
Calculate lim %.
x—0 x2

SOLUTION  We know that for f(x) = cos(x) we have T,y =1 — x—; Moreover, all
of the derivatives of cos(x) are continuous everywhere. The Taylor Approximation
Theorem tells us that there is a constant M such that

2
—M|x|3§cos(x)—(1—%)§M|x|3

for all x € [-1, 1]. Dividing by x% with x # 0 we have that

cos(x) — (1 - %)

-M|x|< <M|x|

for all x € [-1, 1]. Simplifying the previous expression produces

cos(x)—1

1
“M|x|s ———+5<M|x|

forall x € [-1,1].
Applying the Squeeze Theorem we have that
cos(x)—1 1
m —

um 2 + 5 =0
which is equivalent to

I cos(x)—1 -1

xg% x2 B 2 ’

This limit is consistent with the behavior of the function A(x) = COS;# near 0. This
is illustrated in the following graph.
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-1 -0.5 0.5 1,
r : 5 T T
-0.1
-0.2
-0.3]
cos(x)—1
h(x) = ——
—0.4. ) x?
\ /
-0.5"

<

The previous limit can actually be calculated quite easily using L’Hopital’s Rule. As
an exercise, you should try to verify the answer using this rule. The next example
would require much more work using L'Hopital’s Rule. It is provided to show you
how powerful Taylor’s Theorem can be for finding limits.

,(4
eT —cos(x?)
x*

SOLUTION ' This is an indeterminate limit of type g. We know from Taylor’s
Approximation Theorem that we can find a constant M; such that for any u € [-1, 1]

EXAMPLE 36 Find lir%

—Mu? <e' —(1+u) < Mu?

since 1 + u is the first degree Taylor polynomial of . Now if x € [-1, 1], then

U= % € [-1,1]. In fact, u € [O, %]. It follows that if x € [—1, 1] and we substitute

X

u = %, then we get
_ 3 ) 4 8

M x Se%—(1+x—)§M1x

4 2 4

We also can show that there exists a constant M, such that for any v € [—-1, 1]
2
—M>v* < cos(v) — (1 - 7)< Myv*

since 1 — % is the third degree Taylor polynomial for cos(v).

If x € [-1, 1] then so is x*. If we let v = x?, then we see that

4
“Myx® < cos(x®) — (1 — %) < Mox®.

Foundations of Calculus 2 (B. Forrest)?



Chapter 6: Power Series 324

The next step is to multiply each term in the previous inequality by —1 to get

4
My < (1 - %) — cos(x?) < Myx®.

(Remember, multiplying by a negative number reverses the inequality.)

Now add the two inequalities together:

M 4 4 4 M
(Mt < et - (14 %) +a- XE) — cos() < (7 + M.

Ifwelet M = % + M, and simplify, this inequality becomes
&
~Mx® < e7 —cos(x?) — x* < Mx®
for all x € [—1, 1]. Dividing by x* gives us that

x4
< cos(x?)

< o - 1< Mx*.

The final step is to apply the Squeeze Theorem to show that

4
e” —cos(x?)

e 10
or equivalently that
&
i e? —cos(x?) |
ot A

A
5 2
e 2 —cos(x”)
@

This limit can be confirmed visually from the graph of the function A(x) =

1.1 -
1.08 -
1.06 -
1.04 -

1.02 4
1

A\ 4

0-98 1 e — cos(x?)

0.96 | h(x) = —————
X

0.94 -

0.92 -
0.9

-1 0.5 0 0.5 1
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DEFINITION

The previous example involved a rather complicated argument. However, with a
little practice using Taylor polynomials and the mastery of a few techniques, limits
like this can actually be done by inspection!

6.14 Introduction to Taylor Series

Given a function f(x) that can be represented by a power series

(o9

f@) =) anx—a)

n=0

centered at x = a with radius of convergence R > 0, we have seen that f(x) has
derivatives of all orders at x = a and that

_ S

n!

n

In fact,

X £
f =3 LDy
n=0 ’

n

If we assume that a function f has derivatives of all orders at a € R then this series
can certainly be constructed.

Taylor Series

.. .2 .
Assume that f has derivatives of all orders at a € R. The series ), %(x —a)"is
n=0 ’
called the Taylor series for f centered at x = a.

We write

[ee)

(n)
f~ S LDy

|
= n:

In the special case where a = 0, the series is referred to as the Maclaurin series for

f.

Remark:

Up until now, we have started with a function that was represented by a power series
on its interval of convergence. In this case, the series that represents the function
must be the Taylor Series.

However, suppose that f is any function for which f*(a) exists for each n. Then we
can build the power series

However, we do not know the following:
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EXAMPLE 37

1) For which values of x does the series

converge?

2) If the series converges at X, is it true that

X £
fa =Y D -
n=0

n.

<

These two questions essentially ask whether a function f can be fully reconstructed
from the data set consisting of the values the derivatives of all order at a point a € R.

The answer to the first question can be answered by using the method developed for
finding the interval of convergence of a power series.

The second problem seems intuitively like it should be true at any point where the
series converges. However, a closer look reveals why this may not be true.
Essentially we are trying to rebuild a function over an interval that could very well
be the entire Real line by using only the information provided by the function at one
single point. In this respect, it seems that using only information about e* at x = 0 to

get
=3
n=0

and as such to completely reproduce the function for all values of x seems quite
remarkable and indeed it is! To further illustrate why e* is such a remarkable
function in this regard, consider the following example.

|H

n
|

S

Consider the function g which is obtained by modifying f(x) = e* outside the

interval [—1, 1]:
I ifx<—1

gxy=q e if —1<x<1
e ifx>1

On the interval [-1, 1], g(x) behaves exactly like e*. In particular, g(0) = ¢ = 1 and
2™(0) = €° = 1 for every n. This means that the Taylor series centered at x = 0 for

g(x)is
X
D

n=0
which is exactly the same Taylor Series for e*. We already know that this series
converges for all x € R and that

o0

o
s n.
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This means that the Taylor series for g centered at x = 0 also converges for all x € R
and in particular at x = 2. However at x = 2, g(2) = e while

[
=N

Il
(=]

=’ # g(2).

n

Hence, this is an example of a function g with the property that its Taylor Series
converges at a point x, but

O 5
gt = Y D, ay
n=0 :

n

EXAMPLE 38 Find the Taylor series centered at x = O for f(x) = cos(x) and g(x) = sin(x).

We have that
f'(x) = =sin(x) = f'(0) = -sin(0) = 0
f’(x) = -—-cos(x) = f"(O0) = -cos(0) = -1
f"(x = sin(x) = f"”(0) = sin0) = 0
fPx = cos(x) = fP0) = cos(0) = 1
fO% = -sinx) = fO0) = -sin0) = 0
fO%) = -—cos(x) = fO0) = -cos(0) = -1
fO%x) = sin(x) = f7P0) = sin0) = 0
% = cos(x) = f®0) = cos(0) = 1
with the cycle repeating itself every four derivatives. Therefore
f%(x) = cos(x) = f@0) = cos(0) = 1
FED(x) = —sin(x) = f@%*DO) = —sin(0) = 0
FED(x) = —cos(x) = fUH*DO) = -cos(0) = -1
FE(x) = sin(x) = f@%I0) = sin0) = 0
Hence,
o S7(0)
cos(x) ~ Z(; - x"
B 0x —1x* 0xX 1x*
B T TR TR TS
2 ox xS
B TR TR
o 2%k
= D=
kzz(; (2k)!
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A similar calculation shows that

sin(x) ~ x——+——-—+

2k+1

N e
kzz(;( D 2k + 1)!

The problems that remain is to determine if

X2k

cos(x) = » (=1
kzz(; 26)!

and if -
in(x) = » (-Df——.
sin(x) ;( T

To answer these questions we will need to use Taylor’s Theorem.

6.15 Convergence of Taylor Series

In this section we return to a question that we asked earlier.

