
Gian-Carlo was present at the “first” meeting on matroid theory, held at
the National Bureau of Standards in Washington DC in 1965. I suspect it
was there that he spoke of his conjecture concerning finiteness of excluded
minors for representability over finite fields, the conjectures that you have
now settled, and the structure theory for which is the subject of our meeting
this week. Gian-Carlo remained interested in matroids, but this was not
his principal focus in later work. From 1970 onward, during the last three
decades of his life, he worked mainly on invariant theory in geometry, and
on the umbral calculus in probability theory. See “Ten problems I will never
solve” or “Ten abandoned golden mines” (distributed).

A recent theme in his research was the search for theorems and methods
of calculation that are “characteristic-free”. This in itself encourages a study
of matroid theory, where statements and calculations are entirely combina-
torial. The invariant-theoretic approach, from Hilbert, is to recognize that
all invariant properties in projective space are expressible by the vanishing
of “bracket polynomials” - such a bracket being a “pseudoscalar”, or piece
of the overall space. The key method for establishing that a given bracket
polynomial vanishes, or that two such express equivalent conditions, is called
“straightening”, in which all polynomials are reduced to canonical form, as
linear combinations of “standard monomials”.

Thanks to Denis Higgs, my principal model of matroids and my sources
of intuition were figures of points in projective spaces - this offered a bridge
to Gian-Carlo’s way of thinking, and we could play the game of passing back
and forth between geometric properties, expressed in “geometric” (meet/join)
algebras such as the Peano spaces/Cayley algebras, and the “bracket ring”
developed by Neil White, where the bracket polynomials were to be found.
The simplest example of this practice is for six points in the plane, three
pairs a, b; c, d; e, f. When are the three lines generated by these three pairs
concurrent? This is not a matroid property! The matroid is the uniform
matroid U3,6. But, in the Cayley algebra of join/meet operations, we know
that ab, cd, ef are concurrent if and only if

(ab ∧ cd) ∧ ef = 0,

which can be expressed as a bracket polynomial equation

0 = ([acd]b− [bcd]a) ∧ ef = [acd][bef ]− [bcd][aef ].
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In the mid 1990’s we realized that such statements reflect concurrence
within the plane P containing these six points; even when that plane is not
the whole space, we may rewrite the equation in the simpler form

0 = acd⊗ bef − bcd⊗ aef

as an expression of concurrence of ab, cd, ef, where acd, bef, bcd, aef are
“pieces” of the same plane P. Or, consider the “p−relation” as in Hodge-
Pedoe, where any set of n + 1 points a, b, . . . in a space of rank n satisfy a
linear relation with bracket coefficients, say for four coplanar points a, b, c, d

[abc]d− [abd]c+ [acd]b− [bcd]a = 0.

In fact, as long as a set a, b, c, d is dependent - they are coplanar - in a space
of any rank,

abc⊗ d− abd⊗ c+ acd⊗ b− bcd⊗ a = 0

Indeed, under that condition, the following relations hold

0 = 1⊗ abcd

0 = a⊗ bcd− b⊗ acd+ c⊗ abd− d⊗ abc

0 = ab⊗ cd− ac⊗ bd+ ad⊗ bc+ cd⊗ ab− bd⊗ ac+ bc⊗ ad

0 = abc⊗ d− abd⊗ c+ acd⊗ b− bcd⊗ a

0 = abcd⊗ 1

The sum of these expressions is called the “coproduct” of abcd, and the
five sums are its homogeneous “slices” of “shapes” 0,4; 1,3; 2,2; 3,1; 4,0
respectively, and “content” a, b, c, d. Try this on a small example, with some
explicit choice of coplanar projective points (see below).

These considerations are the birthplace of the Whitney algebra of a ma-
troid, W(M). Start with “letters” for the points of M, form “words” from
independent sets of points, which will then represent the “flats” ofM, so we
then have what we may think of as an exterior algebra of M, then consider
tensor products of such words, so we arrive at a stage where we can write,
for instance,

c
|
b
|
a − d − e

ab⊗ cde = ac⊗ bde
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(ab and ac span the same line; cde and bde span the same plane); ac is
“larger” than ab by the same proportion that bde is “smaller” than cde, the
scalars shift, but their product is unchanged, i.e. the tensor products are
equal! This was the way Hermann Grassmann was thinking in 1844, when
he invented what was later to be called the tensor product.

The definition of the Whitney algebra W (M) is then the tensor power
algebra of the free exterior algebra over the set of points of M, modulo the
ideal generated by the coproducts of words corresponding to dependent sets.
Since the ideal is homogeneous, the quotient is a direct sum of homogeneous
components.

I wrote a Python program to carry out these operations, and to “straighten”
the monomials in any given shape/content slice, expressing some positive
integer multiple of each monomial as an integer linear combination of “stan-
dard” monomials earlier in lexicographic order. We generate all “elementary”
relations, form the matrix of their integer coefficients, and reduce to Hermite
canonical form (in the process, finding a spanning set of “second order syzy-
gies”, identifying a “spanning set of linear relations among a spanning set of
linear relations among the points”). Columns of the matrix are labeled by
monomials of the given shape/content, in lex order. Columns with pivot val-
ues are labeled with “nonstandard” monomials. If a pivot value (a positive
integer) is greater than 1, there is torsion (which may provide information
useful when working on representability). In the Hermite canonical form,
each row provides the straightened form of some integer multiple of one non-
standard monomial.

The Whitney algebra itself is a bi-algebra, with product and coproduct,
the coproduct being “multiplicative”, the product having a “twist”:

ace⊗ bde⊗ g · d⊗ fg ⊗ h = −acde⊗ bdefg ⊗ gh.

Here, the letters d, f, g cross an odd number of letters before reaching their
positions relative to the words ace, bde, while h crosses nothing before finding
its position relative to the word g, and the total parity of crossings is odd,
thus the sign −1.

For representable matroids there is a classical method for straightening
due to Rutherford, by “interpolation”. A simple adaptation of this method
works also for uniform matroids, as explained in the distributed paper from
the Gaeta meeting in the year 2000.
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But let’s turn to the proof of a crucial observation of Gian-Carlo Rota,
made in the very first days of our work on the Whitney algebra, that the WA
is in fact a superalgebra with negative letters, positive places, an algebra
of bitableaux - expanded in recent years by Andrea Brini and Francesco
Regonati, here present.
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Example Four points coplanar in 3-space.

1 2 3 4
a = 1 0 2 −1
b = 0 1 1 0
c = 2 1 0 1
d = 3 2 3 0

12 13 14 23 24 34
ab = 1 1 0 −2 1 1
cd = 1 6 −3 3 −2 −3

ab⊗ cd =

1 6 −3 3 −2 −3
1 1 6 −3 3 −2 −3
1 1 6 −3 3 −2 −3
0 0 0 0 0 0 0

−2 −2 −12 6 −6 4 6
1 1 6 −3 3 −2 −3
1 1 6 −3 3 −2 −3

Show that

0 = ab⊗ cd− ac⊗ bd+ ad⊗ bc+ cd⊗ ab− bd⊗ ac+ bc⊗ ad.
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