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Overview

A classic theorem of Ando gives a characterization of operators
that have numerical radius at most one as operators that admit a
certain 2× 2 positive completion.
By considering n × n positive completions we obtain a
multivariable analogue of this result.
A natural question to ask is if all the operators involved come from
a given C*-algebra, then can the entries in the positive completion
also come from that C*-algebra?
In the single operator case, we prove that this places no restriction
on the C*-algebra. But as soon as one considers the two variable
case, we prove that the entries can be chosen from the given
C*-algebra iff the C*-algebra has WEP.
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This gives a 3× 3 matrix completion characterization of WEP that
(surprisingly?) is independent of the particular representation of
the C*-algebra.

This also gives a 3× 3 matrix completion characterization of
injective von Neumann algebras.
Finally, it shows that Connes’ Embedding Problem is equivalent to
a 3× 3 matrix completion problem.
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Outline

I Definitions and statements of main theorems

I Background needed for proofs:

I Define quotients in the category whose objects are operator
systems, with morphisms the unital, completely positive maps.

I Farenick-P result that the operator system spanned by free
unitaries is a quotient of tridiagonal matrices.

I Results follow by combining this fact with Kirchberg’s
characterization of WEP and earlier work on tensor products
of operator systems by Kavruk-P-Todorov-Tomforde.
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Ando’s Theorem

Recall that given an operator X on a HIlbert space H the
numerical radius of X is

w(X ) ≡ sup{|〈Xh, h〉| : ‖h‖ ≤ 1}.

Theorem (Ando)

Given X ∈ B(H), we have that w(X ) ≤ 1/2 iff there exist
A1,A2 ∈ B(H) with A1 + A2 = I such that(

A1 X
X ∗ A2

)
is positive on H ⊕ H.
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A slight modification of this theorem is that:

Theorem (Ando)

Given X ∈ B(H), we have that w(X ) < 1/2 iff there exist
A1,A2 ∈ B(H) with A1 + A2 = I such that(

A1 X
X ∗ A2

)
is positive and invertible in B(H ⊕ H).
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A Multivariable Analogue of Ando’s Theorem

Note that if U ∈ B(K ) is unitary so that X ⊗U ∈ B(H ⊗K ), then
w(X ⊗ U) = w(X ). This motivates the following definition:
Given X1, . . . ,Xn ∈ B(H), their free joint numerical radius is

w(X1, . . . ,Xn) ≡ sup{w(X1⊗U1+· · ·+Xn⊗Un) : U1, . . . ,Un are unitary}

where the supremum is taken over all n-tuples of unitaries on all
Hilbert spaces and the tensor is spatial.
It is not hard to see that it is sufficient to replace “all” Hilbert
spaces by a single, separable infinite dimensional Hilbert space and
that the supremum is actually attained. Also this value remains
the same if the unitaries are replaced by all contractions.
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Theorem (1,FKP)

Let X1, . . . ,Xn ∈ B(H). Then w(X1, . . . ,Xn) < 1/2

iff there exist
A1, . . . ,An+1 ∈ B(H) with A1 + · · ·An+1 = I such that

A1 X1 0 · · · 0

X ∗1 A2 X2
...

0 X ∗2
. . .

. . . 0
...

. . . An Xn

0 · · · 0 X ∗n An+1


(1)

is positive and invertible in Mn+1(B(H)) = B(H(n+1)). Hence,
w(X1, . . . ,Xn) = 1/2 inf{‖A1 + · · ·+ An+1‖} over all A’s satisfying
(1).
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The Weak Expectation Property

Recall that a C*-algebra A has WEP iff for every faithful
representation π : A → B(H) there exists a UCP idempotent map
E : B(H)→ π(A)′′, such that E (π(a)) = π(a) for every a ∈ A.

Such a map is called a conditional expectation. Every C*-algebra
has at least one faithful representation with a conditional
expectation. So the “for every” is important in the definition, but
it is always enough to test the universal representation.
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Theorem (2,FKP)

Let A ⊆ B(H) be a unital C*-subalgebra. Then A has WEP iff
∀p ∈ N, ∀X1,X2 ∈ Mp(A) such that w(X1,X2) < 1/2, the
A1,A2,A3 in equation (1) can be chosen from Mp(A).

Note that since w(X1,X2) < 1/2 such operators exist in
Mp(B(H)) = B(H(p)) and WEP is equivalent to saying that
whenever this positive completion problem can be solved “over
B(H)” for elements of A, then it can also be solved over A.
Thus, this characterization of WEP is independent of the particular
representation of A!
If A is a von Neumann algebra, then it is injective iff it has WEP,
so the above also gives a matrix completion characterization of
injectivity.
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Connes’ Embedding Problem

Connes’ embedding problem asks if every separable II1-factor is a
von Neumann subfactor of the ultrapower Rω of the hyperfinite
II1-factor for some ultrafilter ω ∈ βN\N.
If we let F2 denote the free group on two generators, then
Kirchberg has shown that Connes’ embedding problem is
equivalent to deciding whether or not the full group C*-algebra
C ∗(F2) has WEP.