Question: Given a function f that is infinitely differentiable at x = q, is f equal to
its Taylor Series? That is, does

X £(n)
=3 LD gy
n=0 :

n

for any x at which the Taylor Series converges?

Unfortunately, we saw that this need not be true even if the Taylor Series converges
everywhere. Taylor’s Theorem gives us a means to show that for many important
functions this equality does hold. To see why this is the case, note that if we fix an

X, then
k

(n)
Tt = Y D - ay

n=0

is not only the k-th partial sum of the Taylor Series for f centered at x = a, but it is
also the k-th degree Taylor polynomial. As such, Taylor’s Theorem shows that

| f(x0) = Tra(x0) I=] Ria(xo) | -

If we can show that
lim Rio(x0) = 0
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EXAMPLE 39

then

@) = lim Teu(x0) = Zoj
Therefore, f(x) agrees with its Taylor series precisely when the Taylor remainders

f"(a)

n!

(x—a)".

Rk’a(X) - 0
as k goes to oo.

Remark: Before we present the next example we need to recall the following limit
which we previously established as a consequence of the Ratio Test.

Let xo € R. Then
. M|x
lim =

k— o0 k' O

<

Let f(x) = cos(x) and a = 0. Let xy be any point in R. Taylor’s Theorem shows that
for each k there exists a point ¢, between 0 and x, such that

SE) g

| Ria(xo) |= U+ D10

We have seen that if f(x) = cos(x), then f’(x) = —sin(x), f"(x) = — cos(x),

£"”(x) = sin(x) and f®(x) = cos(x). Since the fourth derivative is again cos(x), the
5-th, 6-th, 7-th and 8-th derivative will be, respectively, f©(x) = — sin(x),

FO(x) = —cos(x), fP(x) = sin(x) and f®(x) = cos(x). This pattern will be
repeated for the 9-th, 10-th, 11-th and 12-th derivatives, and then for every group of
four derivatives thereafter. In fact, what we have just shown is that if f(x) = cos(x),
then for any k

cos(x) ifk=4j

—sin(x) ifk=4j+1

O =
—cos(x) ifk=4j+2

sin(x) ifk=4j+3

where j =0, 1,2,---. However, this means that regardless the value of k or where ¢,
1s, we will have

| fE P en) 1< 1.
It follows immediately that

| Xo |k+l

T (k+ 1

f(k+l)(ck) k+1

Ria(x0)| = G+ Do
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THEOREM 29

X k
However, we know that l}lm % = 0, so the Squeeze Theorem shows that

l}lm Rk,a(xo) =0.

Therefore, since xy, was chosen at random, for f(x) = cos(x) and any x € R, we have

2 £
f(x) = Zf f ) 1,
n=0

n:

In particular, for any x € R

(9]

()= D
COS(Xx) = — —_—.
£ 2

A similar argument applies to sin(x) as it did for cos(x) to show that for any x € R,
sin(x) agrees with the value of its Taylor series. That is,

2k+1

sin(x) = Y (=1 ——.
kzz(; 2k +1)!

<

Remark: Notice that in each of the previous examples that if either f(x) = cos(x) or
f(x) = sin(x), then the function f had the property that for any k = 0, 1,2, 3, ... and
for each x € R, then

O] < 1.

The fact that we can find a simultaneous uniform bound for the size of all of the
derivatives of f over all of R was the key to showing that both cos(x) and sin(x)
agree with their Taylor series. In fact, these two examples suggest the following
very useful theorem.

Convergence Theorem for Taylor Series

Assume that f(x) has derivatives of all orders on an interval / containing x = a.
Assume also that there exists an M such that

| fPx) <M
for all k£ and for all x € I. Then

[ee)

(n)
f = LD ay

|
e n:

forall x € 1.
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EXAMPLE 40

PROOF

We know that T} ,(x) is the k-th partial sum of the Taylor series centered at x = a.
We also know that the Taylor series converges at x = a and that

(o)

(n)
Zf @ =y = f@)+0+0+0+- = f(a)

|
= n:

so we only need to show the theorem holds for x, € I with xy # a.

Choose x( € I with xy # a. Let k € N U {0}. Then Taylor’s Theorem tells us that
there exists a ¢ between a and x, so that

ARG k1
— Tralxo) = Dy — .
|f(x0) = Tia(xo)l T D! |xo
But since
| f*“ D) s M
we have that
0 < 1f(x0) = Tralxo)] < M- 0=
x0) = Tea(x)| < M - ————.
= VAT Thal A0 (k+1)!
Since ol ol
iy oz a™ s o —alm
ekt D! o (k+ 1)!

the Squeeze Theorem shows that
im [£(x0) = Tra(o)| = 0

and hence that
T

D 59~ ay
n!

f(xo) = lim T(x0) = )
n=0

for all xy € 1. u

We showed using term-by-term differentiation of power series that

We can now provide a different proof of this important result.

Let f(x) = e and leta = 0. Let I = [-B, B]. We know that for each k, f®(x) = e*.
Moreover, since e* is increasing,

O<eB<e'<él
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for all x € [-B, B]. This means that if M = ¢®, then for all x € [-B, B] and all k, we
have

| fO) |= e <ef = M.

All of the conditions of the Convergence Theorem for Taylor Series are satisfied. It
follows that for any x € [-B, B],

Finally, we see that this would work regardless of what B we choose. However,
given any x € R, if we pick a B such that | x |< B, then x € [—-B, B]. This means that
for this x

=

Nk

Il
gk
S |

S
Il
=]

Hence for every x € R, the equality

=

(\H

I
[
S| =

holds. |

6.16 Binomial Series

Consider the following version of the Binomial Theorem:

THEOREM 30 Binomial Theorem

Leta € R and n € N. Then for each x € R we have that

(a+x)" = Z (Z)an_kxk

k=0

(n) B n!
k] kl(n—k)

In particular, when a = 1 we have

where

n

(1 +x)" = 1+Z”("‘1)("—213"--(n—k+1)x,('
k=1 :
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DEFINITION

Remark: Consider the expression
nn—-1n-2)---(n—-k+1)
k! '
Typically we are only concerned with the case where k € {0, 1,2, ...,n}. But the

expression actually makes sense for any k € N U {0}. If kK > n, then one of the terms
in the expression

nn—1)n-2)---n—k+1)

will be 0 and so

nn-1Dn-2)---(n-—k+1)

] 0.

Consequently,

1+x" = 1+Zn(”_1)(”_2]()"'-(n—k+1)xk

k=1
o nn—1)n-2)---(m—k+1)
1+kz_; 7 x*

This leaves us to make the rather strange observation that the polynomial function
(1 + x)* 1s actually represented by the power series

(o8]

1+Zn(n—1)(n—2k)|---(n—k+1)xk

k=1

n(n—1)(n=2)---(n—k+1) Xk

In other words, 1 + )| o

k=1
the function (1 + x)".

is the Taylor Series centered at x = O for

By itself the observation above does not tell us anything new about the function
(1 + x)". However it does give us an important clue towards answering the following
question.

Question: Suppose that @ € R. Is there an analog of the Binomial Theorem for the
function
(1 + x)*?

To answer this question, one strategy would be to mimic what happens with the
classical Binomial Theorem. We begin by defining the generalized binomial
coeflicients and the generalized binomial series.

Generalized Binomial Coefficients and Binomial Series

Leta e Randletk € {0,1,2,3,...}. Then we define the generalized binomial

coeflicient
(a/) _ ale—Da=2)---(a-k+1)

k k!

(-

if k # 0 and

Foundations of Calculus 2 (B. Forrest)?



Chapter 6: Power Series 334

We also define the generalized binomial series for a to be the power series

(9

ala-1)a-2)---(a—k+1) o (@
1+ ) o = Z(k)

k=1

Remark: The first problem is to find the radius of convergence for the generalized

binomial series. To do this let b, =| (‘,f) |. Then a straight-forward calculation shows

thatif k > 1
by _ la—k|

bk_ k+1

It follows that

im 26t o LR
k—oo by koo k41

This tells us that the radius of convergence for the binomial series is 1. In particular,
the series converges absolutely on (-1, 1).

