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Theorem: [Fundamental Trig Limit] (FTL)
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Observation: Let0 < 6 < g =

sin(0) cos(6) _ 0 _ sin(®)

2 2 " 2cos(0)
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Proof of the FTL: Let 0 < 0 < g Then

sin (@) cos(0) 0 sin(0)

1.

2 2 2cos(0)
in(0
~ sin(8) cos(8) < 6 < Sn(0)
cos(0)
= (0) < X < !
cos
sin(@)  cos(0)
sin(0) 1
= 0
cos(9) < 0 cos(0)
Now
in(6
lim cos(f) =1 = lim = lim sin(6) =
6—0t 6—o0t COS(O) 6—0t 0

That lim 2% — 1 follows since =2 is an even function.
0—0— o o
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tan(0) __

Example 1: Show that lim —5= = 1.
6—0
tan(0) . sin(0)
im = lim ————
6—0 0 6—0 6 cos(0)
. sin(0) . 1
= lim - lim
6—0 0 6—0 cos(0)
= 1-1

= 1
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Note: The FTL says that if “0” is “small”, then

sin(¢o) = ¢ = tan(¢).

sin(36)
sin(0) *

Example 2: Find lim
6—0
Intuitive Solution:

If @ is small, so is 36. Therefore

sin(30) _ 360

sin() 6

Hence
sin(360)

im = 37?
6—0 sin(0)
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Example 2 (revisited): Find 11

Solution: Note that

sin(30)
6—0 30
Since
sin(36)
sin(6)
we get
sin(30)

11m
6—0 sin(0)

=1=

sin(30)
o sin(@) °

1 i 0
——— sy — l1Im .
lim 32(0) 60 sin(0)
6—0 ¢

-(%a) (@)

o (sm;:a)> (slnw))
0

. sin(30)
3 ( lim lim
6—0 30 6—0 sin(0)

3(1)(1)
3.

)
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. ... Osin(w0O)
Example 3: Find lim ————.
6—0 tan“(26)

Intuitive Solution:

If @ is small so are 260 and 6. Therefore

Osin(w0)  O-70 =

tan?(20)  (260)2

Hence
Osin(m0)

m ———— =
6—0 tan?(20)

=1

0
-

1
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0.8
0.6 f(o) = fas:;gg))
0.4
0.2
-1 0 1

Note: -
1 =~ 7853981635.
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. Osin(w0) w
Example 4: Show that lim ————= = —.
6—0 tan®(20) 4

Solution:

0 sin(w@)
im ————- =
6—0 tan?(20)

[ . 260 } [ . sin(w@)} [ . 260 } [ T ]
= lim - [ lim - | lim .
6—0 tan(20) 6—0 70 6—0 tan(20) 2-2