Theorem (3,FKP)

Fix a representation C ∗(F2) ⊆ B(H). Connes’ embedding problem
is true iff ∀p ∈ N whenever equation (1) can be solved over
Mp(B(H)) for elements of Mp(C ∗(F2)) then it can be solved over
Mp(C ∗(F2)).
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Quotients of Operator Systems

Given operator systems S, T and a unital, completely
positive(UCP) map, φ : S → T , with K = ker(φ)

one wishes to
define a matrix order on the vector space S/K that makes the
quotient into an operator system and has the property that the
induced quotient map φ̇ : S/K → T is UCP.
The relevant definitions were worked out in [KPTT2].
A subspace K ⊂ S is a kernel if there are an operator system T and
a completely positive linear map φ : S → T such that K = ker φ.
If K ⊂ S is a kernel, then define Cn(S/K) ⊂ Mn(S/K)sa to be

{Ḣ : ∀ ε > 0 ∃Kε ∈ Mn(K)sa such that ε1 + H + Kε ∈ Mn(S)+} .
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The collection {Cn(S/K)}n∈N is a family of cones that endow
S/K with the structure of an abstract operator system with
(Archimedean) order unit 1̇ = q(1).

Definition
The operator system (S/K, {Cn(S/K)}n∈N, q(1)) is called the
quotient operator system.

Definition
Given operator systems S, T and a UCP map φ : S → T with
K = ker(φ), we call φ a complete quotient map if the induced
map φ̇ : S/K → T is a complete order isomorphism, i.e., UCP,
onto and φ̇−1 is UCP.

Note: Complete order isomorphisms(COI) are the “natural”
identifications in the category whose objects are operator systems
and whose morphisms are the UCP maps.
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Two Quotient Examples

Let Jn ⊆ Mn denote the set of diagonal matrices of trace 0. It
may not be obvious that this is the kernel of a UCP map, but we
shall show that it is shortly.

We want to give a concrete representation of the operator system
quotient Mn/Jn. First, we will show that it is very different from
the operator space quotient.
Let Ei ,j denote the standard matrix units. For i 6= j , note that

dist(Ei ,j ,Jn) = inf{‖Ei ,j + K‖ : K ∈ Jn} = 1.

For this reason, ‖Ei ,j + Jn‖ = 1, in any normed quotient, including
in the operator space quotient.
We now show that in the operator system quotient
‖Ei ,j + Jn‖ ≤ 1/n !
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Note that Ei ,i − Ej ,j ∈ Jn. Hence, if φ is a UCP map with
Jn = ker(φ), then φ(Ei ,i ) = φ(Ej ,j).

Thus, I = φ(In) = nφ(Ei ,i ), and ‖φ(Ei ,i )‖ = 1/n.

But since,

(
Ei ,i Ei ,j

Ej ,i Ej ,j

)
∈ M2(Mn)+, we have that

‖φ(Ei ,j)‖ ≤ 1/n. Thus, ‖Ei ,j + Jn‖ ≤ 1/n.
The above calculation, leads one to wonder: What is Mn/Jn ?
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Let C ∗(Fn−1) denote the full C*-algebra of the free group on n− 1
generators, denoted u2, ..., un, set u1 = 1 and let
Wn−1 = span{uiu

∗
j } ⊆ C ∗(Fn−1).

Theorem (1,FP)

The map φ : Mn →Wn−1 defined by φ(Ei ,j) =
uiu
∗
j

n is a complete
quotient map, i.e., Mn/Jn and Wn−1 are COI.
Moreover, C ∗e (Mn/Jn) = C ∗(Fn−1).
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Lifting Tridiagonals and the WEP

Let Tn ⊆ Mn denote the set of tridiagonal matrices, and let
Sn−1 = span{1, u1, u

∗
1 , ..., un−1, u

∗
n−1} ⊆ C ∗(Fn−1).

Proposition (2,FP)

The UCP map ψ : Tn → Sn−1, given by ψ(Ei ,i ) = 1
n ,

ψ(Ei ,i+1) = ui
n and ψ(Ei+1,i ) =

u∗i
n is a complete quotient map.

Hence, Tn/Jn = Sn−1 up to COI. Moreover,
C ∗e (Tn/Jn) = C ∗(Fn−1).

We use this quotient to define an “exactness” or “lifting property”
of an operator system R.
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We say that R has property (Sn) iff
ψ ⊗ idR : Tn ⊗min R → (Tn/Jn)⊗min R is a complete quotient
map. We say R has property (S) when it has this property for all
n.

It is easy to see directly that B(H) has property (S), since the
matrices do. Independent of Kirchberg’s work, we proved:

Theorem (3,FP)

Let A be a C*-algebra. Then A has property (Sn) iff
A⊗min C ∗(Fn−1) = A⊗max C ∗(Fn−1).

