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Arithmetic of Limits

Recall:

Theorem: [Arithmetic of Limits for Sequences]

Assume that lim a,, = L and lim b, = M.
n—oco n—-oo

1)
2)

If c € R, then lim ca, =c¢- lim a, = cL.
n—oo n—oco

lim (an + bn) = lim a, + lim b, = L 4+ M.
n—roo n—roo n— oo

lim (anby) = ( lim an) : ( lim bn) = LM.

n— oo n—r oo

If b, % Oforallm € Nand M # 0, then lim *
n— oo

If b, # O foralln € Nand M # 0, then lim $=

n—oo bn

If lim = = Sand lim b, = 0,then lim a, =
n n—> 00 n— oo

n—oo

lim b
n—r oo ™

lim a
n—oo ™

lim b
n—ro0 "
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Arithmetic of Limits

Theorem: [ Arithmetic of Limits for Functions]
Assume that lim f(x) = L and lim g(x) = M.
r—a T—ra
1) If ¢ € R, then lim cf(x) = cL.

r—ra

2) lim (f(2) +9(2)) = L+ M.
3) lim f(x)g(x) = LM.

. 1 1
4) If M # 0, then ql}lrr(ll o) = M
. f(z) _ L
5) If M # 0, then mllnrll1 @) = M

6) If lim £ = § and lim g(x) = 0, then lim f(z) = 0.
Tr—ra r—ra

z—a 9(T)



Arithmetic of Limits

Theorem
If
1) lim g(x) = 0 and
r—ra

2) lim £@) — T exists,

T—a g(x)

then lim f(x) exists and equals 0.
r—ra

f(z)

Proof: :,lgi—r>r¢lzf(m) = wli_r}ri@'g(w)
. f(=) .
= (Hz g(m)> - (Jim 9(=))
= L-0

= 0.



Limits of Polynomial Functions

Theorem: [Limits of Polynomial Functions]

Let p(x) be any polynomial. That is,

n

p(x) = co +crx + cox® + -+ + c ™.

Then
lim p(z) = p(a).



Rational Functions

Definition: [Rational Function]

A rational function is a function of the form
_ P(z)
Q(x)

where P(x) and Q(x) are polynomials.

f(z)

Problem: How do we find

lim f(z) = lim P(@),

=6 Q@)



Example

10 . . z?—2z
: w? 2 Example: Find lim =—==.
f(m) == z—1
51 Solution: Note that
4 ' )
R o e o B lirnl:c —x =0,
2 -1 0] i 2 3 4 o
5 but
-101 5 limo® — 22 = —1 #0,

which implies that lim =2 does not exist.
rz—1 T

—x

Observation: The graph of f(x) shows that the function is “unbounded”
nearx = 1.



Limits of Rational Functions

The following algorithm can be used to compute

ti 1) = i 0

Step 1) If Q(a) % 0, then lim f(x) = 2oa ) _ Pla) _ ¢(4)
’ r—a IIEZ}IQ(m) Q(a) '

Step 2) If @Q(a) = 0 and P(a) # 0, then the limit does not exist.

Step 3) If Q(a) = 0 = P(a), then both P(x) and Q(x) can be
factored into Q(x) = (z — a)Q1(x) and
P(z) = (x — a)Pi(x)

= f(z) = é;:g))gll((“;)) = 511((2)) = fi(x) forany  # a.
P, (z)

Repeat Step 1) with f; () = Qi(@)"



Examples

Recall: The graph of f(x) = = ggg appears as follows:
10
T 2
] f(w) = :;2__2;0
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Examples

4

Example: Find 107 22— 2
lim f(z) = lim 25722, f@) = 52
r—3 r—3 T 5:
Solution: Note that 3
__/G_ : (3’ %)
—_— 2 . I L ] L L : L T TT T L ]
QB) = ) -2 -1 0] 1 2 3
= 6#0. ] :
5]
Hence ]
i = -10-
lim f(z) = f(3)
2 —2(3)

32-3



Example

10 Example: Find lim 222
H f(ac) — :c2—293 r—1 T2—x

51 Solution: Since
A i 2
I""I""“""I:"' T T Q(l):]-_]-:Oa
-2 -1 04 1 2 3 4

-5 i but

_10_5 P(1)=1%—2(1) = —1 #0,

T

it follows that lim Z=2% does not exist.
r—1 T°—F
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Examples

10

5

z?2—2x

Example: Find lim Z—=.
z—0 T°—T

f(SC) — a::z—_2wa:

Solution: Note that

P(0) = 0 = Q(0).

-2

-1

Hence

0]
-5

1o
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2 3

lim f(z) =

4 5o both P(z) = x* — zand

Q(x) = =* — 2z contain the factor
(x —0) = .

o (@)(@ = 2)
220 (2) (2 — 1)

. T —2
lim
z—)Om—]_

A= 2)
A1)
—2 N

— = 2.
—1