Next we must determine if

TP SLEICE RSN T
k=1 ’ k=0

To see why this is true we start with the following calculation which
shows that if k£ > 1, then

a a ala—1)---(a—k+1)
(k+1)(k+l)+( )k (@ —k)

k k!

N ala — 1)..];'(a—k+ D(k)
aa—-1)--(@—k+1)
= (@)

)

Next let

oo

Fo) =1 +Zoz(a/— 1)(0/—2k)'~~-(oz—k+ l)xk: Z(Q)xk
=1 : =0

for each x € (-1, 1). We claim that

J')+xf(x) = af(x)

for each x € (—1, 1). To see why this is true we use term-by-term differentiation to
get that
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')+ xf'(x)

Il Il 1] Il
Q Q —_——
+ 7 == M
+ —_———
tﬂg M_8 Nk =
~ =~ — %
+ + R >~ R L
- - = +
— — =
~ > T Mg
— = > R
~ = =
+ o~ Mg o
== == T
= M8 =~
= — "
=~ =~
N —
P
=
L

But if £ > 1 we have

It follows that

fx)+xf'(x) = a+a Z (Z)xk
k=1
= (@
oSl
k=0
= af(x)
as claimed.
Next let
G
V= 00

Then g is differentiable on (-1, 1) with

[/ + 07 = af()d + )

(1 + x)%

£/ +x% =1 +x)f () + x)*!

(1 + x)%

S0 + )" = f)(1 + 2)°

(1 + x)2

g'(x) =

since af(x) = (1 + X)f/(x).
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THEOREM 31

EXAMPLE 41

Since g’(x) = 0 for all x € (-1, 1), g(x) is constant on this interval. However,

8(0) = f(0) = 1.

Therefore, g(x) = 1 for all x € (-1, 1). It follows that

F@) = (1 +x)°

for all x € (-1, 1).

Generalized Binomial Theorem

Let @ € R. Then for each x € (—1, 1) we have that

[e0)

Goaprets FEONODt0mke b, Sy
k=1 ’ k=0

Use the Generalized Binomial Theorem to find a power series representation
for (1 + x)~2.

The Generalized Binomial Theorem shows that
(1+x)2= i (_z)xk.
k=0 k

Fork > 1,
= (-Df(k+ ).

(—2) C(=D)(=2-D-(-2-k+ D)
k| k!

It is also true that

=2\ o
(O)—l—( )"0+ 1).

Therefore,

(T+x)72 = > (=Dik+ Dt
k=0

_ Z(_l)k—lkxk—l
k=1

We can also use term-by-term differentiation to verify the previous calculation. First
begin with

1
1—u:Zuk

k=0

(o)
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EXAMPLE 42

for all u € (-1, 1). Differentiating both sides gives us

1 (o]
— = ku*!
(1 —u)? ;

forallu € (-1,1).

Finally, if we let u = —x, we have

1 o0 [ee]
- = k(=x)<1 = — 1)t
Tosr ;mo ;( )

for all x € (—1,1).

6.17 Additional Examples and Applications of Taylor Series

In this section we will present some further examples of functions that are
representable by their Taylor series and see what this tells us about these functions.

Find a power series representation for f(x) = arctan(x) and determine the interval
on which the representation is valid.

We begin with the observation that d%(arctan(x)) = ﬁ Therefore, if we can find a
power series representation for Tlxz’ we can use the integration techniques to find a

representation for arctan(x).

We know that for any u € (-1, 1),

1 N n
1_u:;u.

Let x € (=1, 1). If we let u = —x?, then u € (-1, 1). It follows that

1 1
1+ 22 1— (=22

Sy

n=0

S
n=0
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Since arctan(x) is an antiderivative of ﬁ, the Integration of Power Series Theorem
shows that there exists a constant C such that

arctan(x) = C+Z f (—1)"x*" dx

2n+1
= C+ Z( '3
To find C, note that arctan(0) = 0, so
0 = arctan(O)
02n+1
= C 1
" Z( i
= C
Therefore, we have shown that if x € (-1, 1)
2n+1
arctan(x) = Z( 1) 1

The radius of convergence of this series is 1. At x = 1, the series becomes

Z(_ )y 2n+1

n=0

which converges by the Alternating Series Test.

When x = —1, the series is
( 1)2n+1 o - 1
- 1) —
Z( VST 2n+1 HZ:;J( ) 2n + 1

Since
(=1y*1 = 1 ifnisodd
1 -1 ifniseven

the series is the same as
- 1
Z(_ 1 )n+1
— 2n+1

which also converges by the Alternating Series Test.
Therefore, the Continuity Theorem for Power Series shows that

2n+1

arctan(x) = Z(— )"

n=0
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forall x € [-1,1].

This last statement has an interesting application. We get that

;—T = arctan(1)
D
Multiplying both sides of this equation by 4 gives
1 1 1 1
= Al — — — 4 — — .
7= Mozt gt )
4 4 4 4
= 4--+—-—=+=-—--
35 79

<

Note: This series representation for arctan(x) is called the Gregory’s series after the
Scottish mathematician of the same name. The famous series expansion for 7 which
we derived from Gregory’s series is called Leibniz’s formula for . <

EXAMPLE 43 (i) Find the Taylor series centered at x = O for the integral function

F(x):\fwco“ﬂ)dh
0

(ii) Find F©(0) and F19(0).

(iii) Estimate fo cos(#?) dt with an error of less than 106

SOLUTIONS

(i) For any u € R,
2n

cos(u) = Z(— ot

Let u = #* to get that for any 7 € R,

2y = S ey &
cos(t’) = HZ:(;( 1) ol -

(2n)!"
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The Integration Theorem for Power Series gives us that

f cos(#?) dt
0

4n

x . t
f Z(—l) (2n)! dt

(2 )'

F(x)

t4n+l

£ [(_ y (4n + 1)(2n)!

x]

4n+1

Zg(_ S G+ Dan)! (4n + 1)(2n)!

This is valid for any x € R. Moreover, by the Uniqueness Theorem for Power Series
Representations, this must be the Taylor series centered at x = 0 for F.

(i) To find F©(0), we recall that if

(o)

F(x) = Z aix*

k=0

then
FO0)

9!

ag =

This tells us that to find F©(0) we must first identify the coefficient of x” in

4n+1

X
Z(_ ) (4n + D2n)!

Notice for x°, we let n = 2. The coefficient is then

2 1 1
=D ((4(2) + 1)(2(2))!) ~9(4))
Therefore, .
ag = §EZTS'

Finally, this means

FOW0) = 9la

9!
9(4!)
5-6-7-8
1680
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Next, to find F'9(0) we look for the coefficient of x'® in the Taylor series for F(x).
However, this time there is no n such that x*"*! = x'°. This means that a; = 0 and

hence that
F190) = 0.
(iii) Since
& x4n+l
F(x) = D
) ;( @+ D!
we have

fo‘l 2)dt = F(0.1 —i Ly OO
| cosydr=FO. )‘nzo( V@ Hem

This is an alternating series with

(0‘1)4n+1
a, = ———.
(4n + 1)(2n)!
Moreover, we see that
3 0.1y 1
5! 106

ap

and

Z":(_l)n . (0.1
£ @n+DRn)! 1

Using the error estimate in the Alternating Series Test we get that

0.1
f cos(?)dt — 0.1
0

<a =

108

Suppose that we wanted to know the value of

1
21
dx.
Ll+x9 *

Since ﬁ looks like a rather simple rational function, we might be tempted to use
partial fractions to try and calculate the integral exactly. At least theoretically, this
should work. However, in practice, this would require us to factor the polynomial

1 + x° which would certainly require the aid of a sophisticated computer algebra
program such as Maple. Even then, the answer that we would get would not be very
useful. (Try it!)

