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Definition 1 Let I be an ideal in a Banach
algebra. A function v .1 — C js called a trace
i

1. 7(p) = 1 for every rank one idempotent
peEl.

2. 7(a+b) =7(a) + 7(b) for all a,b e I.

3. 7(aa) = at(a) for all « € C and a € I.

4. 7(ab) = 7(ba) for all a € I and b € A.



Definition 2 Let A be a Banach algebra and
I an ideal in A. We call an element a € A a
Fredholm element relative to I if there exists

ag € A such that

1. aag—1 €1 and

2. apa—1€l.

T he collection of all Fredholm elements rela-
tive to I will be denoted by ®(A,I).



Definition 3 Let 7 be a trace on an ideal I in
A. We define the index function . : ®(A,I) —

C by
t(a) = 7(aag —apa) for all ae€ P(A,I).

where aq satisfies aag —1 €1 and aga—1 € 1.



Proposition 1 Let I be a trace ideal and a €
(A, I).

1. The index function is well defined on ®(A,I).

2. Fora,be ®(A,I), t(ab) = v(a) + ¢(b).

3. For every g € I we have v(a+ q) = 1(a).

4. Forevery A\=0 and g€ I, «(A—q) = 0.

5. The set ®(A,I) is open in A.

6. The index function ¢ is constant on every
component of ®(A,I).

7. The index function v : ®(A,I) — C is con-
tinuous.



kh(I) = {a € Ala+ I € Rad(A/I)}

Theorem 1 Let A be a semisimple Banach al-
gebra and let the trace ideal I satisfy SocA C
I C kh(SocA). Then

1. a € ®(A,I) if and only if there exists ag €
A and idempotents p,q € SocA such that
aag =1 —p and aga =1 —q.

2. (a) =7(q) —7(p).

3. 1(a) = n(a) —d(a).



If a,b€ A, then

o(ab)\{0} = o(ba)\{0}.

e(ab)\{0} = e(ba)\{0}7



ExpA donotes the component of A~1 that con-
tains 1. It is an open and closed subgroup of
A~l. The exponential spectrum of a € A is

the set
e(a) ={AeC|A—a ¢ ExpA}.

Jde(a) C o(a) C e(a).



Theorem 2 (Murphy) Let A be a Banach al-
gebra and a,b € A. Then each of the following
conditions implies that €(ab)\{0} = e(ba)\{0}:

1. Either a or b is a limit or invertible ele-
ments.

2. A is of topological stable rank one.



Let I be a closed trace ideal such that SocA C
I C kh(SocA). Then

(A1) =02 _ o t(n).

Let J : A — A/I be the natural homomor-
phism, ie, J(x) = x4+ I for all x € A.
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Proposition 2 Let A be a semisimple Banach
algebra and let I be a closed trace ideal in A
with SocA C I C kh(SocA). Then

J L Exp(A/I) C .~ 1(0).
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Theorem 3 Let A be a semisimple Banach al-
gebra and let I be a closed trace ideal in A with
SocA C I C kh(SocA). If J " Exp(A/I) = .~1(0)
then for all a,be A

e(ab+ I)\{0} = e(ba + I1)\{0}.
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Theorem 4 Let A be a semisimple Banach al-
gebra and let I be a closed trace ideal in A
with SocA C I C kh(SocA). If a,b € A with
1—abe (A, 1), then (1 —ab) = (1 — ba).



