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Abstract
Although a concept class may be learnt more efficiently using quantum samples as compared with

classical samples in certain scenarios, Arunachalam and de Wolf [3] proved that quantum learners are
asymptotically no more efficient than classical ones in the quantum PAC and Agnostic learning models.
They established lower bounds on sample complexity via quantum state identification and Fourier anal-
ysis. In this paper, we derive optimal lower bounds for quantum sample complexity in both the PAC and
agnostic models via an information-theoretic approach. The proofs are arguably simpler, and the same
ideas can potentially be used to derive optimal bounds for other problems in quantum learning theory.

We then turn to a quantum analogue of the Coupon Collector problem, a classic problem from prob-
ability theory also of importance in the study of PAC learning. Arunachalam, Belovs, Childs, Kothari,
Rosmanis, and de Wolf [1] characterized the quantum sample complexity of this problem up to constant
factors. First, we show that the information-theoretic approach mentioned above provably does not yield
the optimal lower bound, at least in its current form. As a by-product, we get a natural ensemble of pure
states in arbitrarily high dimensions which are not easily (simultaneously) distinguishable, whereas the
ensemble has close to maximal Holevo information. Second, we discover that the information-theoretic
approach yields an asymptotically optimal bound for an approximation variant of the problem. Fi-
nally, we derive a sharper lower bound for the Quantum Coupon Collector problem, via the generalised
Holevo-Curlander bounds on the distinguishability of an ensemble. All the aspects of the Quantum
Coupon Collector problem we study rest on properties of the spectrum of the associated Gram matrix,
which may be of independent interest.

1 Introduction

Suppose we wish to predict a feature, given an individual from a certain population, drawn from an unknown
distribution. For example, we may wish to recognize whether or not the individual has “medium build”. We
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are given access to “labelled” random samples from the population, i.e., we are told whether a given sample
has the feature. How many samples are needed for us to be able to predict the feature with high probability?
Valiant [29] developed the probably approximately correct (PAC) model to formalize such learning tasks.
Later, Bshouty and Jackson [9] extended the notion of PAC learning to the quantum setting. In reality, the
labeled examples may be noisy, or they may not necessarily be consistent with an underlying feature. A
more realistic model, the agnostic learning model, was introduced by Haussler [15], and Kearns, Schapire
and Sellie [17]. In the agnostic model, the goal is to make predictions that approximate the feature that is
most consistent with the examples. Like the PAC model, the agnostic model can be extended to the quantum
setting. Other models for quantum learning and their advantages, or lack thereof, have also been studied
(see, e.g., Refs. [6, 10]). A comprehensive discussion of these models and the broader area is beyond the
scope of this work.

The learning models mentioned above are all defined formally in Section 2. Features correspond to
Boolean functions called concepts, and a collection of features is called a concept class. The goal in these
models is to find efficient learners. A major figure of merit is the sample complexity, the minimum num-
ber of examples required to learn a concept. The sample complexity of learning a concept class C in the
above models depends heavily on a combinatorial quantity called the VC dimension of C, in addition to an
approximation parameter ϵ ∈ (0, 1), and the probability of failure δ ∈ (0, 1] of the learner.

In a series of works [8, 14], it has been shown that the (ϵ, δ)-PAC classical sample complexity of a
concept class with VC dimension d is

Θ

(
d

ϵ
+

log(1/δ)

ϵ

)
. (1.1)

For the agnostic model, the (ϵ, δ)-agnostic classical sample complexity is

Θ

(
d

ϵ2
+

log(1/δ)

ϵ2

)
. (1.2)

The lower bound was shown by Vapnik and Chervonenkis [31] and this bound was shown to be achievable
by Talagrand [25].

Although a concept class may be learnt more efficiently using quantum samples as compared with clas-
sical samples in certain scenarios (see, e.g., Refs. [9, 23]), the quantum sample complexity in the PAC
and agnostic models can be at most a constant factor lower than their classical counterparts. In particular,
Eq. (1.1) and Eq. (1.2) also hold for (ϵ, δ)-PAC quantum sample complexity and (ϵ, δ)-agnostic quantum
sample complexity, respectively. The upper bounds carry over directly from the classical learning algo-
rithms, since a classical labelled example can be derived by measuring a quantum example in the standard
basis. The quantum lower bounds are due to Arunachalam and de Wolf [3].

Arunachalam and de Wolf begin with a simple information-theoretic argument to re-derive the classical
lower bounds in Eq.(1.1) and Eq.(1.2). They extend the argument to derive bounds for quantum sample
complexity, but the bounds are smaller by a factor of log(d/ϵ). They state that “the logarithmic loss . . . is
actually inherent in this information-theoretic argument”, and argue why this is the case [3, Section 1.2.1].
They present more sophisticated proofs via the “pretty good measurement” for quantum state identification
and Fourier analysis for the optimal lower bounds.

From the arguments made by Arunachalam and de Wolf, one might be led to believe that a logarithmic
loss is inherent in the information-theoretic approach. In this paper, we derive optimal lower bounds for
quantum sample complexity in both the PAC and agnostic models via an information-theoretic approach.
The proofs are arguably simpler, and the same ideas can potentially be used to derive optimal bounds for
other problems in quantum learning theory.
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The proofs we develop refine the information-theoretic argument given in Ref. [3]. The approach con-
sists of three steps. For concreteness, consider the PAC model. In the first step, using the properties of
a PAC learner, they show that the information contained in the quantum samples about the target concept
is Ω(d). In the second step, they use subadditivity to bound this information by t times the entropy of a
single quantum sample (averaged over concepts), where t is the number of samples used by the learner. By
bounding the entropy of a single quantum sample, they conclude an Ω

(
d

ϵ log(d/ϵ)

)
bound. It turns out that

the second step, i.e., the use of subadditivity, is the origin of the sub-optimality. Although their bound on
information is tight for small values of t, we point out that the information does not exceed d, even as t goes
to infinity. This hints at the possibility of a bound of order ϵt for sufficiently large t. This is essentially what
we establish.

We estimate the (mutual) information directly. Since the quantum examples are pure states, mutual
information simplifies to the von Neumann entropy of a uniformly random example. We determine the
spectral decomposition of the corresponding quantum state. The eigenvalues of the state involve combina-
torial quantities that do not seem easy to analyse. Nonetheless, we show that the aggregate expression for
entropy may be analysed using standard tail inequalities from probability theory. The resulting bound on
entropy is o(d), when t ∈ o(d/ϵ). This gives us the optimal lower bound on sample complexity. The argu-
ments for agnostic learning go along the same lines. (On a closer look, Arunachalam and de Wolf encounter
similar quantities in their approach, and it is likely that the ideas we use also lead to a simplification of the
proofs they give.)

We then turn to the Coupon Collector problem, a classic problem from probability theory which turns
out to be important in the study of PAC learning. In this problem, given integers k, n (with 1 < k < n)
the task is to independently draw uniformly distributed elements from an unknown size-k subset S of [n],
until all k elements of S have been observed. It is well-known that k ln k + Θ(k) samples are necessary
and sufficient for the task to be accomplished with constant probability of success [20, Theorem 5.13].
Viewed as a learning problem, the task is to learn the unknown set S. It turns out that with k := n − 1 the
problem gives us an example of a concept class that is (1/n, 1/4)-PAC learnable with Θ(n) samples, albeit
improperly, whereas proper PAC learning with the same parameters (i.e., producing a size-(n − 1) subset
as the hypothesis satisfying the PAC learning condition) requires Θ(n lnn) samples. We refer the reader to,
e.g., Ref. [1, Section 5] for the details.

Motivated by the question of proper versus improper quantum learning, Arunachalam, Belovs, Childs,
Kothari, Rosmanis, and de Wolf [1] studied a quantum analogue of the Coupon Collector problem. In the
Quantum Coupon Collector problem, the learner has access to quantum samples, i.e., uniform superpositions
over the elements of an unknown size-k subset S of [n]. The task is to learn S with high probability.
Arunachalam et al. showed that the quantum sample complexity of the problem matches that of classical
coupon collection until k gets “too close” to n. More precisely, with m := n − k, they proved that the
sample complexity of the Quantum Coupon Collector problem with constant probability of error < 1 is

Θ(k logmin {k,m+ 1}) . (1.3)

In particular, when k = n − 1, the sample complexity is Θ(n). Thus, unlike in the classical case, the
quantum version of the problem does not separate proper from improper quantum PAC learning.

Arunachalam et al. proved the lower bound for the Quantum Coupon Collector problem using the ad-
versary bound (see, e.g., Ref. [7]) and properties of the Johnson association scheme. We study potentially
simpler information-theoretic techniques for analysing the problem. First, we show that the natural approach
we follow in Section 3 provably does not yield the optimal lower bound, at least in its current form (Sec-
tion 4.3). As a by-product, we get a natural ensemble of pure states in arbitrarily high dimensions which
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are not easily (simultaneously) distinguishable, whereas the ensemble has close to maximal Holevo infor-
mation. (Since the states in the ensemble are pure, the Holevo information equals the von Neumann entropy
of the ensemble average.) This complements early work in quantum information theory due to Jozsa and
Schlienz [16], which presents ensembles of states in three dimensions which can be “deformed” so that the
von Neumann entropy increases whereas the states become pairwise less distinguishable.

Although it fails for the Quantum Coupon Collector problem, we discover that the standard information-
theoretic approach yields an asymptotically optimal bound for a possibly harder variant of the problem,
namely that of approximating the set to within a constant number of incorrect elements in expectation
(Theorem 4.15). Finally, we take a different route—via the generalised Holevo-Curlander bounds [18, 12,
22, 27] on the distinguishability of an ensemble of states—to derive a sharper lower bound for the Quantum
Coupon Collector problem (Corollary 4.18). In fact, we establish a bound of (1−ok(1))k lnmin {k,m+ 1},
which has the optimal leading order term for k ≤ n/2, including the constant factor 1. We conjecture that
this optimality holds for k > n/2 as well.

All the aspects of the Quantum Coupon Collector problem we study rest on properties of the spectrum
of the associated Gram matrix. In particular, we make essential use of a recurrence relation involving the
spectrum of the Gram matrix. Similar to the analysis in Ref. [1], the recurrence allows us to interpret certain
spectral quantities as probabilities arising from random walks that resemble the classical Coupon Collector
process. In contrast with Ref. [1], though, the spectral quantities of relevance turn out to be the product of
the eigenvalues with the corresponding multiplicity (informally speaking). The corresponding probabilities
pertain to different events, and call for fresh analysis. The relationship with the aforesaid random walks
lies at the heart of the delicate bounds on the spectral quantities, the corresponding entropy, etc., that are
required for the results. These properties of the spectrum, as also the ideas underlying the bounds for PAC
and Agnostic learning may be of wider applicability and interest.

Organization of the paper. We present basic elements of classical and quantum information theory, and
the formal definition of the models and problems in Learning Theory studied in this article in Section 2. We
study sample complexity in the quantum PAC and Agnostic learning models in Section 3. We describe our
approach in detail for the quantum PAC model (Section 3.1) and illustrate the versatility of the approach in
Section 3.2, by applying it to the quantum Agnostic model.

Section 4 is devoted to the Quantum Coupon Collector problem. We develop properties of the spectrum
of the Gram matrix associated with the problem in Section 4.2. We demonstrate the failure of the standard
information-theoretic argument in Section 4.3, derive the lower bound for approximation in Section 4.4, and
wrap up with the lower bound for the Quantum Coupon Collector problem in Section 4.5.

Acknowledgements. We thank Marco Tomamichel for pointing out an error in an earlier version of the
proof of Theorem 3.2, and Jon Tyson for clarifying the history of the generalised Holevo-Curlander bounds.
This research was supported in part by NSERC Canada and a grant from Fujitsu Labs America. S.B.H. was
also supported by an Ontario Graduate Scholarship. P.S. is also supported by a Mike and Ophelia Lazaridis
Fellowship.

2 Preliminaries

Some notation. For a positive integer d, we denote the set {0, 1, . . . , d} as Nd+1 and the set {1, . . . , d}
as [d]. For a string a ∈ {0, 1}d and i ∈ Nd+1 we use the convention that ai is 0 if i = 0, and ai is
the i-th bit of a otherwise. For u ∈ Nt

d+1 for some t ≥ 1, we denote the string au1au2 · · · aut by au.
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Let r ≥ 1 be a positive integer. The Hamming weight of a string u ∈ Nr
d+1 is the number of non-zero

symbols in the string and we denote it as |u|. For u ∈ Nr
d+1 and x ∈ {0, 1}r, we use ux to denote the

string ui1ui2 · · ·uij where i1, i2, . . . , ij are all the positions i where xi = 1, in increasing order. I.e., ux
is “projection” of u onto the subset of indices in [r] whose characteristic vector is x. We define the parity
signature of a string u ∈ Nr

d+1 as the function ps : Nr
d+1 → {0, 1}d such that for i ∈ [d], the i-th bit

of ps(u) is the parity of the number of times i occurs in the string u, i.e., the number of occurrences of i
in u, modulo 2. As an example, consider d = r = 4 and a = (0, 1, 1, 2). Then, ps(a) = (0, 1, 0, 0). We
denote the number of strings in the set [d]r with parity signature b ∈ {0, 1}d as nr,b. Note that nr,b = nr,b′

whenever |b| = |b′|. For an integer h ∈ Nd+1, we also use nr,h for the number of strings in [d]r that have a
specific parity signature, say b, with Hamming weight |b| = h.