Fortunately, we can use what we know about series to get an extremely accurate
approximation to this integral with surprisingly little effort.
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EXAMPLE 44

1
Estimate f02 ﬁ dx with an error of less than 1072,

We know that forany -1 <u < 1,

(o]
S

n=0

If0<x <31 then—-1<—-x"<1,s0wecanletu=—xto get

<1,
1 1 -

— — -1 n

T+ 1-(—2) Zo( )’

for all x € [0, %].

The Integration Theorem for Power Series shows that

1 1 oo
7] 3
d — _1119nd
£1+x9 X f(;;( Y'x™" dx
S !
Z(—l)"f O dx
n=0 0

In+1

S
2V 5,

n=0

( )9n+1
Sl

n=0

1
2

Notice that the numerical series we have just obtained satisfies the conditions of the
Alternating Series Test. In particular, we can use the error estimation in the
Alternating Series Test to conclude that

| % d )9n+l (%)9(k+1)+1
fo I+ X_Z( omr1! S Skrn+1
(%)9k+10
9% + 10

If we let k = 3, we get

P : I B | 1 1
9der(—1)"(2) _ - + _
0 14x £ 9+ 120 10Q21) T 19(2)  28(2%)

with an error that is less than
1 1

293+10[9(3) + 10]  37(2%)

1
5.08524 x 1012
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THEOREM 32

6.18 Banach Contractive Mapping Theorem

We will end the course with a very elegant result about contractive maps, maps from
a metric space into itself that send every element of the space closer together. We
will use it to establish the existence and uniqueness of a solution to an integral
equation.

Banach Contractive Mapping Theorem for C([a, b])

Suppose that I" : C([a, b]) — C([a, b]) is a contractive map; that is, suppose that I" is
such that there exists k satisfying 0 < k < 1 with

IC@) =Tl < Allu = Viloo

for all u, v € C([a, b]). Then there exists a unique function f € C([a, b]) such that
L'(H=r.
Here, f is called a fixed point of T'.

PROOF

Let fy € C(la, b]). For each n € N, define f, = I'(f,_1). Set g, = f,.1 — f. for each
n € N U {0}. Then we have

lgille = 112 = fille = ICCA) = T(fo)ll < KlIfi = follo < K'llgolleo
Ig2lleo = 15 = fallw = IIT(f2) = T(fllew < KlIf2 = filloo < K2l1g0llco
lgslle = I1fa = fille = ITC(f3) = T(H)lle < KlIfs = follo < B llgolleo

18alleo = Ilfas1 = fulloo = IT(f) = T(fu-Dlleo < Kllfow = fimtlloo < K*l1g0llco-

We can easily establish that ||g,|| < k"||gol|- for all n € N using the principle of
mathematical induction. Since 0 < k < 1, Geometric Series Test shows that

Yo K'lIgolleo = 11g0lleo 2o k" converges.Therefore, the comparison test shows that
Yo llgnll converges. By the Weierstrass M-test, Y., g, converges uniformly to
some g € C([a, b]). But observe that

k

k
D8 =D = fo = fim fo)+ (o= f) -+ Ut = ) = forr = fo-

n=0 n=0

This shows that fi.; — fo — g with respect to d., as k — oo; therefore, fi.1 — g + fo
with respect to d, as k — oco. Let f = g + fo = lim_ f;. We claim that I'(f) = f.
To see this, note that for each n € N,

0 <llfs = T(Plleo = I0(fr-1) = T(Plleo < M1 fa-1 = flleo = 0

as n — oo. Hence by the squeeze theorem, lim,_, || f, — I'(f)|lc = 0, implying that
fn = I'(f)asn — co. But f,, = f as n — oo, and limits are unique, and so I'(f) = f.
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EXAMPLE 45

We also claim that f is the only function to satisfy I'(f) = f. To show this, suppose
that & € C([a, b)) satisfies I'(h) = h. Then

0 <lh = fllo = IIT(R) = T(Hlleo < klIh = flleo-

Because k < 1, the above implies that 0 < (1 — k)||h — flle < 0 and so || — flle = O.
This shows that f = h and the proof is complete.

[ ]
Show that there exists a unique f € C([0, 1]) so that
F) = e + f S”;(t ) f(ydt ©6.1)
0

LetI': C([0,1]) — C([0, 1]) be defined by

['(g)=¢"+ fo ) —Siz(t)g(t) dt

for each g € C([a, b]). Because integral functions (of continuous integrands) on
[0, 1] are continuous I'(g) € C([0, 1]) for all g € C([0, 1]). We note that for any

x €[0,1], and f, g € C([a, b)),
[ex . fx Sln(t)g(t) dt:| _
0 2

lex ; f JELIOI dt]
O 2

f S“;(” (8(1) - £(1)) dr'
0

IL(g)(x) = T(f)(x)|

< qummhgn—ﬂmdr
0 2
* | sin(7)
< [ |5 e- s

Hence by the arithmetic properties of definite integrals,

* | sin(t * | sin(t
‘[ ;ﬂm—ﬂum =|@—ﬂ@j‘ ;ﬂdz
0 0
U sin(z
s|g—ﬂuf‘ ;ﬂdr
0
1
< — flloo —dt
< g ﬂ|l:2
1
= Sllg = Sl
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EXAMPLE 46

This shows that |[T'(g) = I'(f)lle < 3llg — fll~ and therefore that I' is contractive. By
the Banach contractive mapping theorem, there exists a unique function

Jfo € C([a, b]) such that I'(fy) = f;. But a function f satisfies the integral equation (x)
if and only if I'(f) = f. Hence f; is the unique solution to the integral equation [6.1]

<

Note that not only does the Banach contractive mapping theorem guarantee
uniqueness and existence of fixed points, it also provides a constructive method to
find the fixed point; namely, start with any function f, € C([a, b]) and iteratively
apply the contractive map I to it. The limit of this iteration will be the desired fixed
point of .

Show that there exists a unique function fy(x) € C[0, 1] such that

fox) =x+ fo ) £ fo(t) dt. (6.2)
Find a power series representation for this function on [0, 1].
LetI": C[O, 1] — C|O, 1] be defined by

I'(g)(x) =x+ f ) g(t) dt.
0

Because integral functions (of continuous integrands) on [0, 1] are continuous by
corollary ??, T'(g) € C([0, 1]) for all g € C([0, 1]). Note that f is a solution to (6.2) if
and only if I'(f) = f. Observe that for any x € [0, 1], and f, g € C[0, 1], we have that

(x+ f xtzg(t)dt)—(x+ f xﬁf(t)dz)
0 0

fo P(g(t) — f(1) dt‘

IF(e)(x) = T(H )]

< foltzl-lg(t)—f(t)ldt

1
< f0|t2|~lg(l)—f(t)|dt

1
ft2~llg—f||oodt
0
1
= IIg—fllm-ftzdt
0

A
= g = fllo- [5]0

IA

1
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This shows that I' is contractive. By the Banach contractive mapping theorem, I" has
a unique fixed point fy with T'(fy) = fp, so fy is the unique solution to (6.2).

To find the series representation of fy(x), we begin with f; = 0, and f,.; = I'(f,). So

f=T() = x+ft2-0dt:x,
0
x 41x 4
H=T(fh) = x+ft2-tdt:x+t— —x+ X
0 4], 4
X 4 X l6
fa=T(f) = x+ft2-(t+—)dt:x+f t3+Z)dl‘
0 0
XX
= x+z+7,
22 t4 7
=T - . ot
fs (f1) x+f0t (t+4+4 7)dt
I
x4

and so on. We can easily show using induction that for n > 2,

x31+1

n=2
fn(x):;1,4.7 ..... Gi+1)

We know from the Banach contractive mapping theorem that if f,,; = I'(f,) for all
n € N, then f, — fy uniformly. This shows that

s x3n+1
fO(x)_;1-4'7 ----- Gn+ 1)
is the required power series representation. <
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Curves

Up until now all of the functions we have dealt with have been real-valued. In this
chapter, we will introduce vector-valued functions.

