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Formal Definition of a Limit of a Function

Definition: [Limit of a Function]

We say that L is the limit of f(«) as « approaches a if for every € > 0
there exists a § > 0 such that if

0<|xz—al<9,

then | f(z) — L |< e

We write
lim f(xz) = L.
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Proving the Limit Exists

Example: Show that
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|Bx+1)—7|<e & |3z—-6| <e
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Soifd =5and0 <]z —2|< d,wehave | Bz +1) — 7 |<e



Example

Remark: If f(x) = mx 4+ b where m # 0, then

lim mz 4+ b = m(a) + b.
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Givene > 0, if

andif 0 <| x — a |< 4, then
| f(z) — (m(a) +0) |

Example:

|(ma + b) — (ma + b)|
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Example
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24 0<|lz—3|<$d

_'1"'0""1""2"'3""4"" tOImply

|22 -9 |=|z—3||z+3 |<e

We might choose § = +3| sinceif 0 < |z — 3| < T=yap then
| 2% — 9 |< ¢ clz 43| =e
|z + 3
Note: is not a constant!
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An Important Observation
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Observation: In the definition of a limit, if we find a é that works for a
particular €, then any smaller § will also satisfy the definition of the limit
of a function for the same e.

Trick: In showing that lin% x2 = 9, we can always assume that § < 1.
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Example (continued)
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