Where the base of the logarithm is not specified, we take the base to be 2.

Classical information theory. We briefly describe the basics from information theory that we use in this
work, and refer the reader to the text [11] for a thorough introduction to the subject.

We only consider random variables with finite sample spaces, and denote them with capital letters,
like X , Y and Z. For a random variable X over sample space X , the Shannon entropy of X is defined as

H(X) :=
∑
x∈X

p(x) log
1

p(x)
,

where p is the distribution of X . For jointly distributed random variables X and Y , the conditional entropy
of X given Y is defined as

H(X|Y ) :=
∑
y∈Y

Pr[Y = y] H(X|Y = y) ,

where Y is the sample space of Y . By definition, conditional (Shannon) entropy is a non-negative quantity
and H(X|Y ) ≤ H(X). Moreover, Shannon entropy satisfies the following chain rule :

H(XY ) = H(X) + H(Y |X) .

Suppose X and Y are two random variables with the same sample space such that Pr[X ̸= Y ] ≤ ϵ for
some ϵ ∈ [0, 1]. The Fano inequality bounds the conditional entropy of Xgiven Y as

H(X|Y ) ≤ h(ϵ) + ϵ log(|X | − 1) ,

where X is the sample space of X and has cardinality |X |, and h(ϵ) := −ϵ log ϵ− (1− ϵ) log(1− ϵ) denotes
the binary entropy function.

Tail bounds. Let X1, X2, . . . , Xn be n independent random variables over {0, 1} and X denote their
sum, i.e., X :=

∑n
i=1Xi. Let µ be the expected value of X . The Chernoff bound [21] states that X is

concentrated around µ. In particular, for δ ≥ 0, we have

Pr [X ≥ (1 + δ)µ] ≤ exp

(
− δ2µ

2 + δ

)
. (2.1)
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The above bound is also known as the multiplicative Chernoff bound in the literature. In the case that Xi

are all Bernoulli random variables with EXi = 1/2, the random variable X has the binomial distribu-
tion B(n, 1/2) with µ = n/2, and we have a tighter bound. For k ≤ n/2,

Pr [X ≤ k] = Pr [X ≥ n− k] =
1

2n

k∑
r=0

(
n

r

)
≤ 2−(1−h(k/n))n . (2.2)

See, e.g., Ref. [13, Lemma 16.19, page 427] for this bound.

Quantum Information Theory. For a thorough introduction to basics of quantum information, we refer
the reader to the book by Watrous [32]. We briefly review the notation and some results that we use in this
article.

We denote (finite dimensional) Hilbert spaces either by capital script letters like A and B, or directly
as Cm for a positive integer m. A register is a physical quantum system, and we denote it by a capital letter,
like A or B. A quantum register A is associated with a Hilbert space A, and the state of the register is
specified by a unit-trace positive semi-definite operator on A. The state is called a quantum state, or also as
a density operator. We denote quantum states by lower case Greek letters, like ρ and σ. We use notation
such as ρA to indicate that register A is in state ρ, and may omit the superscript when the register is clear
from the context. We use ket and bra notation to denote unit vectors and their adjoints in a Hilbert space,
respectively. A quantum state is pure if it has rank one, i.e., ρ = |ϕ⟩⟨ϕ| where |ϕ⟩ is a unit vector. Any
register A with Hilbert space CS , for some non-empty finite set S, is called classical if any joint state with
any other register B is invariant under the operator

σAB 7→
∑
x∈S

(
|x⟩⟨x|A ⊗ IB

)
σ
(
|x⟩⟨x|A ⊗ IB

)
,

where {|x⟩ : x ∈ S} is the canonical basis for CS . In other words, the joint state of A and any other regis-
ter B is always of the form

∑
x px|x⟩⟨x|A ⊗ ρBx , where (px) is some distribution over S. A classical register

corresponds to a random variable whose probability distribution is determined by the diagonal entries of the
state of the register.

We denote the set of all linear operators on Hilbert space A by L(A), and we denote quantum channels,
i.e., completely positive and trace-preserving linear maps from the space of linear operators on a Hilbert
space to another such space, by capital Greek letters like Ψ.

For a register A with quantum state ρ, the von Neumann entropy S(A)ρ of A is defined as

S(A)ρ := −Tr (ρ log ρ) .

This definition coincides with the Shannon entropy of the spectrum of ρA. Hence, the entropy of a quantum
state is invariant under the action of unitary transformations. For registers A and B with joint quantum
state ρAB , the mutual Information I(A : B)ρ of A and B is defined as

I(A : B)ρ := S(A)ρ + S(B)ρ − S(AB)ρ .

In the above notation, the subscript ρ may be omitted when the state is clear from the context. The mutual
information of A and B is monotonic under the application of local quantum channels. In particular, for a
quantum channel Ψ : L(B) → L(B′) mapping states of register B to those of register B′, we have

I(A : B)ρ ≥ I(A : B′)(I⊗Ψ)(ρ) .

This is also known as the Data Processing Inequality.
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Quantum learning theory. We refer the readers to the book [24] for an introduction to machine learning
theory and the survey [2] for an introduction to quantum learning theory. Here, we briefly review the notation
related to the PAC model and agnostic model that we study in this article.

We refer to a Boolean function c : {0, 1}n → {0, 1} as a concept. We may also think of a concept as a
bit-string in {0, 1}N for N := 2n which contains the value of c at all possible n-bit strings. A concept class
is a subset C ⊆ {0, 1}N of Boolean functions. For a concept c, we refer to c(x) as the label of x ∈ {0, 1}n,
and the tuple (x, c(x)) as a labeled example. We say a concept class C is non-trivial if it contains two distinct
concepts c1, c2 such that for some x ∈ {0, 1}n, we have c1(x) = c2(x).

A crucial combinatorial quantity in learning Boolean functions is the VC dimension of a concept class,
introduced by Vapnik and Chervonenkis [30]. We say a set S := {s1, . . . , sd} ⊆ {0, 1}n is shattered by a
concept class C if for every a ∈ {0, 1}d, there exists a concept c ∈ C such that (c(s1), . . . , c(sd)) = a. The
VC dimension of C, denoted as VC-dim(C), is the size of the largest set shattered by C.

PAC model. Consider a concept class C ⊆ {0, 1}N . The PAC (probably approximately correct) model
for learning concepts was introduced—in the classical setting—by Valiant [29], and was extended to the
quantum setting by Bshouty and Jackson [9]. In the quantum PAC model, a learning algorithm is given
a quantum PAC example oracle QPEX(c,D) for an unknown concept c ∈ C and an unknown distributionD
over {0, 1}n. The oracle QPEX(c,D) does not have any inputs. When invoked, it outputs a superposition
of labeled examples of c with amplitudes given by the distribution D, namely, the pure state∑

x∈{0,1}n

√
D(x) |x, c(x)⟩ ,

which we call a quantum sample, or simply a sample. Note that measuring a quantum sample in the com-
putational basis gives us a labeled example distributed according to D, i.e., a classical sample. We say a
Boolean function h, commonly called a hypothesis, is an ϵ-approximation of cwith respect to distributionD,
if

Pr
x∼D

[h(x) ̸= c(x)] ≤ ϵ . (2.3)

Given access to the oracle QPEX(c,D), the goal of a quantum PAC learner is to find a hypothesis h that is
an ϵ-approximation of c with sufficiently high success probability.

Definition 2.1. For ϵ, δ ∈ [0, 1], we say that an algorithm A is an (ϵ, δ)-PAC quantum learner for concept
class C if for every c ∈ C and distributionD, given access to QPEX(c,D), with probability at least 1−δ, A
outputs a hypothesis h ∈ {0, 1}N which is an ϵ-approximation of c

The sample complexity of a quantum learner A is the maximum number of times A invokes the or-
acle QPEX(c,D) for any concept c ∈ C and any distribution D over {0, 1}n. The (ϵ, δ)-PAC quantum
sample complexity of a concept class C is the minimum sample complexity of a (ϵ, δ)-PAC quantum learner
for C. Since we can readily derive classical samples from quantum ones, quantum learning algorithms are
at least as efficient as classical ones in terms of sample complexity, as well as other measures such as time
and space complexity.

Agnostic model. In the PAC model it is assumed that examples are generated perfectly according to some
unknown concept c ∈ C. The agnostic model is a more realistic model where examples correspond to ran-
dom labeled pairs (x, l) distributed according to an unknown distribution D over {0, 1}n+1, not necessarily
derived from a specific concept c ∈ C. This model was introduced in the classical setting by Haussler [15],
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and Kearn, Schapire, and Sellie [17]. It was first studied in the quantum setting by Arunachalam and de
Wolf [3]. In the agnostic model, the learning algorithm has access to an agnostic quantum oracle QAEX(D)
for an unknown distribution D over {0, 1}n+1. When invoked, the oracle QAEX(D) outputs the superpo-
sition ∑

(x,l)∈{0,1}n+1

√
D(x, l) |x, l⟩ .

The error of a hypothesis h ∈ {0, 1}N under distribution D is defined as

errD(h) := Pr
(x,l)∼D

[h(x) ̸= l] . (2.4)

For a concept class C, the minimal error achievable is defined as

optD(C) := min
c∈C

errD(c) .

Given access to a QAEX(D) oracle, the goal of quantum agnostic learner is to find a hypothesis h ∈ C with
error not “much larger” than optD(C).

Definition 2.2. For ϵ, δ ∈ [0, 1], we say a learning algorithm A is an (ϵ, δ)-agnostic quantum learner
for C if for every distribution D, given access to QAEX(D), with probability at least 1 − δ, A outputs a
hypothesis h ∈ C such that errD(h) ≤ optD(C) + ϵ.

As in the PAC model, we define the sample complexity of a quantum learner A as the maximum num-
ber of times A invokes the oracle QAEX(D) for any distribution D over {0, 1}n+1. The (ϵ, δ)-agnostic
quantum sample complexity of a concept class C is the minimum sample complexity of an (ϵ, δ)-agnostic
quantum learner for C. Again, since a classical labeled example may be generated from a quantum sample
by measurement in the computational basis, quantum learning algorithms in this model are also at least as
efficient as their classical counterparts (with respect to the standard complexity measures).

Quantum Coupon Collection. Let n be an integer ≥ 3. For a positive integer k ∈ (1, n), let S be
a k-element subset of [n], and let |ψS⟩ denote the uniform superposition over the elements of S:

|ψS⟩ :=
1√
k

∑
i∈S

|i⟩ . (2.5)

This is a quantum analogue of a uniformly random sample from S, and we call this a quantum sample of S.
For ease of notation, we define m := n− k.

In the Quantum Coupon Collector problem, we are given n, k and quantum samples of an arbitrary
but fixed, unknown k-element subset S, and we would like to learn the subset using as few samples as
possible. By “learning the subset”, we mean that we would like to determine, with probability at least 1− δ
for some parameter δ ∈ [0, 1), all the k elements of the set S. We are interested in the quantum sample
complexity of the problem, i.e., the least number of samples required by a quantum algorithm to learn the
set with probability of error at most δ. Observe that by permuting the elements of [n] by a uniformly random
permutation, we can show that the optimal worst-case error equals the optimal average-case error under the
uniform distribution over the sets.

We also study a variant of this problem, in which given a parameter ∆ ≥ 0 the goal of the learning
algorithm is to approximate the set S to within ∆ in expectation, i.e., output a size-k subset S′ such that
the expected number of mismatches |S \ S′| is bounded: E |S \ S′| ≤ ∆. Note that when ∆ ≤ 1, with
probability at least 1 −∆, such an algorithm outputs the set S. So the condition that the expected number
of mismatches is bounded by 1 is a stronger condition than the learnability of the set S.

8



3 Learning Boolean functions

In this section, we give simple, information-theoretic lower bounds for the sample complexity of learning
Boolean functions in the PAC and agnostic learning models.

3.1 Sample complexity of PAC learning

The lower bound for PAC learning in Eq. (1.1) contains two parts, one depends on VC dimension and
the other one is independent of it. The VC-independent part of the lower bound was shown by Atıcı and
Servedio [4]. For completeness, we provide a proof here.

Lemma 3.1. Let C be a non-trivial concept class. For every δ ∈ (0, 1/2) and ϵ ∈ (0, 1/4), an (ϵ, δ)-PAC
quantum learner for C has quantum sample complexity at least Ω

(
1
ϵ log

1
δ

)
.