7.1 Introduction to Vector-Valued Functions

Vector-valued functions are functions whose domain is contained in R but whose
range is in R”. To denote these types of functions , we write

Ft):ICR—->R"

where [ is some interval in R.

For each such function, there are n real-valued functions fi(¢), /2(¢), f3(t),- - - , f.(2)
such that

F@) = (h®, L@, @), -, fu(D)

The f;’s are called the coordinate (or component) functions for F. We will see that
many of the properties of F are inherited from its coordinate functions.

While n could be any positive integer, we will primarily focus on the case n = 2. In
this case, there are only two coordinate functions that identify the x and y
coordinates, respectively, for F(¢). For this reason we often write

F(t) = (x(0), (1))

The best way to visualize a vector-valued function is as follows:

Think of ¢ as representing time. Then F(¢) can be thought of as the position of a
particle at time t. In this analogy, the range of F(¢) can be viewed as the path on
which the particle travels.

Unlike real-valued functions, when we study vector-valued functions we will
usually focus only on what the range looks like. For this reason, vector-valued
functions are often called curves.
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\‘\Fo(L

FO)

-

R Fe-1)

Range

Y
v

-1 0 1 t
Domain

You will notice that we have included arrows on the diagram. This is often done to
provide the curve with an orientation. In the analogy of our moving particle, they
tell us the direction that the particle is moving in as time moves forward.

In all further examples, the domain will be omitted from the diagram representing
the curve.

EXAMPLE 1  Draw the curve F(¢) = (cos(?), sin(¢)) with ¢ € [0, 27].

Drawing curves is somewhat of an art. There is no fixed algorithm to follow as there
is for graphing real-valued functions. However, it is often helpful to try and identify
the path on which the curve lies. This can be done for F(7) by making the following
observation:

The coordinate functions are
x(t) = cos(?)

and
y(t) = sin(?).

The Pythagorean Theorem shows that
X%+ = cos?(f) + sin®(f) = 1.

Geometrically, this means that the points on the curve will lie on the circle with
radius 1 centered at (0, 0). Moreover, if we think of ¢ as an angle measured
counter-clockwise from the positive x-axis, then (cos(?), sin(?)) represents the
location on the unit circle associated with a ray at angle . Once we know this we
can plot a few points to get a feel for how the curve appears. We will use the
analogy of a particle moving in the plane to help us.

The following are sample values of F(t):
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t=0, F(O) = (cos(0),sin(0))
= (1,0)

r=7, F(%) = (cos(5),sin(%))
= (0,1

t=m, F(r) = (cos(rm),sin(r))
= (-1,0)

(=%, F) = (cos(¥),sin(¥)
= (0,-1)

t=2n, FQ2n)

(cos(2m), sin(27))
= (1,0)

Therefore, as  moves from 0 to 5 the particle moves counter-clockwise from it
initial position at (0) = (1, 0) along the arc of the circle to F(5) = (0, 1). It

continues along until it hits (—1,0) at = «, then (0, —1) at ¢t = 37”, until finally
returning to (1,0) at 7 = 2.

F(n/2)

E(f)=(cos(t),sin(})

F(r) F(0)=F(2n)

F(3n/2)

It would be tempting to identify the curve F(r) = (cos(?), sin(¢)) with the circle.
However, we must always keep in mind that what we are actually looking at is a
function. To see why this is relevant, consider the curve

G(1) = (cos(2t), sin(21))
defined on the interval [0, ].
This time the coordinate functions are
x(f) = cos(21)

and
y(t) = sin(21).
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However, we still have that
x% +y* = cos?(21) + sin*(21) = 1.

Hence, this curve has a range that also lies on the circle of radius 1 centered at the
origin. Moreover, when

t=0, G0) = (cos(0),sin(0))
= (1,0)

=1, G(5) = (cos(2%),sin(2%))
= (0,1)

t=1, G(Z) = (cos(2%),sin(2%))
= (— 1 . 0)

r=32 G (cos(23), sin(2%))
= (0,-1)

t=m, G(r) = (cos(2n),sin(2m))

= (1,0)

Therefore, as £ moves from 0 to 7 the particle moves counter-clockwise from its
initial position at (1, 0) along the arc of the circle to G(3) = (0, 1), then on to (—1,0)
att=%,(0,-1) at7 = ¥ and finally back to (1,0) at t = .

If we sketch the range of both F(¢) and G(¢), in both cases we get the circle of radius
1.

G(n/4)=F(n/2)

ewmmmk‘ F(0)=F(2n)=G(0)=G(n)

G(3n/4)=F(3n/2)

However, as functions they are different because they assign different values to the
same point. In fact, their domains are also different.

Furthermore, our particle analogy can help us identify a fundamental difference in
these two functions that we will focus on later. In the first case, with F(¢) the particle
makes one full revolution of the circle in 27 units of time. In the second case, with

G (1), the particle makes the full revolution in half the time. Therefore, we would
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EXAMPLE 2

EXAMPLE 3

expect that a particle with position governed by G(#) would be moving at twice the
speed as a particle governed by F(¢). In this sense the motion of the two particles is
quite different, despite the fact that they have traveled on the exact same path.

This brief discussion suggests that the velocity of a particle is somehow built into
the position function. Since we generally think of velocity as the derivative of
position, this leads us to speculate that there should be a notion of differentiation for
vector-valued functions. In fact, there is and it is particularly easy to realize.
However, before we can do so, we need a short discussion on limits for
vector-valued functions which we will discuss after some additional examples of
curves.

Let f : I -— R. We can build a curve from f as follows:

Let
F(@) = (t, f(©)

Then F(¢) is a curve with coordinate functions
x(r) =t

and
y(@) = f(@).
The range of this curve is simply the graph of f(x).

] %n

<

This example shows us that every real-valued function can be associated in a natural
way with a curve. However, we will see later that there are some important
differences when viewing the function f(¢) as a curve, rather than as a function of
one variable.

Sketch the curve F(¢) = (£, 1%).

Once again, we will begin with the coordinate functions. The coordinate functions
are
x=x()=¢
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and
y=y() =1,

If we take the expression x = > and solve for ¢ this gives us t = x3. We then
substitute for ¢ in the second expression to get

Wity

y:l’zz(x%)zzx

This means that the curve sits on the graph of the function y = x3. This information
helps a great deal since we have lots of tools for graphing functions. Indeed, the

graph of y = x3 looks as follows:

—y2/3

Since the range of x(¢) = #* is all of R, we can achieve every possible x value in the
domain of y = x3, so the curve will actually pass through every point on the graph.
Moreover, since x(f) = £* is 1 — 1, we pass through each point only once.

As t goes from —oo to 0, the x-coordinate is negative and increasing from —co to 0
(decreasing in magnitude). From O to oo, the x-coordinate is positive and increasing
(increasing in magnitude). Therefore, a particle governed by this curve would move
from left to right along the graph of the function y = X3.

Checking a few points gives F(—1) = ((=1)*,(=1)%) = (-1, 1),
F(0) = ((0),(0)>) = (0,0), and F(1) = ((1)*,(1)?) = (1, 1). Hence, the curve looks
like

_\2/3

y=x
) //F[l]/

FO) Fi)=(t3.12)
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EXAMPLE 4

Sketch the curve F(f) = (*, £ —¢).

This is a rather complicated curve. There are some immediate observations that we
can make. Since x(¢) = £ > 0, the range of the curve sits to the right of the y-axis.
Moreover, since

yO) = —t=t - 1) =tit— D+ 1)

the curve will pass through the x-axis three times, at t = 0, =1. In these cases, we
have F(-1) = (1,0), F(0) = (0,0) and F(1) = (1,0), so the curve passes through
(1,0) twice. By looking at the sign of y(¢) we see that the curve will lie below the
x-axis when t € (—co, —1), lie above the x-axis on (-1, 0), lie below the x-axis again
when ¢ € (0, 1), and finally lie above the x-axis when 7 > 1.

