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Arithmetic for Limits of Sequences

Problem:

Suppose that a,, — L and b,, — M. What can we say about
cn = 2a, + b,?

We would hope that

cn — 29,{—]9%']\/[

= 2L+ M.



Arithmetic for Limits of Sequences

Theorem: [Arithmetic Rules for Limits of Sequences]

Let {a,} and {b,, } be sequences. Assume that li_>m a, = L and
lim b,, = M. Then:

n—oo
i) Foranyc € R, ifa,, = cforevery n,thenc = L.
i) Foranyc € R, lim ca,, = cL.
n—oo
iii) li_)m (an +b,) =L+ M.
iv) lim a,b, = LM.

n— oo
o @ — L
V) nli)n;o P a7 T M #0.
vi) Ifa, > Oforallm andif o > 0, then lim aj = L*.

n—oo

viij) Foranyk € N, lim a4, = L.
n— o0



Arithmetic for Limits of Sequences

Proof of (ii):

Forany c € R, if lim a,, = L, then lim ca, = cL.
n—-oo n—00

Casel1:c=0
Letec, = c¢-a,. Then
cp=0-:a, =0

foralln € N. So
c, >0=c- L.



Arithmetic for Limits of Sequences

Proof of (ii) continued:

Forany c € R, if le a, = L,then lim ca,, = cL.

n— 00
Case2:c#0
Let e > 0. Choose N € Nso thatifn > N, then

lan — L |< —— .
lcl
Ifn > N, then

ca, —cL| = |c|la,—L|

X



Arithmetic for Limits of Sequences

Key Observation:

Error of [c- Quantity] =~ c - Error



Arithmetic of Limits

Proof of (iii): Assume that lim a,, = L and lim b,, = M. Then
n—-o00 n—>00

lim (a,, +b,) = lim a, + lim b, = L + M.
n— oo n— oo n— oo
Let e > 0. Choose N; € N so thatif n > Ny,
(S
| an — L |< —.
2
Choose N, € N so thatif n > Na,
€
I bn - M |< 5

Let Ng = max{Nl,N2}. If n Z Ny

| (@n 4 bn) = (L + M) | | (@n — L) + (bn — M) |

| @ =T+ | bp—DMT

2+2
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Arithmetic for Limits of Sequences

Key Observation:

Error of a Sum =~ Sum of the Errors



Limits of the Form g

Remark: Rule v) says that if li_>m a, = L and li_>m b, = M, then

if M # 0.

However, if lim b,, = 0, then lim ‘;—"

n—oo n— oo

may or may not exist.

Examples:
>an:%,bn=%:>b—":1—}1.
» a, = +,b —i:>a—”—i—n—>oo
n_n’n_n bn_%_ :
1
1 1 n — n2 1
>an = pbn =S = =0 20



Limits of the Form g

Observation: Assume that lim 7= exists and equals L, and
n—oo “n
lim b,, = 0. Then

n—roo

a
lim a, = lim — . lim b, = L-0=0.
n— oo n—oo p,, n—oo

Theorem:

Assume that lim Z—" exists and that lim b,, = 0. Then
n—-oo n n—oo

lim a, = 0.
n—o0
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