Proof: Since C is non-trivial, there exist concepts c1, c2 ∈ C and inputs x1, x2 ∈ {0, 1}n such that c1(x1) =
c2(x1) and c1(x2) ̸= c2(x2). Consider the distributionD defined as follows:D(x1) := 1−2ϵ andD(x2) :=
2ϵ. Let |ψi⟩ :=

√
1− 2ϵ |x1, ci(x1)⟩+

√
2ϵ |x2, ci(x2)⟩ for i ∈ {1, 2}.

Under the distributionD, no hypothesis can simultaneously ϵ-approximate c1 and c2. So, the hypotheses
output with probability at least 1−δ by an (ϵ, δ)-PAC quantum learner for C, given samples for c1 and c2 are
different. The learner thus distinguishes the states |ψ1⟩⊗t and |ψ2⟩⊗t with success probability at least 1− δ,
where t is its sample complexity.

On the other hand, by Holevo-Helstrom theorem (see, e.g., Ref. [32, Theorem 3.4]), |ψ1⟩⊗t and |ψ2⟩⊗t

are distinguishable with probability at most

1
2 + 1

2

√
1− |⟨ψ1|ψ2⟩|2t .

So, we have ⟨ψ1|ψ2⟩t ≤ 2
√
δ(1− δ). Since ⟨ψ1|ψ2⟩ = 1− 2ϵ, it follows that t ∈ Ω

(
1
ϵ log

1
δ

)
.

Next, we prove the VC-dependent part of the lower bound.

Theorem 3.2. Let n ≥ 2, d ≥ 1, N := 2n, and let C ⊆ {0, 1}N be a concept class with VC-dim(C)
being d+1. There is a universal constant d0 such that if d ≥ d0, ϵ ∈ (0, 1/4) and δ ∈ (0, 1/8), every (ϵ, δ)-
PAC quantum learner for C has sample complexity Ω(d/ϵ).

Proof: Suppose there is an (ϵ, δ)-PAC quantum learner A for C with quantum sample complexity t. Let
S := {s0, . . . , sd} ⊆ {0, 1}n be a maximal set shattered by the concept class C. For each a ∈ {0, 1}d,
let ca ∈ C be a concept such that ca(s0) = 0 and ca(si) = ai for all i ∈ [d]. Let D be a probability
distribution over {0, 1}n defined as D(s0) := 1 − 4ϵ, D(si) := 4ϵ/d for i ∈ [d], and D(x) := 0 for x ∈
{0, 1}n \ S. Since D is only supported over the set S, in the rest of the proof, we write i instead of si for
the sake of brevity. Hence, we consider D as a distribution over Nd+1 and write the PAC quantum example
for ca according to D as

|ψa⟩ :=
∑

i∈Nd+1

√
D(i) |i, ai⟩ =

√
1− 4ϵ |0, 0⟩+

√
4ϵ

d

d∑
i=1

|i, ai⟩ .

Let ρa denote t copies of the example |ψa⟩⟨ψa| and let ρAB1···Bt be the following classical-quantum state

ρAB1···Bt :=
1

2d

∑
a∈{0,1}d

|a⟩⟨a|A ⊗ ρB1···Bt
a =

1

2d

∑
a∈{0,1}d

|a⟩⟨a| ⊗ |ψa⟩⟨ψa|⊗t . (3.1)

9



Let B := B1 · · ·Bt. First, we show that I(A : B)ρ ∈ Ω(d) using the hypothesis that C, and therefore, its
subset {ca : a ∈ {0, 1}d}, is (ϵ, δ)-PAC quantum learnable using t quantum examples. Then, we show that
if t ∈ o(d/ϵ), we have I(A : B)ρ ∈ o(d). This implies that t ∈ Ω(d/ϵ).

We begin with the lower bound on the mutual information.

Lemma 3.3. I(A : B) ≥ (1− h(3/8))d .

Proof: There are several ways of showing that I(A : B)ρ ∈ Ω(d); see the proof of Theorem 16 in Ref. [3]
for one. We give a different argument.

Suppose the learner A is given the t quantum examples in the register B and produces the (classical)
output in register F . Let E be the a binary random variable indicating whether or not A outputs a desirable
hypothesis, i.e., a hypothesis f ∈ {0, 1}N satisfying Pri∼D [f(i) ̸= ca(i)] ≤ ϵ. The event E = 1 occurs
with probability at least 1− δ. For any i ∈ [d],

Pr[Fi ̸= Ai] = Pr[E = 0] Pr[Fi ̸= Ai |E = 0] + Pr[E = 1] Pr[Fi ̸= Ai |E = 1]

≤ δ + Pr[Fi ̸= Ai |E = 1] .

From the PAC learning condition, we have

4ϵ

d

d∑
i=1

Pr[Fi ̸= Ai |E = 1] ≤ ϵ ,

whereby
1

d

d∑
i=1

Pr[Fi ̸= Ai] ≤ δ +
1

4
≤ 3

8
.

By the Data Processing Inequality and the hardness of the Index function under the uniform distribution
over inputs [19, Lemma V.3], we get

I(A : B) ≥ I(A : F ) ≥ (1− h(3/8))d ,

as claimed.

Note that t = 0 is not possible. Assume that t = νd/ϵ for some ν ∈ (0, 1). Otherwise, the bound
stated in the theorem holds. We show that there are positive universal constants β, d0 such that if ν < β
and d ≥ d0, the mutual information I(A : B) violates Lemma 3.3.

Notice that ρAB and ρA have the same eigenvalues, as B is in a pure state for a fixed value a of A.
Hence, I(A : B)ρ = S(A)ρ + S(B)ρ − S(AB)ρ = S(B)ρ . Arunachalam and de Wolf [3, proof of Theo-
rem 16] bound the entropy S(B)ρ by t S(B1)ρ , using subadditivity. Since S(B1)ρ is of the order of ϵ log d,
they get a lower bound that is a factor log d smaller than optimal. Although this bound is tight for small
values of t, note that the state ρB has rank at most 2d. Hence, its entropy does not exceed d, even as t goes
to infinity. This hints at the possibility of a bound on entropy of order ϵt for sufficiently large t. This is
essentially what we establish, by a direct analysis of the spectrum of ρB .

We extend the distribution D to Nk
d+1 for k > 1 by defining D(w) :=

∏
i∈[k]D(wi), for any w ∈ Nk

d+1 .
We have

ρB =
1

2d

∑
a∈{0,1}d

|ψa⟩⟨ψa|⊗t =
1

2d

∑
a∈{0,1}d

∑
u,v∈Nt

d+1

√
D(u)D(v) |u⟩⟨v|I ⊗ |au⟩⟨av|L ,

10



where we partition register B into registers I and L which contain the sequences of indices and labels from
the t samples, respectively.

By considering small t (e.g., t = 1, 2), we see that ρB is diagonalized when we express register L in the
Hadamard basis. This generalizes to all t, and allows us to obtain an explicit spectral decomposition for the
state. Recall from Section 2 that nl,h is the number of strings in [d]l that have a specific parity signature,
say b, with Hamming weight |b| = h.

Lemma 3.4. The state ρB has min {d+ 1, t+ 1} non-zero eigenvalues λh given by

λh :=
t∑

l=0

(
t

l

)(
2ϵ

d

)l

(1− 2ϵ)t−l nl,h (3.2)

for h ∈ Nd+1 ∩ Nt+1. The eigenvalue λh has multiplicity
(
d
h

)
.

Proof: Let σB be the quantum state after applying Hadamard operator H⊗t on register L, i.e.,

σB :=
1

2d

∑
a∈{0,1}d

∑
u,v∈Nt

d+1

√
D(u)D(v) |u⟩⟨v|I ⊗H⊗t|au⟩⟨av|LH⊗t

=
1

2t2d

∑
u,v∈Nt

d+1

√
D(u)D(v) |u⟩⟨v|I ⊗

∑
a∈{0,1}d

∑
x,y∈{0,1}t

(−1)x·au+y·av |x⟩⟨y|L .

We have

x · au =
∑

i∈[t] :xi=1

aui =

d∑
j=1

ps(ux)j · aj = ps(ux) · a ,

where ps : Nt
d+1 → {0, 1}d is the parity signature function defined in Section 2. So, for fixed x, y ∈ {0, 1}d

and u, v ∈ Nt
d+1, we have

∑
a∈{0,1}d

(−1)x·au+y·av =

{
2d if ps(ux) = ps(vy) ,

0 otherwise.

From this we get

σB =
1

2t

∑
x,y∈{0,1}t

∑
u,v∈Nt

d+1

ps(ux)=ps(vy)

√
D(u)D(v) |u⟩⟨v|I ⊗ |x⟩⟨y|L .

We can identify the eigenvectors of the state σB from this expression. We may verify that for each b ∈
{0, 1}d, the vector

|ϕb⟩ :=
∑

x∈{0,1}t

∑
u∈Nt

d+1

ps(ux)=b

√
D(u) |u⟩|x⟩

is an eigenvector of σB with eigenvalue

λb :=
1

2t

∑
x∈{0,1}t

∑
u∈Nt

d+1

ps(ux)=b

D(u)

11



whenever |b| ≤ t, where |b| is the Hamming weight of b. The states |ϕb⟩ are readily seen to be orthogonal
for distinct b. Since

1

2t

∑
b∈{0,1}d, |b|≤t

|ϕb⟩⟨ϕb| = σB ,

we have all the non-zero eigenvalues of σB .
The eigenvalues do not seem to be easy to analyse, as they involve the combinatorial quantity nl,b , the

number of strings of length l over [d] with parity signature b. Nonetheless, we show that the aggregate
expression we get by considering the entropy of σB may be analysed using standard tail inequalities from
probability theory. We express the eigenvalues in a form that enables such analysis.

Let x denote the bit-wise complement of x ∈ {0, 1}t. Then D(u) = D(ux) ·D(ux), and for a fixed x∑
u∈Nt

d+1

ps(ux)=b

D(u) =
∑

v∈N|x|
d+1

ps(v)=b

∑
w∈Nt−|x|

d+1

D(v) ·D(w) =
∑

v∈N|x|
d+1

ps(v)=b

D(v) .

Using this, setting r := |x|, noting that the parity signature of a string v ∈ Nr
d+1 only depends on its non-zero

coordinates, and denoting Hamming weight |v| by l, we rewrite λb as follows.

λb =
1

2t

∑
x∈{0,1}t

∑
v∈N|x|

d+1

ps(v)=b

D(v)

=
1

2t

t∑
r=0

(
t

r

) ∑
v∈Nr

d+1

ps(v)=b

(1− 4ϵ)r−|v|
(
4ϵ

d

)|v|

=
1

2t

t∑
r=0

(
t

r

) r∑
l=0

(
r

l

)
(1− 4ϵ)r−l

(
4ϵ

d

)l

nl,|b|

=

t∑
l=0

t−l∑
r=l

(
t

l

)(
t− l

r − l

)
1

2t−r

(
1− 4ϵ

2

)r−l ( 4ϵ

2d

)l

nl,|b|

(
as
(
t

r

)(
r

l

)
=

(
t

l

)(
t− l

r − l

))

=

t∑
l=0

(
t

l

)(
2ϵ

d

)l

nl,|b|

(
t−l∑
r=l

(
t− l

r − l

)
1

2t−r

(
1− 4ϵ

2

)r−l
)

=

t∑
l=0

(
t

l

)(
2ϵ

d

)l

(1− 2ϵ)t−l nl,|b| .

Note that the eigenvalue λb only depends on the Hamming weight |b|. Thus its multiplicity is
(
d
|b|
)

and we
denote it by λh when the string b has Hamming weight h.

For convenience, we define λh as in Lemma 3.4 even when h > t. (Observe that λh = 0 in this case.)
Define µh :=

(
d
h

)
λh , for h ∈ Nd+1 . This is a distribution over Nd+1 .

12



Since the Hadamard operator is unitary, we have S(B)ρ = S(B)σ, and therefore

S(B)ρ =
d∑

h=0

(
d

h

)
λh log

1

λh

=
d∑

h=0

µh log
1

µh
+

d∑
h=0

(
d

h

)
λh log

(
d

h

)

≤ log(d+ 1) +

d∑
h=0

(
d

h

)
λh log

(
d

h

)
(since H(µ) ≤ log(d+ 1))

= log(d+ 1) +

d∑
h=0

µh log

(
d

h

)
. (3.3)

Denote the second term in Eq. (3.3) by St,d. In the rest of the proof, we bound St,d by interpreting it as an
expectation of log

(
d
h

)
with respect to a distribution that is tightly concentrated around its mean.

Lemma 3.5. For ν ≤ 1
12 , we have St,d ≤ dh(6ν) + d exp(−2νd) .