To get a better sense of how the curve appears, we will again try to find a function
that can represent the curve. We have

x = x(f) = £
which we could try to solve for ¢. In this case, there are two possible solutions.

Either
t=x

or

t=—+/x.

It turns out that both are valid. We have that r = +/x represents the portion of the
curve when ¢ > 0 and ¢ = — +/x gives us the portion of the curve when ¢ < 0.

To clarify this statement, first substitute # = +/x into the expression for the
y-coordinate function. This gives us

y=r—t=(¥0' - Vx=x! - Vx

This means that when ¢ > 0, the curve sits on the graph of this function. The graph
looks as follows:

If t = — +/x is substituted into the expression for y, we get

y=1 —1=(=Vx) = (- V0 = -[x? - Vx]

It follows that the portion of the curve corresponding to ¢ < 0 lies on the graph of the
function y = —[x? — /x| which is a mirror reflection of the graph above.
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1 2
X

y=-[x 3/2 _X1/2]

If we put both of these parts together, we get the path on which the curve will lie.

y=x32 X112

-2 -1 0

1 2
X

y= —[X 3/2 —X”Q]

Finally, to obtain the sketch of the curve, we note that as ¢ goes from —oo towards O,
the curve comes from the bottom right, crosses the x-axis at t = —1 through (1, 0),
then loops back through the origin at ¢ = 0, returns to (1,0) when ¢ = 1, and then
proceeds off towards the top right as ¢ goes to oo.

I\FO INFED=F() 2

X
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DEFINITION

THEOREM 1

7.2 Limits and Continuity for Vector-Valued Functions
Formally, we can define the notion of a limit for a function F : R — R? as follows:

Limit of a Vector-Valued Function

We say that L = (L, L,) is the limit of the vector-valued function F(t) as t
approaches t, if for every positive tolerance € > 0 there is a cutoff distance § > 0
such that if the distance from ¢ to 7, is less than ¢ and ¢ # #,, then F(¢) approximates
L with an error that is less than e. That is, the distance from F'(¢) to L is less than e.

In this case, we write
lim F(¢) = L.

—1

It is not the purpose of this section to revisit in detail the formal definition of limit
for vector-valued functions. Rather, we make the following observation. If
F(t) = (x(2), y(1)), then F(¢) will be very close to L = (Ly, L) if and only if

1. x(t) is very close to L.

2. y(t) is very close to L.

This provides us with the intuitive justification for the following theorem which will
be the key to everything in this section.

Limit Theorem for Vector-Valued Functions

Let F(t) = (x(¢),y(t)) and L = (L;, L,). Then

lim F(¢) = L
-1

if and only if
lim x(7) = L;
11—ty

and
lim y(¢) = L.

=1

Note: The previous theorem tells us that we can evaluate limits for vector-valued
functions by looking at each of the component functions one at a time. The theorem
is actually quite easy to prove, though we will not do so. Moreover, it also holds for
functions with values in R". It is extremely useful since we can now apply
everything we know about limits in the real-valued case to vector-valued functions.
In particular, all of the normal arithmetic properties for limits will hold.

We can also define one-sided limits for vector-valued functions in the obvious way.
The natural analog of the previous theorem also holds for one-sided limits.
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EXAMPLE5  Let F(r) = (- 1,*5%). Find lim F(1).
—
We have that
x()=1t-1
and in(t)
sin(?
) = :
t
It is clear that
limx(¢) = limzr -1 = —1.
t—0 t—0
The Fundamental Trigonometric Limit shows that
in(¢
lim y(7) = lim 520 _ .
t—0 t—0
It follows that
lim F(t) = (-1, 1).
t—0
<
Just as we can define limits for vector-valued functions, we can also define
continuity.
DEFINITION Continuity of a Vector-Valued Function
A vector-valued function F(¢) is continuous at ¢ = 7, if
1. lim F () exists
t—1to
2. lim F(ty) = F(ty)
1—1
Not surprisingly, we have the following theorem that tells us that we need only
check the continuity of the component functions to see that F(¢) is continuous.
THEOREM 2  Continuity Theorem for Vector-Valued Functions

Let F(¢) = (x(2), y(¢)). Then F(¢) is continuous at ¢t = f, if and only if both x(#) and
y(t) are continuous at ¢t = t.
7.3 Derivatives of Vector-Valued Functions: Velocity

We will return to our analogy of the vector-valued function F(f) representing the
position of particle at time 7. Suppose now that we wanted to know the velocity of
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the particle. We could proceed as follows:

We know that F'(¢) represents the position of the particle. Generally speaking, the
average velocity of the particle between time 7, and ¢, should be

change in position

Vave -

change in time

The change in position is the vector

AF = F(t)) — F(to)

crad (1]
AF=F(ty ) - Fif, )  Fity )
while the change in time is
At =1 - 1.
Hence
AF
Vave =
At

However, since AF is a vector and At is a scalar, what we really mean by this

notation is that
AF

1
Vave = — = E[F(fl) - F(1)].

AF
Vave = At :%'TO[ F(ty ) - F[TO )]

 Flly)

You will notice that v,,, is a vector that is parallel to AF. It is in the same direction
if At > 0 and is in the opposite direction if Af < 0. Moreover, since t; = fy + At, the
formula for average velocity is also given by

1
Vave = E[F(to + At) - F(tO)]

We can now define what we mean by instantaneous velocity.
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DEFINITION

EXAMPLE 6

Instantaneous Velocity of a Particle

Let F(t) represent the position of a particle at time ¢. Then the instantaneous
velocity of the particle at time 7, is

AF
V= AI}LI}) E = Em —[F(l() + At) — F(t)].

For a closer look at what this means, assume that F(¢) = (x(¢), y(t)). Then

g
|
Il

1
lim = [F (o + A1) = F(to)]
1
= Jim = [(x(to + A1), y(to + An) = (x(t0). y(t0))]

1
= Algﬂ)o Kt(x(to + A1) = x(to), y(to + At) — y(19))
(X(lo + Ar) — x(to) y(fo + Ar) — y(to)

= 1
sy A A
_ (1 x(ty + Ar) — x(to) lim y(to + At) - y(lo))
Ai—0 At > A0 At

= (x'(10),y"(t0))

This shows that the velocity vector has components that are just the usual
derivatives of the component functions of F'(7).

Suppose that the position of two particles are given by
F(t) = (cos(?), sin(r))
and
G(1) = (cos(2t), sin(21))

respectively. We have seen that both particles will be traveling around the unit circle
in a counter-clockwise direction.

The first particle will reach the point (0, 1) at time 7 = 7, while the second will reach
the same point at time 7 = §. Suppose that we want to calculate the velocity of each
particle the instant they reach (0, 1).

For the first particle, we have
x(t) = cos(?)

and
Y(0) = sin(r)

so that
x'(t) = —sin(¢)
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and
y'(t) = cos(t).

When 1 = 7, we get that the velocity vector v is given by

y= (x’(%),y%g)) = (- sin(%),cos(g)) = (-1,0).

For the second particle,
x(f) = cos(21)

and
y(t) = sin(2¢).
Hence
x'(t) = =2 sin(2¢)
and

y'(t) = 2cos(2t).
This time we want the velocity vector w at time 7 = 7. Therefore,

v= (x'(;—r),y'(;—r)) ) sin(2;—r), 2008(2%)) = (=2,0).

F(n/2) w G(n/4)

V <
Z\ i) GWQ]K G(0)=Cln)

F(3n/2) G(3n/4)

Fim)

You will notice that the two vectors are pointing in the same direction and this
direction is tangent to the circle at the point (1, 0). This is consistent with our
physical intuition that tells us that the velocity of a moving object is always tangent
to the path of the object.

