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Derivative of sin(x)
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Theorem: [Fundamental Trig Limit] (FTL)

lim
θ→0

sin(θ)

θ
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Derivative of sin(x)
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Theorem:

lim
h→0
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Derivative of sin(x)

Theorem:

lim
h→0

cos(h) − 1

h
= 0.

Proof: We have

lim
h→0

cos(h) − 1

h
= lim

h→0

(
cos(h) − 1

h

)(
cos(h) + 1

cos(h) + 1

)
= lim

h→0

cos2(h) − 1

h(cos(h) + 1)

= lim
h→0

− sin2(h)

h(cos(h) + 1)

= lim
h→0

sin(h)

h
· lim
h→0

− sin(h)

(cos(h) + 1)

= 1 · 0
= 0

since lim
h→0

sin(h)
h

= 1, lim
h→0

(sin(h)) = 0 and lim
h→0

(cos(h) + 1) = 2.COPYRIG
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Derivative of sin(x)
Problem: Find d

dx
(sin(x)).

Solution:

lim
h→0

sin(x+ h)− sin(x)

h

= lim
h→0

(sin(x) cos(h) + cos(x) sin(h))− sin(x)

h

= lim
h→0

(
sin(x)

cos(h)− 1

h
+ cos(x)

sin(h)

h

)

= sin(x) lim
h→0

cos(h)− 1

h
+ cos(x) lim

h→0

sin(h)

h

= sin(x) · 0 + cos(x) · 1

= cos(x).COPYRIG
HTED



Derivative of sin(x)

Theorem: [The Derivative of sin(x)]

Assume that f(x) = sin(x). Then

f ′(x) = cos(x)

for all x ∈ R.
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Derivative of cos(x)

Theorem: [The Derivative of cos(x)]

Assume that f(x) = cos(x). Then

f ′(x) = − sin(x)

for all x ∈ R.

Proof: We have

lim
h→0

cos(x + h) − cos(x)

h

= lim
h→0

(cos(x) cos(h) − sin(x) sin(h)) − cos(x)

h

= lim
h→0

(
cos(x)

cos(h) − 1

h
− sin(x)

sin(h)

h

)
= cos(x) lim

h→0

cos(h) − 1

h
− sin(x) lim

h→0

sin(h)

h

= cos(x) · 0 − sin(x) · 1
= − sin(x).COPYRIG
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