Corollary (Kirchberg)

B(H)⊗min C ∗(Fn) = B(H)⊗max C ∗(Fn) for all n.
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Combining with Kirchberg’s characterization of WEP we have:

Theorem (4,FKP)

Let A be a C*-algebra. Then the following are equivalent:

1. A has property (S),

2. A⊗min C ∗(Fn) = A⊗max C ∗(Fn) for all n,

3. A has property (S3),

4. A⊗min C ∗(F2) = A⊗max C ∗(F2)

5. A has WEP.

Thus, WEP is equivalent to a question about positive liftings of
tensors with 3× 3 tridiagonal matrices.
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Proof of Tensor Characterization of (S)

The proof of [3,FKP] uses: 1) the result from KPTT1 that
Tn ⊗min A = Tn ⊗max A for any C*-algebra A
2) a diagram chase:

Tn ⊗min A
∼=−−−−→ Tn ⊗max A

φ⊗id

y yφ⊗id

Sn−1 ⊗min A −−−−−−→
idSn−1⊗A

Sn−1 ⊗max A .

Thus, property (Sn) implies Sn−1 ⊗min A = Sn−1 ⊗max A, which
easily implies that C ∗(Fn−1)⊗min A = C ∗(Fn−1)⊗max A.
The proof of the converse uses the same diagram and the fact
from FP that the max tensor preserves quotients.
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Proofs of FKP

The multivariable analogue of Ando[1,FKP] follows from observing
that for X1, . . . ,Xn ∈ B(H) we have w(X1, . . . ,Xn) < 1/2 iff

IH ⊗ 1 + X1 ⊗ u1 + X ∗1 ⊗ u∗1 + · · ·+ Xn ⊗ un + X ∗n ⊗ u∗n

is strictly positive in B(H)⊗min Sn.
Using the fact that B(H) has property (S) allows us to lift this to
a strictly positive element of B(H)⊗min Tn+1 and this lifting has
the desired form.
When X1,X2 ∈ Mp(A), then the ability to lift these special positive
elements to positive elements of Mp(A)⊗min Tn+1 is enough to
guarantee that A has property (S3) which is equivalent to WEP.
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When n = 1, then Tn+1 = M2 and the quotient is S1 ⊆ C (T)
which is nuclear.

Therefore, for any C*-algebra
A⊗min S1 = A⊗max S1 which implies that every C*-algebra has
property (S2).
Thus, w(X ) < 1/2⇒ I ⊗ 1 + X ⊗ u1 + X ∗ ⊗ u∗1 > 0⇒ lifts to a
strictly positive element of M2(A) of the form given by Ando AND
with A1,A2 ∈ A.
So the fact that we can do 1-variable Ando in the C*-algebra
follows from the fact that C (T) is nuclear. We show that, in fact,
it is equivalent to the fact that C (T) is nuclear.
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Other Approaches to Connes’ Embedding Problem

In our joint work with Kavruk, Todorov and Tomforde, we found
new equivalences using our theory of tensor products of operator
systems:

Theorem (KPTT2,FKP,K)

The following are equivalent:

1. Connes’ embedding conjecture is true

2. S2 ⊗min S2 = S2 ⊗c S2(a 25 dimensional question!),

3. every (min,er)-nuclear operator system is (el,c)-nuclear,

4. every operator system that has the local lifting property for
UCP maps has the double commutant expectation property.
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Theorem (FP,FKP,K)

If any of the following statements is true, then Connes’ embedding
conjecture is true:

1. C ∗(F2) has the lifting property (S3),

2. C ∗(F2) has the lifting property (W3),

3. the map q3 ⊗ q3 : M3 ⊗min M3 → (M3/J3)⊗min (M3/J3) is a
complete quotient map,

4. W2 has the lifting property (W3),

5. (M3/J3)⊗min (M3/J3) = (M3/J3)⊗max (M3/J3) for all n,

6. T3 ⊗min T3 → (T3/J3)⊗min (T3/J3) is a quotient map,

7. S2 has the lifting property (S3),

8. E3 ⊗min E3 = E3 ⊗max E3,
9. U2 ⊗max U2 ⊆coi V2 ⊗max V2,

where E3,U2,V2 are certain spaces of matrices.
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E3 = {(ai ,j) ∈ M3 : ai ,i = aj ,j}

V2 = {
(

a1,1 a1,2

a2,1 a2,2

)
⊕
(

b1,1 b1,2

b2,1 b2,2

)
: a2,2 = b1,1} ⊆ M2 ⊕M2

U2 = {
(

a1,1 a1,2

a2,1 a2,2

)
⊕
(

b1,1 b1,2

b2,1 b2,2

)
: a1,1 = a2,2 = b1,1 = b2,2} ⊆

M2 ⊕M2

These arise because: U2 = Sd
2 , V2 = T d

3 and E3 =Wd
2 are COI’s.
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Thanks for your time!
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