The second observation is that w is twice as long as v. To see why this is so we note
again that the second particle makes one complete revolution of the circle in half the
time of the first. Therefore, its speed should be twice that of the first. Since speed is
the magnitude of velocity, the second velocity vector w should have twice the length
of the first velocity vector w.

In summary, if the position of a particle is given by F(¢) = (x(t), y(¢)), then the
instantaneous velocity at time #, is given by v = (x’(¢y), y’(#p)). The vector v points
in a direction that is tangent to the path of the particle. The length || v || of v is the
instantaneous speed of the particle at time 7. <
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7.4 Derivatives of Vector-Valued Functions and Tangent Lines

We have just seen how we can define instantaneous velocity for a particle that
moves in a manner described by a vector-valued function. Since we know that
velocity is in principle the derivative of position it would make sense to use what we
have learned to formulate a definition for the derivative of a vector-function.

DEFINITION Derivative of a Vector-Valued Function

Given a vector-valued function F(¢), we define the derivative of F () at 7, to be
1
"(ty) = lim —[F At)— F
F'() i}in() At[ (fo + At) — F(19)]

provided that this limit exists.

Geometrically, A%[F (to + At) — F(1y)] represents a scaled secant vector.

A [Flig) - ity +at) ]

e Fify )

As such, the derivative F ’(fy) can be viewed as a limit of scaled secant vectors. For
this reason, we call the derivative vector, the tangent vector to the curve F(t) at
t= f().
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If the tangent vector F''(ty) # (0, 0), then there is a unique line in the direction of
F’(ty) through the point F'(¢)).

DEFINITION Tangent Line to a Vector-Valued Function

Assume that F(¢) is differentiable at t = ¢, and F ’(ty) # (0, 0), then the line with
vector equation
W = F(t()) aF Q’F’(to)

through F(¢) in the direction of F ’(t,) is called the tangent line to the curve F(¢) at
r=1.

N W=Fltg ) + aF (t)

F )

Filg)

Tangent Line

We have defined the derivative and used it to define the tangent vector and the
tangent line. The next theorem tells us that the derivative of a vector-valued function
can be calculated component-wise. The argument that justifies this theorem is
exactly the same as we presented in calculating velocities.

THEOREM 3 Differentiation Theorem for Vector-Valued Functions

Let F(r) = (x(¢), y(¢)). Then F () is differentiable at ¢ = ¢, if and only if both x(¢) and
y(t) are differentiable at ¢ = .

In this case,
F'(t) = (x'(20),y" (%))

Just as we did for functions of one variable, we can define the derivative function by

F'(t)=(x"(0,y'®)

for every ¢ at which the derivative exists.
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EXAMPLE 7

EXAMPLE 8

Find the derivative of F(t) = (£, ?) at t = 1. Find the vector equation of the tangent
line to the curve at ¢ = 1.

We know from the Differentiation Theorem for Vector-valued Functions that
F'(1) = (3%, 21).
Therefore, F'(1) = (3, 2).
Since F(1) = (1, 1), the vector equation for the tangent line is
w = F(ty) + aF '(tp) = (1, 1) + a(3, 2).

The following picture shows the curve together with its tangent vector and tangent
line at = 1.

w=(1,1)+a(3.2)

O r=0342)

We have seen how to find the vector equation of the tangent line. Suppose that we
wanted to find the standard equation of this line. Then we would only need to
determine the slope since we know the line passes through F(¢y). However, if a line
is in the direction of the vector (x,y) and x # 0, then its slope is

m= —.
X

If x = 0and y # 0, the line is vertical.

Assume that f(¢) is a differentiable function and that we define a curve by

F(1) = (@, f(1)).

Then the function F(¢) is differentiable at r with F'’(t) = (1, f'(¢)). The tangent line
passes through F(¢) = (¢, f(¢)) and has slope

me L@
1

= f'(@.

This means that for a curve defined from a differentiable function, the tangent line
we have just defined agrees exactly with the usual definition of a tangent line.
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EXAMPLE 9

You will notice that when we defined the tangent line for a vector-valued function,
we added in the assumption that F'’(zy) # (0, 0). This assumption is necessary for
good reason:

If F'(ty) = (0, 0), the vector equation of the line would be
w = F(ty) + aF ' (t)) = F(t) + (0,0) = F(t)

However, this is a point, not a line. |

The next example shows that when F’(#y) = (0, 0), a curve can be badly behaved in
the sense that despite it being differentiable at #,, the curve would have no natural
tangent line.

Consider the vector-valued function
F@) = (£, ).

We have seen that
F'(t) = (37, 21).

Hence
F'(0) = (3(0%),2(0)) = (0,0).

If we look at the curve, we will see that there is a sharp point at the origin.

1) ///ﬁﬁ//‘

FO) | F(0)=(0,0)

We would usually expect such a point to not be a point of differentiability. However,
for curves such as the one above, this may not be the case. For this reason, we will
say that a curve is smooth at t = t; if F(¢) is differentiable at ¢ = 1y and if

F'(ty) # (0,0).

The next example shows one more unusual aspect of differentiable curves.
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EXAMPLE 10

Let F(f) = (2, — t). Then we have seen that
F(=1) = (1,0) = F(1).
However, since F'(t) = (2t,3t* — 1) we get that
F'(-1)=(-2,2)

while
F'(1) = (2,2).

Therefore, there are two different tangent vectors at the same location (though at
different values of 7). Similarly, there will be two different tangent lines through
(1,0).

FCD=01.0)=F(1)
-2 - 0 AT 2

7.5 Linear Approximation for Vector-Valued Functions

Recall that if the real-valued f () is differentiable at ¢ = #;, then we can define the
linear approximation to f(¢) at t = y by

L (1) = f(to) + [ (to)(t — to).
The linear approximation had two very important properties:

L. Ly (t0) = f(t0)

and

2. L (1) = f'(t0)
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DEFINITION

Since the linear approximation was such a valuable tool for real-valued functions,
we would like to find an analog for vector-valued functions. Indeed, if F(¢) is
differentiable at 7, then letting ¢ = ¢y, + At gives us

1
F'(t)) = lim [F(2) — F(1)]
1=t T — 1
Therefore if t = t,, we have
1
F' (1) = [F(#) — F(t)]
t—1
SO
(t —to)F'(to) = F(t) — F(t)
and
F(t) = F(to) + (t — to)F ' (t0)
If we let

L, (t) = F(ty) + (t — to)F '(1p),

then if ¢ = ¢,
L, (t) = F()

Moreover, it is easy to verify that if F''(z) # (0, 0), then L, (?) has the following
properties:

1. L,(2)is a vector-valued function with its range being a line.
2. L(t) = F(to)

3. L(t) = F'(to)-

Note: The third property requires a little algebra to verify, but it is straight-forward.

In particular, the range of the vector-valued function L, (¢) is precisely the tangent
line to the curve F(¢) at t = t,. This shows that L, (¢) has all the properties that we
are looking for in an analog of the linear approximation. Therefore, the following
definition is natural.

Linear Approximation to a Vector-Valued Function

Let F(¢) be a vector-valued function. Assume that F'(¢) is differentiable at t = 7, and
that F’(¢y) # (0,0). Then the linear approximation to F(t) at t = ty is the
vector-valued function

Ly (1) = F(1o) + (t — 10)F " (to).
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L to1)= Flfg )+ (Mg ) F(fo)

m\‘ FI(TO)
\ Fity)
Linear Approximation
PROBLEMS:
1. A ball on the end of a one meter long string is swung counter-clockwise in a

circle at the rate of 1 revolution every 2 seconds. Assuming that the end of the
string is at the origin and that at time ¢ = O the ball is at the point (1,0), find a
curve F(t) that represents the position of the ball at any given time.

2. Find F’(2.5) and L, 5(?).

3. Assuming that the string is released at # = 2.5, find a vector-valued function
G(?) that will determine the horizontal position of the ball relative to the origin
fort > 2.5.

