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Remark:

If f(x) and g(x) are such f’(x) < g’(x) on an interval I, we cannot
conclude that f(z) < g(x) on I.

However, if we assume that

f(a) = g(a)

we can say more.



Comparing Functions

Theorem:
Assume that f(x) and g(«) are continuous at & = a with

f(a) = g(a).

i) If both f(x) and g(x) are differentiable for z > a and if
f'(z) < g'(x) forall x > a, then

f(x) < g(x)

forall z > a.

i) If both f(x) and g(x) are differentiable for z < a and if
f'(x) < g'(x)foralx < a, then

f(z) = g(x)

forall z < a.
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h(z) = g(x) — f(x)

TG
fla) = g(a)é

Proof of i): Assume that f(x) and g(x) are differentiable for z > a,
f(x) < g'(x)forallx > a,and that f(a) = g(a).

Let

h(z) = g(z) — f(=).
Then

h(a) =g(a) — f(a) =0 and h'(z) =g'(x) - f'(x) 20
forall > a. So h(x) is non-decreasing on [a, oo) and

forall z > a. h(z) = g(z) — f(z) >0
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34 Example: Show that
h(z)=x 2
w—% <Iln(z+1) <=

forall z > 0.
g(x)=In(14x) Solution:

Note that if f(z) = = — 2=,
g(z) = In(z + 1) and h(z) = «, then

0 1 3 £(0) = g(0) = h(0) = 0.
We also have that

-1 F)=a—2 @) =1—m g'(z) =, K (z) =
F@)=1-2g@=_—5 W@ =1

Forxz > 0

g(@) = 5 <H(@) =1 g(z) < h(z)
and 1
2 - ’ _ _ ’ _
l—-z=01-2)(14+2)<1 = f(r)=1 w<g(w)—m+1

= f(z) <g(z).
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3 Example: Show that
h(z)=x
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Solution: Since

2
9(z)=In(1+=) ©— % <In(l+z)<wx

forall z > 0, we get

1_§<1n(1—}—m) <1
2 T

for all z > 0. Since

In(1
lim 1,wehave lim 2(0F2) _ 4
z—0T1 z—0+ xr
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lim In(1 + 1)” =1.
n—oo n

So

1 1\n im In 1yn
lim (1+ =)" = lim T — Ll ()™
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Theorem:

Let « € R. Then

lim (1 + g)” = e*.
n—oo n
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