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Functions Represented by Power Series

Definition: [Functions Represented by a Power Series]

oo
Let > an(x — a)™ be a power series with radius of convergence

n=0

oo
R > 0. Let I be the interval of convergence for > a,(z — a)™.
n=0

Let f be the function defined on the interval I by the formula

oo

fl@) = Y an(wo—a)® ()

n=0
for each g € I.

We say that the function f is represented by the power series
oo
> an(x—a)®onl.

n=0



Functions Represented by Power Series

Question: Suppose that f and g are represented by power series centered at
x = a of the form

flz) = Z an(x —a)™ and g(z) = Z bn(z —a)”

with intervals of convergence Iy and I, respectively.
Can this information be used to build a power series representation for f 4 g?
Observation: If xg € Iy N Iy, then

(f+9)(@o) = f(®o)+ g(xo)

k k
= lim Z an(xro —a)™ + klggo Z bn(zo —a)™
n=0

k—oco
n=0

k
= Jlim Z_:O(an + bn) (o — a)”

= Y (an +bn)(wo —a)"

n=0



Sums of Power Series

Theorem: [Addition of Power Series]
Assume that f and g are represented by power series centered at € = a with

oo
f@) =) an(z—a)"
n=0
and
oo
g@@) = Y bu(@—a)",
n=0
respectively.
Assume also that the radii of convergence of these series are Ry and R, with
intervals of convergence Iy and I,. Thenifx € Iy N Iy,

(F+9)(@) =Y (an+bn)(z—a)™
n=0
Moreover, if Ry # Ry, then the radius of convergence of the power series
representing f + g is R = min{ Ry, Ry} and the interval of convergence is
I=1I;Nn1I,

If Rf = Ry,then R > Ry.



Multiplication by (z — a)™

Remark: Assume that h(x) = (x — a)™ f(x) where m € N. We
might guess that h would be represented by the following power series
centeredatx = a:

oo oo

h(z) = (x —a)™ Z an(rx —a)” = Z an(x —a)™t™.

n=0 n=0

Observation: If o € Iy, then

h(zo) = (zo —a)™f(2o)
k
= (xo—a)™ kll)n;lo Zoan(wg —a)”
k
= lim an(zo — a)™t™
k—oco 0

= Z an(xo —a)™t™

n=0



Multiplication by (z — a)™

Theorem: [Multiplication of Power Series by (z — a)™]
Assume that f is represented by a power series centered at = a as

f@) =Y an(z—a)"
n=0
with radius of convergence Ry and interval of convergence I.
Assume that h(z) = (z — a)™ f(x) where m € N. Then h can also
be represented by a power series centered at x = a with

oo

h(x) = Z an(x —a)™™™

n=0

Moreover, the series that represents h has the same radius of
convergence and the same interval of convergence as the series that
represents f.



Multiplication by (z — a)™

Example: Find a power series representation centered at = 0 for

X
h = .
(x) T
Note: We have that {
h =x-
() == >
and
1 — .
=) =
1—=x o
forallz € (—1,1).
Hence - -
xr
h = =x- " = "t
P

forallxz € (—1,1).



Composition with ¢ - ™

Question: Assume that f has a power series representation

flu) = Z a,u”

n=0
centered at u = 0 with interval of convergence I.
Can we find a power series representation for

h(z) = f(c-z™)
centered at x = 0 where ¢ is some non-zero constant?
Observation: If we choose x¢ so that c - z(* € I, then substituting

c - xj* for u gives us

oo

h(zo) = flc-ag)) = Y an(c-zg)™ = > (an - c)zy™
n=0

n=0



Composition with ¢ - ™

Theorem: [Composition with ¢ - ™]
Assume that f has a power series representation

f@) = Y anu
n=0

centered at u = 0 with radius of convergence Ry and interval of convergence
Is. Let h(z) = f(c- x™) where cis a non-zero constant. Then h has a power
series representation centered at = 0 of the form

h(z) = flc-2™) = 3 (an - )™

The interval of convergence is

In={xz €R|c-x™ € I}

and the radius of convergence is Ry, = m,/% if Rf < coand R, = oo
otherwise.



Example

Question: Find a power series representation for f(x) =

1
x = 0.
Solution: We know that
1 = .
1—u Z 3
n=0

foru € (—1,1). Then

1 oo
g = 2 ()" = Z 2"
n=0

provided that
11
22® € (—1,1) = 2° € <—§, 5) .

Therefore,

%:m.Zn%m Zzn2n+1
1—2x

n‘andonlyn‘we( 7 7)

x
— 2x2

centered at
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