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Taylor Polynomials

Definition: [Taylor Polynomials]

Assume that f(x) is n-times differentiable at z = a. The n-th degree
Taylor polynomial for f (x) centered atx = a is the polynomial
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Taylor Polynomials for sin(x)

Example 2: Find all of the Taylor polynomials up to degree 5 for the
function f(x) = sin(x) with center x = 0.

Solution : We can see that
f(0) = sin(0) =0,

f’(0) = cos(0) =1,
f”(0) = —sin(0) =0,
f(0) = —cos(0) = —1,
f®(©) = sin(0) =0,and
f®©) = cos(0) =1.
Therefore
To,o(x) = O,
Tio(x) = Lo(z)=0+1(x—0) ==
and 0
Topo(z) = 0+ 1(z—0)+ i(a: —0)?
= X

= Tio(x).



Taylor Polynomials for sin(x)

Example 2 (continued): Find all of the Taylor polynomials up to degree
5 for the function f(z) = sin(xz) with center x = 0.

Solution (continued): Recall that f(0) = sin(0) = 0,
f’(0) =cos(0) =1, f”(0) = —sin(0) = 0,

F"(0) = — cos(0) = —1, F®(0) = sin(0) = 0, and
F®)(0) = cos(0) = 1.

Next we have

0 , -1 s
Ts0(x) = 04+ 1(x—0)+ a(w —0)* + ?(w —0)
3
= xr— —
6
= Tao(x)
Finally, . . ;
X xr xr
Ts.0(x) = Tao(x) + T + 120



Taylor Polynomials for sin(x)

3]
2 T1,0(z)=T2,0(x)==
1 3 5
Ts,0(z)=2— % +45
f(z)=sin(z)
— 2 -1 1 2 3
—1
—2 3
Ts,0(x)=Ts,0(z)=2— %
—3

Note: The diagram displays the graph of sin(x) with its Taylor
Polynomials up to degree 5 (excluding Tp,0 () since its graph is the
T-axis).
Fork >0
3 5 p2k+1
T - T —p— T .. )=
2k+1,0 () 2k+2,0(T) = @ 31 + 51 + +(—1) 2k £ 1)



Taylor Polynomials for sin(x)

Question: How accurate is the approximation

Sil’l(iL‘) & T13’0(ZB)

where
1 1 1
T z) = x— —22 — g5 — — 7
13,0(2) 6% T 120 5040
+ 1 22 — ;mn ;1:137
362880 39916800 6227020800 '
0.000024 Note: If z € [—1, 1], then
sin(z) —T13,0(x)
| sin(z) — Tiso(z) |[< 1012
. o T e while for € [—0.01, 0.01],
| sin(z) — Ths,0(x) |< 10742,
—0.000024




Taylor Polynomials for e”

Example: Let f(x) = e®. Then
FfP@)=e" = f®0)=e" =1

n (k)

o

for any k. Therefore

I?
k=0
_ Z”:-L
In particular, N —o k!
T0,0(J:) = 1,
Tio(x) = 14w,
22
Too(x) = 1—|—w+?,
2 3
Tio(®) = 14+ o+
2 3 4
Tio() = 1+a+ % +% +5
2 3 4 25

2 6 120°



Taylor Polynomials for e”
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