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Binomial Theorem

Theorem: [Binomial Theorem]
Leta € Randn € N. Then for each € R we have that

(a+ )" = z": <:> a™ "k

k=0

LS

In particular, when @ = 1 we have

where

(1+w)n=1+z":n(n—l)(n_zlz!...(n_k+1)wk

k=1




Binomial Theorem

Observation: Consider the expression

nn—1)n—-2)---(n—k+1)
k!

If K > m, then one of the terms in the expression

nn—1)n-—-2)---(n—k+1)

will be 0 and hence we would have

nn—1)(n—-2)---(n—k+1) —0
k!

Consequently, we also have

n nn—-—1)(n-2)---(n—k+1
k=1
Hence the polynomial function (1 + x)™ is actually represented by the power
series

1+in(n—l)(n—Zk)!---(n—k:—i-l)mk



Binomial Series

Question: Suppose that a € R. Is there an analog of the Binomial Theorem for
the function

14+ z)* ?

Definition: [Generalized Binomial Coefficients and Binomial Series]
Leta € Randletk € {0,1,2,3,...}. Then we define the generalized
binomial coefficient o choose k by

<a> _ala—1D(@—2)--(a—k+1)

k k!

(5)=

We also define the generalized binomial series for a to be the power series

1+§:1a(a—1)(a_2k)!...(a_kz+1)$kzg":o(Z)wk

if k % 0 and




Binomial Series

Remark: If b, =| (7)) |. Thenfork > 1

bet1 | — K|

b  k+1
Hence b i
lim 24 gy LR
k— oo bkz k—oco k +1

Therefore, the radius of convergence for the binomial series is 1.
In particular, the series converges absolutely on (—1, 1).

Remark: Is

o S afa—1D)(a—2)---(a—k+1) > [«
(14x) :1—1-162_:1 ] a wk:Z( )wk’?



Binomial Series

Observation 1:

k> 1

(ko) 0 (1)

ala—1)---(a—k+1)
P (o — k)

+a(a —1)- -l;:!(a —k+1) (k)

ala—1)---(a—k+1)

o (@)

= ()



Binomial Series

Observation 2: Next we let

f(iE):].-l-Za(a_l)(a_zk)'(a_k+1)mk= Z <:>mk

k=1
foreach z € (—1,1). We claim that

(@) +af'(x) = af(z)

for each € (—1, 1). Term-by-term differentiation gives us that

f@+af(@) = > (:) k"t 4+ <z> ka®
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Observation 2 (continued):

If &k > 1 we have

(2o ()= e()

F@) +af@) = ata <Z) L

It follows that

k=0

= af(x)

as claimed.
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Observation 3: If
_ f(@=)
g((l}) - (1 + m)a 9

then g is differentiable on (—1, 1) and since af(z) = (1 + x) f'(x),
fl (@)1 +2)* — af(z)(d +a)*"

1+ x)2e
fl@) 1+ =) = A +a)f ()2 +x)"

g'(x) =

(1 + x)2>
')A +z)* — (=) + =)
(1 + x)2=

= 0

Since g’(x) = Oforallz € (—1,1), g(x) is constant on this interval.
However,

g(0) = f(0) = 1.
Therefore, g(x) = 1 forallx € (—1, 1). It follows that

f(@) =01 +=2)°



Generalized Binomial Theorem

Theorem: [Generalized Binomial Theorem]
Let & € R. Then for each « € (—1, 1) we have that

(1+$)a=1+za(a_l)(a_?!"'(a_k+l)mk:Z <a>wk
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Example: Use the Generalized Binomial Theorem to find a power series
representation for (1 4 ) 2.

Note: By the Generalized Binomial Theorem we have

G+ =3 (—;)wk

k=0

We have that for k > 1
(*):(‘”“*‘1*”“4—k+4>=(_nwk+n

k k!
and
_2 0
<0>=1=04>m+n
Therefore, -
A+ax)72 = > (-1)*k+1)2"
k=0

_ Z (—1)F gkt

k=1
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