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L'Hospital’s Rule

Theorem: [ LHopital’s Rule]

Assume that f’(x) and g’(x) exist near x = a, g’(x) # 0 near

x = a except possibly at ¢ = a, and that lim £(2) is an indeterminate
z—ya 9(x)

form of type 2 or 2. Then

i@ e
r—a g(m) z—a g ’(;1;)

provided that the latter limit exists (or is co or —oco ).

Moreover, this rule remains valid for one-sided limits and for limits at
+o0.



L'Hopital’s Rule

Remark: Up until now we have dealt with two types of indeterminate
forms which we have denoted by % and % There are five more standard
indeterminate forms which we will denote by

0-00, oco—o0, 1%, o0’ and 0°.

For example, an indeterminate form of type 0 - oo arises from the
function h(x) = f(x)g(x) when

dim f(z) =0
and

lim g(x) = oo.

r—ra

Similarly, the function (g(z))¥(®) would produce an indeterminate form
of type oo®.

Note: All of the above forms can be converted to forms of the type g or
;.



L'Hopital’s Rule

Example: Evaluate

li 1 .
Jim, @ In(z)

Solution: This is an indeterminate form of type 0 - co since

lim =0
z—0+
and
lim In(x) = —oo.
z—0+
We can rewrite this example as
. In(z)
lim 1
x—0+ =
xr

which is type 22. L'Hépital's Rule gives us that

lim zln(z) = lim ln(lm)
z—0t z—0T =
1
= lim =2

z—0+ (;72)
= 0.



L'Hopital’s Rule

Example: Evaluate
lim (1 —+ 1) .
xr—>0c0 €T

Solution: This is type 1°°. We write
(1 n 1) — m((1+2)7) = mm(i+2),
xr
Since zIn (1 + 1) is type 0 - co, we rewrite this as
In(1+ 1)
1

x

which is type 2. LHépital’s Rule gives us that
0

(52)
. In(1+2) . +2
lim ———* = lim —*-
- wli»nc}o 14+ i
= 1.

So lim (1 + %) = e (m(42)") _ o

xr—roo



L'Hopital’s Rule

Problem:

Show that . .
4(e” —1 —a® — Z)?

im
z—0 x8 tan(x7) sin(2x5)

TN
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