Proof: We define a distribution D̃ on Nd+1 motivated by the form of λh: D̃(0) := 1 − 2ϵ, and D̃(i) := 2ϵ
d

for i ∈ [d]. Let Yt be a random string in Nt
d+1 each symbol of which is chosen independently according

to the distribution D̃. Let Ztj be the binary random variable corresponding to the parity of the number of
occurrences of the symbol j ∈ [d] in Yt. Then Zt :=

∑
j Ztj is the random variable corresponding to the

Hamming weight of the parity signature of Yt .
Observe that µh is the probability that the parity signature of Yt has Hamming weight h, i.e., µh =

Pr[Zt = h]. Also, |Yt| ≥ Zt , as the Hamming weight of the parity signature of Yt is at most the number of
non-zero symbols in Yt . Since |Yt| ∼ Binomial(t, 2ϵ), we have E |Yt| = 2ϵt = 2νd. By the multiplicative
Chernoff bound in Eq. (2.1), we have

Pr[ |Yt| ≥ 6νd ] ≤ exp (−2νd) .

We use this to bound St,d . Since 6νd ≤ d/2, we have

St,d =
d∑

h=0

µh log

(
d

h

)
=

∑
h< 6νd

µh log

(
d

h

)
+
∑

h≥ 6νd

µh log

(
d

h

)
≤ dh(6ν) + dPr[Zt ≥ 6νd ]

≤ dh(6ν) + dPr[ |Yt| ≥ 6νd ] (since Zt ≤ |Yt|)
≤ dh(6ν) + d exp(−2νd) ,

as claimed.

Combining Eq. (3.3) and Lemma 3.5, we get

I(A : B)ρ = S(B)ρ ≤ log(d+ 1) + dh(6ν) + d exp(−2νd)

for ν ≤ 1
12 . This contradicts Lemma 3.3 for small enough ν and large enough d.
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3.2 Sample complexity of agnostic learning

As in the case of the PAC model, the lower bound for the sample complexity of agnostic quantum learning
in Eq. (1.2) has two parts. For completeness, we provide the proof of the VC-independent part due to
Arunachalam and de Wolf [3].

Lemma 3.6. Let C be a non-trivial concept class. For every δ ∈ (0, 1/2), ϵ ∈ (0, 1/4), an (ϵ, δ)-agnostic
quantum learner for C has quantum sample complexity at least Ω( 1

ϵ2
log 1

δ ).

Proof: Since C is non-trivial, there exists two distinct concepts c1, c2 ∈ C and an input x ∈ {0, 1}n such
that c1(x) ̸= c2(x). Define distributions D+ and D− as follows.

D±(x, c1(x)) :=
1± 2ϵ

2
and D±(x, c2(x)) :=

1∓ 2ϵ

2
.

Let |ψ±⟩ :=
√

(1± 2ϵ)/2 |x, c1(x)⟩+
√
(1∓ 2ϵ)/2 |x, c2(x)⟩ be the outputs of agnostic quantum oracles

QAEX(D±).
Under the above distributions, optD±(C) = (1− 2ϵ)/2. Any hypothesis that has error at most 1/2 with

respect to D+, i.e., error at most ϵ larger than optD+
(C) agrees with c1 at x, and any hypothesis that has

error at most 1/2 with respect to D− agrees with c2 at x. So, an (ϵ, δ)-agnostic quantum learner for C with
sample complexity t can be used to distinguish |ψ+⟩⊗t from |ψ−⟩⊗t with probability at least 1 − δ. As
in Lemma 3.1, we conclude that ⟨ψ+|ψ−⟩t ≤ 2

√
δ(1− δ) whereas ⟨ψ+|ψ−⟩ =

√
1− 4ϵ2. This implies

that t ∈ Ω
(
1
ϵ2
log 1

δ

)
.

Next, we prove the VC-dependent part of the lower bound, using the same ideas as in the proof of
Theorem 3.2 — via information theory, spectral analysis, and concentration of measure. We refer the reader
to that proof for the intuition behind the proof below, as also for some details.

Theorem 3.7. Let n ≥ 2, d ≥ 1, N := 2n, and let C ⊆ {0, 1}N be a concept class with VC-dim(C)
equal to d. There is a universal constant d0 such that for any d ≥ d0, ϵ ∈ (0, 1/4), and δ ∈ (0, 1/8),
every (ϵ, δ)-agnostic quantum learner for C has sample complexity Ω(d/ϵ2).

Proof: Suppose there is an (ϵ, δ)-agnostic quantum learner A for C using t quantum examples. Let S :=
{s1, . . . , sd} ⊆ {0, 1}n be a set of size d shattered by C. For a ∈ {0, 1}d, let ca ∈ C be a concept such
that ca(si) = ai for all i ∈ [d]. Let Da be a distribution over {0, 1}n × {0, 1} such that Da(si , b) :=(
1 + (−1)ai+b4ϵ

)
/2d for all i ∈ [d] and b ∈ {0, 1}, and Da(x, b) := 0 if x ̸∈ S. Since the distributions Da

are only supported over the set S×{0, 1}, in the rest of the proof, we use i to mean si for the sake of brevity.
Thus we think of Da as a distribution over [d]× {0, 1}. The corresponding agnostic quantum sample for ca
is |ψa⟩ :=

∑d
i=1

∑
l∈{0,1}

√
Da(i, l)|i, l⟩. Denote t copies of |ψa⟩ by ρa and define

ρAB1···Bt :=
1

2d

∑
a∈{0,1}d

|a⟩⟨a|A ⊗ ρB1···Bt
a =

1

2d

∑
a∈{0,1}d

|a⟩⟨a| ⊗ |ψa⟩⟨ψa|⊗t . (3.4)

Suppose the learner A is given the t quantum examples ρa in registerB. With probability at least 1−δ, A
outputs a random) hypothesis Ha ∈ {0, 1}N satisfying

errDa(Ha) ≤ optDa
(C) + ϵ .

14



By construction, ca is the minimal-error concept from C with respect to the distribution Da and errDa(ca) =
(1− 4ϵ)/2. We may verify that

errDa(Ha) = errDa(ca) +
4ϵ

d

d∑
i=1

Pr[Ha(i) ̸= ca(i)] .

By the agnostic learning criterion the additional error over errDa(ca) is at most ϵ. Therefore, we have

1

d

d∑
i=1

Pr[Ha(i) ̸= ca(i)] ≤ 1

4
.

Through the same reasoning as in Lemma 3.3, we get

I(A : B)ρ ≥ (1− h(3/8)) d . (3.5)

Let α := 1−
√
1−16ϵ2

2 . We show that when t = νd/2α with ν chosen to be a sufficiently small positive
constant, the mutual information I(A : B)ρ violates the inequality (3.5). Therefore, we get t ∈ Ω(d/ϵ2).

For u ∈ [d]t and l ∈ {0, 1}t, denote
∏t

j=1Da(uj , lj) by Da(u, l). We separate the indices and the
corresponding bits in register B into subregisters I and L, respectively. We then have

ρB =
1

2d

∑
a∈{0,1}d

∑
u,v∈[d]t

∑
l,k∈{0,1}t

√
Da(u, l)Da(v, k) |u⟩⟨v|I ⊗ |l⟩⟨k|L . (3.6)

We first derive the spectrum of ρB .

Lemma 3.8. The state ρB has min {d+ 1, t+ 1} non-zero eigenvalues λh given by

λh :=

t∑
r=0

(
t

r

)
nr,h
dr

αr(1− α)t−r

for h ∈ Nd+1 ∩ Nt+1. The eigenvalue λh has multiplicity
(
d
h

)
.

Proof: Define σB to be the state obtained by applying the t-qubit Hadamard transformation to register L
in ρB . We have

σB =
1

2d2t

∑
u,v∈[d]t

|u⟩⟨v|I ⊗
∑

a∈{0,1}d

∑
l,k∈{0,1}t
x,y∈{0,1}t

(−1)x·l+y·k√Da(u, l)Da(v, k) |x⟩⟨y|L .

We simplify this expression as follows. Consider fixed a, u, v, x, y as in the expression. Define

βx :=
1

(2d)t/2
(√

1 + 4ϵ+
√
1− 4ϵ

)t−|x| (√
1 + 4ϵ−

√
1− 4ϵ

)|x|
,

and note that

β2x =

(
2

d

)t

α|x|(1− α)t−|x| .
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We have ∑
l∈{0,1}t

(−1)x·l
√
Da(u, l) =

t∏
j=1

∑
lj∈{0,1}

(−1)xj lj
√
Da(uj , lj)

=

t∏
j=1

(√
Da(uj , 0) + (−1)xj

√
Da(uj , 1)

)

=
1

(2d)t/2

t∏
j=1

(−1)aujxj
(√

1 + 4ϵ+ (−1)xj
√
1− 4ϵ

)
= (−1)au·xβx .

Hence, ∑
a∈{0,1}d

∑
l,k∈{0,1}t

(−1)x·l+y·k√Da(u, l)Da(v, k) =
∑

a∈{0,1}d
(−1)au·x+av ·yβxβy

=

{
2dβxβy if ps(ux) = ps(vy)

0 otherwise,
(3.7)

and

σB =
1

2t

∑
x,y∈{0,1}t

βxβy
∑

u,v∈[d]t
ps(ux)=ps(vy)

|u⟩⟨v|I ⊗ |x⟩⟨y|L .

We may verify that for each b ∈ {0, 1}d with |b| ≤ t, the vector

|ϕb⟩ :=
∑

x∈{0,1}t
βx

∑
u∈[d]t

ps(ux)=b

|u⟩|x⟩

is an eigenvector of σB with corresponding eigenvalue λb, where

λb :=
1

2t

∑
x∈{0,1}t

∑
u∈[d]t

ps(ux)=b

β2x

=
1

2t

∑
x∈{0,1}t

dt−|x| β2x n|x|,|b|

=
∑

x∈{0,1}t

n|x|,|b|

d|x|
α|x|(1− α)t−|x|

=

t∑
r=0

(
t

r

)
nr,|b|

dr
αr(1− α)t−r .

The eigenvalue λb only depends on the Hamming weight |b|. Thus its multiplicity is
(
d
h

)
, and we write λh

instead of λb for any string b with Hamming weight h. Since

1

2t

∑
b∈{0,1}d, |b|≤t

|ϕb⟩⟨ϕb| = σB ,
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we have all the non-zero eigenvalues of σB , and hence of ρB .

For convenience, we define λh as in Lemma 3.8 even when h > t. (Observe that λh = 0 in this case.)
We may now bound the entropy of ρB as

S(B)ρ ≤ log(d+ 1) +
d∑

h=0

(
d

h

)
λh log

(
d

h

)

= log(d+ 1) +

t∑
r=0

(
t

r

)
αr(1− α)t−r

d∑
h=0

(
d

h

)
nr,h
dr

log

(
d

h

)
. (3.8)

Note that q(h) :=
(
d
h

)nr,h

dr is a probability distribution over h ∈ [d]. Furthermore, the Hamming weight of
the parity signature of a string of length r is at most r, i.e., nr,h = 0 for h > r. Hence, for every r ≤ d

2 , we
have

d∑
h=0

(
d

h

)
nr,h
dr

log

(
d

h

)
≤ log

(
d

r

)
.

Since the binomial distribution B(t, α) is concentrated around its mean αt, by the multiplicative Chernoff
bound (Eq. (2.1)) we have

t∑
r= 3αt

2

(
t

r

)
αr(1− α)t−r ≤ exp

(
− αt

10

)
.

We take ν < 1/2 so that 3αt/2 = 3νd/4 < d/2. To bound the second term in Eq. (3.8), we partition the
sum over r into two intervals, r < 3αt/2 and r ≥ 3αt/2. Using the bounds derived above, we have

S(B)ρ ≤ log(d+ 1) + log

(
d
3αt
2

)
+ d exp

(
− αt

10

)
.

Let t = νd/2α. If the last term on the right hand side above is at least 1, we have αt/10 ≤ ln d, i.e., νd/20 ≤
ln d. For any fixed positive constant ν, this does not hold for sufficiently large d. So for sufficiently large d,
the last term is at most 1 and

S(B)ρ ≤ log(d+ 1) + log

(
d
3αt
2

)
+ 1

≤ log(d+ 1) + dh

(
3ν

4

)
+ 1 .

This violates the bound on mutual information in Eq. (3.5) for sufficiently small positive ν, and large
enough d.

4 Quantum Coupon Collection

In this section, we study the Quantum Coupon Collector problem, in particular the sample complexity of
both its standard and approximation versions.
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4.1 Technical preparations

We begin by introducing the notation and technical background on which we build. The spectrum of a
quantum state ρB defined formally below plays an important role in the sequel. Most of the section is
devoted to presenting properties of the spectrum that may be inferred directly from prior work.

