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Example

oo
Problem: Does > -%; converge or diverge?

n=1 n?
Key Observation: We saw that
> 1
> !
= nz—n
and that if n > 2, then
1 1
n2 n2—mn
If
ko1 SIS |
Tk:z_:ﬁ and Sk:z_:rﬂ—n
n=1 n=2
then for k > 2,
ko1 SIS |
T =1 — <1 <2

Hence {7} } is bounded above by 2 and {7}, } converges, as does

1
2

n=1



Comparison Test

oo oo
Question: If 0 < a,, < b, and > b, converges, must > a,
n=1 n=1

converge?

Theorem: [The Comparison Test for Series]

Assume that 0 < a,, < b,, foreachn € N.

) If Z b, converges, then Z a,, converges.
n=1
o0 o0
) If > a, diverges, then Z b,, diverges.

n=1



Comparison Test

Proof of the Comparison Test:
Assume that 0 < a,, < b,, foreachn € N. Let

k k
T, = Z a, and S = Z bn
n=1 n=1

1) Assume that 3 b, converges with > b, = S. Then

n=1 n=1

k
Th=) an<Sk=)» b, <8

n=1 n=1

for each k € N. It follows that {T} } is bounded and that
D an
n=1

also converges.



Comparison Test

Proof of the Comparison Test:
Assume that0 < a,, < b,, foreachn € N. Let

k k
T, = Zan and Sk=an
n=1 n=1

o0
2) Assume that > a,, diverges. Let M > 0. Then we can find an
n=1
N € Nsothat M < Ty. Butifk > N,

M <Tn <Snv < Sk

and hence

[o ]
br

n=1

also diverges.



Comparison Test

Three Important Observations:

1) If > a, converges, then we cannot say anything about > b,,.

n=1 n=1
2) If > b, diverges, then we cannot say anything about > a.
n=1 n=1

3) Since the first few terms do not affect whether or not a series
diverges, for the Comparison Test to hold, we really only need that

0<an<bn

foreach n > K, where K € N. That is, the conditions of the
theorem need only be satisfied by the elements of the tails of the two
sequences.



Examples

o =]

Example: We have seen that the series # converges and that

n=1

1 < 1
O< 3=
forallm € N.
Ifa, = % and b,, = % then the Comparison Test shows that the

series
>
3
n=1 L
also converges.
In fact, if p > 2, then
1 1
o< —< —
nP — n2
SO
>
n=1 np

converges.



Examples

oo
Note: We know that > % diverges and that

n=1
0< ! < !
n = Jn
forallm € N.
fa, =+ andb, = % then the Comparison Test shows that the
series -
n=1 \/_
also diverges.
In fact, if p < 1, then
1 1
0<—< —
n nP

SO

diverges.



Examples

Question: We know that the series Z L divergesif p < 1 and it
1
converges if p > 2. What happens |f

1<p<2

Note: If 1 < p < 2, then

1 1
<—<
n nP

Sl

so the Comparison Test fails!



Examples

Example: Show that the series

o0 . 1

converges.

We know that 0 < sin(xz) < « forallz € (0,1) so
/1 1
0 < sin 2 < o

If a,, = sin (%) and b,, = -5, then the Comparison Test shows that

the series
oo
3 sin (1>
2
n=1 n

forallm € N.

also converges.



Examples

Question: Does the series
oo
J8
sin | —
n
n=1
converge?
We know that 1 1
0 <sin(—) < —
n n

forallm € Nbut > % diverges so the Comparison Test fails.

n=1

Since lim 1 = 0, the Fundamental Trig Limits shows that
n—oo

sin (l)

lim =1
n—-oco b=
so for large n we have
(=)=
sin | — =
Does this mean that n

S|

oo
sin (
1

n=

also diverges?
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