SOLUTIONS:

1. First note that the ball will be traveling along a path that is a circle of radius 1.
Moreover, the ball is traveling with constant velocity, it begins at (1,0), and
the motion is counter-clockwise. These statements imply that there is a
constant k such that

F(t) = (cos(kt), sin(kr)).
However, since the ball makes one revolution every 2 seconds, when ¢ = 2 our
angle kt must be 2z. Therefore, k = 7 1s a solution. Hence, the position of the
ball is given by

F(t) = (cos(nt), sin(nt)).

2. We have
F'(t) = (msin(nt),  cos(mt)).

Therefore

F’'(2.5)

(= sin(2.57), m cos(2.57))
(=msin(2m + .57), mcos(2m + .57m))

(= sin(.57), m cos(.57))
(-7, 0)
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EXAMPLE 11

We also have that

F(?)

(cos(2.57), sin(2.57))
(cos2m + .57), sin(2w + .57))
(cos(.5m), sin(.57))

O, 1)

Therefore,

Lys(t) = FQ2.5)+@—-2.5F'(2.5)
0,1) + (@ —-2.5)(-m,0)

(-m.0) (0.1)

r'y

Los(l)

3. Once the ball is released it will travel in a straight line that is tangent to its
path at the time of release. Moreover, the ball will have constant velocity that
is equal to the velocity at the moment it was released. But the velocity at that
point was F’(2.5) = (—m,0). This shows that At seconds after its release, the
ball’s position will be

G@) =(0,1) + At(-m,0)

However, since At =t — 2.5, we get
G@)=(0,1)+ (t—2.5)(-m,0) = Lr5(¢t).

This shows that the ball’s position will be determined by the linear
approximation.

So far everything we have done has been for functions into R?. However, the next
example adds one more dimension to our previous problem.

Assume that the ball in the previous example was being swung horizontally at a
height of 2 meters above the ground so the center of the circle would be at (0, 0, 2).
Where would the ball be when it hit the ground?

Let H(t) = (x(t), y(1), z(t)) denote the position of the ball. When ¢ < 2.5, we have
H(t) = (cos(rt), sin(nt), 2). After the point of release, the x- and y-components will
be identical to what we had in the previous question.
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The x and y components are given by (0, 1) + (¢t — 2.5)(—x,0) = (—n(t — 2.5), 1).
Hence
x(t) = —n(t = 2.5)

and
y@® = 1.

Gravity acts on the ball causing it to accelerate downward. We know that in At
seconds the ball will fall % g(Af)? meters, where g is the value of the acceleration due
to gravity (9.81 m/s?).

D

Therefore, with At = ¢ — 2.5, after the release of the ball the height will be
2 - % g(t — 2.5)* meters. This tells us that the position of the ball between the time of
release and when it hits the ground will be

H(@) = (-n(t—2.5),1,2 - %g(t —2.5)%)

The ball will hit the ground when 2 — 1g(r — 2.5)* = 0. Solving for ¢ we get

4
—=(t-25)°
g

4
f= A|—— +2.523.14
981

To find the final position, we let r = 3.14 to get

or with g = 9.81

seconds.

H@3.14) = (-n(3.14 - 2.5),1,0) = (-2.01, 1, 0).
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7.6 Arc Length of a Curve

We have seen how to use integration to find the length of a portion of the graph of a
function. In this section, we will see how an almost identical method yields a
formula for the length of a segment of a curve.

Problem:

Given a continuously differentiable vector-valued function F(¢) = (x(¢), y(¢)), what is
the length of the curve determined by F'(¢) over the interval [a, b]?

Let S denote the length of this segment of the curve.

S

" F(o)

We first partition [a, b] with

P={la=xo<x)<---<xi1<x;<---<x,=b}.

Let S; denote the length of the arc joining F(x;_;) and F(x;).
g
S
S, S24°

"o F(o)

Then

As was the case for single variable functions, if Az; is small, then §; is
approximately equal to the length of the secant line joining F(x;_;) and F(x;).
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F[Ti )
Secant

It follows that

Si = V(Ax)* + (Ay)?

F(tiqp)

Using the incremental form for the linear approximation, we get
Ax; = x/([i)At,'

and
Ay; = y'(t)At,.

Therefore,

V(Axi)2 + (Ayi)2
V& EALY? + (v (1) AL)>
V@) + (37 (1))? At

e
1R

IR

From this we get that

S = ZSI

DN @+ 67w A
i=1

IR
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The last sum is a Riemann sum for the function \/ (x’()? + (y’(2))?. Letting
n — oo, we get

b
S = f V)2 + (v (1)) dt.

We will make two useful observations.

1. Note that

V@) + /@2 =l ') |

If we think of F () as representing the position of a particle, then arc length is
just the distance traveled. Moreover, in this case, || F () || is the magnitude of
the velocity of the particle. That s, || F'(¢) || is the speed of the particle.
Therefore, the arc length formula tells us that

b
S=f I F'(®) |l dt

b
distance = f (speed) dt

or

which is exactly what we would expect.

2. Suppose that F(t) = (¢, f(¢)). Then the arc length of the curve is just that
length of the graph of f(x) over the interval [a, b]. However, in this case, we
have

x'(H)=1

and
y'@®=f'@.

Therefore, the arc length formula for curves that we have just derived becomes

b
s f V@02 + (' (1) dt.
b
f«/12+(f'(t))2dt

b
f V1 + (f(0)*dt.

This agrees with the formula that we derived earlier for the arc length of the
graph of a function.

EXAMPLE 12 A particle moves along a path so that its position is given by F(t) = (2, ). Find the
distance S the particle travels fromz =0tot = 1.
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In this case, F’(f) = (2t, 3?) so that

(21)? + (312)?
= V472 + 94
| ] V4 +9£2

tV4 + 972

I F'@

since r > 0 on [0, 1].

It follows that

1
S :f t V4 + 9¢2 dt.
0

To evaluate this integral we use the substitution u = 4 + 97> so that du = 18¢dt and
hence ¢ dt = %. With this substitution, we have

9%)
Il

1
f t V4 + 9¢2 dt
0

13 \/ﬁ
= f4 Kdu

1 2 ;
= E(guz)ﬂﬁ

1 3 3
= ﬁ[(B) - (4)7]

EXAMPLE 13  The curve F(t) = (e cos(¢), e sin(¢)) is a spiral that turns in a counterclockwise
direction around the origin. Note that (0,0) = llim F().

Find the total length of this spiral if it begins at # = 0.

In this case, we are viewing the curve over the interval [0, o). Therefore, the arc
length is the improper integral
S =f | F'@) |l dt
0

To find || F’(¢) || note that

x'(t) = —e"" cos(t) — e sin(r)
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so that

(x'(0))* = (—e'cos(t) — e sin(r))’
= e 2 cos’(t) + 2¢7% cos(?) sin(f) + e sin’(7)
= e 2(cos’(t) + sin’(¢)) + 2¢~* cos(t) sin(r)
= e +2¢7 % cos(t) sin(7).

Similarly,
y'(t) = —e " sin(f) + e’ cos(r)

so that

' (1)) = (—e'sin() + e cos())?

e 2 sin’(7) — 2e~ cos(?) sin(t) + e > cos?(?)
e~ 2 (sin?(f) + cos?(¢)) — 2¢~* cos(?) sin()
e™ — 2¢7* cos(t) sin(?).

Therefore
(x'@O) + (/1) =2¢7"

and hence

V@2 + (v’ (1))?
\lze—Zt
V2e

I F'@ |

From here we get that

9%)
Il

f | F'@) |l dt
0

f V2e ' dt
0

b
= lim V2e ™ dt
0

b—o0

= lim - V2e™ |}

b—o0

= lim - \/E[e_b - 1]

b—oco

V2.

We have shown that the total length of the spiral beginning at r = 0 is V2. <
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