We use the following notation in the remaining subsections. Let k, n, t be positive integers such that 1 <
k < n. Let ρS := (|ψS⟩⟨ψS |)⊗t, where |ψS⟩ is the quantum sample corresponding to the subset S ⊂ [n] (cf.
Eq. (2.5)). Let ρAB1···Bt be the following classical-quantum state

ρAB1···Bt :=
1(
n
k

) ∑
S⊆[n]
|S|=k

|S⟩⟨S|A ⊗ ρB1···Bt
S =

1(
n
k

) ∑
S⊆[n]
|S|=k

|S⟩⟨S| ⊗ (|ψS⟩⟨ψS |)⊗t . (4.1)

Let B := B1 · · ·Bt , with each subregister Bi holding one quantum sample. The learning algorithms we
consider are given the t copies of the quantum sample |ψS⟩ in registerB as input, corresponding to the set S
in register A. The register F contains the algorithm’s output.

The following observation allows us to focus on a smaller range of parameters when analysing the
sample complexity of the learning algorithms.

Lemma 4.1. Suppose that any learning algorithm with probability of error at most δ ∈ [0, 1) for the
Quantum Coupon Collector problem with parameters k, n0 (with 1 < k < n0) requires at least f(k, n0, δ)
samples. Then the sample complexity of the problem with parameters k, n, δ for any n ≥ n0 is also at
least f(k, n0, δ). The analogous property also holds for the approximation version of the problem.

Proof: Since any algorithm for the problem (or its approximation version) with parameters k, n, δ also
solves the problem with parameters k, n0, δ, the claims follow.

We write the state ρB as ρBt (with subscript t) when we wish to make its dependence on t explicit.
Let m := n− k. We study the spectrum of ρBt when k > m; this happens to be the most relevant case. We
have

ρBt =
1(
n
m

) ∑
S∈[n],|S|=k

(|ψS⟩⟨ψS |)⊗t .

Consider the matrix Ct defined as

Ct :=
1(

n
m

)1/2 ∑
S∈[n],|S|=k

|S⟩ (⟨ψS |)⊗t .

We have

C∗
t Ct = ρBt , and

CtC
∗
t =

1(
n
m

) ∑
S,S′∈[n],|S|=|S′|=k

⟨ψS′ |ψS⟩t |S⟩⟨S′| .

So ρBt andCtC
∗
t have the same multiset of non-zero eigenvalues. Moreover, we see thatCtC

∗
t belongs to the

Johnson association scheme with parameters n, k, as ⟨ψS′ |ψS⟩t is determined by the value of |S ∩ S′|. (For
the definition and properties of the Johnson association scheme we use, see Ref. [1, Sections 3.2 and 3.3].)
Let Mt := CtC

∗
t for t ≥ 1.
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Let M0 :=
(
n
m

)−1J, where J is the all-1 matrix of dimension
(
n
m

)
×
(
n
m

)
. Let D :=

(
n
m

)
C1C

∗
1 . We see

that Mt =Mt−1 ⊚D =M0 ⊚D⊚t for all t ≥ 1, where ‘⊚’ denotes the Hadamard (element-wise) product
of matrices with the same dimensions.

The following may be inferred directly from the properties of the Johnson association scheme.

Lemma 4.2. There are m+ 1 orthogonal projection operators E0, E1, . . . , Em defined on the space

span {|S⟩ : S ⊂ [n], |S| = k}

such that E0 = 1

(n
m)

J, Tr(Es) =
(
n
s

)
−
(

n
s−1

)
for s ≥ 1, and

∑m
s=0Es = I. Moreover, for any t ≥ 0, the

matrix Mt has spectral decomposition Mt =
∑m

s=0 λs,tEs for some non-negative, not necessarily distinct
reals λ0,t , λ1,t , . . . , λm,t .

As an immediate consequence, we get the spectrum of ρBt .

Corollary 4.3. For any t ≥ 1, the quantum state ρBt has eigenvalues λ0,t , λ1,t , . . . , λm,t (not necessarily
distinct, and not necessarily non-zero), and 0. The multiplicity of λs,t is ls independent of t, where ls :=(
n
s

)
−
(

n
s−1

)
for s ≥ 1 and l0 := 1. Finally,

∑m
s=0 lsλs,t = Tr(ρBt ) = 1.

For j = 0, 1, . . . ,m, define

pj,−1 :=
j(k − j + 1)(m− j + 1)

(n− 2j + 1)(n− 2j + 2)k

pj,0 :=
k

n
+

j(n− j + 1)(k −m)2

nk(n− 2j)(n− 2j + 2)

pj,+1 :=
(k − j)(n− j + 1)(m− j)

(n− 2j)(n− 2j + 1)k
.

Further, define p−1,i := 0 and pm+1,i := 0 for i ∈ {−1, 0,+1}, and similarly E−1 := 0 and Em+1 := 0.
We use the following properties proven in Ref. [1].

Lemma 4.4 (Lemma 7 and Corollary 8 in Ref. [1]). For each j ∈ Nm+1, we have

Ej ⊚D = pj+1,−1Ej+1 + pj,0Ej + pj−1,+1Ej−1 ,

and the numbers pj,0, pj,−1, pj,+1 are non-negative and satisfy pj,0 + pj,−1 + pj,+1 = 1.

This property helps us derive a recurrence for the eigenvalues (λs,t). For convenience, define λ−1,t

and λm+1,t to be 0 for all t ≥ 0.

Lemma 4.5. We have λ0,0 = 1, and λs,0 = 0 for s ∈ [m]. For t ≥ 1, for all s ∈ Nm+1,

λs,t = ps,0λs,t−1 + ps,−1λs−1,t−1 + ps,+1λs+1,t−1 .

Proof: We prove this by induction. Recall that Mt =
∑m

s=0 λs,tEs for all t ≥ 0, and M0 =
(
n
m

)−1J = E0.
So we get the claimed values of λs,0 for all s.
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For t ≥ 0 we have

Mt+1 = Mt ⊚D =

m∑
s=0

λs,tEs ⊚D

=
m∑
s=0

λs,t (ps+1,−1Es+1 + ps,0Es + ps−1,+1Es−1)

=
m∑
s=0

(ps,0λs,t + ps,−1λs−1,t + ps,+1λs+1,t)Es

=

m∑
s=0

λs,t+1Es .

The recurrence follows. (Since p0,−1 = pm,+1 = 0, we do not have to consider the boundary points 0 andm
separately.)

4.2 Properties of the spectrum

In this section, we develop new properties of the spectrum of the quantum state ρBt defined in Eq. (4.1) in
Section 4.1.

In our analysis, the eigenvalues λs,t always occur in multiples of ls . We derive a recurrence for lsλs,t to
analyse the quantities we encounter. For convenience, define l−1 := 1 and lm+1 :=

(
n

m+1

)
−
(
n
m

)
.

Lemma 4.6. We have l0λ0,0 = 1, and lsλs,0 = 0 for s ∈ [m]. For t ≥ 1, for all s ∈ Nm+1,

lsλs,t = ps,0
(
lsλs,t−1

)
+ ps−1,+1

(
ls−1λs−1,t−1

)
+ ps+1,−1

(
ls+1λs+1,t−1

)
.

Proof: The values for t = 0 are straightforward to verify. Multiplying the recurrence relation in Lemma 4.5
by ls on both sides, we get

lsλs,t = ps,0
(
lsλs,t−1

)
+ ps,−1

ls
ls−1

(
ls−1λs−1,t−1

)
+ ps,+1

ls
ls+1

(
ls+1λs+1,t−1

)
.

We may verify by direct calculation that

ps−1,+1 = ps,−1
ls
ls−1

, and

ps+1,−1 = ps,+1
ls
ls+1

,

which gives us the recurrence relation.

Due to the recurrence for lsλs,t and the property that ps,0+ps,−1+ps+1 = 1, we may interpret lsλs,t as a
probability arising from a suitably defined random walk. Define random variables (Wt : t ≥ 0) inductively
as follows. Let W0 := 0, and Wt+1 be given via the transition probabilities below. For t ≥ 0 and s ∈ Nm+1,

Pr[Wt+1 = a |Wt = s] =


ps,0 if a = s

ps,−1 if a = s− 1

ps,+1 if a = s+ 1

0 otherwise.
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This defines a random walk W on the points Nm+1. (Again, since p0,−1 = pm,+1 = 0, we do not have to
consider the transitions at the boundary points 0 and m separately.) Furthermore, using the recurrence in
Lemma 4.6 we may verify that lsλs,t = Pr[Wt = s].

A similar random walk was also used in Ref. [1], but we do not know of a direct relation between the two.
In particular, we are not sure if there is an intrinsic reason why the recurrences for the two quantities lsλs,t
and λs,t involve the same set of coefficients. Due to this connection we may also relate λs,t to the random
walk (Wt) by changing the initial condition W0 = 0. We may verify that λs,t = Pr[Wt = 0 |W0 = s]. So,
λs,t is the probability that the walk arrives at 0 in t steps when we start at s, whereas lsλs,t is the probability
for the reverse traversal (the probability that it arrives at s in t steps when we start at 0).

The relationship between the quantity lsλs,t and the random walk W helps us derive several useful
bounds that we present next. We say that a random walk U := (Ut : t ≥ 0) on Z dominates another random
walk U ′ := (U ′

t : t ≥ 0) on Z if for all t ≥ 0 and i ∈ Z, we have Pr[Ut ≥ i] ≥ Pr[U ′
t ≥ i]. I.e., for

any integer i, the first walk has at least as high a probability of being to right of i as the second walk. We
start with some general conditions under which one random walk on the line dominates another. In their
simplest form, the conditions state that a nearest-neighbour walk on the integers that has a higher probability
of moving to the right and a lower probability of moving to the left than another similar walk dominates the
other walk.

Lemma 4.7. Let U := (Ut : t ≥ 0) and U ′ := (U ′
t : t ≥ 0) be two possibly time-dependent random walks

on the integers that start at 0, and move by at most 1 in either direction in one time step. For i, j ∈ Z,
let qt,i,j := Pr[Ut = j |Ut−1 = i], and q′t,i,j be the analogous transition probability for (U ′

t). Suppose that
for all t ≥ 0, for all i ∈ Z reachable by both walks at time t, we have

qt,i,i+1 ≥ q′t,i,i+1 and qt,i,i−1 ≤ q′t,i,i−1 ;

and for all i such that i is reachable by U and i− 1 by U ′ at time t, we have

qt,i,i+1 + qt,i,i ≥ q′t,i−1,i .

Then U dominates U ′, i.e., for all t ≥ 0 and i ∈ Z, we have Pr[Ut ≥ i] ≥ Pr[U ′
t ≥ i]. Moreover,

E[Ut] ≥ E[U ′
t ].

We defer the proof of this lemma to Appendix B.
The transition probabilities of the walk W are quite complicated. However, they may be approximated

by simpler quantities, and this leads us to walks resembling the classical coupon collection process. For
a positive integer n′ ≥ m consider a set of n′ coupons out of which m coupons are “marked”. As in the
classical coupon collector problem, suppose we start with no coupons, and at each step, pick a coupon
uniformly at random out of the n′ coupons. Let W̃ (n′) :=

(
W̃t(n

′) : t ≥ 0
)

be the random walk on Nm+1

where W̃t(n
′) is the number of distinct marked coupons coupons collected within t steps. In more detail, the

walk is defined by the following initial condition and transition probabilities, where t ≥ 0, and s ∈ Nm+1.

W̃0(n
′) := 0 , and

Pr
[
W̃t+1(n

′) = a
∣∣∣ W̃t(n

′) = s
]

:=


1− m−s

n′ if a = s
m−s
n′ if a = s+ 1

0 otherwise.

(4.2)
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We use the coupon-collector-like random walk W (n′) for deriving the bounds in the next three lemmas.
We would like to obtain the tightest possible results for the Quantum Coupon Collector problem, i.e., those
matching the performance of the known algorithms. For this, we require bounds on the spectral quantities
in the lemmas for values of the parameter m ranging from 1 up to Θ(n). For technical reasons that become
apparent in the proofs, we are only able to obtain bounds for m up to Θ(n/ lnn) in some of the lemmas.
Nevertheless, this suffices to characterise the leading term of the sample complexity tightly.

Lemma 4.8. Let t := k lnm + cn for some c ∈ R, and suppose m lnm ≤ |c|n/10, and 1 ≤ m ≤ n/40.
Then E[Wt] ≤ m−min

{
e−2c, e−c/3

}
.

Proof: Let W ′ be the random walk given by W ′ := W̃ (n− 5m). Then, by Lemma B.1, the walk W ′ is an
“optimistic” approximation of W , i.e., it dominates W , and E[W ′

t ] ≥ E[Wt]. Further, by Lemma A.1,

E[W ′
t ] ≤ m−m exp

(
− t

n− 5m− 1

)
.

We show in Lemma C.2 that

t

n− 5m− 1
≤ lnm+max {2c, c/3} .

Using this, we get

E[Wt] ≤ m−m exp

(
− t

n− 5m− 1

)
≤ m−m exp (− lnm−max {2c, c/3})

= m−min
{
e−2c, e−c/3

}
,

as claimed.

Lemma 4.9. Let t := cn for some c ≥ 0, and 2 ≤ m ≤ n/10. Then

E[Wt] ≥ m
(
1− e−c−cm

n

)
.

Proof: Consider the random walk W ′′ := W̃ (n) on Nm+1, and an independent random walk V ′′ on the
non-negative integers defined as follows. Let V ′′

t := 0, and for t ≥ 0 and r ≥ 0,

Pr[V ′′
t+1 = a |V ′′

t = r] :=


m2

n2 if a = r + 1

1− m2

n2 if a = r

0 otherwise.

The random process (W ′′
t −V ′′

t ) may be viewed as a “pessimistic” version of (Wt); indeed, as we show
in Lemma B.2, the walk (Wt) dominates (W ′′

t − V ′′
t ). So,

E[Wt] ≥ E[W ′′
t − V ′′

t ] = E[W ′′
t ]− E[V ′′

t ] = E[W ′′
t ]−

m2

n2
t .
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From Lemma A.1,
E[W ′′

t ] ≥ m
(
1− e−

t
n

)
= m(1− e−c) .

Thus,

E[Wt] ≥ m
(
1− e−c

)
− cm2

n
,

as claimed.

Lemma 4.10. Let t := k lnm+ cn for some c ≥ 0, m lnm ≤ cn/10, and 1 ≤ m ≤ n/40. Then we have(
1− tm2

n2

)(
1− e−9c/10

)
≤ lmλm,t ≤ 1− e−2c

2
,

where the lower bound additionally requires m ≥ 2.

Proof: We use the random walks W ′, W ′′, and V ′′ as defined in the proofs of Lemmas 4.8 and 4.9.
Recall that lmλm,t = Pr[Wt = m]; the random variables Wt,W

′
t , and W ′′

t − V ′′
t are all bounded

by m; by Lemma B.1, (W ′
t) dominates (Wt); and by Lemma B.2, when in addition, m ≥ 2, the walk (Wt)

dominates (W ′′
t − V ′′

t ). So we have

Pr[W ′′
t − V ′′

t = m] ≤ lmλm,t ≤ Pr[W ′
t = m] ,

where the lower bound additionally requires m ≥ 2.
For the upper bound, we have by Lemma A.1

Pr[W ′
t = m] ≤ 1−m exp

(
− t

n− 5m− 1

)
+
m2

2
exp

(
− 2t

n− 5m

)
.

We bound the second term on the right hand side using Lemma C.2, and the third term by substituting the
value of t to get

Pr[W ′
t = m] ≤ 1− e−2c+

m2

2
e−2 lnm−2c ≤ 1− e−2c

2
.

For the lower bound in the lemma, we have by Lemma A.1

Pr[W ′′
t − V ′′

t = m] = Pr[V ′′
t = 0] · Pr[W ′′

t = m]

≥
(
1− tm2

n2

)(
1−m e−t/n

)
≥

(
1− tm2

n2

)(
1− e−9c/10

)
,

since t = (n−m) lnm+ cn ≥ n lnm− cn/10 + cn.
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4.3 Failure of the standard argument

In this section, we show that it is not possible to derive optimal lower bound for Quantum Coupon Collection
through the standard information-theoretic argument.

Suppose that with probability 1 − δ, for some δ ∈ (0, 1/4], a learning algorithm A identifies the set S
in register A, given the t copies of the corresponding quantum sample |ψS⟩ in register B. Note that this
is equivalent to the assumption that A solves the Quantum Coupon Collector problem with average error δ
with respect to the uniform distribution over subsets of size k. The algorithm outputs its guess for the set S
in register F . By the Data Processing Inequality, I(A : F ) ≤ I(A : B)ρ. The standard argument gives
a lower bound (say, β) for I(A : F ) based on the algorithm A, and aims to show that if the number of
samples t is o(k logmin {m+ 1, k}), then I(A : B)ρ is strictly smaller than β. This would imply lower
bound in Eq. (1.3).

We exhibit adversarial algorithms such that I(A : F ) is a constant factor smaller than I(A : B) even
when t ∈ Θ(n). So it is not possible to show that t is asymptotically larger than Ω(n) using such an
argument. Note that I(A : B)ρ = S(B)ρ. Since the optimal sample complexity is Θ(k logmin {m+ 1, k}),
we see that whenever min {m, k} ∈ ω(1), and t ∈ Θ(n), the uniform ensemble over(

|ψS⟩⊗t : S ⊆ [n], |S| = k
)

has high von Neumann entropy, but there is no measurement which correctly identifies the states with con-
stant probability of success.

We start by describing the aforementioned algorithms.

Lemma 4.11. Let δ ∈ (0, 1/4], and let A′ be any learner that identifies the set in register A with probabil-
ity 1 − δ, given t′ copies of the corresponding quantum sample in the subregister B′ of B. Then there is a
learner A which uses t copies of the sample in register B, with t = t′ + ck for some positive constant c,
such that I(A : F ) ≤ (1− c0δ)H(A), where c0 is a positive constant that depends only on c.

Proof: Essentially, the learner A uses the ck additional copies of the quantum sample to check whether the
output of A′ is correct or not. If A believes the answer is incorrect, then it ignores the answer, and simply
outputs a uniformly random subset of size k.

The learner A first runs A′ using t′ quantum samples |ψS⟩. Suppose A′ outputs S′. Then A performs
the projective measurement {M, I−M}, where M := |ψS′⟩⟨ψS′ |, on the remaining quantum samples. If
the outcome is M for all ck copies, A outputs S′. Otherwise, it outputs a uniformly random size-k subset
of [n].

If S′ = S (the set in register A), then with probability 1 the outcome is M for all ck measurements.
Otherwise, suppose that d := |S \ S′|. Then, the probability that the outcome is M in all ck trials is
precisely (1 − d/k)2ck, which is at most e−2cd. Thus, with probability at least 1 − e−2c, the learner A

confirms that S′ ̸= S, and outputs a uniformly random size-k subset.
There are three cases for the output S′′ of A:

1. S′ = S, learner A confirms this via the measurement of the additional ck samples, and S′′ = S.

2. S′ ̸= S, learner A detects this, and S′′ is a uniformly random size-k subset.

3. S′ ̸= S, learner A fails to detect this, and S′′ = S′.

Let the random variable E denote which of the three cases occurs, and let ϵi := Pr[E = i]. Since the
probability of correctness of A′ is exactly 1− δ, we have ϵ2 + ϵ3 = δ. By the above analysis, ϵ3 ≤ δ e−2c.
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We have

I(A : F ) = H(F )−H(F |A)
≤ H(F )−H(F |AE)

≤ log

(
n

k

)
− ϵ2 log

(
n

k

)
≤ (1− δ(1− e−2c)) log

(
n

k

)
,

where the second inequality follows by noting that

H(F |AE) =
∑
i∈[3]

ϵiH(F |A,E = i) ≥ ϵ2H(F |A,E = 2) = ϵ2 log

(
n

k

)
.

So the lemma holds with c0 := 1− e−2c.

We show that I(A : B) is larger than this expression even when t ∈ Θ(n), for which we give a lower
bound on the mutual information I(A : B)ρ .

Lemma 4.12. Let 2 ≤ m ≤ n/10, κ ∈ (0, n/m), and t := κn. Then

I(A : B)ρ = S(B)ρ ≥
(
1− e−κ−κm

n

)
log

(
n

m

)
− 1 .

Proof: The spectrum of ρB is given by ((ls, λs,t) : s = 0, 1, . . . ,m), where ls and λs,t are as described in
Section 4.1. We have

S(B) =
m∑
s=0

lsλs,t log
1

λs,t

=

m∑
s=0

lsλs,t log
1

lsλs,t
+

m∑
s=0

lsλs,t log ls

≥
m∑
s=0

lsλs,t log ls ,

as (lsλs,t : 0 ≤ s ≤ m) is a distribution. Using the value of ls,

S(B) ≥
m∑
s=0

lsλs,t log

(
n

s

)
+

m∑
s=0

lsλs,t log

(
n
s

)
−
(

n
s−1

)(
n
s

)
=

[
m∑
s=0

lsλs,t
log
(
n
s

)
log
(
n
m

)] log(n
m

)
+

m∑
s=0

lsλs,t log
n− 2s+ 1

n− s+ 1
.

Now,
n− 2s+ 1

n− s+ 1
≥ n− 2m+ 1

n−m+ 1
≥ 1

2
,
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as (n− 2s+ 1)/(n− s+ 1) is a decreasing function of s. Moreover, by Lemma C.1,

log
(
n
s

)
log
(
n
m

) =

∑s−1
i=0 log

n−i
i+1∑m−1

i=0 log n−i
i+1

≥ s

m
,

as log n−i
i+1 is decreasing in i. Thus, we have that

S(B) ≥

[
1

m

m∑
s=0

slsλs,t

]
log

(
n

m

)
− 1 .

The claim now follows from Lemma 4.9, as
∑m

s=0 slsλs,t = E[Wt].
Note that by taking κ to be an arbitrarily large constant, we get S(B)ρ arbitrarily close to H(A) — the
maximum it can be.

Let δ := 1/4. Taking t′ := n/2 and c0 to be a suitable constant greater than 1/2 in Lemma 4.11,
we see that for the adversarial algorithms described therein, I(A : F ) ≤ 7

8 log
(
n
m

)
. On the other hand,

taking m := ⌊
√
n ⌋, κ a sufficiently large constant, and n sufficiently large, we see that I(A : B)ρ ≥

γ log
(
n
m

)
= γ log

(
n
k

)
, for some constant γ > 7/8.

4.4 Sample complexity for approximation

In this section, we show that the standard argument does yield a tight lower bound on sample complexity
when we are interested in approximating the unknown set. The bound rests on the following estimate.

Lemma 4.13. Let t := k lnm+ cn for some c ∈ R, m lnm ≤ |c|n/10, and 1 ≤ m ≤ n/40. Then

I(A : B)ρ ≤ log

(
n

m

)
−
(
log n− logm− 2m

n
log e

)
min

{
e−2c, e−c/3

}
+ log(m+ 1) .

Proof: Note that I(A : B)ρ = S(B)ρ . The spectrum of ρB is given by ((ls, λs,t) : s = 0, 1, . . . ,m),
where ls and λs,t are as given by Corollary 4.3. Since

∑m
s=0 lsλs,t = 1, we have

S(B)ρ =
m∑
s=0

lsλs,t log
1

λs,t

≤
m∑
s=0

lsλs,t log ls + log(m+ 1)

= log

(
n

m

)
−

m∑
s=0

lsλs,t log

(
n
m

)
ls

+ log(m+ 1) .

Since ls ≤
(
n
s

)
, and the ratio n−s

s+1 is decreasing in s, and 1− z ≥ e−2z when 0 ≤ z ≤ ln 2
2 , we have(

n
m

)
ls

≥
(
n− s

s+ 1

)(
n− s+ 1

s+ 2

)
· · ·
(
n−m+ 1

m

)
≥

(
n−m+ 1

m

)m−s

=
( n
m

)m−s
(
1− m− 1

n

)m−s

≥
( n
m

)m−s
exp

(
− 2m(m− s)

n

)
.
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Combining these bounds, we get

S(B)ρ ≤ log

(
n

m

)
−
(
log n− logm− 2m

n
log e

) m∑
s=0

(m− s)lsλs,t + log(m+ 1) .

By Lemma 4.8, the expectation
∑m

s=0 slsλs,t ≤ m−min
{
e−2c, e−c/3

}
, and the claim follows.

Suppose given t copies of the sample |ψS⟩ in registerB, an algorithm A outputs a size-k subset such that
the expected number of mismatches is bounded by ∆. In other words, if the output is denoted by the random
variable F (S), then E |S − F (S)| ≤ ∆. We first argue that without loss of generality, we may assume that
the algorithm is invariant under permutations of [n] in the sense that Pr[F (S) = S′] = Pr[F (π(S)) =
π(S′)] for all pairs of size-k subsets S, S′ ⊆ [n], and permutations π of [n].

Lemma 4.14. Suppose an algorithm A takes some number of quantum samples corresponding to a size-k
subset S ⊆ [n], and outputs a possibly random size-k subset F (S) of [n]. Then, there is an algorithm A′

with output F ′(S) given quantum samples of S that satisfies the following properties. The algorithm A′ is
invariant under permutations of [n], and has the same sample complexity as A. Moreover, for every size-k
subset S and uniformly random size-k subset A, the algorithm A′ satisfies

1. Pr[F ′(S) = S] = Pr[F (A) = A] , and

2. E |S \ F ′(S)| = E |A \ F (A)| .

Proof: The algorithm A′ samples a uniformly random permutation π. Then it maps each copy of |ψS⟩
to |ψπ(S)⟩ and runs the algorithm A on these samples. Suppose the output of A is S′. The algorithm A′

outputs π−1(S′). Permutation invariance follows from the uniform choice of π, and we may verify that the
other properties claimed in the lemma are also satisfied.

Permutation invariance helps us prove the lower bound for approximation.

Theorem 4.15. Let ∆ ≥ 0 be a constant. Given n, k and quantum samples for an unknown size-k sub-
set S ⊆ [n], any algorithm that approximates S to within ∆ in expectation uses Ω(k logmin {m+ 1, k})
samples.

Proof: Let α ∈ (0, 1) be constant to be specified later. By Lemma 4.1, it suffices to prove an Ω(k log(m+1))
bound on the sample complexity when m ≤ nα and n(1−α) ≥ 2. (For the details, we refer the reader to
Corollary 4.18, where we make a similar argument.)

Suppose an algorithm uses t quantum samples and produces a ∆-approximation to the unknown set. We
follow the notation for the registers used by the learning algorithm introduced in Section 4.1. By the Data
Processing Inequality we have

I(A : B)ρ ≥ I(A : F ) = H(F )−H(F |A) .

We show that this inequality is violated if t = k lnm + cn for a suitable constant c ∈ R. By the Data
Processing Inequality, I(A : B)ρ is non-decreasing in t, so the inequality is also violated for t < k lnm+cn.
We thus conclude a k lnm+ cn lower bound.

We start with a tight lower bound on I(A : F ). By permutation invariance, H(F ) = H(A) = log
(
n
m

)
and H(F |A) =

∑m
i=0 qiui log

1
ui

, where qi is the number of subsets S′ such that for a fixed size-k set S, the
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pair S, S′ have exactly i mismatches, and ui is the probability of getting a particular such S′ as output given
samples for S. Note that qi and ui are independent of S and S′, and qi =

(
k
i

)(
m
i

)
. Now

log qi = log

(
k

i

)
+ log

(
m

i

)
≤ i(log k + logm) .

Thus

I(A : F ) = log

(
n

m

)
−

m∑
i=0

qiui log
1

ui

= log

(
n

m

)
−

m∑
i=0

qiui log qi −
m∑
i=0

qiui log
1

qiui

≥ log

(
n

m

)
−

m∑
i=0

iqiui(log k + logm)− log(m+ 1)

= log

(
n

m

)
−∆(log k + logm)− log(m+ 1) .

Combining this with the upper bound on I(A : B) given by Lemma 4.13 when t = k lnm+ cn, we get

log

(
n

m

)
−
(
log n− logm− 2m

n
log e

)
min

{
e−2c, e−c/3

}
+ log(m+ 1)

≥ log

(
n

m

)
−∆(log k + logm)− log(m+ 1) .

This is equivalent to

−
(
log n− logm− 2m

n
log e

)
min

{
e−2c, e−c/3

}
+ 2 log(m+ 1) + ∆ logm ≥ −∆ log k .

Using 1 ≤ m ≤ nα and k < n, we get

−
(
(1− α) log n− 2

n1−α
log e

)
min

{
e−2c, e−c/3

}
+ 2α log n+ 2 + α∆ log n ≥ −∆ log n .

(4.3)

Dividing throughout by log n and taking n→ ∞, we get

min
{
e−2c, e−c/3

}
≤ ∆+

2α

1− α
≤ ∆+ 2α

1− α
.

Suppose ∆ ∈ [0, 1). Taking α < (1−∆)/3 and taking c ≥ 0 such that

c <
1

2
log

1− α

∆+ 2α
,

and n large enough, we see that the inequality (4.3) is violated. (The choice of α ensures that there is such
a c ≥ 0.) If ∆ ≥ 1, we take c < 0 such that

−c > 3 log
∆ + 2α

1− α

for any choice of α ∈ (0, 1). The right hand side is positive as ∆ ≥ 1. Taking n large enough, we again see
that Eq. (4.3) is violated. This proves the claimed bound. Note that the second order term in the resulting
lower bound is Θ(n) when ∆ < 1, and −Θ(n) when ∆ ≥ 1.
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4.5 Sample complexity of Quantum Coupon Collection

In this section, we prove a sharper lower bound on the sample complexity of the Quantum Coupon Collector
problem.

To characterize sample complexity, we bound the decoding error of any learning algorithm by studying
the distinguishability of the ensemble given by a fixed number of samples. The distinguishability of an
ensemble is the probability that an optimal measurement correctly identifies a state selected at random from
the ensemble.

Definition 4.1. Let F :=
(
(pi, σi) : σi ∈ D(Cd), i ∈ [l]

)
be an ensemble of states in which state σi occurs

with probability pi. We define the distinguishability γ of F as

γ(F) := max
measurement M

l∑
i=1

piTr(Miσi) ,

where the maximization is over all measurements M := (M1,M2, . . . ,Ml) with l outcomes.

We can estimate the distinguishability of an ensemble of states via the generalised Holevo-Curlander
bounds stated below [18, 12, 22, 27]. The upper bound on distinguishability was shown by Curlander [12] in
the case of ensembles of equiprobable linearly independent pure states. In the ensemble at hand, however,
the states are not necessarily linearly independent for arbitrary t ≥ 1. The upper bound in the case of
ensembles of equiprobable, possibly mixed states was derived by Ogawa and Nagaoka [22, Lemma 1]. The
proof they gave also extends with minor modifications to non-uniform ensembles. The two bounds were
proven — re-proven independently in the case of the upper bound [26] — by Tyson [27, Theorem 10].
Tyson later gave another proof of the bounds which also generalizes to error-recovery [28, Section III].

Theorem 4.16 (generalised Holevo-Curlander bounds; [22, 27]). Let F :=
(
(pi, σi) : σi ∈ D(Cd), i ∈ [l]

)
be an ensemble of l quantum states. Then the distinguishability of F satisfies

(αHC(F))2 ≤ γ(F) ≤ αHC(F) ,

where

αHC(F) := Tr

(
l∑

i=1

p2iσ
2
i

)1/2

.

Using the upper bound on distinguishability above, we first derive a bound for a small range of param-
eters for which the Quantum Coupon Collector problem appears to be the hardest. (With some additional
arguments, we can also prove the theorem below using the original bound due to Curlander.)

Theorem 4.17. Let δ ∈ (0, 1/40] be a constant. Any algorithm for the Quantum Coupon Collector problem
with parameters n, k, and error probability at most δ has sample complexity at least

k lnm+ c0n

when 1 ≤ m ≤ δn and m lnm ≤ c0n/20, where c0 := 1
2 ln

(
1−δ
32δ

)
.

Proof: We follow the notation introduced in Section 4.1. Suppose that for a constant δ as in the statement,
with probability 1 − δ, a learner A identifies the unknown k-element subset S of [n] in register A, given t
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copies of the corresponding quantum sample |ψS⟩ in register B. The algorithm outputs its guess for the
set S in register F .

Let E be the ensemble consisting of states (|ψS⟩⟨ψS |)⊗t for a uniformly random size-k subset S ⊂ [n].
By Theorem 4.16, we have

1− δ ≤ Pr[F = A]

≤ αHC(E)

=
1(

n
m

)1/2 Tr√ρB .

Suppose that t = k lnm+ cn, for some parameter c. Since the probability of error may only decrease if
the algorithm has access to more quantum samples, we assume that c ≥ 0. We show that if c is “too small”
a constant, then αHC(E) < 1− δ, which is a contradiction.

By Corollary 4.3, the state ρB has an eigenvalue λs,t with multiplicity ls for each s = 0, 1, . . . ,m. Using
the value of ls, the Cauchy-Schwarz Inequality, and Tr(ρB) = 1, we have

αHC(E) =

(
n

m

)−1/2 m∑
s=0

ls
√
λs,t

=

(
n

m

)−1/2
(√

lm
√
lmλm,t +

m−1∑
s=0

√
ls
√
lsλs,t

)

≤
(
n

m

)−1/2
√lm√lmλm,t +

(
m−1∑
s=0

ls

)1/2(m−1∑
s=0

lsλs,t

)1/2


=

(
n

m

)−1/2
(((

n

m

)
−
(

n

m− 1

))1/2√
lmλm,t +

(
n

m− 1

)1/2

(1− lmλm,t)
1/2

)
.

Defining v := lmλm,t and w :=
( n
m−1)
(n
m)

, the above inequality simplifies to

αHC(F) ≤
√
v(1− w) +

√
w(1− v) .

Intuitively, we have 1 − v = 1 − lmλm,t ≪ 1 and w = m
n−m+1 ≪ 1. So if the upper bound on lmλm,t in

Lemma 4.10 were tight, we would have

αHC(F) ≲
√
lmλm,t

(
1− m

n−m+ 1

)1/2

≈ 1− e−2c

4
− m

2(n−m+ 1)
.

When combined with the lower bound of 1 − δ on αHC(E), this would give us c ∈ Ω
(
ln 1

4δ

)
. However,

the lower bound we have on lmλm,t does not suffice for such an argument, and we analyse the bound on
distinguishability differently.

Observe that w ∈ (0, 1) and that as a function in x, the expression
√
x(1− w)+

√
w(1− x) is increas-

ing in the range [0, 1 − w]. Also, from the bound m ≤ δn, we have that w ≤ δ
1−δ . Combining these with
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the upper bound from Lemma 4.10, we see that for any c ≥ c0/2,

αHC(E) ≤
(
1− e−2c

2

)1/2√
1− w +

(
w e−2c

2

)1/2

≤ 1− e−2c

4
+

(
δ e−2c

2(1− δ)

)1/2

≤ 1− e−2c

8
,

if δ
1−δ ≤ e−2c

32 , or equivalently, c ≤ 1
2 ln

(
1−δ
32δ

)
= c0. This is a contradiction as

αHC(E) ≥ 1− δ ≥
(
1 +

e−2c

32

)−1

≥ 1− e−2c

16
.

This completes the proof.

Finally, we explain how this implies a more general bound, when m may be Ω(n/ log n). (The ok(1)
term in the statement below stands for o(1) with respect to the parameter k.)

Corollary 4.18. Let δ ∈ (0, 1/40] be a constant. Any algorithm for the Quantum Coupon Collector problem
with parameters n, k, and error probability at most δ has sample complexity at least

(1− ok(1)) k ln (min {k,m+ 1}) (4.4)

whenever (ln k)/k ≤ min {c0/20, δ ln 2}, where c0 is as defined in Theorem 4.17.

Proof: Consider a fixed k > 1. Let n0 := ⌊k(1 + β/ ln k)⌋ for a positive constant β ≤ 1 to be specified
later, and let m0 := n0 − k. We have n0 > k if β ≥ (ln k)/k. Secondly, 1 ≤ m0 ≤ βk/ ln k ≤ δk ≤ δn0
if β ≤ δ ln 2. Finally,

m0 lnm0 ≤ βk

ln k
ln

(
βk

ln k

)
= βk +

βk

ln k
ln

(
β

ln k

)
≤ c0n0

20
,

if, in addition, β ≤ c0/20. A parameter β (depending on the constant δ) satisfying all three conditions exists
as long as (ln k)/k is at most c0/20 and δ ln 2.

With β as above, the bound given by Theorem 4.17 applies, and the sample complexity of the Quantum
Coupon Collector problem with parameters n0, k, δ is at least

k lnm0 + c0n0 .

Up to lower order terms, this is at least k ln k−k ln ln k. By Lemma 4.1, this lower bound continues to hold
for all n ≥ n0.

For a fixed k, and n such that k < n < n0, both m/n and (m lnm)/n decrease as n decreases. So for
such n we have m ≤ δn and m lnm ≤ c0n/20, and the lower bound given by Theorem 4.17 holds. Thus
we get the bound claimed in Eq. (4.4) for all n > k.

Note that Theorem 4.17 gives us a stronger lower bound when the parameterm is “small” in comparison
with n. We lose some of this tightness in extending the lower bound to all parameter regimes.
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A Coupon-Collector-like random walks

In Section 4.2, we analyse properties of the random walk (Wt) by comparing it with the random walks (W ′
t)

and (W ′′
t − V ′′

t ) defined in the proofs of Lemma 4.8 and Lemma 4.9. Recall that W ′ := W̃ (n − 5m)

and W ′′ := W̃ (n), with n,m and W̃ (n′) as in that section. Here we derive a few properties of the random
walk W̃ (n′) that are used in the analysis. The walk is very similar to the standard coupon collector process.

Lemma A.1. The expectation of W̃t(n
′) is given by the exact relation

E
[
W̃t(n

′)
]

= m

(
1−

(
1− 1

n′

)t
)

,

and is bounded as

m

(
1− exp

(
− t

n′ − 1

))
≥ E

[
W̃t(n

′)
]

≥ m

(
1− exp

(
− t

n′

))
.

The probability that W̃ (n′) reaches m at time t is bounded as

1−m exp

(
− t

n′

)
≤ Pr

[
W̃t(n

′) = m
]

≤ 1−m exp

(
− t

n′ − 1

)
+
m2

2
exp

(
− 2t

n′

)
.

Proof: Consider the binary random variables Xi,t for i ∈ [m] and t ∈ N which is 1 if the i-th coupon is
sampled at least once within the first t steps in the random process underlying W̃ (n′). Then,

W̃t(n
′) =

m∑
i=1

Xi,t .

For a fixed t, the random variables Xi,t are identically distributed for all i, and

E[Xi,t] = Pr[Xi,t = 1] = 1− Pr[Xi,t = 0] = 1−
(
1− 1

n′

)t

.

Thus, E
[
W̃t(n

′) ] = m
(
1−

(
1− 1

n′

)t). Furthermore,

exp

(
− t

n′ − 1

)
≤

(
1− 1

n′

)t

≤ exp

(
− t

n′

)
,

so we get the inequalities

m

(
1− exp

(
− t

n′ − 1

))
≥ E

[
W̃t(n

′)
]

≥ m

(
1− exp

(
− t

n′

))
.

For the final part of the lemma, we would like to bound the probability of collecting all m marked
coupons, i.e., of the event that W̃t(n

′) = m. By the Union Bound, this probability is bounded from below
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as

Pr
[
W̃t(n

′) = m
]

= Pr
[ m∑

i=1

Xi,t = m
]

≥ 1−
m∑
i=0

Pr[Xi,t = 0]

= 1−m

(
1− 1

n′

)t

≥ 1−m exp

(
− t

n′

)
.

By considering the first two terms in the Principle of Inclusion-Exclusion, we may also upper bound the
probability as

Pr
[
W̃t(n

′) = m
]

≤ 1−
m∑
i=0

Pr[Xi,t = 0] +
∑

1≤i<j≤m

Pr[Xi,t = Xj,t = 0]

= 1−m

(
1− 1

n′

)t

+

(
m

2

)(
1− 2

n′

)t

≤ 1−m exp

(
− t

n′ − 1

)
+
m2

2
exp

(
− 2t

n′

)
,

as claimed.

B Random walk domination

Here, we relate the random walk W := (Wt) with the random walks W ′ := (W ′
t) and Z := (W ′′

t − V ′′
t )

defined in the proofs of Lemma 4.8 and Lemma 4.9. In particular, we show that W ′ dominates W , and W
dominates Z.

We begin with some general conditions under which one random walk dominates another, as first stated
in Section 4.2.

Lemma 4.7. Let U := (Ut : t ≥ 0) and U ′ := (U ′
t : t ≥ 0) be two possibly time-dependent random walks

on the integers that start at 0, and move by at most 1 in either direction in one time step. For i, j ∈ Z,
let qt,i,j := Pr[Ut = j |Ut−1 = i], and q′t,i,j be the analogous transition probability for (U ′

t). Suppose that
for all t ≥ 0, for all i ∈ Z reachable by both walks at time t, we have

qt,i,i+1 ≥ q′t,i,i+1 and qt,i,i−1 ≤ q′t,i,i−1 ;

and for all i such that i is reachable by U and i− 1 by U ′ at time t, we have

qt,i,i+1 + qt,i,i ≥ q′t,i−1,i .

Then U dominates U ′, i.e., for all t ≥ 0 and i ∈ Z, we have Pr[Ut ≥ i] ≥ Pr[U ′
t ≥ i]. Moreover,

E[Ut] ≥ E[U ′
t ].
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Proof: The initial condition and the relationship between the transition probabilities allow us to define a
coupling between (Ut) and (U ′

t) from which the stated properties follow. I.e., we define a pair of correlated
random walks (Qt, Rt) on the integers such that (Qt) has the same distribution as (Ut), and (Rt) has the
same distribution as (U ′

t). Moreover, we ensure that Qt ≥ Rt for all t ≥ 0. As Qt ≥ Rt, we get

Pr[Ut ≥ i] = Pr[Qt ≥ i]

≥ Pr[Qt ≥ i and Rt ≥ i]

= Pr[Rt ≥ i]

= Pr[U ′
t ≥ i] ,

and
E[Ut] = E[Qt] ≥ E[Rt] = E[U ′

t ] .

It remains to define the coupling. Let (Ht : t ≥ 0) be a sequence of i.i.d. random variables distributed
uniformly over the unit interval [0, 1]. We define (Qt, Rt) ∈ Z2 inductively using (Ht) while ensuring
that |Qt −Qt−1| ≤ 1, |Rt −Rt−1| ≤ 1, and Qt−1 ≥ Rt−1 for all t ≥ 1.

We set Q0 = R0 := 0. For t ≥ 1, suppose we have defined Qt−1 and Rt−1 satisfying the properties
stated above. For i, j ∈ Z, conditioned on the event that Qt−1 = i we define

Qt :=


i− 1 if Ht ≤ qt,i,i−1

i+ 1 if Ht > 1− qt,i,i+1

i otherwise,

and similarly, conditioned on the event that Rt−1 = j, we define

Rt :=


j − 1 if Ht ≤ q′t,j,j−1

j + 1 if Ht > 1− q′t,j,j+1

j otherwise.

We show Qt ≥ Rt by induction on t. It holds for t = 0. Assume Qt−1 ≥ Rt−1 for some t ≥ 1. Since
the two walks move by at most 1 at every time step, we need only consider the case when Qt−1−Rt−1 ≤ 1.
When Qt−1 = Rt−1 = i, the two conditions qt,i,i+1 ≥ q′t,i,i+1 and qt,i,i−1 ≤ q′t,i,i−1 on the transition
probabilities ensure that

• whenever Rt moves right, Qt also moves right (i.e., if Rt = i+ 1, then Qt = i+ 1), and

• whenever Qt moves left, Rt also moves left (i.e., if Qt = i− 1, then Rt = i− 1).

When Qt−1 = i = Rt−1 + 1, the condition qt,i,i+1 + qt,i,i ≥ q′t,i−1,i on the transition probabilities en-
sures that whenever Rt moves right, Qt either moves right or stays at the same point (i.e., if Rt = i,
then Qt ∈ {i, i+ 1}). In all the cases, we obtain Qt ≥ Rt.

The above conditions help us prove concrete domination results. Recall that W ′ := W̃ (n − 5m),
with n,m and W̃ (n′) as defined in Section 4.2.

Lemma B.1. When 1 ≤ m ≤ n/40, the random walk W ′ dominates W .
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Proof: We refer the reader to Section 4.2 for the transition probabilities of the walks W and W ′. Since W ′

never moves left, we need only compare the probabilities of moving right.
Since (k − s)/k ≤ 1, n− s+ 1 ≤ n+ 1, and n− 2s+ 1 ≥ n− 2s ≥ n− 2m, we see that

ps,+1 =
(k − s)(n− s+ 1)(m− s)

(n− 2s)(n− 2s+ 1)k
≤ (n+ 1)(m− s)

(n− 2m)2
.

We may verify that the right hand side is at most m−s
n−5m . By Lemma 4.7 the random walk W ′ dominates W

and E[W ′
t ] ≥ E[Wt].

Recall that W ′′ := W̃ (n), and that V ′′ is the random walk on Z defined in the proof of Lemma 4.9.

Lemma B.2. The random process (W ′′
t −V ′′

t ) is a time-dependent random walk, and if 2 ≤ m ≤ n/10, the
random walk (Wt) dominates (W ′′

t − V ′′
t ).

Proof: For any s ∈ Nm+1 and non-negative integer r such that s+ r ≤ m define

p′′s,r,−1 :=

(
1− m− s− r

n

)
m2

n2
,

p′′s,r,+1 :=

(
1− m2

n2

)
m− s− r

n
.

Note that

Pr[W ′′
t+1 − V ′′

t+1 = a |W ′′
t = s+ r, V ′′

t = r] =


p′′s,r,−1 if a = s− 1

p′′s,r,+1 if a = s+ 1

1− p′′s,r,−1 − p′′s,r,+1 if a = s

0 otherwise.

Consequently, the transition probabilities of the random walk (W ′′
t − V ′′

t ) are functions of the current state
and the time step alone:

Pr[W ′′
t+1−V ′′

t+1 = a |W ′′
t − V ′′

t = s]

=
∑
r≥0

Pr[V ′′
t = r] · Pr[W ′′

t = s+ r] · Pr[W ′′
t+1 − V ′′

t+1 = a |W ′′
t = s+ r, V ′′

t = r] .

We show below that p′′s,r,−1 ≥ ps,−1, p′′s,r,+1 ≤ ps,+1, and p′′s−1,r,+1 ≤ ps,0 + ps,+1. By Lemma 4.7, this
suffices to establish the claimed domination property.

We start with p′′s,r,−1 ≥ ps,−1. Since p′′s,r,−1 is smallest when r = 0, it suffices to show p′′s,0,−1 ≥ ps,−1,
i.e., (

1− m− s

n

)
m2

n2
≥ s(k − s+ 1)(m− s+ 1)

(n− 2s+ 1)(n− 2s+ 2)k
.

The inequality holds for s = 0 as p0,−1 = 0, so we need only show it for s ∈ [m]. Multiplying both sides
by (n− 2s+ 1)(n− 2s+ 2)/m2, we see that it is equivalent to(

1− m− s

n

)(
1− 2s− 1

n

)(
1− 2s− 2

n

)
≥ s

m

(
1− s− 1

m

)(
1− s− 1

k

)
. (B.1)
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The right hand side is bounded from above by

s

m

(
1− s− 1

m

)
≤ 1

4

(
1 +

1

m

)2

≤ 9

16
,

using the AM-GM inequality and m ≥ 2. The left hand side of Eq. (B.1) is bounded from below by

1− m− s

n
− 2s− 1

n
− 2s− 2

n
≥ 1− 4m

n
≥ 6

10
,

as m ≤ n/10. This proves Eq. (B.1).
For the same reason as above, we need only show the relation p′′s,r,+1 ≤ ps,+1 when r = 0. The resulting

inequality is (
1− m2

n2

)
m− s

n
≤ (k − s)(n− s+ 1)(m− s)

(n− 2s)(n− 2s+ 1)k
.

Multiplying both sides by (n− 2s)(n− 2s+ 1)/n, we see that it is equivalent to(
1− m2

n2

)(
1− 2s

n

)(
1− 2s− 1

n

)
≤

(
1− s− 1

n

)(
1− s

k

)
.

This inequality holds as(
1− m2

n2

)
≤ 1,

(
1− 2s

n

)
≤
(
1− s

k

)
, and

(
1− 2s− 1

n

)
≤
(
1− s− 1

n

)
.

Finally we show p′′s−1,r,+1 ≤ ps,0 + ps,+1 = 1 − ps,−1. We have p′′s−1,r,+1 ≤ m/n ≤ 1/10. On the
other hand,

ps,−1 =
s(k − s+ 1)(m− s+ 1)

(n− 2s+ 1)(n− 2s+ 2)k
≤ 2m2n

(n− 2m)2(n−m)
≤ 5

18
,

using s ≤ m, k − s+ 1 ≤ n, m− s+ 1 ≤ 2m, and m ≤ n/10. So p′′s−1,r,+1 ≤ 1− ps,−1 also holds.

C Miscellaneous

Here we include some technical lemmas used in Section 4.

Lemma C.1. For any non-increasing sequence of positive numbers a1, a2, . . . , and positive integers j1, j2
such that j1 ≤ j2 we have ∑j1

i=1 ai∑j2
i=1 ai

≥ j1
j2

.

Proof: It suffices to show that

j2

j1∑
i=1

ai ≥ j1

j2∑
i=1

ai .

View each side as a sum of j1j2 elements, given by an appropriate number of repetitions of ai for each i ∈
[j2]. Note that j21 elements given by j1 repetitions of each ai for i ∈ [j1] occur on both sides. Each remaining
element on the left hand side is at least as large as every remaining element on the right.

Let k, n be positive integers such that 1 < k < n, and let m := n− k.
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Lemma C.2. If t := k lnm+ cn for some c ∈ R, m lnm ≤ |c|n/10 and 1 ≤ m ≤ n/40, then

t

n− 5m− 1
≤ lnm+max{2c, c/3} .

Proof: The claimed inequality is equivalent to

k lnm+ cn

n− 5m− 1
− lnm ≤ max {2c, c/3}

⇐⇒ (4m+ 1) lnm+ cn

n− 5m− 1
≤ max {2c, c/3} .

Using 1 ≤ m ≤ n/40, m lnm ≤ |c|n/10, we have

(4m+ 1) lnm

n− 5m− 1
≤ 5m lnm

n− 6m
≤ 2 |c|

3
.

Further, when c ≥ 0, cn/(n− 5m− 1) ≤ cn/(n− 6m) ≤ 4c/3, and when c < 0, cn/(n− 5m− 1) ≤ c.
Combining these, we see that the claimed inequality holds.
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